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Abstract: Let G be a finite simple undirected (p, g)-graph, with vertex set V(G) and edge set E(G)
such that p = |V(G)| and g = |E(G)|. A super edge-magic total labeling f of G is a bijection f: V(G)U
E(G) — {1,2,..., p + g} such that for all edges uv € E(G), f(u) + f(v) + f(uv) = c(f), where c(f)
is called a magic constant, and f(V(G)) = {1,..., p}. The minimum of all ¢(f), where the minimum
is taken over all the super edge-magic total labelings f of G, is defined to be the super edge-magic
total strength of the graph G. In this article, we work on certain classes of unicyclic graphs and
provide shreds of evidence to conjecture that the super edge-magic total strength of a certain family

. . . n 3
of unicyclic (p, g)-graphs is equal to 2¢ + *5=.
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1. Introduction

Throughout this article, we only consider finite simple undirected graphs. Let G be a finite simple
undirected graph with vertex set V(G) and edge set E(G). Let us assume that |V(G)| = p and |E(G)| =
q, then G is called a (p, g)-graph. For any undefined terms and notations in this article, we follow [1].

A magic valuation of a graph G was first described by Kotzig and Rosa [2] as a bijection f: V(G)U
E(G) — {1,2,..., p+q} such that for all edges uv € E(G), the sum f(u)+ f(v) + f(uv) is a constant,
called as the magic constant of f. A graph is said to be magic if it has a magic valuation. Ringel and
Lladé [3] rediscovered this idea and gave it the name edge-magic. We shall use the phrase edge-magic
total, as developed by Wallis [4] to distinguish this usage from that of other forms of labelings that
utilize the word magic.

In [2], Kotzig and Rosa have demonstrated that the cycles C,, n > 3 and the complete bipartite
graphs K,,, with m,n > 1, are edge-magic total graphs. They also established that a complete graph
K, is an edge-magic total graph if and only if n = 1, 2, 3, 5, or 6. Further, they proved that the disjoint
union of n copies of P, has an edge-magic total labeling if and only if n is odd. The bibliography
section includes references to several pieces of pertinent literature, including [3, 5-8].

For studies related to magic constants for edge-magic total labelings of certain families of graphs
such as certain cycles and crowns of cycles, see [9-11]. Avadayappan, Vasuki, and Jeyanthi [12]
introduced the concept of edge-magic total strength of a graph G as the smallest magic constant over
all edge-magic total labelings of G. Let us denote it by em(G). Let f be an edge-magic total labeling
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of G with magic constant c(f). By definition,

em(G) = min {c(f): f be an edge-magic total labeling of G}.

In this study, we explore an edge-magic total labeling f of the (p, g)-graph G, such that f(V(G)) =
{1,2,..., p}. Enomoto, Llado, Nakamigawa, and Ringel [13] have defined this type of labeling as
a super edge-magic total labeling. 1f a graph G contains a super edge-magic total labeling, then G
is called a super edge-magic total. An important aspect of super edge-magic labelings that captivate
researchers is the relationships they share with other well-studied labelings like graceful, harmonious,
sequential, cordial labelings, and so on. For an in-depth exploration of these interconnections, refer-
ences such as [14-16] provide valuable insights.

Enomoto, Llado, Nakamigawa, and Ringel [13] established that a complete graph K, is super
edge-magic total if and only if n = 1,2, or 3 and also proved that a complete bipartite graph K, is
super edge-magic total if and only if m = 1 or n = 1. As demonstrated in [13], cycles C, are super
edge-magic total if and only if n is odd. Some further results on the super edge-magic total graph can
be found in [6, 17, 18].

A necessary and sufficient condition for a graph to be a super edge-magic total is stated in the
following lemma.

Lemma 1 ( [14]*Lemma 1). A (p, q)-graph G is a super edge-magic total graph if and only if there
exists a bijection f: V(G) — {1,2,..., p}, such that the set {f(u) + f(v): uv € E(G)} is a set of
q consecutive integers. And, [ extends to a super edge-magic total labeling with magic constant

c(f)=p+qg+min{f(u) + f(v): uv € E(G)}.

In this case, the vertex labeling f can be extended to a super edge-magic total labeling of G by
defining f(uv) = p + g + min{f(@) + f(V): av € E(G)} — f(u) — f(v), for every edge uv € E(G).

Acharya and Hedge introduced in [19] the concept of strongly indexable graphs and thanks to
Lemma 1, it is very easy to see that the concepts of super edge-magic total graph and strongly index-
able graph are equivalent.

For any regular super edge-magic total graph, we have the following result.

Lemma 2 ( [14]*Lemma 4). Let G be an r-regular (p, q)-graph, where r > 0. Let f be any super
edge-magic total labeling of G. Then q is odd and c(f) = %, for all super edge-magic total
labeling f.

By using Lemma 2, we can derive that for an odd cycle C,, and with any super edge-magic total
labeling f of C,,

c(f) = 2n+min{f(u) + f(v): uv € E(C,)} = 2n + nt3
— min{fu) + fOv): uv € E(C,)} = ; 3

The article [20] demonstrates that by considering a super edge-magic total labeling of a super
edge-magic total graph, we can add vertices and edges to the given graph such that the new graph
constructed is also super edge-magic total.

Theorem 1 ( [20]*Theorem 2.4). Let G, be a connected super edge-magic total (p, q)-graph with
p > 3. Let f be a super edge-magic total labeling of G, and let us consider F(G,) = {f(u) +
fW): uv € E(Gp)}. Let max(F¢(Gp)) = p+t, and for some a € V(G),), f(a) = t. We construct a graph
6;, by taking each copy of G, and mK,, m > 1 and connecting all the vertices of mK; to the vertex
a € V(G,). Then, 6;, is also a super edge-magic total graph.
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The magic constants for super edge-magic total labelings of crowns of cycles and cycles them-
selves, in general, have also been studied in many articles, for instance, [21,22]. In [23], the concept
of super edge-magic total strength of a graph G was introduced, where it is defined as the minimum
magic constant, the minimum taken over all the super edge-magic total labelings of G. We denote it
as sm(G). So, we have

sm(G) = min{c(f): f is a super edge-magic total labeling of G}.

The super edge-magic total strength of an odd cycle C, was found to be 222, in [23]. More
results regarding the super edge-magic total strength of certain families of graphs are demonstrated
in [23,24].

Let G be a super edge-magic total (p, g)-graph. For any v € V(G), the number of edges adjacent
to vertex v is called the degree of v, denoted by deg(v). Let f be a super edge-magic total labeling
of G, with magic constant c(f). As noted in [12], each edge’s magic constants are added together to

produce the following result:

ge(f)= ), degmfm+ > fle). (1)
veV(G) e€E(G)

Also, since Im(f) = {1,2,...,p + g} and f(V(G)) = {1,2,..., p}, we can derive that p + g + 3 <
sm(G) < 3p.

In this paper, we are interested in the family of unicyclic graphs which consists of an odd cycle C,
and k; pendant vertices adjacent to each i € V(C,).

Let us consider G(n; ky, ..., k,) to be the unicyclic (p, g)-graph consisting of an odd cycle C, =
{ai,as, . ..,a,} and k; pendant vertices adjacent to the vertex a;, 1 < i < n. Swaminathan and Jeyanthi
[24] established a range for the super edge-magic total strength of this family of unicyclic graphs.

Theorem 2 ( [24]*Theorem 4). The unicyclic (p, q)-graph G(n;ky,...,k,), where n = 2s + 1, is a
super edge-magic total graph and

nn—1)

1
2q+2+ —(m2 2yt (= Dy + )s sm(Gnskr, .. k)
q
S2ki+ks+ - kpe) + 3k ks H ko) +2n+ 5+ 2,
where my > my > - -+ > m, are integers such that

{my,m, ... my} = ki, ko, ..o k)

Corollary 1 ( [24]Corollary 4.1). For any unicyclic graph G(n; ki, ..., k,) such that k; = k, for any
1<i<n,

3
sm(G(n:k, ... k) = 2n(k + 1) + ”JZ“ .

As stated earlier, in this study we will be investigating the super edge-magic total strength of the
family of unicyclic graphs having an odd cycle C, and k; pendant vertices adjacent to each i € V(C,).
We will compute certain graphs’ super edge-magic total strength and provide supporting evidence for
the following conjecture.

Conjecture 1. Let G(n; ky,. .., k,) be the super edge-magic total unicyclic (p, q)-graph consisting of
an odd cycle C, = {a,,a,...,a,} and k; number of pendant vertices adjacent to each a;, 1 < i < n.

Then,

3
sm(Gnz ki, ... k) = 2q + ”; .
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In this article, we particularly examine three specific infinite families of graphs belonging to the
family of unicyclic graphs G(n; ki, .. ., k,) and provide substantial evidence in favor of our Conjecture
1. Further, all the graphs under consideration have order and size equal. This makes the main results
of the paper fascinating, since it is known that graphs of equal order and size which are super edge-
magic total can be used as basis to generate and enumerate several other labelings (see, [15]).

A brief structure of this paper is as follows. Section 2 deals with the family of graphs
G(n;ky,....k,) with k; = k, forany 1 <i <n—1landk, = k+c, where 1 < ¢ < 2D we
further prove that the super edge-magic total strength of this graph satisfies our main conjecture. In
Section 3, we study G(n;k,...,k,k — c), where 1 < ¢ < k and prove that the super edge-magic to-
tal strength of this family of graphs satisfies the conjecture. Section 4 is about the unicyclic graph
Gn,ky,...,k,) withk; = k,if i # r,n—r and k, = k,_, = k+ 1 for any odd number r, 1 < r < n.
Further, we prove that this family of graphs also satisfies our main conjecture. All of our conclusions
from this study are included in Section 5.

2. Unicyclic Graph G, ;.

Let Gyxe = G(nsk,...,k,k+ c), where 1 < ¢ < %;1) That is, G, 1s the unicyclic graph
consisting of an odd cycle C, = {a;,a,,...,a,}, with k pendant vertices adjacent to each of the
vertices a;, 1 <i <n -1 and k + ¢ pendant vertices adjacent to vertex a,. For illustration, see Figure
1. Throughout this paper, let V(C,) = {a;, a,...,a,} and E(C,) = {a;a;+1: 1 <i < n-1}U{aa,}. The
number of vertices and edges of the graph G, 1s p = ¢ = n(k + 1) + c. Let the vertex set V(G x.) be

VIC)Ula;j: 1<i<n-1,1<j<kjU{a,;: 1 <j<k+c]
and let the edge set E(G,,x.) be

E(CpUlaia;j: 1 <i<n-1,1<j<k}U{asa,;: 1< j<k+c}

14
Figure 1. The Graph Gs 3

Theorem 3. The unicyclic graph G, is a super edge-magic total graph with super edge-magic total

strength given by

3
s(Goge) = 2n(k + 1) +2¢ + 2 ; .
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Proof. By Theorem 2, the graph G, := G(n;k,...,k,k+¢),1 <c < %;1), is super edge-magic
total. From (1), for any super edge-magic total labeling f of G, 4., we have

ge(f)= ), degfm+ > fe)

ve V(Gn,k.c) eEE(Gn,kg:)
=qQq+ D)+ (k+1) > fla)+cflay).
a;eV(Cy)

By assigning the smallest labels to vertices with higher degrees, we get the least possible value of

c(f) as

(k+Dnn+1) N c

c(f)y=2g+1+
2q q

Hence, we have
] + M + E

sm(Gupe) = 2q +
2q q

Since sm(G, ) 1s an integer, we consider the ceiling of (M + 5). We have % - (M +

2q q 2q
2) = % Since 1 <c¢ < %, we have (n—1)c < 2(n(k+ 1) + ¢). Therefore, 0 < % <1.
Hence,
+1
sm(Guie) = 2q+ 1+ (n 7 )
+3
=2mk+n+2c+15<
That is,
+3
sm(Gore) = 2n(k + 1) +2¢ + == )
By Theorem 1 and Theorem 2, the graph G, . can be seen as the super edge-magic total graph
constructed from the graph G(n;k, ..., k), by connecting all vertices of cK; to the vertex a,, with the

super edge-magic total labeling f of G(n;k, ..., k) defined as follows.
Forl <i<n,

+ 1

! . if i is odd,
f(ai):

n+i+1 . ..

T if i is even.

flaip)=nk+1)—(n-1)(j-D—-(G-1,1<i<n-1,1<j<k
flap))=n+j, 1<j<k

Now, we extend f to a vertex labeling f: V(G,x.) — {1,..., p} by defining
flan) =nk+ 1)+ j—k k+1<j<k+c

As per the above labeling, for any uv € E(G, ) we observe the following.

o If u,v € V(G.) N V(G(n;k,...,k)), since f is a super edge-magic total labeling of the graph
G(n;k, ..., k), the set {f(u)+ f(v)} is a consecutive sequence with highest element n(k+ 1) + "zil

e lfu=a,andv=a,; fork+1<j<k+c, then{f(u)+ f(v)} = {%+n(k+ 1)+ 1,...,%+
n(k + 1) + ¢} is a consecutive sequence.
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Therefore, we observe that {f(«) + f(v): uv € E(G,x.)} is a consecutive sequence and we have

min{f(u) + f(v): uv € E(Gui.)} = % By Lemma 1, the vertex labeling f extends to a super

edge-magic total labeling of G, . with ¢(f) = 2n(k + 1) + 2¢ + % Hence,

+3
sm(Gye) < 2n(k + 1)+ 2¢ + ”T 3)

From (2) and (3), we have sm(G,x.) = 2n(k + 1) + 2¢ + 2. o

Example 1. Super edge-magic total labeling of the graph Gs,3 with strength sm(Gs,3) = 40, is
illustrated in Figure 1.

Example 2. Super edge-magic total labeling of Gg 34 with sm(Go34) = 86 is illustrated in Figure 2.

18
4633
54
25
62 17
51
32
%9724
16
22 31
30 15 23
Figure 2. The Graph Gg3 4
3. Unicyclic Graph G, .
Let us consider the unicyclic graph G, . := G(n;k,...,k,k —c¢), 1 < ¢ < k. For example, see

Figure 3. For G, -, the number of vertices and edges are p =g =n(k + 1) —c.

Let V(Gui-c) = V(Cp) Ufa;j: 1 <i<n—-1,1< j<k}Ula,;: 1 <j<k—c}and let the edge set
be equal to

E(C)Ulaa;;: 1 <i<n-1,1<j<k}Ulama,;: 1 <j<k-c}

where 1 <c <k.

Ars Combinatoria Volume 159, 73-85



Super Edge-magic Total Strength of Some Unicyclic Graphs 79

Figure 3. The Graph Gs4 »

Theorem 4. The unicyclic graph G, is a super edge-magic total graph with super edge-magic

total strength

3
sm(Gopo) = 2n(k + 1) — 2¢ + %

Proof. By Theorem 2, the graph G, _. is super edge-magic total and the lower bound of its super
edge-magic total strength is:

(Grge) 2 2q +2 + é(”k("z_ D, "(”2_ D _ - 1))
1 (n(n -Dk+1) B
nkk+1)—c 2
n—1/nk+1)-2c
2 (n(k+ )-c )

= on(k+1)—2c+2+ c(n—l))

=2ntk+1)—2c+2+

. . . . oy n—1 n(k+1)—26 n—1
Since sm(Gnx-.) 1s an integer, we consider the ceiling of T( P ) We have == -

n—1[ ntk+1)-2c | _ (n—1)c .
T( Py ) = o Since ¢ < k, we observe that (n — 1)c < 2(n(k + 1) — ¢). Therefore,

0<

n-—1 n—l(n(k+1)—2c)<1
2 2 \nk+1)-c '

Hence for G, ., we have

-1
S(Grp ) = 2n(k + 1) — 2¢ + 2 + ”T

3
:2n(k+1)—2c+n; .

That is,

3
sm(Gry—e) = 2n(k + 1) = 2¢ + % @)

Recall that, our graph G, . is the unicyclic graph G(n;k, ..., k,k — c), with k pendant vertices
adjacent to each of the vertices a;, 1 <7 < n—1 and k — ¢ pendant vertices adjacent to vertex a,,
where 1 < ¢ < k. Now, we define a vertex labeling f: V(G,x-.) — {1,..., p} as follows:
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Forl <i<n,

i+ 1
% if i is odd,
flay) =
i+ 1
% if i is even. )

flaij)=ntk+2)—c—(n-1)j-i,1<i<n-1,1<j<k
fla,)=n+j 1< j<k-c

As per the labeling defined in (5), for any uv € E(G,x-.) we observe the following.

e Ifu,veV(C,) then, {f(u) + f(v)} = {1 + %, SN+ %} is a consecutive sequence.

e Ifu=a,andv=a,; 1< j<k-c, then we have {f(u) + f(v)} = {n+%,...,n+k—c+%},
a consecutive sequence.

elfu=qgandv=a;;forl <i<n-1,1<j<k, then we have {f(u) + f(v)} = {n+k—-c+

%, ...,n(k + 1) — ¢ + 2}, which is a consecutive sequence.

Thus we observe that {f(u) + f(v): uv € E(G,x-.)} is a consecutive sequence with min{f(x) +
JO):uv € E(Gyy-o)} = % Therefore by Lemma 1, the vertex labeling f extends to a super edge-
magic total labeling of G, . with a magic constant c(f) = 2n(k + 1) — 2¢ + % Hence,

3
s(Grpe) < 20k + 1) = 2¢ + % ©)

From (4) and (6), we have sm(Gx-c) = 2n(k + 1) — 2¢ + 2. -

Example 3. Super edge-magic total labeling of the graph Gs 4 _, with super edge-magic total strength
sm(Gsa.—) = 50, is illustrated in Figure 3.

Example 4. Super edge-magic total labeling of the graph Gs g _¢ with super edge-magic total strength
sm(Gsg _¢) = 82, is illustrated in Figure 4.

19 15
27 23 11 38

31\ s 6o/ 66/ 70

34

30
52 ~26
56 22
60 18
64
14
68
10
32 4 37
51
36 % S [59 2 33
9 29
By a1

Figure 4. The Graph Gsg ¢
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4. Unicyclic Graph G(n; k,r)

Let G(n; k, r) be the unicyclic graph G(n, ky,...,k,) withk; = k,ifi # ,n—rand k, = k,_, = k+1
for any odd number r, 1 < r < n. See Figure 5. Let p = ¢ = n(k + 1) + 2, be the number of vertices
and edges of G(n; k,r). Let

V(G(l’l, k’ r)) = V(Cn) U {ai,j: 1 < i < n, 1 < ] < k} U {ar,k+1aan—r,k+1},
and the edge set E(G(n; k, r)) be

E(Cy)Ulaa;;j: 1 <i<n 1< j<kUl{aaipr:ie{rn—r}}.

13
Figure 5. The Graph G(5;2,1)

Theorem 5. The unicyclic graph G(n; k, r), where r is any odd number such that 1 < r < n, admits a
super edge-magic total labeling and has a super edge-magic total strength

sm(G(n:k,r) = 2n(k + 1) + 4 + #

Proof. By Theorem 2, the unicyclic graph G(n; k, r) is a super edge-magic total graph with
n(n — 1))
2

|
sm(G(n;k,r))22q+2+5((k+1)+2k+---+(n—1)k+

=2ntk+1)+6+

1 (nk(n -1 N nn-1) N 1)

nkr D12\ 2 2

n—1/ nk+1) 1
= nk+1)+6 ( ) .
nk+D+6+ ==\ v n+2) T nkr D12

That is, we have sm(G(n; k, r)) = 2n(k + 1) + 6 + 51 (5055 + ——L—_ We know that sm(G(n; k, )
is an integer and we can observe that
n—1 (n—l( nk+1) )+ 1 )

2 2 \ntk+1)+2) ntk+1)+2

n—1 2 1
2 (n(k+1)+2)_n(k+1)+2
n-—2

nk+1)+2

< 1.
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n(k+1) 1
n(k+1)+2 n(k+1)+2

Hence, we observe that the ceiling of %( )+ is % And we have

n+3

~1
sm(G(n:k, 7)) = 2n(k + 1) + 6 + ”T —on(k+1)+4+

Therefore, we can express

sm(G(n; k,r)) > 2n(k + 1) +4 + # (7)

Now, if we prove that there exists a super edge-magic total labeling f of G(n;k, r) with magic
constant c(f) =2n(k+ 1) +4 + %, then our proof is complete.
Let us define a vertex labeling f: V(G(n; k,r)) — {1,..., p} as follows. For 1 <i < n,
i+ 1
: . if i is odd,
fla) = ©))

n+i+1

if i is even.

And,

flai)=ntk—j+2)=2f(a)+2, 1<i<n 1<j<k-1,
2n+2 - 2f(a;) if 1 < f(ay) <1,

flaig) = {nlk +2) +4 - 2f(a;) if 22 < f(a) <n- f(a,),
ntk +2)+2-2f(a;) ifn—f(a)+1< f(a)<n,

Sf(arger) = nlk + 1) + 2,

f@n-ris1) = nk +r+ 3.

€))

As per the above labeling, for uv € E(G(n; k, r)) we observe that:

e Foru,ve V(C,), {f(w) + f(»)}={1+ %, LN+ %} is a consecutive sequence.

e Letus consideru = g;andv = a;j, forany 1 <i <n, 1 < j< k-1 Then {f(u) + f(v)} =
{ntk—j+2)— f(a)+2:1<i<n 1< j<k-1}isa consecutive sequence with minimal
element 2n + 2 and maximal element n(k + 1) + 1.

o letu=qg;andv=ay, 1<i<n.

- If 1 < f(a) < %, then {f(a;) + f(aip)} = {n+ %2, ...,2n + 1}, is a consecutive sequence.

- If % < f(a;)) < n— f(a,), then {f(a;) + f(a;x)} 1s consecutive and equals {n(k +1)+4+
Fl@p)onther 1)+ 44 252
- Ifn—f(a,)+1 < f(a;) < n, then we see that the set {f(a;) + f(a;x)} = {n(k+ D+2,...,n(k+

DH+1+ f(a,)}, is consecutive.

e Foru=a,andv = a, 41, f(u) + f(v) =nlk+ 1) +2 + f(a,).
o Ifu=a,,andv =a,_ 41, then f(u) + f(v) =nk + 1)+ 3 + f(a,).

Therefore, we observe that {f(u) + f(v): uv € E(G(n;k,r))} is a consecutive sequence whose

minimum element is % Hence by Lemma 1, the vertex labeling f extends to a super edge-magic
total labeling of G(n; k, r) with magic constant ¢(f) = 2n(k + 1) + 4 + % Hence,

sm(G(nz k, 1) < 2n(k + 1) + 4 + ”;’3. (10)
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From (7) and (10), we have

n+3

2n(k +1) +4 + Ssm(G(n;k,r))£2n(k+l)+4+n;3,

This implies, sm(G(n; k,r)) = 2n(k + 1) + 4 + 2. .

Example S. Super edge-magic total labeling of the graph G(5;2,1) with super edge-magic total
strength sm(G(5;2, 1)) = 38 is illustrated in Figure 5.

Example 6. Super edge-magic total labeling of the graph G(5;2,3) with super edge-magic total
strength sm(G(5; 2, 3)) = 38 is illustrated in Figure 6.

15

7
17

Figure 6. The Graph G(5;2, 3)

5. Conclusions

In this study, we determine the super edge-magic total strength of three variations of
G(n;ky, ..., k,), unicyclic (p, g)-graphs. All three of them have super edge-magic total strength equal
to 2g + % These results can be considered as the preliminary steps to provide evidence in proving
the Conjecture 1.
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