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Counting adjacencies with difference at most one in
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ABSTRACT

In this paper, we study the distribution on [k]™ for the parameter recording the number of
indices i € [n — 1] within a word w = w; - - - w,, such that |w;;; —w;| <1 and compute the
corresponding (bivariate) generating function. A circular version of the problem wherein
one considers whether or not |w, — w;| < 1 as well is also treated. As special cases
of our results, one obtains formulas involving staircase and Hertzsprung words in both
the linear and circular cases. We make use of properties of special matrices in deriving
our results, which may be expressed in terms of Chebyshev polynomials. A generating
function formula is also found for the comparable statistic on finite set partitions with a
fixed number of blocks represented sequentially.

Keywords: Chebyshev polynomial, Hertzsprung word, staircase words, Sherman—Morrison
formula, transfer-matrix
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1. Introduction

Let [k] = {1,...,k} for a positive integer k, with [0] = @. Members of [k]™ are sequences
of length n with letters in [k], and are referred to as k-ary words. A variety of statistics
based on the relative sizes of adjacent letters have been previously considered on [k]™. For
example, in [2], the authors enumerate k-ary words according to the number of occurrences
of various infinite families of subword patterns and, as a consequence, obtain results for
all subwords of length three. The problem of studying the distribution for the number
of indices i € [n — 1] such that w;y; — w; = d for a fixed positive integer d within
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w = wy---w, € [k]" was studied in |5, 10|, where formulas for the generating function
of the distribution were found. Further, in [5], analogous formulas involving the absolute
difference |w;;1 — w;| are found and the statistic on [k|" tracking the number of indices
¢ such that w;, s — w; = d for a fixed d and s is considered. The distribution of the
latter parameter has also been studied on permutations [19], represented in the one-line
notation.

In this paper, we consider the distribution of the following two further statistics on [k]".
For a word w = wy - - - w,, € [k]", we let

s(w)=#{1€[n—-1] : w1 —w;| <1},
cs(w) =#{i € [n] : |wip1 —w;| <1},

where w,,1 = w;. For example, if w = 423353 € [5]°, then we have s(w) = 2, accounting
for the 2,3 and 3,3 strings, and cs(w) = 3, which also accounts for wg = 3,w; = 4. Let
Fi(z,t) and Gg(z,t) denote the generating functions for the distributions of the s and cs
statistics on [k]" for a fixed k > 1. That is,

Fi(z,t) =1+ Z Z s | gn

n>1 \welk]n

and

Gr(x,t) =1+ Z Z tes) | g,

n>1 \welk]”

Here, we find explicit formulas for Fy(z,t) and Gi(z,t) in terms of Chebyshev polyno-
mials. Kitaev and Remmel |7] studied Fy(x,t) though they did not determine an explicit
formula, instead finding an expression for Fy(x,t) as a sum over the entries of the inverse
of a certain matrix (with Gy (z,t) apparently not being considered at all). In the proofs of
our expressions for Fy(z,t) and G(z,t), we draw extensively upon linear algebra, in par-
ticular utilizing the Sherman—Morrison inverse formula as well as the inverse of a special
matrix. In order to obtain our formula for G(z,t), we evaluate several sums of products
involving Chebyshev polynomials of the second kind, see Table 1 below.

Recall that a staircase word w = w; ---w, is one in which |w;1; — w;| < 1 for all
1 <i<n-—1. If in addition, |w, — w;| < 1, then w is said to be a cyclic staircase
word. Note that w is a staircase or cyclic staircase word if and only if s(w) = n — 1
or cs(w) = n, respectively. The study of (cyclic) staircase words seems to have begun
with the work of Knopfmacher et al. [9]. A number of generalizations and refinements
have been subsequently considered; see, e.g., [4, 7, 8, 13, 17]. Our formulas for Fy(x,t)
and Gy (z,t) will be seen to generalize those obtained by Knopfmacher et al. [9], who
calculated the (univariate) generating functions for the number of staircase and cyclic
staircase words.

By a partition of a set, we mean a collection of non-empty, pairwise disjoint subsets,
called blocks, whose union is the set. Let P, denote the set of partitions of [n] having
k blocks. We also consider here the s-parameter distribution on P, ;, where partitions
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are represented sequentially using their canonical sequential forms. This extends related
results found in [12, 14] concerning the distribution on P, for the parameters tracking
the number of indices ¢ € [n — 1] such that (w;, w;11) = (a,a+ 1) for some 1 <a <k —1
and/or the number of j € [n] such that (w;,w;+1) = (k,1) (where w11 = wy). See also
Mansour’s text [11, Chapter 4| for further examples of statistics concerning the relative
sizes of adjacent letters within members of P, i, represented sequentially.

The organization of this paper is as follows. In the next section, we review some
basic properties of the Chebyshev polynomials of both kinds and establish closed form
expressions involving sums of certain products, which we will need in establishing our main
results. In the third section, we establish explicit formulas for Fy(x,t) and Gy(z,t) for
each fixed £ > 1, where we make use of the transfer-matrix method (e.g., [20, Section 4.7]).
Several particular cases are noted, which yield formulas for the generating functions that
enumerate both linear and cyclic staircase words as well as linear and cyclic Hertzsprung
words (i.e., those for which the value of s or cs is zero). In the final section, we compute
the generating function for the s-parameter distribution on P, ;. By differentiation with
respect to t, we obtain an explicit formula for the sum of the s-values of all the members
of Py, 1, which may also be afforded a combinatorial explanation.

2. Preliminaries

Let T,,(z) denote the n-th Chebyshev polynomial of the first kind defined recursively by
T, (x) = 22T, _1(x) — T),_o(x) for n > 2, with initial conditions Ty(z) = 1 and Ti(x) =
z. Let U,(x) denote the n-th Chebyshev polynomial of the second kind satisfying the
same recurrence, but with initial conditions Uy(z) = 1 and U,(z) = 2z. Both kinds of
Chebyshev polynomials arise in a variety of pure and applied settings; see, e.g., [16] and
references contained therein. The Chebyshev polynomials form the basis for the cosine
and sine multi-angle formulas from trigonometry via the relations T, (cos §) = cos(n#) and
Un(cosf) = W for all n > 0. A basic formula relating the two kinds of Chebyshev
polynomials is given by T),(x) = (Un(x) — U,—2(x))/2 (see |16, Exercise 1.2.15 (a)]).

In order to establish our main results below, we make use of the explicit formulas of
several summations involving U, (x), which are given in Table | below.

Lemma 2.1. We have

Unir(@) = Unla) =1

nim o) = 2z —1) 1,
el ) = Uzmif;;_%g U2 -1
qu(m.z) = Lmt(®) = 2(m + 1o

4(22 = 1) ’
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U2m+3($) — U2m+1(x) — 4:6(1’ + 1)(Um+1($l?) — Um(SC)) + 2$<21’ + 1)

as(m, z) = 8(22 — 1)(z — 1)(2z + 1) ’

(m LE) o U2m+3(l‘) — Ugm_1<l’) + Um_l(l') — Um+3(l‘) — 2T2m($) — 4Tm+2($) + QUQ([E)
oA 1) = 822 — 1)(z — 1)(2z + 1) ’
C]7(m, CL’) _ 2(m + 2)$(2 + T27;46-4x((2)2)__1()22+ T2($))U2m+3(x) . U;(l‘),

_ 22 (m 41— Usmaa (@) + (M + 2)Tomia(2) | To(2) Va3 (@)
as(m, z) = 8(22 — 1)2 T Tox(@2 — 12

Table 1. Sums involving U, (z) to be evaluated

am.z) | S U(2)

@(m,z) | Y Ui (z)

gs(m, z) ZUZ»(:C) Upoi()
qa(m, x) ZUz’(I) Ui—1(x)

as(m,x) | Y Ui(@) Ui () Uppi()

aolm.z) | S Ui() U2 ()

g7(m, ) Z U () Up ()

gs(m, x) ZUz‘(l’) Ui-1(%) Up—i(2) Upp—i—a ()

Proof. The formulas for ¢;(m, z) and g3(m, x) are already known and occur, for example,
in [9] and [3], respectively. The others may be shown by a variety of algebraic methods,
such as through use of the Binet formula or the generating function for Chebyshev poly-
nomials. We provide here only a proof of ¢2(m, z), where a quick trigonometric argument
may be given as follows. By |6, Eq. 1.351.1], we have

N 2m +1  sin((2m + 1)z)
2 — J—
21_1 sin*(iz) = 4 4siny
Dividing both sides by sin?(x), and using the fact U;(cos ) = sin((i + 1)f)/sin @, we have

m

Z U? (cosx) =

i=1

2m + 1 — Uy, (cos z)
4sin® z '
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Substituting x — arccos x, we obtain

Ugm(.ilﬁ) —2m —1
U? =
Z z—l(x) 4(1’2 _ 1) 3
=1
from which the asserted formula follows immediately. n

Finally, let us introduce some notation. If v is a vector, we denote by v’ the transpose
of v. We denote the all 1’s vector of length k by 1 = (1,...,1)" and the i-th component
of a column or row vector v by (v);. If p is a condition, then the indicator function 1, is
equal to 1 if p is true and 0 otherwise. If M is a matrix, we write (M), ; for the (¢, j)-th
entry of M.

3. Main results

In the following theorem, we calculate Fy(z,t). A formula was already found in |7, Theo-
rem 4], but only implicitly as a sum over the entries of the inverse of a certain matrix. We
obtain here an elegant explicit formula for Fi(z,t) in terms of the Chebyshev polynomials.

Theorem 3.1. Let ¢ = (1 —z(t —1))/(2z(t — 1)). Then

1

F, )= ——— k>1 1
k(x> ) 1—1'7k(£€,t)7 i ( )

where

_ k 20(t —1)  Up(¢) = Up—1(9) — 1
,yk(x’t) - - 2
1-3z(t—1) (1-3z(t—1)) Ui(9)

Proof. The result is seen to hold in the case k = 1 since Fy(z,t) = %, SO we may

assume k > 2. Let B(t) be the square matrix of size k defined by

1, if[i—j| > 1.
A word w = wy - - - w, € [k]" has weight

n—1

ts(“’) — H (B(t>)’w7j,wi+1 :

=1

Thus, the coefficient of ™ is given by

> I:I(B(t))wi,wm =17(B(t))" 1.

w1 -wn €[k]™ 1=1

It follows that

Fi(z,t) =1+ 2"1"(B(t))"'1

n>1
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=1+az1" (Z(IB@))"> 1

n>0

=1+217(I —2B(t))'1.

Note that [ —xB(t) = C(x(t — 1)) + (—2)117, where C(x) is the square matrix of size k
given by
1—a, if|i—j| =0,
0, if [ — j| > 2.
The matrix C'(z) was analyzed by Knopfmacher et al. [9], who, using results from [21],
showed that its inverse is given explicitly by

_ 1 Uim1 (52) Un—y (22), ifi <,
I aUy (12_—9:3:) U4 (1_—“’) Uk—; (1_“”) , otherwise.

(C(2)7),

By the Sherman—Morrison formula (e.g., [1]), we have

zC(z(t — 1)) "117C(x(t — 1)) 7!

(I—xB@)™ = Cla(t = 1) + ——— AT —1)1 2)
We claim
17C (z(t — 1)1 = y(a, 1). (3)
Indeed,
UC(a(t—1))7"1
=22 (Clalt=1) sy
- 11>Uk<¢> (Z Ui (9) 3 Uiy (9) £ )_ Uii(9) y UJ_1<¢>>
- iz ;)Uk% <Z Uira(0)(qu(k —i,0) + 1) + Z Up—i(8)(q1(i — 2,0) + 1)>

_ (Z (Ve s(O)Ue101(6) — Ui (Vi 1(6) — Uia (6)

- Z (Ui—i(8)Ui—1(0) — Up—i(8)Ui—2(9) — Uk_i<¢>>>

a(k,0) — g3k —2,0) —qu(k —1,0) — q1(k —2,0) — Up_1(¢) — Up_2(¢) — 2
2x(t = 1)(¢ — 1)Ux(0)
1

— <(k + 1)oUss1(9) — (20> + ¢ + 1 + k)Ux(o)

4t —1)(6 = 1)*(¢ + Ux(9)
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+(2 =20 — (k= 1)) Up_1(0) + (¢ + 1+ k) Up_o(0) + 2¢ + 2) .

Replacing Uy-2(¢) with 2¢Uy_1(¢) — Uk(®) and Uky1(¢) with 20Uy (¢) — Uk—1(¢), the
asserted claim follows after some algebra.

Set
a;(x) = Up—i(2)(Us(z) = 1) = Uiy (x) (Ug—i—1(x) + 1)
l Uk(l' .
We claim
Indeed,
k
(C(x(t —1)) Z 2t —1))),,

s=1
i—1

= m < Z s—1(0) + Ui_1(0) Z Uk—s(¢)>

_ U@~ 2.6) + D)+ Ut ()an(k — 1,6) + 1)
EOEVAC)
_ Uins(9)Uk-i41(¢9) — 1) = Up—i(9)(Ui-2(¢) + 1)

2(¢ — Da(t — 1)Ux(9)

Upon replacing kai+1(¢) by 2¢Uk7i<¢) - kaifl((b) and Ui72(¢) by 2¢Ui71(¢) - Ui(¢)a
we get

(Cla(t = 1)) = 1= :Osé;:((d;)— 1) ?
Similarly,

(1Ot —1) ), = _33;(<f)— b
Since

(Clz(t—1) 117 C(z(t —1))7"), . = (C(z(t — 1))'1); (17 C(x(t — 1))—1)]. ,

Z7J

the assertion follows.
Finally, we claim

Indeed,

Z@z‘(I) = Ukl(x) Z(Uk—i(iﬂ)(Uz‘(ﬁ) —1) = Uia(2)(Ug—ia(x) + 1))

_ qg(k,x; —q3(k —2,2) = 2q1(k — 1,2) — Up_o(x) — 2
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(k 4+ D) Tyio(x) — (k — 1)Ti(z) — (22 + 22 + 1)Uk(z) + 2(z + 1) Ug_1 ()
2(x2 — 1)Ug(x)

Uk_o(z) + 22 + 2
2(2? — 1)Ug(x)
(kTy(z) — 22 — 2)Uk(z) + 2(1 — (k — 1)) Up_1(2) + kUg—o(z) + 22 + 2
2(x% — 1)Ui(x) ’

where we have used Lemma 2.1 and then the fact T,,(z) = (Un(x) — Up—2(x))/2 to
simplify the resulting expression. Replacing Uy_o(z) with 22Uy_;(z) — Uy(z) and Ty(x)
with 222 — 1 in the last equality, the assertion follows.

Putting everything together, we have

Fi(x,t) =1+ 21" (I —zB(t)) 1
230 (Cla(t = 1) 117 C(a(t = 1)) ),y
1 —217C(x(t — 1))~ 11
x? Zijzl a;(¢)a(9)
(1—3z(t—1))21—217C(z(t — 1))~11
)2

=1+217C(z(t - 1)) "1+ !

=1+217C(z(t - 1)) "1 +

2? (y(z, 1)
=1 t) + —————
+ mﬂyk(l‘7 ) + 1 — $’}/k(33',t)
B 1
1= ay(a,t)
m
Note U,,(2) is a polynomial in z of degree m for all m > 0, which implies
fi (UE(@) = Uia(9) = 1Y _ L
t—1 Uk(o)
and hence Fi(z,1) = limy,y Fy(z,t) = =, as expected, by (1). Differentiation of

Fi(z,t) with respect to t then yields the following result.

Corollary 3.2. The sum of the s-values of all the members of [k]™ for n,k > 1 is given
by (n — 1)(3k — 2)k™ 2.

Proof. Since Fj,(z,1) = =, we have

_ o (@bl

9,
EFk(at) = (1 —kx)?

with

Ur(¢) = Up_1(¢) — 1
Ui(¢)

> = (3k — 2)a.

0 9 |
S0y = lim (1) = 3w — 20l (

Hence,
o] Pl Ol = (07 (20 ) = (= Dk - 2,
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which yields the stated formula.

This result may also be realized combinatorially as follows. Let A denote the set
of marked members w = w;---w, € [k]" wherein some index i € [n — 1] such that
lwiy1 — w;| < 1 is distinguished from the others. Then the sum of the s-values of all
the members of [k]" is given by |A|. To find |A|, note first that there are n — 1 choices
for the marked index, say j € [n — 1], and k"2 choices for the letters w; such that
i € [n] —{J,j+ 1}. There are then k choices for a = w;, and for each a, three choices for
wj41, namely, a or a £ 1, provided a € [2,k —1]. If @ =1 or k, then there are only two
choices for w;;; in both cases, since wj;; = 0 or wj;1 = k+ 1 is not allowed. Thus, there
are 3k — 2 possibilities for w;, w;;1, independent of the other letters and the choice of 7,
whence |A| = (n — 1)(3k — 2)k" 2, as desired. O

As a special case of Theorem 3.1, we obtain |9, Theorem 2.2|.

Corollary 3.3. Let Ax(x) be the generating function for the number of staircase words
over [k]. Then

z(k — (3k + 2)z) 20> Up—r (525) +1
- :

) = e G ()

Proof. Let a,,, denote the number of words w € [k]" such that s(w) = m. Thus,

Ak(.CE) =1+ Zanm_lx".

n>1

By the definitions, we have

n—1
Fe(z,t) — 1= Z Z Ay "™

n>1 m=0
and hence .
e D
= Apmxt"
¢ n>1 m=0
Therefore,
Fy (te,}) —1
Apl) =14 2202 ( tt)
t=0
z(k — (3k +2)x) 202 Up—1 (552) +1
=1+ : .

A—32)? | (1—3822 U, (L2)
O

Recall that Hertzsprung’s problem asks for the number of ways to arrange n non-
attacking kings on an n X n board such that each row and each column contains exactly
one king (see A002464 in [18]). This problem is clearly equivalent to the one of finding
the number of permutations of [n] such that consecutive entries differ by at least 2. We
propose the name Hertzsprung for the analogous problem on words.
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Definition 3.4. A word w over [k] is said to be Hertzsprung if s(w) = 0. We say that w
is cyclic Hertzsprung if cs(w) = 0.

Corollary 3.5. The generating function for the number of Hertzsprung words over [k] is

given by
-1
ke () -Un () -1)
143z (14 3x)? U (—52)
Proof. The assertion follows immediately from evaluating Fy(z,0). O

The first few cases of Corollary 3.5 are given in Table 2 below.

Table 2. The generating function for the number of Hertzsprung words over [k] for 2 <k <5

Generating function

142z

14+2z—a?
1—x
1+3z+27
1—z—zx2
1+43z—223
1—2x—2x24223

Ol | W I

It is possible to explain the generating functions given in Table 2 directly by considering
the recurrences satisfied by the underlying sequences (in the k = 4 and k& = 5 cases), an
exercise we will leave for the reader to explore.

For the next result, we calculate Gy (x,t). To the best of our knowledge, the generating
function G (x,t) has not been previously studied, except in the special case corresponding
to cyclic staircase words by Knopfmacher et al. [9, Theorem 3.2].

Theorem 3.6. If k > 1, then

1+ 3z(t—1) 1
t)=1 kx(t—1)—1
Gl 1) * (1—-3z(t—1)(1+2z(t—-1)) |1 —ay(zt) ke )
LU (PEH5Y)
2c(t — 1)(k+1) 1 —r— 1 —a(t—1)
_ D) 1_ o (Qj’ t) + Uk—l 2[L'(t — 1) -1 )
(1+30(t — 1)U (525D K,

where vi(x,t) is as before.

Proof. The formula is seen to reduce when k = 1 to Gy(z,t) = ﬁ, as required, so we

may assume k > 2. A word w = wy - - - w, € [k]™ contributes the weight

n—1

tcs(w) = (B(t))wn,wl H(B(t))wi,wiﬂv

=1
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towards x". Thus, the coefficient of 2" is given by

Y (BO)uw l:[(B(t))wi,wm = ((B(1)"),
w1 -wy, €[] i=1

where tr denotes the trace, which implies
Gr(z,t) =1+ tr(xBt)(I — xB(t))™). (6)

Let us write B = B(t) and C' = C'(z(t — 1)). Note B = 117 + (¢t — 1) D, where D is the
square matrix of size k given by

(D) = .
0, otherwise.

By (2), the linearity of trace and the fact tr(PQ) = tr(QP) for all matrices P and @ such
that both products are defined, we get

r*tr(BC~1117C1)
1—z17C-11

=217C "1 + 2(t — Dtr(DC™Y) +

tr(zB(I —xB)™') = xtr(BC™) +

2?1TC-'BC11
1—z17C-11

By (3), 17C~'1 = ~;(x, t). Further, we have

tr(DC™) = + i(Cl)m +2 %(Cl)ml

L 2g3(k —2,0) + q3(k — 1,0) + 2Us_s + Up_y
B CB(t - 1)Uk

(14 3a(t — 1)kUy — 2(k + 1)Uy
(T2t —1)1 =3zt - 1)U

where Uy = Ui(¢) throughout this proof.
Now consider 17C~'BC~11. We have

1'c'BCc1 =1"c'(11t + ¢t -1)D)Cc "1

= (w(x, )"+ (t—1) <Z C'1)? Z(C_ll)i(C_ll)zH) )

By (5),
4 a;(9) _ Upi(Us = 1) = U1 (Up—i—1 + 1)
(i ==~ (1= 32(t — 1)Uy
Thus,

k
1
E -11)2 — g 2 2‘_2i 2 U2»—2UiUZ‘_U_Z'U_Z‘_
/ (C )z (1 _ 3$(t _ 1))2UI§ s (Uz Uk—z UUk—z + Ui 1Yk k—i—1
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— 2UU; 1 Up—i + 2U; Uy iUp iy + 2U; Uy + U2 UR + 22U Up—i

+ULy)
and
k-1
D (CT(C M )in
=1
k—1

1
= UiUi1Up—iUp—iy — UiUp—iUp—i—y — UPUp—iUp—i—
(1—3x(t—1))2U§;( +1Uk—iUk—i—1 k—iUk—i—1 i Uk—iUg—i—2
—UU—i = U1 Uy iUp i1 + UpiUp i1 + UiUy—iUp o + UiUp—; — Ui Ui UE
+ Uif1U/§_i_1 +UiUi—1Up—imaUp—i—o + UjUs Uiy — Ui Ui Up—i—1 + Ui Up—i—1

+UUi—1Up—i—o + U;U; ).

Note that the upper index of summation in the last sum may run up to ¢ = k& without
changing the value of the sum, as U_; = 0 and U_5 = —1. Thus, combining the various
terms from the last two sums, and making use of the recurrence for U, several times, we
get

k k—1
S (CT)I42) (CT)H(CTM )i
i=1 i=1
k
1 2
~ (=30t — 1)) (Z (2U7 1 4 2U;—1Up—s + AU Uiy 4 2U; 1 Up—i—1 + 2U;Up—;
k

i—1
—4UU;i 1 Up—i + AU U Uiy — 20U 1 Up—i1 + 2U;Up—iUp—i—o + 2UU; 1 Ui
— 2Ui 1 Ui Upimy — AU Up—i + AU Uy + URUR_ + UZ UR

—2UU;—1Up—iUp—i1 + 2UUs 1 Up—iUp—iiq + 2U,U; Uy 1 Up—j—o — 2U1'2Uk7iUk7i72
_ 2Ui_1Ui+1U;3_i_1) — 22U + QU]?)

k
1
= 2U2 2sz U —f— 2U27 U i QUZU i 4UZU,L,
T D 2 U+ 2l + 20l 20 40U
+ 2UU; 1Up—iy + AU Uy iUy — AU U Uy — 20Uy Up iy + AU \Up—i 4

+ 22U UR ;| —4UUE ; — 2UUy_; + 3U2 (UZ . | +3U2U7 ; — 6U;U;_1Up—iUp—i_1)

— 2UkUk1>

~ gk — 1.0+ 20k 2.0) + 20s(k = 1.6) + 20(k.0)
+4qa(k, ¢) + 6g5(k — 1,0) — 6¢5(k, ¢) + 6g6(k — 2, ¢) — 6gs(k, ¢) + 3q:(k — 2, )
+ 3q7(k, @) — 6qs(k, d) + 2 + 2Uy_g + 2Us_1 + 2Uy + U7, — 2U7)

1 UpUg—1 3UUk—1

_(Lam@—ln%ﬁ(_QMﬂk1_x@—1y+1_3ﬂr—n—1

kil k+1
_(3I(t—1)—1+x(t_1)+1)(Uk—Uk1—1)
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3 11
_(‘L?,gz,v(1t—1)—1_37(75—1)+1+2)U"c

3 1
k+2 — X
+<3 N +3:p(t—1)—1 x(t—1)+1)Uk)’

where the last equality follows after the application of Lemma 2.1 and several algebraic
steps.

Putting everything together in (6), we conclude

B xyk(x, t) x(t—1) kU + (k + 1)Uy
Grlw,t) =1+ 1-— xkyk(x,t) (1 —=3x(t—1))Uy (SkUk -2 l;c(t -1+ 1k
T 10 — 2U;_4
T30t = )0 =2 (m.D) (x(t 1 R

U, —k—1 U+k+1\Up - Ui — 1
(e 2 k Jlemtiast))

3x(t—1)—1 z(t—1)+1 Uy
from which the asserted formula for Gi(z,t) follows after some algebra. O

We note the following special cases of Theorem 3.6. First, one can show Gi(z,1) =
lim; 1 Gi(x,t) = ﬁ, as expected, proceeding as before. Differentiation with respect to
t or direct reasoning then leads to the following result.

Corollary 3.7. If n > 2 and k > 1, then the sum of the cs-values of all the members of
[k]™ is given by n(3k — 2)k"2.

Computing lim; g Gy (ta:, %) in Theorem 3.6 recovers |9, Theorem 3.2].

Corollary 3.8. The generating function for the number of cyclic staircase words over [k
18 given by
|, k(1 30) 2k + Dz U (52)
(I4+2)1—=3z) (I4+2)(1-3z) Uy (5Z)

Computing G (x,0) yields the following formula for cyclic Hertzsprung words.

Corollary 3.9. The generating function for the number of cyclic Hertzsprung words over
(k] is given by

1 -3z xy,(x,0)

1 —k
* (1 —2)(1+3x)|1—2y(z,0) ‘
k—U. (= 1tz
N 2x(k+1) 1_55%];#_’_[] (_1+x>_1
(1= 32)Uy (—42) 1 — 279(z,0) o 2z
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The first few cases of Corollary 3.9 are given in Table 3 below.

Table 3. The generating function for the number of cyclic Hertzsprung words over [k] for 2 < k <5

Generating function

1

1422
1—22
14+3x2—3z7
1—3x2 424
14622 423 1227
1—6x2 223424

QU =W N =

4. The s-distribution on set partitions

Let P, denote the set of partitions of [n] with k blocks. Let II = By/Bsy/--- /By € P,
where the blocks B; are arranged from left to right in ascending order of their smallest
elements. Recall that II may be represented sequentially as 7 = 7 - - - 7, wherein ¢ € B,
for all i € [n]; see, e.g., [15, 22]. The sequence 7 satisfies what is known as the restricted
growth condition, meaning m;,1; < max(m ---m;) + 1 for 1 <i < mn— 1. Recall that the
cardinality of P, j is given by the Stirling number of the second kind, which we will denote
by S(n, k).

Define s(IT) for a partition IT to be the s-value of its corresponding restricted growth
sequence. In this section, we determine an explicit formula for the generating function of
the distribution of the s-statistic on P, for all n > k, where k > 2 is fixed. That is, we
find

P(z,ty=>Y | > ™ ]a"  k>2

n>k \m€P, i

In order to do so, first note that # = 7, --- 1, € P, implies it may be represented as
7 =7W... 7" where 7 for each i is a nonempty i-ary word starting with i. We thus
need to ascertain the contribution towards Py(z,t) coming from each section 7. Given
i > 2, let {;(x,t) denote the generating function enumerating all i-ary words w (including
the empty word) according to the value of s(iw(i 4+ 1)). Given 1 < i < k, let Fk(i) (x,t)

denote the restriction of Fj(z,t) to k-ary words whose first letter is ¢. Considering the

tx
1—tx

contribution coming from the initial section 7(Y), we have

t k—lF(k) t
Pi(a,t) = = "k (z,1) [Tt 0, k=2 (7)
Using (7), one may obtain the following explicit formula for Py(x,t).

Theorem 4.1. If k > 2, then

. t{Ek)\ka(l", Zf) ]ﬁ

()\i(l +z(t — DA Fi(z,t) + (t — 1) (2¢ + 1)Ui‘1(¢>> , (8)

Ui(¢)

where Fy(z,t) and ¢ are as in Theorem 5.1 and \; = % for2 <i<k.
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Proof. We first determine a formula for Fk(k) (x,t). Upon considering the first letter within
a word enumerated by FISZ)({E, t), we obtain the system

k
F(@t)=z+a2y thisFD(t),  1<i<k,
j=1
which may be rewritten in matrix form as F = z((I — 2B(t))~'1, where
F=(F1),.. . FP )T

We then seek a formula for (F);, and, by (2), thus need expressions for (C~'1), and
(C71117C11), where C = C(z(t — 1)). By (5) with i = k, we have

B

(c~t117c 1), Z ct117¢c!

j=1 j=1

by the fact 3 | a;(¢) = (1 — 3z(t — 1))(x,t). Thus, by (2) and (3), we get

2(c111'c11) xyk(x, t)
F(k) e F e 711 r ( k = 1 —k !
e (@ t) = (F)y = o(CT )+ —— a1+

- .I'/\ka(fE, t)u

where we have made use of (1) in the last equality.
This accounts for the factor of zAyFy(z,t) in (8), so to complete the proof, it suffices
to show

(20 4+ 1)U;—1(9)
Ui(¢) ’

To do so, we consider some further generating functions as follows. Given k > 2, let

Hy(z,t) = M, which is seen to enumerate k-ary words w of length n for all n > 0
according to the value of s(kw). Let H,gi)(x,t) for 1 < i < k denote the restriction of Hj,
to those w ending in the letter i. We will denote H,gi)(x,t) for 1 < i < k and Hy(x,t)
by h; and H, respectively. Note H = 1+ Zle h;, by the definitions. The h; are seen to
satisfy the following system of equations:

G, t) = N(1+ 2t — DN)Fy () + (t— 1) 2<i<k—1. (9)

hy = xH + xt(t — 1)(hy + hy),

hi=aH +x(t — 1) (hioy + hi + hiy),  2<i<k-—2,
hi—1 =xH +x(t — 1)(hg—o + hg—1 + hi + 1),

hy =xH + x(t — 1) (hg—1 + hg + 1).
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The preceding system may be rewritten as Ch = xH1 + v, where h = (hy,... hy)T
and v = (0,...,0,z(t — 1), z(t — 1))T. By the definitions, we have

Oz, t) = He(z,t) + (t — 1)1+ HP (2, 1)),  k>2, (10)
with Hy(z,t) already found above to be A\ Fy(z,t). Now
hy =)y =2H(C ")+ 2t — D((C st + (CHir),

with (C7'1); = A¢. By the formula for (C~1);; from [9], we have

1

(C s +(C 0k = 59y

(Ur-1(¢) + Ur—2(9)).

Thus, we get
Up-1(9) + Up—2(¢)
hiy = a2 E(z,t) + ,
P Ui(9)
whence (9) follows from (10), which completes the proof of (8). O
Note that Py(z,t) is seen to reduce to #’Lm when t = 1, as expected. Using

Theorem 4.1, one can establish the following explicit formula for the total s-statistic value
taken over all the members of P,, 4.

Corollary 4.2. If n > k > 2, then the sum of the s-values of all the members of P, 1 is
given by

k n—k-2

(k—1)S(n, k) + (3k;—2— (’;)) Stn—1,k)+Y

i=1 j=0

(3i — 2)7S(n —j — 2, k).

Proof. We first seek 2¢;(z,t)[,_, for 2 <i <k — 1. To do so, first observe

Ai(z, 1) = 11Hll Ai(z,t) =1,

upon multiplying the numerator and denominator in Z{&=Vi=t®=1 by (92:(4 1)) to clear

Ui(9)
all fractions prior to evaluation at t = 1. Further, upon writing
1 Ui-1(9) +1
Ailz,t)=———— [ 1 = ———F"—— |,
0 =5 ( U.(9)
we have
0 B 0 (Uia(o) +1Y 20 dioy _

where d; denotes the coefficient of the term in U;(z) of greatest degree, and hence d; = 2°.
Also, recall Fy(z,t) = 2= and 2Fj(z,t)|,_, = %, from the proof of Corollary 3.2.
Thus, by (9), we have

3z (3i — 2)z?

9,

ot
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Similarly, since F,f,k) (x,t) = e\ Fr(z, 1), we get

21 N (3k — 2)a?
l—kx (1—kx)?

0
EFISIC)( vt>|t:1 =

Combining the formulas found above, and making use of (7), yields

0 v 2ED (1) il
—Pu(x,t)|,_, = Pu(z,1) [ 1 P =
5 P, Dl = Pul, >< ot F(k(m) +; e

B x (8k = 2)2% | L Bi—2)?

= Py(z,1) <1<;—1+ (3k—2—< )) +§;(3i_3x )

Recall the well-known formula [20, Eq. (1.94¢)]

(1—2)(1—22)- (1 — ka) ank

Extracting the coefficient of 2™ in the last expression found for %Pk(:v,tﬂt:l, upon ob-
serving the convolution, one then obtains the desired result. O

It is also possible to explain the prior result directly by combinatorial reasoning.

Combinatorial proof of Corollary 4.2. By a good adjacency within an integral se-
quence w = w;y - - - Wy, we mean a pair of consecutive letters w;, w;,; for some i € [n — 1]
such that |w; 11 —w;| < 1. So we seek to enumerate all of the good adjacencies in members
of P, . An entry within a member of P, ;, represented sequentially, will be described as
wnitial if it corresponds to the leftmost occurrence of a letter of its kind. To establish the
formula in Corollary 1.2, first note that & > 2 implies that there are S(n, k) good adja-
cencies in which the second letter is an initial 2. Now consider inserting within a member
p € Pn_1x an extra 1 to directly follow the initial 1, or for each i € [2,k], an i — 1 to
directly precede the initial ¢ or an ¢ or ¢ — 1 to follow it, with no ¢ — 1 being added prior to
i if i = 2 (this case having already been accounted for). There are then 3k — 3 possibilities
regarding the insertions of letters for each p, and hence there are (3k —3)S(n— 1, k) good
adjacencies in the members of P, , where exactly one of the letters is initial, excluding
the case (considered above) in which the second letter is an initial 2.

We now enumerate adjacencies of the form 7,7+ 1, where 2 < ¢ < k—1 and both letters
are initial. First note that there are (k — 2)S(n, k) initial letters ¢ € [2, k — 1] within the
members of P, in all. From these, we subtract those whose successor is less than or
equal to the letter in question. Note that such letters may be obtained by starting with
some p € P,_1 and inserting an element of [i] to directly follow the initial ¢ for some
i € [2,k—1]. There are then 24+3+---+k—1= (2) — 1 possible letters to be inserted into
each p for a total of ((S) —1)S(n — 1, k) initial letters ¢ € [2, k — 1] whose successor is not
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initial. Hence, by subtraction, there are (k —2)S(n, k) — ((’;) —1)S(n — 1, k) adjacencies
of the form 4,7 + 1 wherein both letters are initial and 7 > 1.

Finally, we enumerate good adjacencies a, b in which neither a nor b is initial. If 7 € P,
contains such an adjacency, then m may be expressed as

for some i € [k], where 7(") for each r € [k]—{i} is r-ary and starts with r and a, 3 are i-ary,
with a, b € [i] such that [a—b| < 1. Note that there are 3i—2 possibilities for (a, b), as there
are three possible b for each a where we must exclude (a,b) = (1,0) and (i,i+1). If j = |«/,
then we have 71 ... 7(=Digr+l ...k e P o o) with 0 < j < n—k—2. Considering
all possible i and j then implies that there are Y5 Z;‘;g*z(?)i —2)i/S(n—j—2,k) good
adjacencies altogether in P, ;, in which neither a nor b is initial. Combining this case with
those prior yields the desired formula for the sum of the s-values of all the members of
Pk O
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