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ABSTRACT

A kernel J of a digraph D is an independent set of vertices of D such that for every
z € V(D)\J there exists an arc from z to J. A digraph D is said to be kernel-perfect
if every induced subdigraph of it has a kernel. We characterise kernel-perfectness in
special families of digraphs, namely, the line digraph, the subdivision digraph, the middle
digraph, the digraph R(D) and the total digraph. We also obtain some results on kernel-
perfectness in the generalised Mycielskian of digraphs. Moreover, we find some new classes
of kernel-perfect digraphs by introducing a new product on digraphs.
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1. Introduction

Throughout this paper, D = (V(D), A(D)) denotes a finite digraph with no loops, no
parallel arcs, and no isolates (isolates are vertices with in-degree and out-degree zero),
where V(D) (resp. A(D)) is the vertex set (resp. the arc set) of D. A walk, path,
and cycle, respectively, denote a directed walk, directed path, and directed cycle. A
walk, path, or cycle is called even (resp. odd) if its length is even (resp. odd). An arc
xy € A(D) is symmetric, if yr € A(D). A digraph D is said to be complete symmetric
if there is a symmetric arc between any pair of vertices of D. We call a digraph bipartite
(resp. connected) if its underlying graph is bipartite (resp. connected). A digraph with
no cycles is called acyclic.
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Let C = vgvy ... v,_1v9 be a cycle of D. Two vertices joined by an arc of C' are said to
be consecutive on C. A chord of C'is an arc of D of the form v;v; with j # (i+1)(mod n).
The chord v;v; is short when j = (i +2)(mod n). The endpoints of chords of C' are called
poles of C.

For X, Y C V(D), [X,Y] denotes the set of all arcs of D with tail in X and head in
Y; an arc (z,y) of D will be called an (X,Y)-arc whenever x € X and y € Y. When
X = {u}, we will simply write (u,Y)-arc and analogously we write (X, v)-arcif Y = {v}.

A kernel J of a digraph D is an independent set of vertices of D such that for every
vertex z € V(D)\J there exists an arc from z to a vertex in J.

A semikernel of a digraph D is an independent set S of vertices of D such that for
every z € V(D)\S for which there exists an (S, z)-arc there also exists an (z,.S)-arc
in D. Note that a kernel of D is a semikernel of D. Furthermore, for any digraph D, if
Xo = {z € V(D)| there exists y € N (z) with N};(y) C N (z)}, then, for any semikernel
Sof D, SN Xy =10.

A digraph D is said to be kernel-perfect (KP- digraph) if every induced subdigraph of
D has a kernel. A digraph which is not kernel-perfect is called kernel-imperfect.

Many structural properties of digraphs that give rise to kernel-perfect digraphs have
been explored widely. It is important to note that deciding the kernel-perfectness of a
digraph is co-N'P-hard (see [1]).

We list some classical sufficient conditions for a digraph to be kernel-perfect.

Theorem 1.1 (Richardson [12]). A digraph with no odd cycle is kernel-perfect.
Below are some independent generalisations of Theorem 1.1.

Theorem 1.2 (Duchet [4]). If D is a digraph such that every odd cycle possesses at least
two symmetric arcs, then D is kernel-perfect.

Theorem 1.3 (Duchet [1]). If every cycle of a digraph D has a symmetric arc, then D
18 kernel-perfect.

Theorem 1.4 (Duchet [41]). If every odd cycle of a digraph D has two short chords and
the directed triangles are symmetric, then D is kernel-perfect.

Theorem 1.5 (Galeana-Sanchez and Neumann-Lara [7]). If every odd cycle of a digraph
D has two consecutive poles on the cycle, then D is kernel-perfect.

Theorem 1.6 (Neumann-Lara [11]). If every induced subdigraph of a digraph D has a
nonempty semikernel, then D is kernel-perfect.

For some more sufficient conditions, see [2], [7] and [8].

A digraph D is called transitive, if uw € A(D), whenever uv,vw € A(D). Some gen-
eralisations of transitive digraphs were introduced in [4] and [9]. Let D be a digraph;
D is quasi-transitive, if uv,vw € A(D) implies that uw € A(D) or wu € A(D); D is
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right-pretransitive (resp. left-pretransitive), if uv,vw € A(D) implies that uw € A(D) or
wv € A(D) (resp. uw € A(D) or vu € A(D)). Note that if D is transitive, then every
induced subdigraph of D is also transitive. Similar property holds for quasi-transitive,
left-pretransitive and right-pretransitive digraphs.

The line digraph L(D) has vertex set V(L(D)) = A(D) and arc set A(L(D)) = {ab :
a,b € V(L(D)), the head of a coincides with the tail of b in D}.

Let D be a digraph. For distinct elements a,b € V(D) U A(D), consider the following
possibilities:

(1) a € V(D), b€ V(D) and ab € A(D);

(2) a € V(D), b € A(D) and a coincides with the tail of arc b in D;

(3) a € A(D), b€ V(D) and b coincides with the head of arc a in D;

(4) a € A(D), b€ A(D) and ab € A(L(D)).

With the vertex set as V(D) U A(D), four operations on digraphs, namely, the subdi-
vision digraph S(D), the middle digraph Q(D), the digraph R(D), and the total digraph
T(D) are introduced in |13] with their arc sets defined as below:

e ab € A(S(D)) if, and only if, the pair (a,b) satisfies (2) or (3);

e ab € A(Q(D)) if, and only if, the pair (a,b) satisfies (2) or (3) or

e ab € A(R(D)) if, and only if, the pair (a,b) satisfies (1) or (2) or

e ab € A(T(D)) if, and only if, the pair (a,b) satisfies (1) or (2) or

From the definitions, observe that Q(D) = S(D) U L(D),
T(D)=DUS(D)UL(D).

In [13], the author obtained some necessary or sufficient conditions for the existence or

or (4).
U S(D) and

=

S
I
o S

uniqueness of kernels in digraphs formed by the above four operations.

The generalised Mycielskian p,,(D) of a loopless digraph D = (V° A°) is defined, in
[6], as the digraph whose vertex set is VOUV1 U...uV™mU{u}, where V¢ = {v' : 0% € V°},
i=1,2,...,m, and arc set A°U ( U {atyt oyt 200 € AO}) U {z™u, uz™: 2™ €
Vmt.

Given a digraph Dy, a symmetric digraph D, and a subset Y C V(D,), we define the
product D; Xy Dy as follows:

(i) V(D1 xy Dg) = V(Dy) x V(Dy);

(ii) (u1,v1) = (ug,v9) in Dy Xy Dy if uy — ug in Dy and v; — vy in Dsy; and

(iii) for every v € Y, (uy,v) — (ug,v) in Dy Xy Dy if uy — ug in Dy.

The significance of introducing this product is to yield a new class of KP-digraphs
D; xy Dy from certain known choices of KP-digraphs D;. Also, note that: D; Xy Dy
is the tensor product Dy x Do, when Y = (); Dy Xy Dy is pi,(D1) — u, when Dy is the
symmetric path vovy ... v, and Y = {vg}.

For notation not defined here, see [3].

In Section 2, we prove some preliminary results that are used in Sections 4 and 5. In
Section 3, kernel-perfectness is characterised in digraphs L(D), S(D), Q(D), R(D) and
T(D). In Section 4, we identify certain families of kernel-perfect digraphs D such that
tm (D) is kernel-perfect. Specifically, in Theorem 4.2 (resp. in Theorems 1.5 and 41.6), we
identify some special families of KP-digraphs D such that pu,,(D) belongs to the special
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family of KP-digraphs to which the corresponding D belongs (resp. p,,(D) is kernel-
perfect but p,,(D) does not belong to the special family of KP-digraphs to which the
corresponding D belongs). In Section 5, we provide some sufficient conditions on D; for
Dy Xy Dy to be kernel-perfect.

2. Preliminary results

In this section, we give some basic results that will be used in Sections 4 and 5.

Lemma 2.1. In a quasi-transitive digraph, each vertex of a kernel (if exists) acts as a
nonempty semikernel of it.

Proof. Let D be a quasi-transitive digraph with a kernel J. Let z € J. If d},(z) = 0, then
{x} is a semikernel of D. So, assume df(z) > 1. Let 2 € N} (z). Clearly, z € V(D)\/J.
As J is a kernel of D, there exists y € J such that z — y. If y # z, then, as v — z — v,

the quasi-transitivity implies that * — y or y — x, a contradiction. Thus y = x and so
z € N, (x). Hence Nj(x) C N, (). Therefore, {z} is a semikernel of D. O

The above result is true for transitive digraphs and left-pretransitive digraphs. But
it is not the case for right-pretransitive digraphs. To see this, consider the complete
symmetric digraph K with V(K}) = {z1,2o,...,2,}. Form D from K} by adding new
vertices Y1, Yo, . . ., Yn and arcs yi1 1, Yaxa, . . ., Ynxn. Clearly, D is right-pretransitive, but it
is neither left-pretransitive nor quasi-transitive. Here, J = {x1,¥y2,93,...,yn} is a kernel
of D, but no vertex of J\{z1} is a semikernel of D.

Lemma 2.2. If D is right-pretransitive or left-pretransitive or transitive, then every cycle
of D has a symmetric arc.

Proof. First, let D be a right-pretransitive digraph. Suppose D has cycles with no
symmetric arcs. Let C' be a shortest such cycle. Let C : vgvivy...v;_1v9, where the
suffixes in v; are reduced modulo ¢. Since vyvy, vive € A(D) and vyvy is not symmetric,
by the right-pretransitivity of D, we have vguy € A(D). If vyvy is not symmetric, then
VoUal3 . .. Vs_10p 18 & cycle of D with no symmetric arc, a contradiction to the choice of C.
So vyve is a symmetric arc (i.e., vavg is also an arc of D). Now, since vgvg, vov; € A(D) and
neither of vyv; and vyv, is symmetric, we have a contradiction to the right-pretransitivity
of D.

Similar proof holds if D is left-pretransitive, considering the arcs v;v, and v9vg. As every
transitive digraph is both right-pretransitive and left-pretransitive, it is evident that every
cycle of a transitive digraph has a symmetric arc. O]

The above result need not be true for quasi-transitive digraphs. To see this, let D
be a digraph with V(D) = {z,y,v1,ve,..., 0,2} and A(D) = {yz} U {zv;,viy : i €
{1,2,...,n—2}}. Clearly, D is quasi-transitive but none of the cycles of D has a symmetric
arc.
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The following result is a consequence of Lemma 2.2.

Theorem 2.3. Let H, and Hy be digraphs (A(Hy) N A(Hy) may be non-empty). If D =
Hy U Hy with Hy and Hs as its induced subdigraphs, then, in any of the following cases,
every cycle of D has a symmetric arc:

(1) Hy is right-pretransitive and Hoy is left-pretransitive;

(2) both Hy and Hy are left-pretransitive or right-pretransitive;

(3) every cycle of Hy has a symmetric arc and Hy is left-pretransitive or right-pretransitive.

Proof. (1) Proof is by contradiction. Suppose D has cycles with no symmetric arcs. Let
C be a shortest such cycle. Let C' : vgvivs ... v, 109, where the suffixes in v; are reduced
modulo ¢. If C' has two consecutive arcs in Hy or in Hs, then, from the proof of Lemma
2.2, we have a contradiction. So t is even and C' alternates its arcs in H; and H,. As
v; € V(Hy) NV (Hy) for every i € {0,1,2,...,t —1} and Hy, Hy are induced subdigraphs
of D, we have that C'is contained in H; and in Hs, a contradiction.

For (2), the proof is similar to that of (1).

(3) Assume that every cycle of H; has a symmetric arc. First, we prove this result if Ho
is left-pretransitive. Proof is by contradiction. Let C' be a shortest cycle in D such that
no arc of C' is symmetric. Let C' : vgv vy ... 0,109, where the suffixes in v; are reduced
modulo t. As in the proof of Lemma 2.2, if C' has two consecutive arcs in H,, then we
have a contradiction. So no two consecutive arcs of C' are in Hy. As v; € V(H;) for every
i€{0,1,2,...,t — 1}, we have that C is in H;, a contradiction.

Proof for right-pretransitive digraph Hs follows in a similar way. O]

3. Characterisation of kernel-perfectness in digraphs obtained by
some unary operations

Regarding the presence of kernels in digraphs obtained by some unary operations from
other digraphs, many authors had previously investigated. For example, see |5], [10] and
[13]. In this section, we characterise the kernel-perfectness of digraphs L(D), S(D), Q(D),
R(D) and T(D).

It merits attention that the line digraph is a well-known and extensively studied oper-
ation. Harminc characterised the existence of a kernel in L(D) as below:

Theorem 3.1 (Harminc [10]). D has a kernel if, and only if, L(D) has a kernel.

As a natural progression to the above theorem, we characterise the kernel-perfectness
of L(D) in Theorem 3.1, which carries a deep significance but its proof is delightfully
simple.

Observation 3.2. If D has an odd cycle, then L(D) has an induced odd cycle.

Observation 3.3. If L(D) has an odd cycle, then D has an odd cycle.
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Consider a kernel-perfect digraph D with an odd cycle. From Observation 3.2, we see
that L(D) has an induced odd cycle, which is a kernel-less induced subdigraph. Hence,
even if D is kernel-perfect, L(D) need not be. From Observations 3.2 and 3.3 along with
Theorem 1.1, we have:

Theorem 3.4. L(D) is kernel-perfect if, and only if, D has no odd cycles.
Observation 3.5. For any digraph D, S(D) is bipartite and hence is kernel-perfect.

While considering Q(D) and R(D), take W = V(D) and Z = V(L(D)). Here, {W, Z}
is a partition of each of V(Q(D)) and V(R(D)).

Theorem 3.6. Q(D) is kernel-perfect if, and only if, D has no odd cycles.

Proof. From the definition of Q(D), L(D) is an induced subdigraph of Q(D). By Theorem
3.4, for Q(D) to be kernel-perfect, it is necessary that D must be free of odd cycles. So
the necessity follows. To prove the sufficiency, we prove that every induced subdigraph
of Q(D) has a kernel, when D has no odd cycles. Observe that L(D) is kernel-perfect.
Let H be an induced subdigraph of Q(D). If ZNV(H) is empty, then H has no arcs and
therefore it has a kernel. Let X = WNV(H) and Y = W\ V(H). If X is empty, then
H is an induced subdigraph of the kernel-perfect digraph L(D), and therefore H has a
kernel. Hence, assume that both X and Z NV(H) are nonempty.
Let

ZH ={(w,r) € ZNV(H)|w € W and v € X},
7%, ={(z,y) € ZNV(H)|z € X and y € Y}, and
Zyy ={(y,y) € ZOV(H) |y, y € Y}

Note that {Z{L, Z%,., ZH } is a partition of ZNV(H). In H (and also in Q(D)), the
sets X and Z¥, are independent and the arc sets [X, 28|, [Z{f«, 28], [Z%y,X],
(2, X] and [Z{,, Z1,] are empty.

Consider H [Z{/{Y} , an induced subdigraph of H. As it is an induced subdigraph of the
kernel-perfect digraph L(D), it has a kernel, say, K. Clearly, K; absorbs Z, \ K;. Now,
let A; be the set of vertices in Z%, that are absorbed by K in H (A; may be empty).
Let Ko = Zi, \ A;y. Since Z¥, is independent and [Z{,, Z¥, ] = 0, we have K; U K, is
independent in H. Also, it absorbs (Z{, \ K;) U A;. Next, let Ay be the set of vertices
in X that are absorbed by K, in H (A may be empty). Take K3 = X \ A,. Note that,
the set K = K; U Ky U K3 is independent in H, as X is independent and the arc sets
(X, Z8, ], |28, X] and [Z¥,, X] are empty. Clearly, K absorbs (Z{, \ K1) U 4; U A,
in H. Further, if we show that K absorbs Z{T,, then K will become a kernel of H. Let
(w,x) € Zit, where w € W and z € X. Clearly, (w,z) — x in H. As X is a disjoint
union of K3 and A,, either z € K3 or x € Ay. If z € K3, then, in H, (w,x) is absorbed
by z, a vertex of K. If x € A,, then by the definition of A,, there exists y € Y such that
r — (x,y) and (z,y) € Ky, where Ky C Z¥,.. Therefore, in H, we have (w,z) — (z,y),
where (x,y) € K. This completes the proof. ]
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Lemma 3.7. If Dy is a digraph having an independent set I such that (i) for any three
vertices x ¢ I,y € I,z ¢ I, ifx — y — z, then x — z; and (1)) D = Dy \ I is
kernel-perfect, then Dq is kernel-perfect.

Proof. Let H be an induced subdigraph of Dq. If V(H)NI is empty, then H is an induced
subdigraph of the kernel-perfect digraph D, and therefore H has a kernel. If V(H)NV (D)
is empty, then H has no arcs and hence it has a kernel. So, assume that both V(H) NI
and V(H) N V(D) are nonempty.

Let K ={veV(H)NI : d;(v)=0yu{veV(H)NI : dy(v) > 1 and d};(v) > 1}.
As K1 C I, K7 is independent. Let A; be the set of vertices of D N H that are absorbed
by K (A; may be empty). Consider the subdigraph (D N H) \ A;. As it is an induced
subdigraph of the kernel-perfect digraph D, it has a kernel, say, K. Clearly, [K,, K] = 0.
Counsider [K7], K] . Let K be the set of vertices in K that are absorbed by K (note that
K7 =0 when [K, K5] = 0). Set K; = K|\ K{. As [K1, K3] = 0, K; U K, is independent.
We claim that the set of vertices of A; that are absorbed by K7 is absorbed by K also. To
see this, let « be a vertex of A; that is absorbed by a vertex y of K. From the definition
of K7, there exists z € Ky such that y — 2z in H. By (i), * — z in H which proves the
claim. Therefore, A, is absorbed by K; U K.

Now, K; U Ky absorbs K U (V(D N H) \ K3), since K, is a kernel of (D N H)\A;.
Let Ay be the set of vertices of (V(H) N 1)\ K] that are absorbed by Ks. Set K3 =
(V(H)NI)\ (K{UA;). From the definition of K3, Ky UK,U K3 is independent and hence
is a kernel of H. O

Theorem 3.8. R(D) is kernel-perfect if, and only if, D is kernel-perfect.

Proof. As D is an induced subdigraph of R(D), for R(D) to be kernel-perfect, it is
necessary that D is kernel-perfect. To prove the sufficiency, take Dy = R(D) and I to
be the set of vertices of R(D) corresponding to the arcs of D, and apply Lemma 3.7. [

Theorem 3.9. T(D) is kernel-perfect if, and only if, D is acyclic.

Proof. Observe that T'(D) has a cycle, if, and only if, D has a cycle. So, if D is acyclic,
then T'(D) is also acyclic and hence is kernel-perfect.

Conversely, suppose that D has a cycle, say, C. Let C' : vgvivs . .. 0,09 and let e; = v;_10;,
i€ {1,2,...,n}, and e, = v,vo. Clearly, ejes...e,1€1 is an induced (n + 1)-cycle in
L(D) and so in T'(D) also. As T'(D) is kernel-perfect, n must be odd. If at least one arc
of C is symmetric, say e; is symmetric, then let ¢ = v;v;,_1. Now, the subdigraph induced
by {vi_1, v, €;,€;} in T(D) is kernel-less, a contradiction. Hence, assume that every arc of
C' is asymmetric. Therefore, we have the induced odd cycle vgvyeses . . . e e,11v0 of length
(n+2) in T(D), which is again a contradiction to the kernel-perfectness of T'(D). O
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4. Kernel-perfectness in j,,(D)

In this section, let the vertex set (resp. arc set) of D be denoted by V° (resp. A%) and
the vertex set (resp. arc set) of p,,,(D) be denoted by V' (resp. A).

For X° C VO set X' ={z':2" € X} CV? for each i € {1,2,...,m}.

As D is an induced subdigraph of pu,,(D), if D is kernel-imperfect, then so is fi,, (D).
So, in what follows, we assume that D is kernel-perfect.

Even if D is kernel-perfect, p,,(D) may be kernel-imperfect. For example, let D' =
C + {v§vd, v)v3}, where C : vjo) ... 090, k > 3. By Theorem 1.4, D’ is kernel-perfect.
For m > 2, vjviviviodvdvd .. 09, 09 vY is an induced odd cycle, and hence p,,(D’) is
kernel-imperfect. Here, D’ also serves as an example to prove that neither of the sufficient
conditions of Theorems 1.1 and 1.5 in D’ is sufficient for ju,,(D’) to be kernel-perfect.

First, we shall see some sufficient conditions for kernel-perfectness of p,,(D).

Lemma 4.1. If D is a digraph such that every odd cycle in D possesses at least two
symmelric arcs, then, in p,(D) also, every odd cycle possesses at least two symmetric
arcs.

Proof. Let C' be an odd cycle in pu,,(D). If C contains u, then C has at least two
symmetric arcs (arcs incident at w). If C' does not contain u, then C induces a closed odd
walk, say, C' in D. As every closed odd walk contains an odd cycle, C’ contains an odd
cycle, say, C” in D. By hypothesis, C” has at least two symmetric arcs in D. The arcs in
C' corresponding to the two symmetric arcs of C” are symmetric in p,, (D) and hence C
has at least two symmetric arcs in p,, (D). O

From Lemma 4.1 and Theorems 1.2 and 1.3, we have:

Theorem 4.2. For a digraph D, p,(D) is kernel-perfect in each of the following cases:
(1) every odd cycle of D possesses at least two symmetric arcs;
(2) every cycle of D has a symmetric arc.

Corollary 4.3. If D is transitive or right-pretransitive or left-pretransitive, then p,,(D)
18 kernel-perfect.

Proof. Follows from Lemma 2.2 and (2) of Theorem 4.2. O
Corollary 4.4. p,,(D) is kernel-perfect, if D has no odd cycles. So does pu,, (D) if D is
bipartite.

Observe that p,,(D) is neither transitive nor quasi-transitive since V" — u — V"™ and
V™ is independent.

Theorem 4.5. If D is a kernel-perfect quasi-transitive digraph, then p,(D) is kernel-
perfect.
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Proof. Let H be an induced subdigraph of pu,,(D). We prove that H has a nonempty
semikernel. If §7(H) = 0 (resp. u € V(H)), then {v € V(H) : dj;(v) =0} (vesp. {u})
is a nonempty semikernel of H. Therefore, assume 67 (H) > 1 and u ¢ V(H). Let H°
denote the subdigraph of D induced by {v° : v' € V(H) for some i € {0,1,2,...,m}},
which is clearly a nonempty set. As HY is an induced subdigraph of D, H° has a kernel
J°. Observe that 67(H°) > 1 and H° is quasi-transitive. Let 2 € J°. By Lemma 2.1,
{2°} is a semikernel of H? and so, we have N/, (z°) C No(2°). As 2° € V(H"), there
exists i € {0,1,2,...,m} such that z* € V(H), which implies that N} (z*) C N (x%). So
{z'} is a semikernel of H. Therefore, by Theorem 1.6, j,,(D) is kernel-perfect. O

Now, we consider right- or left- pretransitive digraphs. Observe that, for a right- (resp.
left-) pretransitive digraph D with an asymmetrical arc, p,,,(D) is not right- (resp. left-)
pretransitive. Since, for an asymmetrical arc ab € A(D), in (D) we have: v — a™ —
b1 with neither u — ™! nor b1 — a™, if D is right-pretransitive; a™ ! — ™ — u
with neither ™! — w nor ™ — a™ !, if D is left-pretransitive. Thus observe that
tm (D) does not preserve the property of D. Hence, by Theorems 2.3 and 4.2 (2), we
have:

Theorem 4.6. Let Hy and Hy be digraphs (A(Hy) N A(H2) may be nonempty). If D =
H, U Hy with Hy and Hy as its induced subdigraphs, then p,, (D) is kernel-perfect in any
of the following cases:

(1) Hy is right-pretransitive and Ho is left-pretransitive;

(2) both Hy and Hy are left-pretransitive or right-pretransitive;

(3) every cycle of Hy has a symmetric arc and Hy is left-pretransitive or right-pretransitive.

Next, we concentrate on giving a necessary condition for p,,(D) to be kernel-perfect.

By Corollary 4.4, it is enough to consider digraphs with odd cycles. For an odd cycle

C = vgol ... v in a digraph D, and for each i € {0,1,...,2k}, let C; = {(v)_,, v),,) :

¢=1,2,...,k— 1}, where the subscripts in v? are reduced modulo 2k + 1 and the set Cj
is a collection of arcs that are not necessarily present in D.

Theorem 4.7. Let D be a digraph with odd cycles, let ¢ be the length of a longest odd cycle

in D, and m > 5. If i, (D) is kernel-perfect, then, for every odd cycle C = vJuf) ... v, vg

of D, an arc of C’ is symmetric or for every i € {0,1,...,2k}, A°N(Ci_1 UC;) # 0.

Proof. Suppose D has an odd cycle C' : v§o) ... 09, v) such that no arc of C' is symmetric

and A°N(C;_1UC;) = 0 for some i € {0,1,...,2k}. We obtain a contradiction by finding an
induced odd Cycle in p,, (D). Corresponding to C, by the definition of p,,(D), we have an
odd cycle C" : v{vly 07y - U VU Ve - - Va1 Vo ¥) 1D 11 (D). Note that
any chord of C/ is of the form (v;_7, vf,,), (v, v} 7)), (V1_g v f_11+e) or ( f_1l+eavf 1) for
some ( € {1,2,...,k—1}. Since A°N(C;_1UC;) = 0, (v)_,,v).,) € C; and (v} Z eV 1,) €

Ci—1, we have that any chord of C" is of the form (v f+e7vf ) or (vl vf ). Let p be

p—1 / P71

the least value of £ for which (v}, ,, v} p) or (vl 1+p,vl 1_p) is a chord of C". Tf (v}, ,, vi",)
' 0,1 ,2 -1 p—1, p—2 0o .0

is a chord of €, then vjvj v}, ... v/, (v Vi, Ui_(p—1) - -+ Vi1 18 an induced odd
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-1 : -1 1 :
cycle. If (v) 7, vF ) is a chord of C”, then v)v}, v}, ... V) ol o)) v) ) is

an induced odd cycle. In both the cases, pu,,(D) has an induced odd cycle, which is a
kernel-less subdigraph, a contradiction. O

5. Kernel-perfectness of D xy Dy

Throughout this section, assume that D; is a digraph, D, is a symmetric digraph and the
subset Y C V(Dy) is nonempty.

As D; is an induced subdigraph of Dy xy Ds, if D; is kernel-imperfect, then so is
Dy Xy Ds. So, in what follows, we assume that D; is kernel-perfect.

Even if D; is kernel-perfect, D, xy Dy may be kernel-imperfect. For example, let C' :
VoU1 - . . UpVp, 1 > 2, be an odd cycle. Take Dy = C'+wgvy; for some i € {1,2,...,n—1}, a
symmetric digraph Dy, and Y, a proper subset of V(D,). Clearly, D; is kernel-perfect. Let
y €Y,z e V(Dy)\Y and zy, yxr € A(D,). From the definition of Dy Xy Dy, we have an in-
duced odd cycle (vo, z)(v1,y)(v2, ). .. (vai_1,Y)(Vas, T)(Vaix1, Y) (Voive, Y)- - - (Von, ¥) (v, x)
in Dy Xy Dy. Hence Dy Xy Dy is kernel-imperfect.

Our intention is to search for kernel-perfect digraphs D; so that Dy xy D, is kernel-
perfect.

Theorem 5.1. Let Dy be a digraph, Dy be a symmetric digraph and Y, a proper subset
of V(Ds). Then Dy Xy Dy is kernel-perfect if Dy satisfies at least one of the following
properties:

(1) every odd cycle in Dy possesses at least two symmetric arcs;

(2) every cycle in Dy has a symmetric arc;

(3) transitive or right-pretransitive or left-pretransitive.

Proof. We prove it for D; satisfying (1) by showing that every odd cycle in Dy Xy Do
possesses at least two symmetric arcs. Let C' be an odd cycle in Dy Xy Ds. By the
definition of Dy Xy D, there is a closed odd walk C” in D;, which corresponds to the
sequence of the first entries of the vertices of C. As every closed odd walk contains an odd
cycle, C' contains an odd cycle C” in D;. By hypothesis, C” has at least two symmetric
arcs in Dy. The arcs in C corresponding to the two symmetric arcs of C” are symmetric
in Dy Xy Dy and hence C has at least two symmetric arcs in D Xy Ds.

For D, satisfying (2), proof is similar to that of (1).

For D, satisfying (3), proof follows from Lemma 2.2 and (2). O

Observation 5.2. D Xy Dy need not be quasi-transitive, even if Dy is quasi-transitive
(For, consider any path u; — us — ug of length 2 in Dy and any arc vivy of the sym-
metric digraph Do with vi ¢ Y. In Dy Xy Do, (u1,v1) — (ug,v2) — (us,vy). Here,
neither (uy,v1) — (ug,v1) nor (us,v1) — (u1,v1).). Similarly, Dy Xy Dy need not be
left-pretransitive (resp. right-pretransitive), even if Dy is left-pretransitive (resp. right-
pretransitive).



KERNEL-PERFECTNESS IN DIGRAPHS 143

From Theorems 2.3 and 5.1 (2), we have:

Theorem 5.3. Let Hy and Hy be digraphs (A(Hy) N A(Hy) may be nonempty). If Dy =
H, U Hy with Hy and Hy as its induced subdigraphs, Dy is a symmetric digraph, and Y, a
proper subset of V(Ds), then Dy Xy Dy is kernel-perfect in any of the following cases:

(1) Hy is right-pretransitive and Hoy is left-pretransitive;

(2) both Hy and Hy are left-pretransitive or right-pretransitive;

(3) every cycle of Hy has a symmetric arc and Hy is left-pretransitive or right- pretran-
sitive.

Theorem 5.4. If Dy is a kernel-perfect quasi-transitive digraph, Do is a symmetric di-
graph, and Y, a proper subset of V(Ds), then Dy Xy Dy is kernel-perfect.

Proof. Let H be an induced subdigraph of D Xy Dy. We show that H has a nonempty
semikernel. If §7(H) = 0, then {(u,v) € V(H) : df;((u,v)) = 0} is a nonempty
semikernel of H. So assume 01(H) > 1. Let D} denote the subdigraph of D; induced
by {u € V(Dy) : (u,v) € V(H) for some v € V (D)}, which is clearly a nonempty
set. Observe that 07(D}) > 1 and D] is quasi-transitive. As D; is kernel-perfect, D}
has a kernel, say, J'. Let € J'. From the proof of Lemma 2.1, ]VJ“,1 (x) C Np, (x). As
x € V(D}), we have (z,v) € V(H) for some v € Y. And so Nj((z,v)) C Ng((x,v)).
Therefore, {(x,v)} is a semikernel of H. By Theorem 1.6, Dy xy Dy is kernel-perfect. [
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