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ABSTRACT
Let G = (V,E) be a graph of order n without isolated vertices. A bijection f:V —
{1,2,...,n} is called a local distance antimagic labeling, if w(u) # w(v) for every edge uv

of G, where w(u) = 3_, () f(z). The local distance antimagic chromatic number y;q4(G)
is defined to be the minimum number of colors taken over all colorings of G induced by
local distance antimagic labelings of G. The concept of Generalized Mycielskian graphs
was introduced by Stiebitz [20]. In this paper, we study the local distance antimagic
labeling of the Generalized Mycielskian graphs.

Keywords: local distance antimagic labeling, local distance antimagic chromatic number,
Myecielskian graphs
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1. Introduction

By a graph G = (V, F), we mean a finite, simple, undirected graph having neither multiple
edges nor loops. For graph theoretic notations, we refer to Chartrand and Lesniak [4].

Hartsfield and Ringel [9] introduced the notion of antimagic labeling in 1990. A graph
G is antimagic if the edges of G can be labeled by the numbers {1,2,... |F|} such that
the sums of the labels of the edges incident to each vertex (called the weight of a vertex)
are all distinct. They conjectured that every connected graph with at least three vertices
admits an antimagic labeling. They also made a weaker conjecture that every tree with
at least three vertices admits an antimagic labeling. These two conjectures were partly
shown to be correct by several authors, but they are still unsolved.

™ Corresponding author.

E-mail address: p20230078@Qgoa.bits-pilani.ac.in (M. G. Almeida).
Received 12 May 2025; Revised 12 Sep 2025; Accepted 16 Sep 2025; Published Online 30 Sep 2025.
DOI: 10.61091 /ars164-03
(© 2025 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ars164-03
https://www.combinatorialpress.com/ars
mailto:p20230078@goa.bits-pilani.ac.in
https://doi.org/10.61091/ars164-03
https://creativecommons.org/licenses/by/4.0/

34 ALMEIDA AND DE SA

A vertex version of antimagic labeling of a graph was introduced in [11]| as follows:
a bijection f : V — {1,2,...,|V]|} is said to be distance antimagic labeling of G if
all the vertices have distinct vertex weights, where the weight of a vertex is defined as
w(v) = X ,enw) f(2), where N(v) is the open neighborhood of the vertex v, which is
defined as the set of vertices of the graph G which are adjacent to v. A graph G is called
a distance antimagic graph if it admits a distance antimagic labeling f.

Arumugam et al. [1] introduced a local version of antimagic labeling: let G = (V, E)
be a graph. A bijection f: E — {1,2,...,|F|} is called local antimagic labeling if for
any two adjacent vertices u and v, w(u) # w(v), where w(u) =3y, f(e) and E(u) is
the set of edges incident to u. Thus, any local antimagic labeling induces a proper vertex
coloring of G where the vertex v is assigned the color w(v). The local antimagic chromatic
number x;,(G) is the minimum number of colors taken over all colorings induced by local
antimagic labelings of G. Arumugam et al. [1| conjectured that a connected graph with
at least three vertices admits a local antimagic labeling. Bensmail et al. [2] solved this
conjecture partially. Finally, Haslegrave [10] proved this conjecture using probabilistic
tools. Recently, several authors investigated the local antimagic chromatic number for
several families of graphs. For further study ( see [1, 12, 13, 15]).

Motivated by local antimagic labeling, Divya et al. [5] and Handa et al. [6] indepen-
dently introduced the notion of local distance antimagic labeling as follows: let G = (V, F)
be a graph of order n and let f:V — {1,2,...,n} be a bijection. For every vertex v € V,
define the weight of v as w(v) = >, v, f(x). The labeling f is said to be a local dis-
tance antimagic labeling of G if w(u) # w(v) for every pair of adjacent vertices u,v € V.
A graph that admits such a labeling is called a local distance antimagic graph. A local
distance antimagic labeling induces a proper vertex coloring of the graph, with the vertex
v assigned the color w(v). The local distance antimagic chromatic number y;4(G) is the
minimum number of colors taken over all colorings induced by local distance antimagic
labelings of G. Clearly x.u(G) > x(G). Several authors have studied and found local
distance antimagic chromatic numbers for different classes of graphs. For further study
(see |5, 6, 16, 17, 18, 19]).

Among all the constructions available for a triangle-free graph with the chromatic
number increasing by one in the literature, the Mycielskian construction is one of the
simplest [11]. Given a triangle-free graph G = (V, E), the Mycielskian graph p(G) of G
is a graph with the vertex set V(u(G)) = {(z,0)(z,1); = € V(G))} U {u} and edge set
E(u(G)) ={(x,0)(y,0), (z,1)(y,1); zy € E(G)}U{(z,1)u; = € V(G)}. The construction
preserves the property of being triangle-free but increases the chromatic number by one.
By applying the construction repeatedly to a triangle-free graph, Mycielskian [14] showed
that there exist triangle-free graphs with arbitrarily large chromatic numbers.

Stiebitz [20] generalized Myecielski’s construction in the following way: Given a graph
G = (V, E) and an integer t > 0, the Generalized Mycielskian graph p;(G) is a graph with
vertex set {(x,7) : 0 <i<t, € V(G)}U{u}, where there is an edge (x,0)(y,0) and
(x,1)(y,7+ 1) whenever there is an edge zy € E(G) and an edge (z,t)u for all x € V(G).
Observe that, for a connected graph G with |V(G)|= n, pu(G) is also connected with
|V (ue(G))|= (t+1)n+ 1. Note that po(G) ~ G and u1(G) =~ pu(G). The construction for
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p2(Cs) is illustrated in Figure 1 ahead.

Fig. 1. 12(Cs)

In this article, we study the local distance antimagic labeling of the Generalized Myciel-
skian construction of graphs and provide an upper bound for the local distance antimagic
chromatic number of such graphs. We assume that all graphs G, considered in this article,
are local distance antimagic with local distance antimagic chromatic number x;4(G).

In our investigation, we also require the concept of the magic rectangle and the nearly
magic rectangle. A magic rectangle M R(a,b) = (m;;) is an a x b array with entries
1,2,...,ab, each appearing once, with all its row sums equal to a constant p and all its
column sums equal to a constant o. The sum of the entries in M R(a,b) is M and
the magic constants are

a(ab+ 1)

= i = ———— i €{1,2,...,b}, d
o ;mj 5 or any j € { } an

b

b(ab+ 1

p:Zmij:%,for any i € {1,2,...,a}.
j=1

Harmuth |7, 8| proved that such arrays exist whenever a and b are of the same parity,
except when exactly one of a and bis 1, or a = b = 2.

Theorem 1.1. |7, 8] A magic rectangle M R(a,b) ezists if and only if a,b > 1, ab > 4
and a = b (mod 2).

When a and b are of different parity, the magic rectangle M R(a,b) does not exist. Chai
et al. [3] introduced the concept of the nearly magic rectangle. A nearly magic rectangle
NMR(a,b) is defined as an a x b array with a odd and b even that contains each of the
integers from the set {1,2,...,ab} exactly once and the row sums are constants while the
column sums differ by at most one. The following results are from [3].

Theorem 1.2. 3| Let b > 3 be odd. Then there ezists a b x 2 nearly magic rectangle.

Theorem 1.3. [3] Let a > 3 be odd and b = 2 (mod 4), b > 6. Then, there ezists a
nearly magic rectangle of order a x b.
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Theorem 1.4. 3] Let a > 3 be odd and b = 0 (mod 4), b > 6. Then, there ezists a
nearly magic rectangle of order a x b.

2. Results

Lemma 2.1. Let t > 1 be an odd positive integer and G be an r-regular graph of order
n. Then

2de(G) +t fOT't < 5,

de(ﬂt(G)) < {2de(G) +t—1 fort>5.

Proof. Let V(G) = {v1,v,...,v,} be the vertex set of G and g be a local distance
antimagic labeling of G that assigns x;q(G) distinct weights to the vertices of G. Let
H = 1(G). Define a bijection f:V(H) — {1,2,...,n(t+ 1),n(t+ 1) + 1} by f(u) =
and for v € V(G) and 0 <i <,

tn+ 1+ g(v) for i =0,
fo,t—=i) =< (i—1)n+1+g(v) fori=0,1(mod 4), i # 0,
in+2—g(v) for i = 2,3 (mod 4).

The weight of vertex u is

= > flot)= > (tn+1+g(v)

veV(G) veV(Q)
1
n? + 3n
= tn? .
n” + 5

The weight of vertices (v, t) and (v,t — 1), for v € V(G), are

w(v, t) = fot—l

2ENg(v)
=14+ > (149
xENG )
= 1+7r+wy(v),
w(v,t —1) = Z f(z,t —2) Z f(z,t)
z€Ng(v) z€Ng(v)
= Z (2n+2—g(z)) + Z (tn+ 14 g(x))
zENg(v) 2ENg(v)
= 20+ 2)r — wy(v) + (tn + )r + wy(v)
=((t+2)n+3)r.

For the weight of the vertex (v,t — i), for v € V(G), 1 <i <t and i =1 (mod 4), we

obtain
vt—i)= Y flat—i—1)+ > flat—i+])

zENG(v) z€Ng(v)
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Y i+ )n+2-g@)+ > ((i—2n+1+g(x))

2zENg(v) z€NG(v)
= (i +1)n+2)r —wy(v) + ((t = 2)n+ 1)r + wy(v)
=((2t — 1)n+ 3)r.

Similarly, the weight of the vertex (v,t—i), forv € V(G), 1 <i < tandi=2,3,4 ( mod
4)is w(v,t—1i) = ((2i — 1)n+3)r. Note that the weight of the vertex (v, 0), for v € V(G),
depends on the nature of .

w(v,0) = Z f(x,0) + Z f(z,1)

TENg(v) z€Ng(v)
Y (t=Dn+14g@)+ > (t=2n+1+g(z)) ift=1 (mod 4),
_ ) zeNg(v) rENg(v)
Y o tn+2-g@)+ > ((t—Dn+2-g(x)) if ¢ =3 (mod 4),
2€Ng(v) z€Ng(v)

(@2t =3)n+2)r +2W,(v) ift=1 (mod 4),
a (2t —1)n+4)r —2W,(v) ift=3 (mod 4).

We shall now show that adjacent vertices of H have distinct weights. First note that, as
G is an r-regular graph, for any vertex v € V(G), w,(v) < n+n—1+n—2+---+n—(r—1) =
nr—w < nr and wy(v) > 1+2+3+---+r:w.

If suppose w(u) = w(v,t) for some v € V(G), then we obtain, wy(v) = tn* + L;” +
n—1—r > tn? > nr, which is a contradiction. Further, if for some vertex v € V(G),
w(v,t) = w(v,t — 1), then we have 1 4+ r + wy(v) = ((t + 2)n + 3)r, which implies
wy(v) = ((t+2)n+2)r —1 > (t+ 2)nr > nr, a contradiction. Therefore, w(u) # w(v,t)
and w(v,t) # w(v,t — 1) for any v € V(G). Also, it is easy to see that, as t > 1,
w(v,t — 1) # w(v,t —2) for all v € V(G). Similarly, for 2 < i <t — 2, it is easy to verify
that w(v,t — i) # w(v,t — (i + 1)) for all v € V(G).

Now if t = 1 (mod 4) and w(v,0) = w(v, 1) for some vertex v € V(G), then we obtain
(2t = 3)n + 2)r + 2wy(v) = ((2t — 3)n + 3)r, implying wy(v) = %, a contradiction as
wy(v) > w Also, if t = 3 (mod 4) and w(v,0) = w(v, 1) for some vertex v € V(G),
then we obtain ((2t—1)n+4)r—2w,(v) = ((2t —3)n+3)r, implying wy(v) = w > nr,
a contradiction. Hence, in either case, w(v,0) # w(v,1) for all v € V(G). Also, as g is
a local distance antimagic labeling of G, the adjacent vertices among (v,0) have distinct
weights. This shows that all adjacent vertices of H have distinct weights, and hence f is a
local distance antimagic labeling of H that assigns 2y,4(G) +t distinct weights to vertices
of H. Note that, if t > 5, then for i = &2, w(v,t — 1) = w(v,t —7), for all v € V(G).
Therefore for ¢ > 5, f assigns 2x;4(G) + t — 1 distinct weights to vertices of H. This
concludes the proof. O

Lemma 2.2. Lett > 2 be even and G be an r-regular graph of order n. Then

xua(1:(G)) < 2x1a(G) + ¢
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Proof. Let V(G) = {v1,v2,...,v,} be the vertex set of G and g be a local distance
antimagic labeling of G that assigns y;q(G) distinct weights to the vertices of G. Let
H = 1;(G). We shall provide a labeling for the vertices of H in two cases depending upon
the nature of t.

[Case 1.] If t = 2 (mod4).

Define a bijection f:V(H) — {1,2,...,n(t + 1),n(t + 1) + 1} by f(u) = 1, and for
v e V(G) and 0 < i <t,

((t—i-l)n—i-?—g(v) for i =0,

in+ 14 g(v) fori=1,2 (mod 4), i #t,t —1,
flo,t—i) =< (i+1)n+2—g(v) fori=3,4 (mod 4),i#0,
1+ g(v) fori=t—1,

(t—=1)n+1+g(v) fori=t.

The weight of vertex u is

wlu) =Y flu,t)= (t+1)n+2—g(v))
veV(Q) veV(G)
:(@+un+mn—ﬁﬁ§il
5  n*+3n
=tn° + .

2
The weight of vertices (v,t), (v,t — 1), (v,2), (v,1) and (v,0), for v € V(G) are

w(v,t) = Zfa:t—l

:EGNG )
=1+ )  (I+n+gx))
ENg(v)

= 1+ (L )r 4w, (0),

w(v,t—1) = Z flz,t—2)+ Z f(z,t)

zENg(v) z€Ng(v)

= ) @n+l+g@)+ D> (E+D)n+2-g()
zeNg(v) xENgG(v)

=2n+1)r+wy(v) + ((t+ 1)n+2)r — wy(v)

= ((t+3)n+ 3)r,

w(v,2) = Z f(z,1) Z f(z,3)

2ENG(v) TEN,(v)

= Y (I4g@)+ > (t=2n+2-g(x))
zE€NG(v) TEN(v)

= ) + (£ Dn+ 2)r — w,(v)
= ((t —2)n+ 3)r,
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Zf:v() fo2

zENg(v) TENy(v)
= Y (t=Dn+l+g@)+ Y ((t—1n+2—g(x))
zENG(v) TENg(v)

(t=Dn+1D)r+wy(v) + ((t —Dn+2)r —wy(v)
= ((2t — 2)n + 3)r,

Zfa:O Zfa:l

zENg ’U) .TENG )
= >, (t=Dn+1l+g@)+ Y, (1+g())
x€Ng(v) ENg(v)

((t=Dn+1)r+wy(v) + 1+ wy(v)
= ((t = Dn+2)r + 2w,y (v).

For the weight of the vertex (v,t —1i), forv € V(G),1 <i<t—2andi=1 (mod 4), we
obtain

w(v,t —1) Z fle,t—i—1)+ Z flx,t—i+1)

zENG(v) TENG(v)
= Y (((+l)n+1+g@)+ > (in+2-g(x))
z€Ng(v) zENG(v)

=((t+ Dn+ Dr+wy(v) + (in+ 2)r —wy(v)
=((20 + 1)n+ 3)r.

Similarly, the weight of the vertex (v,t — 1), for v € V(G), 1 < i < t—2 and i =
2,3,4 (mod 4) is w(v,t —i) = ((2¢ + 1)n + 3)r.

Case 2. If t =0 (mod 4).

Define a bijection f:V(H) — {1,2,...,n(t +1),n(t + 1) + 1} by f(u) = 1, and for
veV(G) and 0 <i <t

((t+1)n+2—g(v) for i =0,
in+1+g(v) for i =1,2 (mod 4),
fo,t—i) =< (i+1)n+2—g(v) fori=3,4 (mod 4),i#0,tt—1,
n+2—gv) fori=1¢t—-1,
[t +2—g(v) for i =t.

The weight of vertex u is

ww = 3 o= 3 ((t+1n+2-g()
veV(Q) veEV(G)
— (t+Dn+2)n— %ﬂ)
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The weight of vertices (v,t), (v,t —1), (v,2), (v,1) and (v,0), for v € V(G) are

xGNG )
=1+ ) (l+n+g
2ENg(v)

=14 (1+n)r+w,v),

vt—1)= > flat—=2+ Y f(x1)

xENg(v) xz€Ng(v)
= Y @n+l+g@)+ D> (t+Dn+2-g()
2E€Ng(v) zENg(v)
= (2n+ Dr 4+ wy(v) + ((t+ 1)n + 2)r — wy(v)
= ((t+3)n+ 3)r,
w(v,2) = Z flz, 1) + Z f(z,3)
2€NG(v) 2EN,(v)
— Z (n+2—g(x)) + Z ((t=3)n+1+g(x))
z€Ng(v) €N (v)
= (n+2)r —wy(v) + ((t = 3)n + 1)r + wy(v)
= ((t—2)n +3)r,
wv, )= Y flz0+ Y fl@2)
x€Ng(v) r€Ng(v)

— Z (tn+2 — g(x)) + Z (t=2)n+1+g(x))

TENg(v) €Ny (v)
— (tn+ 2 — 1w, (0) + (¢ = D+ L)r + w,(v)
— (2t — 2)n + 3)r,

w(v,0) = Z f(x,0)+ Z f(z,1)

zENg(v) z€Ng(v)
= ) (tn+2-g@)+ Y  (n+2-g(x))
2zE€Ng(v) z€ENg(v)

(tn 4+ 2)r —wy(v) + (n+ 2)r — w,(v)
=((t+1)n+4)r — 2w, (v).

For the weight of the vertex (v,t —i), forv € V(G), 1 <i<t—2and i=1 (mod 4),
we obtain

w(v,t —1) Z flz,t—i—1)+ Z flz,t—i+1)

zENG(v) TENG(v)
= Y (((+l)n+1+g@)+ > (in+2-g(x))
2€NG (v) 2€NG(v)

=((t+ Dn+ Dr+wy(v) + (in+ 2)r —wy(v)
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= ((20 + 1)n+ 3)r.

Similarly, the weight of the vertex (v,t — i), for v € V(G), 1 < i < t—2and i =
2,3,4 (mod 4) is w(v,t —i) = ((2i + 1)n + 3)r.

We shall now show that, in either case, the adjacent vertices of H have different weights.
As shown in Lemma 2.1, since G is an r-regular graph, for any vertex v € V(G), w,(v) <
nr and wy(v) > @ Now, if suppose w(u) = w(v,t) for some v € V(G), then we
obtain w,(v) + nr = tn? + 2430 1 —p > 2 > 2nr, as t > 2. But, as wy(v) < nr,
we should have w,(v) + nr < 2nr, which is not the case. Therefore w(u) # w(v,t) for
any v € V(G). Further, if for some vertex v € V(G), w(v,t) = w(v,t — 1), then we have
L+ (1+n)r+wy,(v) = ((t 4+ 3)n + 3)r, which implies w,(v) = ((t+2)n +2)r — 1 >
(t + 2)nr > nr, a contradiction. Hence, w(v,t) # w(v,t — 1) for all v € V(G). As t > 2,
w(v,t —1) # w(v,t —2) for any vertex v € V(G), as ((t +3)n+3)r # (5bn+ 3)r. Clearly,
for any vertex v € V(G), w(v,t — 1) # w(v,t — (i + 1)) for 2 < i <t —4. Also, for any
v e V(G), w(v,3) # w(v,2) as ((2t—5)n+3)r # ((t—2)n+3)r. Similarly, one can clearly
see that for any v € V(G), w(v,1) # w(v,2) as ((t—2)n+3)r # ((2t—2)n+3)r. Consider
the case when ¢ = 0 (mod 4). If suppose w(v,1) = w(v,0) for some v € V(G), then we
have ((2t —2)n+ 3)r = ((t + 1)n + 4)r — 2w,(v), which implies, 2w, (v) = (3 — t)nr + .
But as t > 2 and ¢t = 0 (mod 4), we get wy(v) < 0, a contradiction. Similarly, for
the case when t = 2 (mod 4), if w(v,1) = w(v,0) for some v € V(G), then we have
(2t =2)n+3)r = ((t —1)n+2)r + 2w, (v), which implies 2w, (v) = ((t —1)n+ 1)r > 2nr
as t = 2 (mod 4) and t > 2. Hence, in either case, w(v,1) # w(v,0) for any v € V(G).
Also, as g is a local distance antimagic labeling of G, the adjacent vertices among (v, 0)
have different weights. This shows that in either case, all adjacent vertices of H have
different weights, and hence f is a local distance antimagic labeling of H that assigns
2x14(G) + t distinct weights to its vertices. This concludes the proof. ]

Lemma 2.3. For an r-reqular graph G of order n, we have xq(u2(G)) < 2x14(G) + 2.

Proof. Let V(G) = {v1,vq,...,v,} be the vertex set of G and g be a local distance
antimagic labeling of G that assigns x;4(G) distinct weights to the vertices of G. Let
H = p5(G). Define a bijection f: V(H) — {1,2,...3n+1} by f(u) =1, and for v € V(G),

n+1+gw) fori=0,

fv,i) =91+ g(v) for i =1,

3n+2—gv) fori=2.

The weight of vertex u is

ww)= > f©,2)= Y Bn+2-g(v))
)

vev (G VeV (@)
1
=3n+2)n— n(nTH

B 5n% + 3n
— 5 _
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The weight of vertices (v, 2), (v,1) and (v,0), for v € V(G) are
> fla )+ flu)

z€Ng(v)
— S ()t
zE€Ng(v)
=r+1+ wg( ),
w(v, 1) = Zfl“o ZfCUQ
zENg(v) z€NG(v)
= > (tl+g@)+ > Bn+2-g)
TENg(v) z€Ng(v)
= (n+1)r +wy(v) + (3n+ 2)r — wy(v)
= (4n + 3)r,
w,0)= Y f@0+ Y fa)
zENg(v) z€NG(v)
= Y (+l4g@)+ Y (1+g)
TENg(v) z€Ng(v)

= (n+ 1)1+ wy(v) + 7+ wy(v)
= (n+2)r + 2w, (v).
Using the approach as used in Lemma 2.1 and Lemma 2.2, it is easy to show that
w(u) # w(v,2), w(v,2) # wv,1) and w(v,1) # w(v,0) for any v € V(G). Also, as g is
a local distance antimagic labeling of G, the adjacent vertices among (v, 0) have different

weights. This shows that f is a local distance antimagic labeling of H that assigns 2x;4+2
distinct weights to its vertices. O

After obtaining the upper bounds on the local distance antimagic chromatic number
of the Generalized Mycielskian construction of regular graphs, we now turn to obtain
an upper bound on the local distance antimagic chromatic number of the Mycielskian
construction of regular graphs. As described in the introduction, we will make sure to
note the Mycielskian construction of a graph G by u(G).

Lemma 2.4. For an r-reqular graph G of order n, we have x;q(u(G)) < 2xa(G) + 1.

Proof. Let V(G) = {v1,v2,...,v,} be the vertex set of G and g be a local distance
antimagic labeling of G that assigns x;4(G) distinct weights to the vertices of G. Let
H = u(G). Define a bijection f:V(H) — {1,2,...2n+1} by f(u) =1, and for v € V(G),

: 1+ g(v) for i = 0,
f(o,i) = .
14+n+g() fori=1.

The weight of vertex u is

Z fv,1) = Z (1+n+g(v))

veV(Q) veV(Q)
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:n(n—i-l)—i—@
_ 3n(n+1)
- —5

The weight of vertices (v, 1) and (v,0), for v € V(G) are
wv,1) =3 f(x,0)+ f(u)

z€Ng(v)

= ) (l+g@)+1
zENg(v)

=1+ 14 wy(v),

w(v,0)= Y flx,00+ Y flz,1)

z€Ng(v) zENg(v)

= > (+g@)+ D (I+n+g@)
z€Ng(v) z€Ng(v)

=71+ wy(v)+ (1 +n)r+wy(v)
= (n+ 2)r + 2w, (v).

Clearly w(u) # w(v,1) for all v € V(G). Now, if for some adjacent vertices v and v
of G, we have w(u,1) = w(v 0), then we have r + 1 + w,(u) = (n + 2)r + 2w,(v), which
implies 1 — (1 4+ n)r = 2w,(v) — wy(u). As g is an r-regular graph, wy(v) > T(Tgrl and
wy(u) < nr— "t Therefore 2wy (v) —wy(u) > 2T(2+1) nr+ T(T b — 3T(g+1) —nr. But
I1-(1+n)r< 3T(T+1)
pair of adjacent vertlees u,v € V(G). Also, as g is a local distance antimagic labeling of

— nr, which is a contradiction. Hence, w(u, 1) # w(v,0), for any

G, the adjacent vertices among (v, 0) have different weights. This shows that f is a local
distance antimagic labeling of H that assigns 2x,q + 1 distinct weights to its vertices. [

The four lemmas proven above can be combined in the form of the following theorem.

Theorem 2.5. Let t be a positive integer and G be an r-regular graph. Then

2x1a(G) +t for odd t <5 and even t,

(@) <
Xia(ke(G)) < {Qde(G) +t—1 foroddt>5.

Note that Theorem 2.5 provides an upper bound for the local distance antimagic chro-
matic number of the Generalized Myceilskian construction p(G), of a regular graph G.
However, these bounds can still be improved for some graphs, as shown in the following
example.

Theorem 2.6. For integers t,m,n > 1, we have 3 < x1a(pe(Kmn)) < 5.

Proof. Let V(K,,,) = {z1,22,...,2m} U{y1,y2,...,yn} be the vertex set of K,,,. As-
sume m < n and let H = (K, ). Depending on the parity of ¢, m, and n, we provide
different labelings for the vertices of H such that the labeling induces five different weights
on the vertices of H.
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Case 1. m and n both even.
Define a bijection f: V(H) — {1,2,3,...,(m+n)(t+1),(m+n)(t+1)+1} by f(u) =
and for 0 < 5 <,

o (G-Dt+1)+2+) fori=1,35..,m—1,
it+1)+1—j fori =2,4,6,...,m,

i) mit+1)+@—-1)(t+1)+2+5 fori=1,3,5...,n—1,
Yi,J) =
mt+1)+i(t+1)+1—j fori=2,4,6,...,n.

Note that for any fixed j € {0,1,2...,t},

Zf(yuj) = Zf(yzk,j) + Zf(yzk—1,j)
i—1 k=1

V|3

—Z (t+1)+2k(t+1)+1—)+) (mEt+1)+2k—-1D(t+1)+2+7)
M+ D+l i /n N\ (1) 124n
= 5 + 9 (§+1)+ 5

(t;-l)(Q _1>

(n? 4 2mn)(t + 1) 3n
2 2’

w[3

f(wog, J) + f(@ar-1,7)

m
2
i=1 k=1 k=1
m
2

wl3

k(t+1)+1—4)+ 2k —-1)(t+1)+2+7)

k=1 k=1
(I1—jm mE+1)/m (245)m m(t+1)
= —+1 -5 — 1
2 * 2 2 L 2 * 2 2
omA(t+1) N 3m
2 2

For the weight of vertices (z,,7), where 1 < p < m and 1 < j <t — 1 and vertices
(Yq,7), where 1 < g <mnand 1<j<t—1, we obtain

a , [P 2mn)(t+1)  3n
xpv nyza 1)+izlf(yi,j—|—1>—2|: 5 +7}

= (n + 2mn)(t + 1) + 3n,

yq> Zf Ti,J — +Zf zi,j+1)= 2|:3;n+w:|

=m?(t+1)+3m.
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The weight of vertices (x,,0), (z,,t) where 1 < p < m and vertices (y,,0), (y,,t) where
1<g<nare

w(zy,0) = Z f(yi,0) + Z f(y;, 1) = (n* + 2mn)(t + 1) + 3n,

w(ay, t) = Zf(yi,t— 1+ fu) = (n? +2mn)(t + 1) N 3n 1

2 2 ’

w(y,,0) = Z f(x;,0) + Z f(2, 1) =m?(t + 1) + 3m,
i=1 i=1

m2(t+1) 3m

i=1
The weight of vertex u is
. - m*(t+1)  3m  (n®+2mn)(t+1)  3n
w(u):Zf(mut)"‘Zf(yi,t):¥+7+( 2)< )+7
i=1 i=1
_ (n4+m)*(t+1)  3(m+n)
= : 5

Note that for 1 < p < m and 1 < ¢ < n, w(z,,0) > w(y,0). Also, w(z,,j) >
w(Yg,J — 1), w(zp, j) > w(yg, j + 1), wlyg, j) < wlzp,j —1) and w(yy, j) < w(zp, j + 1)
for 1 < j <t —2. Further, w(z,,t — 1) # w(y,,t) and w(xy,t) # w(y, t — 1). Clearly
w(u) > w(zy, t) > w(y,, t). Therefore, adjacent vertices of H have different weights, and
therefore, f is a local distance antimagic labeling of H that assigns five distinct weights
to its vertices.

Case 2. t even and m,n both odd.

As (t4+1) = m ( mod 2), by Theorem 1.1 there exists a magic rectangle A = (a; ;) having
m rows and (¢ + 1) columns with row sum= Mgﬂ)ﬂ) and column sum= w
Similarly, as n is odd, there exists a magic rectangle B = (b; ;) having n rows and (£ + 1)
columns with row sum= w and column sum= w We use these magic
rectangles to label H. Define a bijection f:V(H) — {1,2,...,(m+n)(t+1),(m+n)(t+
1)+ 1} by f(u) =1, and for 0 < j <t,

f(xi,J) = aijpr+1 fori=1,2,...,m,
fi,g) =bijp1 +mt+1)+1 fori=1,2,...,n.

For the weight of vertices (z,,7), where 1 < p < m and 1 < j <t —1 and vertices
(44, 7), where 1 < g <mand 1 <j <t— 1, we obtain

=1 =1

= z”: (bij+m(t+1)+1)+ zn: (bijp2 +m(t+1)+1)

i=1 i=1
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n(n(t+1)+1)

_ +mn(t+1)+n+n(n(t+1)+1>

+mn(t+1)+n

= (n2+272nn)(t+1)—|—3n :
w(Yq: J Zf i, J — +Zf i, Jj+1)

:i a” —|—i alﬁg—l—l

:%Em(t;1)+1im+ JIEDEI

=m?(t+ 1)+ 3m.

The weight of vertices (x,,0), (z,,t) where 1 < p < m and vertices (y,,0), (y,,t) where
1<g<nare

w(p, 0 Zf Yi, 0 +Zf Yir 1

n n

=D i+ mt+ 1) +1)+ > (o +m(t+1)+1)

i=1 i=1
= (n® 4 2mn)(t + 1) + 3n,

w(z,, t) = Z Flyit —1) + f(u)

=> (bie+m(t+1)+1)+1
i=1
1)+1
:n(n(t+2 )+ )+mn(t+1)—|—n+1
(n% +2mn)(t +1) N 3n

w(yqvo) :Z 'Iu ‘l’Zf zi, 1
= (ain +1) +Za12+1

=1 i=1

=m?(t+ 1) + 3m,

w(yg,t) = Z flzit — 1) + f(u)

=> (i +1)+1

1=

1
t+1 1
D)

m*(t+1) 3m
L) Oy
2 * 2 *
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The weight of vertex u is

w(w) =3 flzt)+ 3 fyit)

i=1
n

— Z(ai’t“ +1)+ i (big41 +m(t+1)+1)

i=1 i=1

:m(m(t+1)—|—1)+m+n(n(t+1)+1) Fmn(t41) +n
2 2

_ (m+n)Pt+1)  3(m+n)

= 5 + 5

As the weight of vertices are the same as those obtained in Case 1, f is a local distance
antimagic labeling of H that assigns five distinct weights to its vertices.

Case 3. t,n both even and m odd.

As (t+1) = m ( mod 2), by Theorem 1.1 there exists a magic rectangle A = (a; ;) having
m rows and (¢ + 1) columns with row sum= w and column sum= w
We use this magic rectangle to label H. Define a bijection f:V(H) — {1,2,...,(m +

n)(t+1),(m+n)(t+1)+1} by f(u) =1, and for 0 < j <,
f(xuj):ai,ﬁl%—l fori=1,2,...,m,

i) mt+1)+1+@G@—-1)t+1)+j fori=13,...,n—1,
Yi,J) =
mt+1)+i(t+1)+2—j fori=2,4,...,n

As seen in Case 1, for any fixed j € {0,1,2,...,t}, we have

~ 2492 t+1) 3
ny“j:(n—Fan)(—f—)_i_; and

a - 1 2t+1) 3
;f(%,j)_;(ai,jﬂ-irl)_m(m<t—g )+1)+m_w+7m.

For the weight of vertices (z,,7), where 1 < p < m and 1 < j <t —1 and vertices
(Yq,7), where 1 < g <nand 1<j<t—1, weobtain

w(x;, j) nyl,]—l +Zfyz’]+1)_2{(n2+2mn)<t+1)+3_n}

2 2
= ( +2mn)(t + 1) + 3n,

T 2
w(yi j Zf (2i,§ — )+;f(xi,j+1)=2[w+37m}
=m*(t+1) + 3m.

The weight of vertices (x,,0), (z,,t) where 1 < p < m and vertices (y,,0), (y,,t) where
1<qg<nare

2
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= (n2 +2mn)(t + 1) + 3n,

2
xpa nyw f()_(n +2ﬂ;n)(t+1)+37n+1

m2(t+1) 3m )
yq7 Zfl'z, +Zfl‘“ —Q{T%-?}:m(t%—l)—l—?)m,

m2(t+1)  3m

yqa fow - f() T‘i‘T—Fl.

The weight of vertex u is

w(u):Zf(xi,t)—i—Zf(yi,t):w_i_%n_i_ (n +2m2n)(t—|—1) +3?n
(;n+n)2(t+13 3(m+n)

As the weights of vertices are the same as those obtained in Case 1, f is a local distance
antimagic labeling of H that assigns five distinct weights to its vertices.

Case 4. t, m, n are all odd.

As (t + 1) is even and m is odd, from Theorem 1.3 and Theorem 1.4 there exists a
nearly magic rectangle A = (a;;) having m rows and (¢ + 1) columns with first (1)
DAL and remaining (£ (DAL - The
w. Similarly, as n is odd, there exists a nearly

column sums as ) column sums as
row sums of A are equal to
magic rectangle B = (b; ;) having n rows and (¢ 4+ 1) columns with the first (%) column

nlnlEFDZL 4nd the remaining (%1) column sums as w The row sums

sums as
of A will be equal to w We use nearly magic rectangles A and B to label the

vertices of H. Define f:V(H) — {1,2,...,(m+n)(t+1), (m+n)(t+1)+1} by f(u) =
and for 0 < 5 <t,

)
a; 1 +1 forj=0andi=1,2,...,m,

az.(tﬂﬂ)—i—l for j =1 (mod 4) and i =1,2,...,m,
72

flzid) =< and 1 =1,2,...,m,

<t+j+3) +1 forj=2 (mod 4
a.(j+1)—|—1 for j =3 (mod 4
( (

and i =1,2,... ,m,

)
)
)
)

+1 forj=0(mod4),j>0andi=1,2,...,m,

in+m(t+1)+1 forj=0andi=1,2,...,n
t+]+2)—|—m(t+1)+1 for j =1 (mod 4) and i =1,2,... n,
and i =1,2,...,n

Hﬁ)—l—m(t%—l)—i—l for 5 =2 (mod 4

2

and i =1,2,... n,

N

b
b.
‘f(ylvj) = bz,
b.
b.

i )
( ( )
(u)—l—m(tjtl)—i-l for j = 3 (mod 4)
(4 ( )

)+m(t—l—1)+1 for j=0 (mod 4), j >0and i=1,2,...,n.

For the weight of vertices (z,,j), where 1 <p < m and 1 < j <t —1 and vertices
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(Yq,7), where 1 < g <nand 1<j<t—1, weobtain

l’p, Zf yla 1)+Zf<y27]+1)
=1
> (b, a2y +m(t+1)+1) + > (b, (egeay +mlt+1)+1) for j=1 (mod 4),
=1 1= 1

n

Z(b.(t+]+1)—l—m(t+1)+1 +Z b, (azy Tm(t+1)+1) for j=2 (mod 4),

— )=l i=1
i=1 i=1
Z (bz(%) +m(t+1)+1)+ Z (1i4) +m(t+1)+1) for j =0 (mod 4),
\i=1

n(n (t+1)+1)—1+ n(n(t+1)+1) + 1

= (2mn(t+1) +2n) + 5 5

= (n? 4 2mn)(t + 1) + 3n,

,é (0, (52y + 1) + i (a; (esg02y +1) for j =1 (mod 4)
i (0 (tgny + 1) + il (a; (152y + 1) for j =2 (mod 4)
- im (522 +1)+i(a,,( y+1) for j =3 (mod 4)
\i(aimﬂw 'n (0, (ezeay +1)  for j =0 (mod 4),

m(m(t+1)+1)+1
— +m+ 5 +m

The weight of vertices (z,,0), (z,,t) where 1 < p < m and vertices (y,,0), (y,,t) where
1<qg<nare

w(zy, 0 Zf i, 0 +Zf vi, 1

:Z<bi,1+m<t+1 +Z eoy Tt +1) +1)

n(n (t—|—1)+1)—1+ n(nt+1)+1)+1

= 2mn(t+1) +2n) + 5 5

= (n® 4 2mn)(t + 1) + 3n,
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w(zy,t) = flyit = 1)+ f(u)

Z(bl(%) +m(t+1)+1)+1 fort=1 (mod 4),

— i=1
- n

> (b +mt+1)+1)+1  fort =3 (mod 4),

\i=1

( t+1)+1)—1

n(n(t+1)+1) - +mn(t+1)+n+1 fort=1 (mod 4),
- n(n(t—i—l%-i—l)-l-l
( 2
’(n2+2mn)(t+1)+3n+1

+mn(t+1)+n+1 fort=3 (mod 4),

5 for t =1 (mod 4),
(n*+2mn)(t+1) 3n+3
2 * 2

m

for t = 3 (mod 4),

i=1 i=1
t+1 1) -1 t+1 1 1
_m(m(t+1)+1) +m+m(m(+)—|—)+ m
2 2
=m?*(t + 1) + 3m,
. Z +1 +1 fort=1 (mod 4),
w(yp,t) =Y flant—1)+ fu) = 5
i=1 Z ajt1+1)+1  fort =3 (mod 4),

(m(m(t+1)+1)—1

5 +m-+1 fort=1 (mod 4),
m(m(t+1)+1)+1
\ 2

’m2(t+1)+3m+1

+m+1 fort=3(mod 4),

5 for t =1 (mod 4),
m2(t +1) +3m+3
\ 2 2

for t =3 (mod 4).

The weight of vertex u is

wlu) =Y flait)+ Zf(yi,t)

=1

Z (@141 + 1) +Z bity1 +m(t+1)+1) for t =1 (mod 4),
1

— %

( +1 +Z —I—mt+1)+1) for t =3 (mod 4),

ﬂms

=1
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) (m2(t + 1; m + —|—m+ n?(t + ; n+ —|—mn(t—|—1)+n for t =1 (mod 4),

B \m(t 1; m=-1 o .n “*1) n- +mn(t+1)+n for t = 3 (mod 4),
((n+m)?(t+1) n 3(n +m) +1 fort=1 (mod 4),

- \ n+mi2( + (n;—m)_l for t = 3 (mod 4).

Note that for 1 < p < m and 1 < ¢ < n, w(z,,0) > w(y,0). Also, w(z,,j) >
w<yq7j - 1)> w<xp7j) > w<yq7j + 1)> w(yqaj) < w<xp7j - 1) and w(yqvj) < U)(Clip,j + 1)
for 1 < j <t —2. Further, w(z,,t — 1) # w(y,, t) and w(z,,t) # w(y,, t —1). Clearly
w(u) > w(z,, t) > w(y,,t). Therefore, adjacent vertices of H have different weights, and
therefore, f is a local distance antimagic labeling of H that assigns five distinct weights
to its vertices.

Case 5. t,m odd and n even.

As (t+1) is even and m is odd, by Theorem 1.3 and Theorem 1.4 there exists a nearly
magic rectangle A = (a; ;) having (¢ + 1) columns and m rows with the first (1) column

m(m(t+1)+1)—1 m(m(t+1)+1)+1

t+1
2 ) 2

sums as and the remaining (“3=) column sums as . The row

sums of A are equal to w We use this magic rectangle to label the vertices

of H. Define f:V(H) — {1,2,...,(m+n)(t+1),(m+n)(t+1)+ 1} by f(u) =1, and
for 0 <5 <t

(4, + 1 for j=0andi=1,2,....m,
aiv(#)%—l for j =1 (mod 4) and i =1,2,...,m,
f(x,5) = @y (tpen) +1 for j=2(mod4)andi=1,2,...,m,
(J+1)+1 for j =3 (mod 4) and i =1,2,...,m,
\ai7(%+1)—|—1 for j =0 (mod 4), j >0and i=1,2,...,m,

i) = mt+1)+@@—-1)t+1)+1+5 ifi=1,3,5,....,n—1,
v d mt+1)+i(t+1)+2—j fori=2,4,6,....n

As seen in Case 1, for any fixed j € {0,1,2,...,t}, we have,

= L (m*+2mn)(t+1)  3n
> fyid) = 5 + 5

For the weight of vertices (z,,j), where 1 < p < m and 1 < j <t —1 and vertices
(Yq,7), where 1 < g <nand 1 <j<t—1, we obtain

P J Zf (ird =)+ > flyij+1)
=1

:2{( 2+ 1) +37n]

ZL’
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= (n® + 2mn)(t + 1) + 3n,

w(Yq, j) = f;f(xi,j —1)+ Zm;f(xi,j +1)
,iya05y+n+§;mdﬁw)+n for j =1 (mod 4),
i (a, (tra1y 1) + i (a, (112) + 1) for j =2 (mod 4),
i il (a; (ergazy +1) + il (0, (233 +1) for j =3 (mod 4),

m(m(t+1)+1)—1 m(m(t+1)+1)+1
- +m+ 5 +m

2
=m?(t+ 1)+ 3m.

The weight of vertices (x,,0), (z,,t) where 1 < p < m and vertices (y,,0), (y,,t) where
1<g<nare

w(wy, 0) = Z £, 0) + Z fyi 1)

@+ 2mn)(t+1)  3n
B 2[ 2 * 7}
= (n* + 2mn)(t + 1) + 3n,

w(ay t) =) fly.t—1)+ f(u)
B (;12 +2mn)(t+1) 3n
= 5 + 7 + 1,

m

w(yq, 0) = Zf(%, 0) + Z [, 1)

i=1 =1

:Z(ai,1+1)+2(ai’(g) +1)
:m(m(t+;)—l—1)—1+m+m(m(t+§)+1)+1+m

=m?(t+ 1)+ 3m,

w(yg t) = D flwit =1) + f(u)

=

(="

(ai(i>+1)+1 if t =1 (mod 4),
1

<.
I

NE

(@igp1+1)+1 ift=3 (mod 4),
1

<.
Il
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m(m(t+1)+1)—1

5 +m+1 ift=1 (mod 4),
T ymm(t+1)+1)+1
\ 2

'mQ(t+1)+3m+1

+m+1 ift=3(mod 4),

5 if t =1 (mod 4),
m?(i+1)  3m+3

if t =3 (mod 4).

2 2
The weight of vertex u is
w(w) =Y f(wit) +nyz,
=1
[ 2 H(E+1) 3
Z(ai’t+1+1)+(mn+g)( + )4—7” if t=1 (mod 4),
_ )=t
) 2 A(t+1) 3
(a.<t1)+1)+(m”+”)( D L3 =3 (mod 4),
G L 2 2 2
( 2t+1) 3n+3 1
(m+n)2( i >+ nom if t =1 (mod 4),
B 2(t+1 1
(m+n)2( i )+3n+?;m+ if t =3 (mod 4).
\

Note that for 1 < p < mand 1 < ¢ < n, w(z,,0) > w(y,0). Also, w(z,,j) >

w(yq, J — 1), w(wp, j) > wlyg,j + 1), wlyy,j) < w(wp,j —1) and w(yy, j) < w(zp,j + 1)
for 1 < j <t —2. Further, w(z,,t — 1) # w(y,, t) and w(x,,t) # w(y, t — 1). Clearly

w(u) > w(z,, t) > w(y,,t). Therefore, adjacent vertices of H have different weights, and
therefore, f is a local distance antimagic labeling of H that assigns five distinct weights
to its vertices.

The lower bound follows from the fact that x(u:(Kon)) = X(Kmn) +1 = 3 and that

X (e (Kon)) < Xia(pee(Komn))- [l

3. Conclusion

In this article, we studied the local distance antimagic labeling of the Mycielskian con-
struction and the Generalized Mycielskian construction of regular graphs and complete
bipartite graphs. We also obtained an upper bound on local distance antimagic chromatic
number of such graphs.

The following problems naturally arise.

Problem 3.1. Obtain the exact values of the local distance antimagic chromatic number
of the Mycielskian and the Generalized Mycielskian of reqular graphs.

Problem 3.2. Obtain the bounds or the exact values ofthe local distance antimagic chro-
matic number of the Mycielskian and the Generalized Mycielskian of non-regular graphs.
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Problem 3.3. Obtain the bounds or the exact values of local distance antimagic chromatic
number of the Mycielskian and the Generalized Mycielskian of trees of order n having k

leaves.
Fig. 2. Local distance antimagic labeling of ps(K4 4) as explained in Theorem 2.6
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