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ABSTRACT

The first, second Zagreb connection indices and modified first Zagreb connection index
are defined as ZC1(GQ) = > 715%(v), ZCy(G) = Z Ta(u)Te(v) and ZC5(G) =
veV(G) weE(G)

Z dc(v)T¢(v), respectively. In this paper, we consider the maximum values of ZC (G),

veV(G)
ZCy(@), ZCy*(G) of n-vertex trees with fixed matching number m and the extremal

graphs are also characterized.
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1. Introduction

Throughout this paper, we are concerned with only simple and finite graphs. Let G be
a graph with vertex set V(G) and edge set E(G). Let N (v) be the neighborhood of
the vertex v € V (G), that is N (v) = {u € V (G) |uv € E(G)}. For a vertex v € V(G),
the degree of v, denoted by dg(v), is defined as the number of vertices adjacent to v,
that is dg(v) = |N (v)|. The maximum degree of a graph G is denoted by A(G), i.e.,

A(G) = mazx dg(v). The eccentricity e (v) of v is defined as e(v) = mazx {d(v,w)},
veV(Q) weV (G)

where d (v,w) is the length of the shortest paths connecting v and w. The diameter of
a graph G is defined as d = n%/c%) {e (v)}. The connection number of v is defined as the
ve

™= Corresponding author.

E-mail address: wx20010704zInl@163.com (X. Wang).
Received 30 Dec 2024; Revised 21 Jun 2025; Accepted 29 Jun 2025; Published Online 30 Sep 2025.
DOI: 10.61091 /ars164-07
(© 2025 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ars164-07
https://www.combinatorialpress.com/ars
mailto:wx20010704zlnl@163.com
https://doi.org/10.61091/ars164-07
https://creativecommons.org/licenses/by/4.0/

118 WANG, ZHONG AND DING

number of vertices having distance 2 from v, denoted by 7¢(v), see [17]. The subgraph of
G obtained by deleting a vertex xz(z € V(G)) as well as its incident edges is denoted by
G —{z}. A star denoted by K, is a tree having n vertices and n — 1 pendant vertices.
Undefined terminology and notations of graph theory can be found in [3].

A topological index is a number that can be associated with chemical structures to
predict their various properties [9]. Topological indices have been widely used in the field
of mathematical chemistry, especially in the field of quantitative structure-property rela-
tionship and quantitative structure-activity relationship investigations. In 1947, Wiener
proposed the first well-known topological index [19]. Afterwards, a large number of topo-
logical indices were designed, under different parameters of graph such as degree, distance,
eccentricity. Most of the chemical graph theory literature is occupied by the degree-based
topological indices [8]. Tt is well-known for the first and second Zagreb indices |5, 6],
which are defined as follows:

M(G)= Y dg(v), My(G)= > da(u)de(v).

veV(G) weE(G)

Over the past decades, numerous results concerning the Zagreb indices have been put
forward. Inspired by the great potential of application, researchers proposed several vari-
ants of the Zagreb index. We focus on the Zagreb connection indices, which are based
on the connection number of vertex v. The Zagreb connection indices are often used in
network topology optimization, where it measures the overall connectivity and robustness
of a network. It is useful for designing efficient and fault-tolerant networks, for example
in telecommunications or transportation systems. The Zagreb connection indices can also
be used to predict the solubility, stability, or reactivity of DNA molecules, among other
chemical characteristics.

Naji et al. [10] presented the first Zagreb connection index ZC;(G) and the second
Zagreb connection index ZC5(G) in 2017, which are defined as follows:

ZC\(G) = > 1),  ZCyG)= ) Ta(u)ra(v).
veV(G) weE(G)
In 2018, a new index named as the modified first Zagreb connection index is proposed
in [1], which is defined as

ZCi(G) = Y de(v)Ta(v).
veV(G)

In [16] Raza et al. presents the identification of an extremal tree with the maximum
first Zagreb connection index among all trees with a specific total domination number.
In [14] Raza compute the leap Zagreb Connection Numbers for Some Networks Models.
Wang et al. [18] explore upper and lower bounds of the hyper Zagreb indices, and provide
the relation between Zagreb indices and hyper Zagreb indices. In [13]|, Noureen et al.
found the modified first Zagreb connection index of trees with fixed order and number
of branching vertices. Noureen et al. [12] found the extremal trees for the modified first
Zagreb connection index with a fixed number of pendent vertices. Raza and Akhter [15]
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identified extremal trees with the highest Zagreb connection indices among a set of trees
with specific domination numbers. Gutman et al. [7] determined the different bounds
for the connection Zagreb indices of unicyclic graphs and trees by finding their extremal
graphs. Another study [7] established various bounds for the connection Zagreb indices
of unicyclic graphs and trees by discovering their extremal graphs. Details about the
mathematical properties of the index ZC7(G) can be found in [4, 20, 11, 2].

A matching of a graph is a set of pairwise non-adjacent edges [3]. If M is a matching,
the two ends of each edge of M are said to be matched under M, and each vertex incident
with an edge of M is said to be covered by M. A maximum matching is a matching
that covers as many vertices as possible. If a maximum matching covers every vertex
of the graph, we call it a perfect matching. A graph is matchable if it has a perfect
matching. The number of edges in a maximum matching is called the matching number
of GG, denoted by mg. In network design, the matching number is used to optimize
resource allocation. In graph theory, the matching number can be applied to various
problems such as maximum bipartite matching, resource allocation, and solving systems
of linear equations, particularly in optimization problems where finding the maximum
matching is crucial.

In this paper, we concentrate on characterizing the extremal graphs with the maximum
values of ZC4(G), ZCy(G) and ZC1*(G), where G € T (n,m) and T (n,m) is the set of
trees on n vertices with matching number m. Since m = 1 if and only it "= K ,,_;, we
restrict our attention to 2 < m < [%J Let T;;m be constructed by attaching a pendant
edge to m — 1 pendant vertices of K, _, respectively. Obviously, Ty, € T(n,m) and
A(T;,,) = n —m (depicted in Figure 1).

Fig. 1. The tree T}

n,m

2. Maximum Zagreb connection indices of trees with fixed
matching number

First, we determine the maximum value of the first Zagreb connection index in 7 (n,m),
where 2 < m < ng
By direct computation, we can get

ZCl(T;;m) =m-—m)(n—m—17%4+m—-12+(m—1)

=m>—m+(n—m)(n—m-—1)>
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Theorem 2.1. If T € T(n,m), then we have
ZOT) <m? —m+ (n—m)(n—m—1)% (1)
equality holds if and only if T =T}

Proof. Case 1. If A(T) = 2.
In this case, we must have T = P,,, m = |2|. For n =4, T = T} ,, then inequality (1)
is obviously true. Otherwise, for n > 5, we have ZC4(P,) = 4n — 12.
-1

If n is odd, then m = ==, we have

1
:—g(n3+n2—41n+103)<0.
If n is even, then m = 7, we get
n\2 n n n 2
20u(P) — 20u(Ty ) =012~ (1Y 47 (=) (-2 1)
01( ) Cl( n,2> n 9 +2 n 9 n 5
1
= —g(n —4)*(n+6) <0.

Therefore, the inequality in Eq. (1) will be hold.

Case 2. If A(T) > 3.

We prove the result by using induction on n. Since A(T) > 3, we have n > 5. For
n =5, we have T = T3 ,, Eq. (1) is true. So we assume that Eq. (1) is always true for
trees of order at most n — 1. Let T' € T (n,m), suppose Py, 1 = x1x9x441 is a longest
path in 7', where d is the diameter of 7. We know that A(7) < n —m and for every
vertex x € V(T), 7(x) <n —m — 1. Construct 7" =T — {x,}.

Subcase 2.1. f mp =mp —1=m — 1.

In this case, we must have dr(z2) = 2, 7r(xy) = 74 (x2), Tr(x3) = T (23) + 1 and
Tr(zs) <m —1.

Vo

o Um—2
.
.

V1 U1 Al
Fig. 2. The tree T'

By induction hypothesis, it follows that

ZC\(T) = ZC(T') + 27p(xs)
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<m-12*=m-1D+nm-m)(n—-—m-—172?+2(m—1)
=m?—m+(n—m)(n—m— 1)
equality holds if and only if 7" = T*
Hence, there may be two possibilities, which is showed in Figure 2. Since m,» = mp — 1,
we know T'=T7
Subcase 2.2. If mp = mp =m.
For z € Np(z2) \ {z1}, We have 70(2) =7 (2) + 1 and 77(2) <n —m — 1. 7p(xs) =
T (xa), Tr(21) <n—m — 1.
By induction hypothesis, we have
ZC(T) = ZC\(T') + Th(x1) + (27r(2) — 1)
2ENp(z2)\{z1}
<m*—m+mn-m-—1)(n-—m-2)7>+n—-m-—1)°
+(n—m—-1)x[2x(n—m-—1)—1]
=m*—m+ (n—m)(n—m-—1)7

n—1.m—1, and 21 is adjacent to xa, whose degree is 2in 7',

equality holds if and only if 7" = T} 1.1, and also z; is adjacent to xo, whose degree is
n—minT. Hence T'=1T7 . [

Here we list two examples.

Example 2.2. Consider all five trees in 7(8,2) (as shown in Figure 3). It follows from
straightforward calculations that we get the first Zagreb connection index for these trees
as follows:
ZC\(Ty = Thy) = 152 ZC1(Ta) = 92 ZCy(Ts) = 72 ZCy(Ty) = 92 ZCy(Ts) =
62.

Thus T, has the maximum value of the first Zagreb connection index in 77(8,2).

= =
>~<>+<5

Fig. 3. Trees in 7(8,2)

Counsider all trees in 7(8,3) (as shown in Figure 1). By direct computation, we get the
first Zagreb connection index for these trees as follows:
ZCy(Ty =Tys) =86 ZCi(Ty) =50  ZC(Ty) =28  ZCy(T,) =44
ZC\(Ty) = 54 7ZC\(Tg) =56  ZC\(T,) =30  ZC\(Tg) =38
ZC\(Ty) = 38 ZC\(T) =50  ZO\(T},) = 36.
Thus T 5 has the maximum value of the first Zagreb connection index in 78, 3).
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Fig. 4. Trees in 7(8,3)

Next, we consider the maximum value of the modified first Zagreb connection index in
T (n,m), by direct computation, we can get

ZON(T, ) =(m—=m)(m—1)+(n—-2m+1)(n—m—1)+ (m — 1)
+2(m—1)(n—m—1)
=(n—m)(n+m—3).
Theorem 2.3. If T € T(n,m), then we have
ZCi{(T) < (n—m)(n+m—3), (2)

with equality if and only if
(1) T = S, (depicted in Figure 5) or T =Ty ,, for m = 2;
(2) T=T;,,. for3<m<|2].

n,m?’

Fig. 5. The tree Sy 4

Proof. (1) For m = 2, we have two possibilities in 7 (n,2), depicted in Figure 6. Since

ZOHTH) = ZCHTY) =k +(n—k—=2)(k+1) +k(n—k—1)4 (n — k —2)
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—[F4+Ek+1+20-3)+(n—k—2)+ (n—k—3)?
= —2(k? — kn + 3k),

and 1 <k <n—4,so we get ZC{(T7) > ZC{(T%), that is when T'= S, ,or T =T7,, T
have the maximum value of ZCY, for m = 2.

k{:/. \E}n—k—Z Ty
B{: NS k-3 T

Fig. 6. The tree with matching number 2

(2) For 3 <m < | 2], we will consider the following two cases.
Case 1. If A(T) = 2.

Then T' = P,,, we have ZC5(P,,) = 4n — 10.

If n is odd, then m = ”T’l, we obtain

-1 -1
ZC{(Pn) — ZCU(T? o) = 4n — 10 — (n—%) (n+n —3)
1
= _Z(R —-3)(3n—11) < 0.
If n is even, then m = &, we have

ZCi(Py) = ZCi(T; ) = 4n— 10— (n - g) (n+ 5 - 3)
3

= —Z(?m —10)(n —4) < 0.
Therefore, the inequality in Eq. (2) will be hold.

Case 2. If A(T) > 3.

We use induction on n. If n = 6, we have T = T 5, Eq. (2) is true. So we assume
that Eq. (2) is always true for trees of order at most n — 1. Let T" € T (n,m), suppose
Py = xix9--x4,1 is a longest path in T, where d is the diameter of 7. We know that
A(T) < n—m and for every vertex x € V(T), 7(z) < n—m—1. Construct T" = T —{z,}.

Subcase 2.1. f mp =mp —1=m — 1.

In this case, we must have dr(z2) = 2, dr(z2) = dp(x2) + 1, 7r(x2) = T (29),
Tr(z2) <n—m —1, and drp(z3) = dp (x3), dr(zs) <n—m, 7r(x3) = 70 (x3) + 1.

By induction hypothesis, it follows that

ZCHT) = ZCUT) + mo(xy) + dp(xs) + 1
<(n-m)n+m—-5)+n—-—m-1)+Mn—-—m)+1
=(n—m)(n+m-—23),
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equality holds if and only if 7" = Ty—1m-1, and also z; is adjacent to x2, whose degree
is 2 in T. Hence, there may be two situations, which is showed in Figure 2. Since
mqy =my — 1, we know T =17 .

Subcase 2.2. If mp = mp =m.

For z € Nr(x9)\ {21}, we have dr(z) = dp(2), 77(2) = 7 (2) + 1, 77(21) <n—m—1,
Tr(22) = T (22) and 7p(x2) < m — 1.

By induction hypothesis, we obtain

ZCY(T) = ZCY{(T) + 7o(ar) + rr(z2) + Y dr(2)
2ENT(z2)\{z1}
<(n-m-1)n+m—-4)+n—-—m-1)+(m—-1)+ (n—2)
— (n—m)(n+m—3),

equality holds if and only if 7" = T} 1 ms and z7 is adjacent to xa, whose degree is n —m

in T. Hence T'=17 . [

Here we list two examples.

Example 2.4. Consider all five trees T € T(8,2) as shown in Figure 3. By direct
computation, we get the modified first Zagreb connection index for these trees as follows:
ZCy(Ty =Tg,) =42 ZCi(Ty) =34 ZCi(Ts = S33) =42
ZC(Ty = Sa2) =42 ZCi(Ts) = 30.

Thus T§,, S33, Sa2 have the maximum value of the modified first Zagreb connection
index in 7(8,2).

Consider all trees T' € T(8,3) as shown in Figure 1. It follows from straightforward
calculations that we get the modified first Zagreb connection index for these trees as

follows:

ZCi(Ty =Tis) =40 ZCi(Ty) =28 ZCi(Ty) =24 ZCi(Ty) = 34
ZCO%(Ty) = 38 ZCOH(Ts) =36  ZCiH(T,) =26 ZC3(Tg) = 28
ZCO%H(Ty) = 32 ZCH(T)) =32 ZCO%H(T),) = 30.

Thus T ; has the maximum value of the modified first Zagreb connection index in

T(8,3).

Finally, we consider the maximum value of the second Zagreb connection index in

T(n,m).

o115 152 2 ] 259 2 o5
[l )

(n—1)>%n-3), n is odd,

1
1
i(n—2)2(n—1), n is even.

I
——
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512 (] =)+ (5 - (5] -2) (5] -2)

2C,(T™) = (

5=+ (5] -9+ (51-1) (5] -2)
> 5+ 151 5] -+ 5) - 51+9)
(n—1)(n*—6n+13), n is odd;

(n—2)(n*—5n+10), n is even.

I
—TN— + /N
E
|
—_
N———

Theorem 2.5. If T € T(n,m), then we have

(1) For m =2,
t(n—1)2(n-3 s odd
2CH(T) < {14 >2<n ) s odd )
1(n—=2)*(n — 1), is even,
equality holds if and only if T = T* (depicted in Figure 7).
(2) For m = 3,
Lim — 2 _ ;
205(T) < le(n 1)(n*—6n+13), n is odd, 1)
1(n—2)(n* —5n+10), n is even,

equality holds if and only if T = T** (depicted in Figure 7).

T*

Fig. 7. The tree T* and T**

Proof. (1) For m = 2, we have two possibilities in 7 (n, 2), depicted in Figure 6. It follows
that

ZCOy(Ty) — ZCOy(Ty) = kn? — nk® + k* — 3nk + 2k — (2k* +n® — 2nk — 4n + 6k + 3)
=—(1+n)k*+(n*—n—4)k—n*+4n — 3.

Since 1 < k < n — 4, so we get ZCy(T}) > ZCy(T%), and if and only if k = [252] or
| 222, ZCy(T7) have the maximum value, that is 7% (as shown in Figure 8).
(2) For m = 3, we first consider tree with the longest path is 4, when k > s, it follows

that

ZCy(Ty) — ZCo(Ty) = K*(t + 1) + 2+ t)(t + 1)(k + s) + s*(t + 1)
—[(k+1)?t+ 1)+ 2+t)(t+1)(k+s)+ (s — 1)t +1)]
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=2(t+1)(s—k—1),
so we get ZCy(T%) < ZCo(T7%). Similarly, it follows that ZCy(T%) < ZCs(T%).

ZOyTE) — ZCy(T) = (n—k —3)(K* +2k +2) + (n—k —3)[(n —k —4)(k+ 1) + 1]
—[2k* +6(n—4) +2+2(n—k—5)
= (=1 —n)k*+ (n* —3n — 10)k — (n — 5)%,

since 1 < k < n — 6, then we have ZCy(T%) > ZCsy(T¥), that is T have the maximum
value of ZC5 with the longest path is 4, for m = 3.

AN SRy AN SE

,* T

T T

T Tg

LT NG e N NG

T T
{2 A k{:; ZS N 2}s
—_—— ——
n—k—>5 t
Ty Tt
k—l—l{: :}s—l k{:
: :. . ; : : :. . ;
t n—k—6
T, T

Fig. 8. The tree with matching number 3

In the following, we consider tree with the longest path is 5. Similarly, when k£ > s, we

obtain
ZCy(T2) = ZCy(Ty) = (K +thk+t)(t + 1)+ (k+ 1)(2t + s +2) +t + s+ 1 + s
— [+ 12t +1) + (k+3)(t+s)+(s— 1)+ (t+ 1)*(k +2)]
=t — (4+2k)t —k+s—1,
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then we have ZCy(T%) < ZCy(TY), likewise, we obtain ZCy(T%) < ZC(T4), that is T
have the maximum value of ZC5 with the longest path is 5, for m = 3.
Finally, we consider tree with the longest path is 6. When k > s, we get

ZCOy(T) — ZCo(T3y) = k* + 3(k + 2t + s +2) + 2t(t + 1) + °
—[(k+1)2+3(k+2t+5+2)+ (s— 1)+ 2t(t + 1)]
=25 — 2k — 2,

then we have ZCy(T%,) < ZC9(T75,). Similarly, it follows that ZCy(T5,) < ZCy(T7,),
that is 7', have the maximum value of ZC, with the longest path is 6, for m = 3.

ZOy(T2) — ZCy(T3) = (3 —n)k* + (n* — Tn + 10)k +n* —4n + 3
—[(4—=n)k*+ (n® — I + 19)k +n® — 6n + 11]
= —k*+ (2n — 9)k + 2n — 8,

since 1 < k <n — 6, then we have ZCy(T%) > ZCs(T%).

ZCy(Ty) — ZCy(T5y) = 3 —n)k* + (n* — Tn+10)k +n* —4n + 3
—[K+32n—k—-9) +1+2(n—k—6)(n—k—5)]
= —nk*+ (n* —3n — 9)k —n? + 12n — 31,

since 1 < k < n —7, then we have ZCy(T%) > ZCy(T7,). Then TF have the maximum
value of ZCy, for m = 3. And if and only if k = |%5*], ZC5(T¥) have the maximum
value, that is 7"*(as shown in Figure 7). O

Here we list two examples.

Example 2.6. Consider all five trees T € T(8,2) as shown in Figure 3. It follows from
straightforward calculations that we get the second Zagreb connection index for these
trees as follows:
ZCy(Ty =Tg,) =35 ZCy(Ty) =27 ZCy(T3=T") =63
ZCy(Ty) =56 ZCy(Ts) = 23.
Thus 7™ has the maximum value of the second Zagreb connection index in 7(8,2).
Consider all trees T' € T (8, 3) as shown in Figure 4. By direct computation, we get the
second Zagreb connection index for these trees as follows:
ZCOy(Ty =Tis) =48  ZCo(Ty) =24 ZCo(Ts) =20 ZCo(Ty) =40
Z0y(Ts =T") =51  ZOy(Ts) =44  ZCy(T;) =24 ZCy(Tg) = 26
7Z05(Ty) = 36 Z05(T) =34  ZOy(T),) = 33.
Thus 7** has the maximum value of the second Zagreb connection index in 7(8, 3).

3. Conjecture

—_

n—

(n? = 2mn+2m? —5),n is odd,

| W
[N}

n

ZCZ(T;:,*m) = {

(n®> —2mn+2m? —2+n—2m),n is even.

’J;‘
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3

ZCQ(T,;;m) _ { ZE gn2 —2mn +2m?* —5),n is odd;

When n = 10,m = 4, it follows from straightforward calculations that ZCy(7T}) =
ZCy(Tyy,4) is the largest, that is 77, , has the maximum value in 7(10,4); When n =
11,m =4, ZCy(T3) = ZCo(T1T4) = ZCa(T1 4) is the largest, that is Ty}, = T7) , has the
maximum value in 7(11,4); Similarly, T3 = T7, 5 has the maximum value in T (12,5);
Ty = Ty5, = 113, has the maximum value in 7(13,4). When n = 13,m = 5, we have
ZCy(Ty) = ZCs(Tf), so Ty = Tty 5 and Ty = Ti55 = Tj3 5 have the maximum value in
T (13,5). Therefore, we have the following conjecture.

—2mn+2m? —8—n+2m),n is even.

~13

Conjecture 3.1. If T € T(n,m), 4 <m < \_%J , 1t follows that the maximum value of the
second Zagreb connection index is ZCs(T:,,) or ZCy(Tix,) or ZCy(T,, ). In particular,
(1) Forn=2m+1,

ZCy(T) <m(m —1)(m +2).

The equality holds if and only if T =T =T = ;;m(depicted in Figure 9), that is
T =15, 1m (depicted in Figure 10).
(2) Forn=2m+2,

ZCy(T) < (m —1)(m + 1)(m + 3).

I

The equality holds if and only if T = T = T,’;m (depicted in Figure 9), that is T
T3 iom (depicted in Figure 10).

Fig. 9. Trees

This conjecture maybe correct, for example, we list some special cases.
ZCy(T, /2 =T, 7) =720 ZC2( 13 = Tf§7) = 688 ZC2(T1/4 = T1N8,7> =711

ZCy(T5) = 651 ZCOy(Tyg) = 217 ZCy(T,,) = 206
ZCy(Tyg = Tyy,) =765 ZCo(Ty 19 = =Thoy) = 1260 ZCy(Tyy = Tg4) = 1269
Z0y(Ty,) = 1248 ZCy(Tyy) = 1249 Z0y(Tys) = 1118
ZCy(Ty,) = 1019 ZCQ(T2’5) =837 7 0y(Tys) = 691.
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}m— 1

*
T2m+1.m T2*m+2,m

Fig. 10. Trees

Fig. 11. Some trees

,
Ty

s
Tl iz

Fig. 12. Some trees in T (18,7)

s b
614e R4
:}3
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Tis Ty
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~ —~—
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75, Ty T
6 5 4
=~ =~ =
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6 5 4
, , ,
Ty, Tys Ty

Fig. 13. Some trees in 7(20,4)
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