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ABSTRACT

An improper interval (edge) coloring of a graph G is an assignment of integer colors to
the edges of G satisfying the condition that, for every vertex v € V(G), the set of colors
assigned to the edges incident with v forms an integral interval. An interval coloring is
k-improper if at most k edges with the same color all share a common endpoint. The
minimum integer k such that there exists a k-improper interval coloring of the graph G
is the interval coloring impropriety of G, denoted by p;,:(G). In this paper, we provide
a construction of an interval coloring of a subclass of complete multipartite graphs. Ad-
ditionally, we determine improved upper bounds on the interval coloring impropriety of
several classes of graphs, namely 2-trees, iterated triangulations, and outerplanar graphs.
Finally, we investigate the interval coloring impropriety of the corona product of two
graphs, G ® H.
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1. Introduction

Let G be a finite graph with vertex set V(G), and edge set E(G). An edge coloring of a
graph G is a function ¢ : E(G) — C assigning labels, or colors, from a set C, normally Z,
to the edges of G. An edge coloring is proper if the colors are assigned in a way so that
adjacent edges (those sharing an endpoint) in G receive different colors. Otherwise, the
edge coloring is improper.

Asratian and Kamalian [4, 5| introduced the problem of interval k-coloring a graph
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as a model for creating timetables without gaps for teachers and students. A proper
edge coloring of a graph G is said to be an interval k-coloring (also called a consecutive
coloring, for example in [12]) if exactly k colors are used to color the edges of G and
the colors assigned to the edges incident to each vertex v € V(G) are distinct and form
a set of consecutive integers. Note that there exist graphs that do not have an interval
coloring, for example complete graphs K, for odd n > 3. This leads to the question of
whether a given graph has an interval coloring, which has been shown to be NP-complete
to determine for bipartite graphs [28]. This problem has been investigated for several
classes of graphs, including trees, regular graphs and complete bipartite graphs [15, 19],
subclasses of bipartite graphs |13, 15, 24|, outerplanar graphs with maximum degree 3
[23], Cartesian, strong, lexicographic and tensor products and compositions of graphs [12,
22, 25, 29|, complete tripartite graphs K ,,, [l14], and biregular graphs [1, 3, 7, 9, 10,
16, 18, 27, 30]. However, there remain many classes of graphs for which it is not known
whether an interval coloring exists for all graphs in the class, including (3, 4)-biregular
graphs.

Hudék et al. [17] introduced improper interval (edge) colorings, motivated by scheduling
problems without gaps in the schedule, but with some degree of conflict permitted. An
improper edge coloring of a graph G is said to be an improper interval (edge) coloring if the
colors assigned to the edges incident with each vertex v € V(@) form an integral interval.
Subsequently, Casselgren and Petrosyan [8] introduced the interval coloring impropriety
of a graph. An improper interval coloring is k-improper if at most k edges with the
same color all share a common endpoint. The smallest integer k such that a graph G
has a k-improper interval coloring is called the interval coloring impropriety (or simply
impropriety) of G, denoted by p;n:(G). Note that assigning every edge of G the same
color produces a A(G)-improper interval coloring, so the interval coloring impropriety is
well-defined for every graph. If G has a proper interval coloring, then p;,,(G) = 1.

In this paper, we investigate the impropriety of several classes of graphs. In Section
2, we begin with some preliminary definitions and results. In Section 3, we consider
complete multipartite graphs, providing a construction of a coloring that shows that a
particular subclass of complete multipartite graphs is interval colorable. In Section 4, we
provide an upper bound on the impropriety of a 2-tree, and on the impropriety of the n-th
iterated triangulation, both in terms of the maximum degree of the graph. In Section 5,
we improve upon the upper bound on the impropriety of an outerplanar graph given in
[8]. In Section 6, we derive upper bounds on the impropriety of the corona product of two
graphs. Finally, in Section 7, we give some directions for further study of the improper
interval impropriety of a graph and pose some open problems.

2. Preliminaries

For a positive integer n, we use [n] to denote the set {1,2,...,n}. All graphs are assumed
to be simple and finite, unless otherwise indicated. For a vertex v in a graph G, we use
N¢(v) to denote the neighborhood of v in G, and dg(v) to denote the degree of v in G,
or N(v) and d(v), respectively, when the graph is obvious from context. For a positive
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integer k, if v € V(G) satisfies dg(v) = k, then we say that v is a k-vertex in G. The
maximum degree of a vertex in G is denoted by A(G) and the minimum degree of a vertex
in G by §(G). A vertex v for which N(v) U {v} = V(G) is called a universal verter. A
clique is a set of pairwise adjacent vertices in a graph. A complete graph, denoted by K,
is a graph of order n in which V' (K,) forms a clique. A path in a graph G is denoted by
V1Vs . . . Uy, where vu € E(G) for i € [n—1]. We say that vy and v,, are the endpoints of
the path and denote the path graph with n vertices by P,. For vertices u,v € V(G), the
distance from u to v, denoted by dg(u,v) is the minimum length of a path with endpoints
uw and v. If no such path exists, then dg(u,v) = oco. Similarly, a cycle in a graph G is
denoted by v1vs ... v,01, where v;v;41 € E(G) for i € [n — 1] and v,v; € E(G). The cycle
graph with n vertices is denoted by C,,. For a positive integer k > 3, we refer to C as a
k-cycle. A star S, is a graph that consists of a center vertex v and leaves uy, us, ..., u,
with vu; € E(S,) for i € [n]. Note that S,, = K1,. A spider graph is a tree with a center
vertex of degree at least 3, and all other vertices with degree at most 2. The family of
spider graphs whose center vertex has degree exactly k is denoted by SP.. A caterpillar
graph is a tree for which the removal of all leaves produces a path. A wheel graph is
a graph formed by connecting a single universal vertex to all vertices of a cycle. For a
positive integer n, we use W, to denote a wheel graph with n vertices.

A planar graph is a graph which can be drawn in the plane without any edges crossing.
A plane graph is a planar graph with a specific planar embedding. Thus, a plane graph
divides the plane into a set of regions, called faces. Fach face is bounded by a closed walk
called the boundary of the face. Each plane graph has exactly one unbounded face, and
we call such a face the outer face. All the other bounded faces of a plane graph are called
inner faces. An outerplanar graph is a planar graph that has an embedding in which
all vertices are on the boundary of the outer face. For all graph theory terminology not
defined here, refer to [0].

The chromatic index of a graph G, denoted by x/(G), is the minimum number of colors
required to construct a proper edge coloring of G. Next, we state some existing results
about the chromatic index and its relationship with impropriety.

Theorem 2.1 (Vizing’s Theorem). For any graph G, either X'(G) = A(G) or X'(G) =
A(G) + 1.

Graphs with x'(G) = A(G) are called Class 1 and those with x'(G) = A(G) + 1 are
called Class 2. There are some families of graphs that are known to be Class 1.

Theorem 2.2 (Ko6nig’s Edge Coloring Theorem). If a graph G is bipartite, then G is
Class 1.

Knowing whether a graph is Class 1 or Class 2 can help with determining whether the
graph has an interval coloring or, if not, what the impropriety of the graph is.

Theorem 2.3 (|5]). If a graph G is interval colorable (i.e. p(G) = 1), then G is Class
1.
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Equivalently, a graph that is Class 2 does not admit an interval coloring, and thus has
impropriety at least two.

Theorem 2.4 (|8]). If G is a regular graph of Class i, then pi(G) =1 fori € {1,2}.

As a corollary, this result implies that complete graphs and cycles of even order are
interval colorable, while those of odd order have impropriety 2.

For general graphs, it is known that the impropriety is at most two if the degree of
every vertex is small.

Theorem 2.5 ([8]). If G is a graph with A(G) < 5, then pin(G) < 2.

Finally, we make use of the following results that determine the impropriety of some
well-known classes of graphs, whose maximum degree is unbounded.

Theorem 2.6 ([19]). If T is a forest, then T is interval colorable (i.e. pipn(T) =1).

Theorem 2.7 (|8]|). For a wheel graph W,, n > 4, pin(W,) = 1 if and only if n €
{4,7,10}. Otherwise, (W) = 2.

3. A subclass of complete multipartite graphs

The impropriety of complete multipartite graphs was first studied in [8]. We recall the
following result.

Theorem 3.1 (|8]). If ny,...,n, > 1, then pin(Kn, . n.) < (ﬂ

Casselgren and Petrosyan [8] then conjectured that, for a complete multipartite graph
G, pins(G) < 2. This conjecture was recently solved by Mkrtchyan [21]. Note that
this upper bound is best possible, since there exist exist complete multipartite graphs
of Class 2, thus with impropriety 2. However, this raises the question of which complete
multipartite graphs are interval colorable and, given that the upper bound in Theorem 3.1
is in terms of the number of parts of the complete multipartite graph, whether the number
of parts plays a role in this classification. In this section, we provide a family of complete
multipartite graphs with an arbitrarily large number of parts that are interval colorable.

Parts of a complete multipartite graph are its maximal independent sets. Let G be a
graph K, s, . s+ With k parts of size s and k parts of size t. We say that G has m = 2k
parts. Then, we denote the parts of G by Ay, By, ..., Ay, Bg, where |A;|= s and | B;|= t for
every i € [k]. The set of edges between parts A and B is denoted by E(AB) to simplify the
expressions in the rest of the section. If A and B are parts of G where V(A) = {z1,..., x5}
and V(B) = {y1,...,y:}, then we say that we color E(AB) sequentially with shift o if the
edge z;y; is assigned color a4+ j — 1 for every i € [s], j € [t]. Notice that, in this case,
colors on edges incident to x; are a+14,...,a+i+t—1, and colors on edges incident to y;
are «+J,...,a+ 7+ s— 1. In matrix form, the sequential coloring with shift o between
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parts A and B is presented in Table 1.

Suppose that vertices of A and B are incident with some already colored edges. We
will say for short that we extend the coloring sequentially to color E(AB) in the following
way. Let 44 — 1 be the maximum color incident with z; (i € [s]), and let 3+ j — 1 be
the maximum color incident with y; (j € [t]). Then color E(AB) sequentially with shift

B.
Table 1. The sequential coloring with shift a in matrix form
X1 X9 T
1| a+1 a+2 a+ s
Yo | v+ 2 a—+3 a+s+1
|l at+t | a+t+1|-- a+s+t—1

Additionally, in the following proofs, we will assume that the vertices are labelled (since
this labelling is needed for the sequential coloring to be well-defined). More precisely, if
the parts of the graph K, <. are Ay, By, ..., Ay, By, where |A;|= s, |B;|=t, then let
V(A) =A{xi1, ..., x5} and V(B;) = {yi1, ..., v} for all i € [K].

It follows from Theorem 3.1 that g (Ks¢) = 1 for s,¢ > 1. To present the basic case
of the coloring used later in the section, we recall the proof of this result. Let (A, B) be
the bipartition of G' and vertices labelled as described above. Color E(AB) sequentially
with shift 0, and observe that this is a proper interval coloring of G. Now, we extend this
approach to complete multipartite graphs with a larger number of parts.

Table 2. The edge-coloring of K4 343

T11 | 12 | T1,3 | P14 | Y11 | Y12 | Y1,3 | T2,1 | X22 | 23 | T24 | Y21 | Y22 | Y23
1,1 1 2 3 4 5) 6 7 8 9 10
T1,2 2 3 4 5) 6 7 8 9 10 | 11
T1,3 3 4 ) 6 7 8 9 10 | 11 | 12
T1,4 4 5) 6 7 8 9 10 | 11 | 12 | 13
Y11 1 2 3 4 8 9 10 11 ) 6 7
Y1,2 2 3 4 ) 9 10 11 12 6 7 8
Y1,3 3 4 ) 6 10 | 11 12 13 7 8 9
o1 | 4 5 6 7 8 9 10 1 2 3
Too | D 6 7 8 9 10 | 11 2 3 4
To3 | 6 7 8 9 10 | 11 | 12 3 4 5)
Toa | 7 8 9 10 | 11 | 12 | 13 4 5) 6
Y21 8 9 10 11 5) 6 7 1 2 3 4
Y2,2 9 10 11 12 6 7 8 3 4 )
Y23 | 10 11 12 13 7 8 9 3 4 5) 6

Lemma 3.2. For s,t > 1, the graph K, s, s interval colorable.
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Proof. Using the notation defined above, for i € [2], color E(A;B;) sequentially with shift
0, color E(A;A,) sequentially with shift ¢, color F(A;Bs) sequentially with shift s + ¢,
color F(BjBs) sequentially with shift s, and color F(A3B;) sequentially with shift s + ¢.
For an example with s = 4 and ¢t = 3, see Table 2.

Using the above coloring, the colors on edges incident with z;; are ¢,...,71 +1¢ — 1,
t+t...,i+s+t—1,1+s+t,...,i +s+ 2t — 1, which is an interval with no color
occurring more than once. The interval property can be similarly verified at each of the
other vertices. Thus, fint(Kszs:) = 1. O

Theorem 3.3. If m = 2° for some ¢ > 1, then the complete multipartite graph Kotst. st
with m parts is interval colorable.

Proof. For the cases where m = 2 or m = 4, see Lemma 3.2 and the example before it.
We give an algorithmic proof for m = 2! when ¢ > 2 that the graph Ksy. st With m
parts is interval colorable. First, we describe some general conventions used in the rest of
the proof.

For the sake of notation, we use matrices to describe the set of colors assigned to edges
between parts. We will define an n x n matrix (with n being the number of vertices in
the graph) with rows and columns indexed by the vertices in the graph. We will call this
matrix the coloring matrix. Note that, by symmetry, we only need to describe the entries
of the coloring matrix above the main diagonal, since the entries below the main diagonal
are obtained by transposing the coloring matrix. For i € [%], let A; and B; be the parts
of size s and t, respectively. The rows and columns of the coloring matrix will follow the
ordering Ay, By, Az, By, ..., Am, Bm. Denote by 05 and 0; the zero matrices of size s x s
and t x t, respectively. Let X, be the s x s matrix recording the sequential coloring with
shift (k — 1)s + kt, for k > 1, on the edges between two parts of size s. Let X;; be the
t x t matrix recording the sequential coloring with shift ks + (k — 1)¢, for £ > 1, on the
edges between two parts of size t. Let Y (similarly, Y;x) be the s x ¢ (resp. t X s) matrix
recording the sequential coloring with shift ks + kt, for £ > 0, on the edges between a
part of size s and a part of size t. For example, see Table 3. The rows and columns of
each of these matrices are indexed by the vertices in the corresponding parts. Note that
a particular row or column of the coloring matrix gives the colors assigned to all of the
edges incident with the corresponding vertex.

Table 3. The edge-coloring of K, ; s+

A | By | Ay | By
Ar| 05 | Yso | Xsa | Ysn
Bi| Yio | 0 | Yi1 | Xia
Ay | Xs1 | Yen | 0s | Yio
By | Yia | Xen | Yio | O

Now, in a particular row of Y, the colors that occur in that row are ks + kt + ¢, ks +
kt+i+1,... ks+kt+i+t—1=ks+ (k+1)t+i—1, as in the definition of sequential
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coloring. Similarly, those that occur in a particular row of X, 41 are ks + (kK + 1)t +
iks+(k+1t+i+1,...ks+(k+1)t+i+s—1=(k+1)s+ (k+1)t+i—1. From
this, it is clear that the colors in any row of the coloring matrix formed from submatrices
Y0, Xs1,Ys1,. .., Xsp, Yy, for some r > 1, form a set of consecutive integers.
Additionally, in a particular row of Y, the colors that occur in that row are ks +
kt + jks+kt+j54+1,...0ks+kt+j+s—1=(k+1)s+ kt+j— 1, as in the
definition of sequential coloring. Similarly, those that occur in a particular row of X, ;41
are (k+1)s+kt+j, (k+1)s+kt+5+1, ..., (k+1)s+kt+j+t—1 = (k+1)s+(k+1)t+j—1.
From this, it is clear that the colors in any row of the coloring matrix formed from
submatrices Y; o, Xi1, Y1, ..., Xy, Yer, for some r > 1, form a set of consecutive integers.
A similar argument shows that any column formed by submatrices
Y0, X1, Y51, -, Xiy, Yo, and by Vi, Xs1, Y1, ..., Xsr, Yy, for some r > 1, also forms
a set of consecutive integers.
Therefore, we can use the matrices X5, X; 1, Ysr and Y, to generate an interval col-
oring of the complete multipartite graph with the described number of parts as follows.
Let m = 271 for ¢ > 2. We partition the parts into two sub-parts
M, = {A, By, ... ,A%, B%} and M, = {A%_H, B%_H, ce ,A%, B%} By the algorithm
described above, we color the edges with both ends in M;, i € [2]. Thus, all that remains is
to color the edges with one endpoint in M; and the other in Ms. To do this, we extend the
coloring in the rows corresponding to A; and B; to M, sequentially using X i, Xi r, Ys i,
and Yy, with k € {7},..., 5 — 1}. See Table 4 for the case when ¢ = 2.

Table 4. Initial coloring step of m = 8

Al Bl A2 BQ A3 Bg A4 B4
Al Os }/;,O Xs 1 sz,l XS,Z sz,2 Xs 3 sz,S
Bi| Yio | 0 | Yin [ Xin | Yio | Xio | Yig | Xis
AQ Xs 1 Y:G 1 Os Y:G 0

)

By | Yii | Xeq | Yio | O

As | Xso | Yio Os | Yso | Xs1 | Ysn
By | Yio | Xio Yio | 0¢ | Yi1 | Xin
Ay | Xoz | Y3 Xe1 | Ys1 | 05 | Yoo
By | Yig | Xis Yii | Xen | Yoo | O

Take each 2 x 2 submatrix with rows corresponding to A; and B; and copy it to color
the diagonal and off-diagonal 2 x 2 blocks in the unfilled submatrix corresponding to the
rows corresponding to Ay and By. See Table 5 for the case £ = 2 and Table 6 for the case
(= 3.

Repeat the same method for the 4 x4 submatrices corresponding to the rows A;, By, As,
By to complete the submatrices corresponding to the rows As, Bz, A4, By. See Table 7
for the case when ¢ = 4. We repeat this process for 2/ x 27 submatrices for j € [%]
corresponding to A, By, ..., A;_1, B;_; until we fill in the whole matrix.

Now, each row of the coloring matrix has one occurrence of each of the matrices in

either the sequence Y o, X51,Y51,..., X5, Ys, or the sequence Y, o, Xy 1, Y1, ..., Xop, Vi
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mo__

2
at the edges incident to each vertex. Thus, we have constructed an interval coloring of

for r = 1 and, as described above, this corresponds to an integral interval of colors

Kstst,..s¢ with m parts. This completes the proof. O

Given that the impropriety of any complete multipartite graph is either one or two, the
following question naturally arises.

Question 3.4. Is there a characterization of the complete multipartite graphs that are
interval colorable?

Note that Theorem 3.3 provides a step towards such a characterization.

Table 5. Matrix showing the edge colors of K ¢ st s.t.5.t

Ay B, | Ay | By | A3 | By | Ay | By
A 0s | Yoo | Xo1 | Y1 | Xoo | Yeo | Xoz | Yo
By | Yio | 0 | Yix | Xin | Yip | Xeo | Yig | Xis
Ay | Xsp | Yor | Oy | Yeo | Xoa | Yiz | X2 | Yio
By | Yixa | Xen | Yio | O | Yiz | Xis | Yio | Xio
As | Xso | Yoo | Xss | Yssz | 05 | Yoo | Xsa | Ysu
By | Yio | Xio | Yig | Xos | Yo | O | Y1 | Xia
Ag | Xos | Yoz | X | Yoo | Xon | Ysn | 05 | Yio
By | Yig | Xig | Yio | Xoo | Yir | X1 | Yo | Of

Table 6. Initial coloring for m = 16

A | Bl | Ay | By | A3 | By | Ay | By | As | Bs | Ag | Bs | Ay | By | As | Bg
A 0 | Yoo | Xon | Yo | Xeo | Yap | Xos | Yoz | Xoa | Yeu | Xos | Y5 | Xog | Yee | Xo | Yir
Bi | Yip | 0 | Yii | Xen | Yio | Xip | Yiz | Xes | Yia | Xoa | Yis | Xos | Yie | Xis | Yir | Xeg
Ay | Xs1 | Ysn | 05 | Yoo | Xos | Yoz | Xso | Yao | Xos | Y5 | Xoa | Yeu | Xsg | Yar | Xsg | Yse
By | Yin | Xin | Yio | O | Yig | Xyz | Yig | Xio | Yis | Xis | Yia | Xia | Yir | Xor | Yie | Xig
As | Xgo | Yoo | Xoa | Yoz | 0 | Yoo | Xo1 | Yeu
By | Yio | Xio| Yizg | Xi3| Yio | 00 | Yia | Xia
Ay | Xss | Yo | Xoo | Yoo | Xoa | Ys1 | 05 | Yio
By | Yig | Xi3 | Yip | Xip | Yiu | Xen | Yio | O

As | Xoa | You | Xos5 | Yes Os | Yoo | Xon | You | Xso| Yoo | Xoz| Y3
Bs | Yia | Xpa | Yis | Xis Yio| 00 | Yiq | Xoa | Vi | Xio | YVis | X3
Ag | Xos | Yos | Xoa | You Xoa | Yor | 05 | Yoo | Xea| Yiz | Xoo | Yo
Bs | YVis | Xis | Yia | Xia Yiio | Xen | Yio | 0 | Yig | Xisz | Yio | Xio
A7 | Xoo | Yao | Xoz | Yoz Xeo | Yoo | Xog | Y3 | 05 | Yoo | Xon | Yin
By | Vi | Xig | Yir | Xug Yio | Xio| Vig | Xus | Yio | O | Vi1 | Xia
As | Xo7 | Yor | Xoo | Yeg Xes | Yoz | Xoo | Yoo | X1 | Ysu | 05 | Yepo

Bs | Yiz | Xz | Yig | Xig Yig | Xog | Yo | Koo | Yin | Xoq | Yio | O
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Table 7. Matrix showing the edge colors of K, ; . s: with 24 = 16 parts

A | By | Ay | By | A3 | Bs | Ay | By | As | Bs | As | Bs | A7 | By | As | Bs
A 0 | Yoo | Xon | Yeu | Xeo | Yep | Xoa | Yoz | Xea | You | Xos | Y5 | Xog | Yo | Xog | Yr
By | Yio | 0 | Vi1 | Xo1 | Yig | Xio | Yis | Xos | Yiu | Xoa | Vis | Xus | Yie | Xio | Yir | X7
Ay | Xon | Yor | Os | Yoo | Xog | Yoz | Xop | Yo | Xos | Yis | Xou | Yeu | Xo7 | Yor | Xoo | Yig
By | Yin | Xen | Yip | O | YVig | Xos | Yio | Xoo | Yis | Xis | Yia | Xoa | Yir | Xog | Yie | Xis
Az | Xoo | Yoo | Xoa | Yez | 0o | Yoo | Xo1 | Yeu | Xeg | Yie | Xog | Yor | Xea | You | X5 | Yis
By | Yio | Xio| Yig | Xiz | Yio | O | Yig | Xeq | Yie | Xio | Vi | Xog | Yea | Xoa | Yis | Xus
Ay | Xz | Yos | Xoo | Yoo | Xon | Yan | Os | Yoo | Xor | Yer | Xog | Yo | Xos | Yo | Xoa | Yiu
By | Yig | Xis | Yip | Xeo | Yin | Xen | Yoo | O | Yir | Xeo | Yie | Xoo | Yis | Xis | Yea | Xia
As | Xoa | You | Xop | Yas | Xogo | Yoo | Xog | Yor | Os | Yio | Xon | You | X | Yo | Xo3 | Yes
Bs | Yia | Xia | Yis | Xios | Yie | Xew | Yir | Xez | Yio | O | Yin | Xin | Yio | Xio | YViz | Xi3
As | Xos | Yos | Xoa | You | Xog | Yar | Xog | Yoo | Xon | Yor | Os | Yoo | Xog | Yz | Xoo | Yoo
B | Vis | Xos | Yia | Xea | Vg | Xor | Vi | Xug | Yir | Xen | Yio | O | Vi | Xyn | Yio | Xio
Ar | Xoo | Yoo | Xog | Yr | Xoa | You | Xos | Yas | Xeo | Yo | Xoa | Yaz | 05 | Yo | Xo1 | Yan
By | Yie | Xig | Yip | Xiz | Yia | Xou | Yis | Xis | Yip | Xip | Vig | Xis | Yio | O | Vi1 | X
Ag | X | Yor | Xog | Yo | Xos | Yo | Xoa | You | Xeg | Yz | Xoo | Yoo | Xo1 | Yan | O | Yoo
Bs | Yig | Xoz | Yig | Xig | YVis | Xis | Yia | Xoa | Yig | Xig | Yig | Xoo | Yiu | Xy | Yio | O

4. k-trees

A k-tree is a graph obtained from Ky, by repeatedly adding vertices in such a way that
each added vertex v has exactly k£ neighbors U, where U is a clique. For example, 1-trees
are exactly trees, 2-trees are maximal series-parallel graphs, and include the maximal
outerplanar graphs. Planar 3-trees are also known as Apollonian networks.

Every tree has impropriety 1, by Theorem 2.6. In this section, we study the impropriety
of 2-trees and of a subfamily of planar 3-trees.

4.1.  2-trees

We begin by determining an upper bound on the impropriety of a general 2-tree, before
restricting our focus to two particular subclasses of 2-trees.

Theorem 4.1. If G is a 2-tree with A(G) > 3, then i (G) < {#W

Proof. Let GG be a minimal counterexample to the statement with respect to the number
of vertices. So G is a 2-tree with A(G) > 3 and pn(G) > [@W If A(G) =3, then G

is a diamond graph which satisfies i (G) =1 = EW, so it is not a counterexample; see
Figure 1.

Fig. 1. A diamond graph and its interval coloring with impropriety 1

If 4 < A(G) < 5, then by Theorem 2.5, uint(G) < 2 = {@W Therefore, A(G) > 6
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for the minimal counterexample G.

Let v be a vertex of degree 2 in G. Note that v can be considered as the last vertex
added to G in the process of obtaining a 2-tree, so N(v) = K,. Let N(v) = {u,w} and
uw € E(G). Since v is the last vertex added to G, G —v is also a 2-tree. Since A(G) > 6,

we have A(G —v) > 5 and py (G — v) < {#-‘ by the minimality of G. Let ¢ be a

k-improper interval coloring of G — v, where k < [w X

Now, we can construct the coloring ¢' of E(G) in the following way. First, for e €

E(G —v), we let ¢'(e) = ¢(e). Let x = p(uw) = ¢'(uw). Then at least one of the colors

in {x—1,2,x+ 1} appears at most {w-‘ —-1< [#W — 1 times on the edges incident

to u (and by symmetry, to w). Let x, (resp. z,) be a color in {z — 1,2,z + 1} that

AG)

appears at most { 3

— 1 times on the edges incident to u (resp. w).

If x, = z, then assigning ¢'(uv) = z, and ¢'(wv) = z,, provides us a [@W -improper
interval coloring of G, which is a contradiction.

Suppose x,, = ¢ — 1 (resp. x, =z +1). If x,, = x — 1 (resp. x, = x + 1), then
assigning ¢'(uv) = =z, and ¢'(wv) = z,, provides us a {#W -improper interval coloring
of G, which is a contradiction. If z,, # x — 1 (resp. z,, # = + 1), then that means x — 1
(resp. = + 1) appears on an edge incident with w. Thus, there is at least one color in

A(G)

{r—2,x—1,2} (resp. {x+2,2+1,2}) appearing at most [TW — 1 times on the edges

incident to w. Let this color be 2/ . Then assigning ¢'(uv) = x,, and ¢'(wv) = z!, provides
us a [#W -improper interval coloring of GG, which is a contradiction. This concludes the

proof. O

Note that the smallest 2-tree and the only one with A(G) = 2 is K3, and pin(G) =
2 > 1= [2]. Thus the condition that A(G) > 3 in the preceding theorem is justified.
Moreover, we were not able to find any 2-tree with impropriety strictly greater than 2.
On the other hand, there are clearly 2-trees with impropriety 2, for example K3. Thus

we pose the following conjecture.
Conjecture 4.2. If G is a 2-tree, then p:(G) < 2.

We note, however, that such a bound does not exist for the larger class of 2-degenerate
graphs, graphs for which every subgraph has a vertex of degree at most 2 |3, Theorem
3.8]. In the following we provide a better bound for two subfamilies of 2-trees, supporting
Conjecture 4.2.

For n > 1, the square of a path P, is the graph G with vertices V(G) = V(FP,) and edges
E(GQ) = {uv:dp,(u,v) < 2}. Observe that the unique 2-tree on 4 vertices (a diamond) is
the square of P;. Notice also that if n > 5, then G contains a vertex v of degree 2, such
that Ng(v) = {x,y}, zy is an edge of G, dg_,(z) = 2 and dg_,(y) = 3.

Proposition 4.3. If G is the square of a path P,, n > 4, then i (G) = 1.

Proof. Let G be the minimal counterexample with respect to the number of vertices.
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Then |V(G)|> 5 since the diamond graph is interval colorable. Let v be a vertex of
degree 2, such that Ng(v) = {z,y}, zy € E(G), dg_,(x) = 2 and dg_,(y) = 3. Notice
that G — v is the square of P, ;. Then, by the minimality of G, p(G —v) = 1. Let ¢
be an interval coloring of G — v, and let ¢(zy) = a. By a short case analysis, the coloring
of G — v can be extended by appropriately coloring edges vx and vy to give ui(G) = 1.
See Figure 2 for the analysis of different cases.

Fig. 2. Case analysis for Proposition 4.3

O

Note that squares of paths are a special case of 2-paths [20, 26]. A 2-path is an
alternating sequence of distinct edges and triangles (eg,t1,eq,ts,...,€,), starting and
ending with an edge, such that ¢; contains exactly two of the distinct edges in the sequence,
e;—1 and e;. For example, see Figure 3.

Fig. 3. An example of a 2-path

Proposition 4.4. If G is a 2-path, then pin(G) < 2.

Proof. Let (eg,t1,e1,10,...,¢,) be the sequence defining GG. Define an edge-coloring
¢: E(G) — N in the following way. For every i € {0} U [n], let ¢(e;) = i, and for every
i € [n], color the remaining edge of t; with color i.
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Let v € V(G). By definition of a 2-path, there exist indices 0 < a < b < n such that
v is incident to e; if and only if @ <7 < b. Thus v is incident to a triangle ¢; if and only

if max{a,1} < j < min{b+ 1,n}. Hence, the colors on edges incident to v are a,...,b
and max{a, 1},..., min{b+1,n}. This is an interval and each color occurs at most twice.
Therefore, iy (G) < 2. O

4.2.  llerated triangulations

In this section we consider a subfamily of 3-trees. The n-th iterated triangulation (n) is
the plane graph defined as follows. The graph K3 is (0) For each 7 > 0, obtain (i+ 1) from
(z) by adding a new vertex vy to the interior of each inner face f of (z) and connecting vy
with each of the three vertices on f. For example, see Figure 1. Note that (n) is a planar
graph, and the boundary of each face of (n) is a 3-cycle. In addition, (n) is a special case
of the Apollonian network, sometimes called the complete Apollonian network. Recall
that Apollonian networks are precisely the planar 3-trees.

() (1) 2

Fig. 4. Tllustrations for Tr(0), Tr(1), and Tr(2)

Theorem 4.5. For every n > 1, pin(Tr(n)) < {A(Tg(n))-"

Proof. By observing a construction of Tr(n), we see that Tr(n) contains Tr(i) for all
i € {0} U[n]. Fori € [n], let us call the vertices in V(T'r(i)) \ V(i — 1)) € V((n)), the
i-th vertices in T'r(n).

Let C' = vjvouzv; be a 3-cycle that is the boundary of the outer face of Tr(n). Then
C'is a Tr(0). Let ¢ be the edge coloring of C' defined by ¢(viv2) = 1, p(vov3) = 2, and
o(vgv1) = 3.

For each ¢ € [n], given the edge coloring ¢ of Tr(i — 1), we color the edges of Tr(7)
by giving colors as follows. Let v be a i-th vertex in 7r(n). Then v is located inside the
face f of Tr(i — 1). Let Cy = ujugusu; be the boundary of the face f. Then for each
J € [3], we let p(vu;) = h, where h € [3]\ {p(uju;t1), p(uj_1u;)} and the addition in the
subscript is modulo 3.

Then for each v € V(Tr(n)), edges incident with v will receive all three colors in [3]
appearing periodically, in the counterclockwise direction. For example, the edges incident
with v will receive z, y, z, z, y, 2, ..., where {z,y, 2} = [3]. Therefore, ¢ is a k-improper
interval coloring of T'r(n), with k£ < [ww O
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Note that the theorem does not hold for 7'r(0), since Tr(0) = K3 and thus has impro-
priety 2 > (%W

5. Outerplanar graphs

An outerplanar graph is Class 1 unless it is an odd cycle. In [8], Casselgren and Petrosyan
proved the following theorem on the impropriety of an outerplanar graph with respect to
the maximum degree.

Theorem 5.1 ([8]). If G is an outerplanar graph, then i, (G) < [#W + 1.

They also made the following conjecture, and proved that the Conjecture 5.2 is true
when A(G) < 8.

Conjecture 5.2 ([8]). If G is an outerplanar graph, then pi(G) < 2.

This conjecture is sharp if true since every odd cycle has impropriety exactly 2. In this
section, we improve Theorem 5.1. Note that this result proves that Conjecture 5.2 is true
when A(G) < 10. We will make use of the following lemma.

Lemma 5.3. Suppose G is a 2-connected outerplanar graph such that every 2-vertex in
G s on a 3-cycle. Then there is a 2-vertex in G that has a neighbor of degree at most 4.

Proof. Assume that G is an outerplanar graph not satisfying Lemma 5.3. Then each
neighbour of a 2-vertex has degree at least 5. Denote by S the set of all 2-vertices. Then,
every other vertex in the graph may have at most two neighbors from S. Thus, the graph
G \ S is an outerplanar graph of minimum degree 3, a contradiction. [

Theorem 5.4. For any outerplanar graph G with A(G) > 6, pin(G) < {ﬁ-‘

Proof. Let G be a minimal counterexample to the statement with respect to the number

of vertices. So G is an outerplanar graph with A(G) > 6 and i (G) > [@W

Claim 1. G is 2-connected.

Proof. Suppose on the contrary that G not 2-connected.
If G is disconnected, and G is a disjoint union of two subgraphs G; and G,, then by
the minimality of G, pin(Gh) < [%W and fui(Ge) < {%W This implies pn(G) <
A(G)

TW’ which is a contradiction. Thus, G is connected.

Let v be a cut vertex of GG, and let GG; and Gy be two subgraphs of G such that

V(G1)NV(G2) = {v}. By the minimality of G, 11, (G1) < [@W and puin(Ge) < {#W

We shift the colors of Gy appropriately so that the colors on the edges incident with v

form an interval. This implies that 1;,,(G) < [%W, which is a contradiction. O
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Since G is a 2-connected outerplanar graph, by Lemma 5.3, G has a 2-vertex v that is
either
(i) on a 3-cycle vuw such that dg(u) < 4, or;

(ii) not on a 3-cycle.
Case 1. Suppose (i) holds. Then G has a 2-vertex that is on a 3-cycle vuw such that

dg(u) < 4. By the minimality of G, G — v has an [%G)W -improper interval coloring ¢.

5
Since dg_,(u) < 3, we may assign p(vu) € {z,z + 1} so that the interval property at

A(G)
5

Since A(G) > 6, pint(G) > {%—‘ > 2. Let p(uw) = z.

u is preserved and the impropriety at u is still at most [ -‘ If assigning p(vw) = z
A(G)

s —‘, then it is a contradiction that

does not make the impropriety at w greater than {

pint (G) > [@W Thus, assigning ¢(vw) = = makes the impropriety at w greater than

[%GW, and this means that w is incident with at least {@W edges in G — v that are

A(G)

B -‘ edges in G — v that are

colored = by (. Similarly, w is incident with at least [
colored =z 4 1 by ¢.

Since dg_,(u) < 3, we may assign p(vu) € {z+1,x+2} so that the interval property at

u is preserved and the impropriety at u is still at most [ﬁ-‘ . If assigning p(vw) = z+2

does not make the impropriety at w greater than {@W, then it is a contradiction that

Lint(G) > [%W Thus, assigning p(vw) = x + 2 makes the impropriety at w greater

than @ , and this means that w is incident with at least {@W edges in G — v that

are colored = + 2 by .

Since dg_,(u) < 3, we may assign ¢(vu) € {x,x — 1} so that the interval property at u
AG)

is preserved and the impropriety at w is still at most { 5 W If assigning p(vw) =z — 1

does not make the impropriety at w greater than {@W, then it is a contradiction that

fing(G) > {@1 Thus, assigning p(vw) = x — 1 makes the impropriety at w greater

AG)

than | 2&) , and this means that w is incident with at least { s

5
are colored z — 1 by .

-‘ edges in G — v that

By the above arguments, w is incident with at least 4 - {@

colored by a color in {z — 1,z,2 + 1,2 4+ 2}. Since there are at most A(G) — 1 edges in
A(G)
5
x — 2 by ¢. Thus, we may assign ¢(vu) € {x — 1,2 — 2} and p(vw) = = — 2, and obtain
A(G)

an [TW -improper interval coloring ¢ of GG, which is a contradiction.

Case 2. Suppose (ii) holds. Then G has a 2-vertex v that is not on a 3-cycle. Let

-‘ edges in G — v that are

G — v that are incident with w, w is incident with less than { —‘ edges in G — v colored

Ng(v) = {u,w}. Since v is not on a 3-cycle, uw ¢ E(G). By the minimality of G,

G — v + uw has an [%G)W—improper interval coloring ¢. Let p(uw) = x. Then by

assigning p(vu) = @(vw) = x, ¢ becomes an {%W -improper interval coloring of G,

which is a contradiction. O
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6. Corona products

Let G and H be graphs, with V(G) = {v1,vs,...,v,}. First introduced by Frucht and
Harary [11], the corona product of G and H, denoted by G ® H, is the graph obtained
by taking G and n disjoint copies of H, say Hy, Ho, ..., H,, and for each i € [n], adding
the edge v;z for every x € V(H;). Note that K; ® H is obtained from H by adding a
universal vertex to H. See Figure 5 for an example of the corona product Cy ® Ps.

Fig. 5. The corona product Cy ® P;3

We first determine an upper bound on the impropriety of some corona products of the
form K; ® H, where the graph H belongs to one of several well-known classes of graphs.
After establishing this result, we expand it to an upper bound on the impropriety of
G ® H, where (G is any arbitrary graph.

Theorem 6.1. Let H be a graph that is one of the following:
(1) a path Py,
(2) a cycle Cy,
(3) a star Sk,
(4) a spider SP, (k<4).
Then i (K7 © H) < 2.

U1 V2 U3 Vg
x

Fig. 6. Illustrations of G = K1 ® H, where H is path on k vertices or H is a star with &k leaves

Proof. (1) Let H be a path vjvs...v,. Let G = Ky ® H be obtained by attaching a
universal vertex x to every vertex of H. See Figure Ga. Let us define ¢ : E(G) — N by
the following rule. For each i € [k — 1], let p(v;z) = @(v;v;41) = 4. Let p(vpx) = k. Then
¢ is a 2-improper interval coloring of G. Thus, i (G) < 2.
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(2) If H is a cycle, then K7 ® H is a wheel graph, which has impropriety at most 2 by
Theorem 2.7. Thus, uin(G) < 2.

(3) Let H be a star with its center vertex y and leaves vy, vg, ..., v;. Let G = K1 © H
be obtained by attaching a universal vertex = to every vertex of H. See Figure 6b. Let
us define ¢ : F(G) — N by the following rule. For each i € [k], let p(yv;) = p(zv;) = i.
Let o(zy) = k + 1. Then ¢ is a 2-improper interval coloring of G. Thus, p(G) < 2.

(4) Let H be a spider graph with center v and four legs (uq, us, . .., ug), (Wi, we, ..., wy),
(y1,92,---,Ys), and (z1, z2,...,2). Let G = K7 ® H be obtained by attaching a universal
vertex = to every vertex of H. See Figure 7. Let us define ¢ : E(G) — Z by the
following rule. Let p(zv) = 0, p(vuy) = p(zur) = e(vwy) = p(zw;) = 1, and p(vy;) =
o(xyr) = p(vz1) = p(xz1) = —1. For each ¢ € [k — 1], let p(ui1w;) = @(uipz) =i + 1.
For each i € [0 — 1], let p(wiw;) = p(wix) = i+ 1. For each i € [s — 1], let
©(Yir19i) = ©(yip1x) = —(i+1). For each i € [t — 1], let ©(2zi112;) = p(zip12) = —(i +1).
Then ¢ is a 2-improper interval coloring of G. Thus, i (G) < 2.

Fig. 7. Nlustration of G = K7 ® H, where H is a spider graph with four legs

The case for a spider graph with less than four legs follows analogously from the above
proof. O

As a corollary to Theorem 6.1, we obtain the following result.

Corollary 6.2. Let H be a graph that is one of the following:
(1) a path Py,
(2) a cycle Cy,
(3) a star Sk,
(4) a spider SPy (k <4).
Then for any graph G, pin(G © H) < max{2, pin(G)}.

Proof. Note that G ® H is obtained by identifying each vertex of G with a universal
vertex of a copy of K1 ® H. Let ¢ be a p(G)-improper interval coloring of G. By
Theorem 6.1, for each v € V(G), we can extend ¢ into a copy of K1 ® H with impropriety
at most 2. This can be done by increasing the colors used in the improper interval coloring
of each copy of K1 ® H so that the minimum color assigned to an edge incident with the
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universal vertex is one greater than the maximum color assigned by ¢ to an edge in E(G)
incident with the corresponding vertex in G. Thus, pin(G © H) < max{2, uin(G)}. O

We present an example of a corona product of two graphs that attains this upper bound.

Example 6.3. Consider the graph G = C3 ® P,. Let u,v, w be the vertices of C3 and
a;, b; the vertices of each copy of Py, for i € {u,v,w}. See Figure 8. We will show that
there does not exist an interval coloring of G, and then construct a 2-improper interval
coloring. Observe that 2 = max{2, uin(C3)}.

Fig. 8. The corona product C5 ® P, in Example 6.3

Suppose, without loss of generality, that the edge a,b, receives color . Then the edges
ua,, and ub, must receive the colors x —1 and z+1 in an interval coloring of G. Moreover,
one of uv and ww must also receive color x. Without loss of generality, assume that uv
receives color . This means that the edge uw must receive either color x — 2 or z + 2.

Now, the edges va, and vb, must receive colors different from z, that differ from each
other by exactly 2 (in order to properly color a,b,) and such that the addition of exactly
one color will form an interval with z. The available options are {vr—3,z—1},{z—1,z+1}
and {z + 1,z + 3}.

First suppose that va, and vb, are colored using x —3 and x — 1. Then, in order to form
an interval at the vertex v, the edge vw must receive color x — 2 and thus uw receives
color x + 2, in order to form a proper coloring. However, this means that at vertex w, the
colors © — 2 and z + 2 appear with only two other incident edges left to form an interval.
Thus, an interval coloring is not possible in this case. A similar argument shows that
either of the other two color options for vv, and vb, cannot lead to an interval coloring
of G. Therefore, p;,(G) > 2.

A 2-improper interval coloring ¢ of G can be constructed as follows. Let p(ia;) = 1,
o(ib;) = 3, and ¢(a;b;) = 2 for i € {u,v,w}. Finally, let p(uv) = p(vw) = p(uw) = 2.
Since only the color 2 appears twice at the vertices u, v and w, this is a 2-improper interval
coloring of the graph. Therefore, ;. (G) = 2.

It remains an open question whether there exists an infinite family of graphs G ©® H
with G # K; whose impropriety attains the upper bound of Corollary 6.2.

As a step towards determining the impropriety of the graph G © T', where T is a tree,
we begin by investigating the special case where 7' is a caterpillar. Similar to paths, stars



110 CARR ET AL.

and spiders, we construct a 2-improper interval coloring of K1 ®C', where C'is a caterpillar
and use this to determine an upper bound on p; (G ® C) for any graph G.

Theorem 6.4. Let C be a caterpillar. Then iy (G © C) < max{2, pim(G)}.

Proof. Let vy,vs,...,v; be the vertices of the path obtained by removing the leaves of
the caterpillar C, with vv;41 € E(C) for i € [k — 1].

We construct a max{2, j;,;(G)}-improper interval coloring of GOC, ¢ : E(GOC) — N,
as follows. Let ¢ be a ;n:(G)-improper interval coloring of G. For each edge e € E(G),
let p(e) = B(e).

Let C, be the copy of C corresponding to the vertex x € V(G). Let m(z) be the
maximum value of p(e) over all edges e € F(G) that are incident with z. Now we
color each C, as follows. Let ¢1,{s,...,{. be the leaves in C, adjacent to the vertex v;.
Then, let o(vil;) = m(z) + i for 1 < i < ¢;. Let p(viv2) = m(z) + ¢; + 1. For each
vertex v;, 2 <1 < k, let 4., 19, 0., 43,...,¢., be the leaves in C, adjacent to v;. Let
o(vil;) = m(x)+j, for ¢;_1+2 < j < ¢;. Finally, for 2 <i < k, let p(v;v;41) = m(x)+c¢;+1.

To complete the coloring of G ®C', a color must be assigned to each edge containing one
vertex € V(G) and one vertex in C, the corresponding copy of C. Let p(zvy) = m(z)+1
and ¢(zv;) = m(z) + ¢;-1 + 1, for 1 < i < k. Finally, let p(zw) = ¢(v;w) for every leaf
vertex in w € V(C'), where v; is the vertex adjacent to w in C,. Note that there is no
edge v;w for which ¢(v;w) = m(x) + ¢;_1 + 1, so only the color m(z) + 1 is assigned to
two distinct edges incident with .

The coloring ¢ defines an improper interval coloring. Each vertex in G has at most
max{2, ui:(G)} incident edges that share the same color, two containing vertices in the
corresponding copy of C' and at most y;,;(G) containing other vertices in G. Each vertex
in a copy of C has exactly two incident edges that share the same color. Therefore, ¢ is
a max{2, f;(G) }-improper interval coloring of G ® C. O

So far, we have determined upper bounds on the impropriety of G ® H only when H is
a cycle or belongs to a specific subclass of trees. For an arbitrary graph H, we have the
following upper bound on the impropriety of G ® H in terms of the impropriety of the
graph G and the order of the graph H.

Theorem 6.5. For any graphs G and H, pin:(G © H) < max{un:(G), |V (H)|}.

Proof. We construct a max{p;+(G), |V (H)|}-improper interval coloring of G ® H, ¢ :
E(G® H) — N, as follows. Let ¢ be a p;,:(G)-improper interval coloring of G. For every
edge e € E(G), let p(e) = ¢(e).

For each vertex v € V(G), let H, be the copy of H corresponding to v and let m(v)
be the maximum value of ¢ over all edges in E(G) that are incident with v. Then, for
each vertex w € V(H,), let p(vw) = m(v) + 1. Finally, for every u,w € V(H,), let
o(uw) = m(v) + 2.

This is an improper interval coloring of G ® H. Each vertex in V(G) has at most
max{in:(G), |V (H)|} incident edges that are assigned the same color. Each vertex v in
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each copy of H has at most max{l,dg(v)} incident edges that are assigned the same
color. Since dy(v) < |V(H)| for every vertex v € V(H), it follows that the coloring ¢ is
a max{in:(G), |V (H)|}-improper interval coloring. O

We note that this upper bound on pi;,,(G ® H) is sharp in the case when G is interval
colorable and H = K. These are not the only graphs attaining this bound, as the corona
product C3 ® P, in Example 6.3 has impropriety max{;,:(Cs), |V (P)|} = 2.

Note that the known sharp examples for 6.5 satisfy |V (H)|< 2. If we add the condition
that |[V(H)|> 3 to 6.5, then we obtain a better upper bound on (G © H) as follows.

Theorem 6.6. For any graphs G and H with |V (H)|> 3,
V(H)]
3

Uint (G © H) < max{ i (G), { -‘ JA(H) + 1.

Proof. Let £ = max{pin(G), [@W ,A(H) 4 1}. We construct a k-improper interval

coloring of G ® H, ¢ : E(G ® H) — N, as follows. Let ¢ be a p(G)-improper interval
coloring of G. For every edge e € E(G), let p(e) = ¢(e).

For each vertex v € V(G), let H, be the copy of H corresponding to v and let m(v) be
the maximum value of ¢ over all edges in F/(G) that are incident with v. Since |V (H)|> 3,
we can partition V(H,) into three sets S, 1, Sy2, 5,3, where 1 < |5, ;|< [W-‘ for each
i € [3]. Foreachi € [3] and w € V(S,,), let p(vw) = m(v)+i, and for every u,w € V(H,),
let p(uw) = m(v) + 2.

This is an improper interval coloring of G ® H. Each vertex in V(G) has at most

max{ fin (G), PV(:&—H”-‘} incident edges that are assigned the same color. Each vertex v in

each copy of H has at most 1+dy(v) incident edges that are assigned the same color. Since
dy(v) < A(H) for every vertex v € V(H), it follows that the coloring ¢ is a k-improper
interval coloring. [

Related to Theorems 6.5 and 6.6, we raise a question supported by 6.2 and 6.4.

Question 6.7. For any graphs G and H, is it true that p(GOH) < max{ i (G), tint (H )+
1}7

7. Conclusion and further directions

In this paper, we have improved the upper bounds on the interval coloring impropriety

of several classes of graphs. However, in many cases there remains a significant difference

between the known upper bounds presented here and those that have been conjectured.
In addition to Conjecture 4.2, the following is of interest.

Question 7.1. Does there exist a function [ depending on k, but not on G, such that for
every k-tree G, i (G) < f(k)?

In this article we have continued the study of the impropriety of products of graphs
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initiated by [8] where the Cartesian products of graphs were studied. Considering the
strong products of graphs is a natural choice as well. Note that using the same coloring
as for the Cartesian product in [8, Proposition 4.17] and coloring the rest of the edges
(u1,v1)(ug, v9) using aujug) + B(vive), where a (resp. () is the pn(G)-improper interval
coloring of G (resp. pin (H )-improper interval coloring of H), we get intervals on the edges
incident to each vertex, and the obtained bound is

pint (G B H) < max{ pint(G), pint (H)} + A(G) pint (H) + A(H ) it (G).- (1)
Question 7.2. Can the bound in (1) be improved?

Note that the impropriety is not the only way to attack the difficulty of interval col-
orability. The interval coloring thickness has also been introduced and studied (see for
example [2]), and it would be interesting to see if there is any relation between the interval
coloring impropriety and the interval coloring thickness of a graph.
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