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ABSTRACT

In this paper, we consider two ways of breaking a graph’s symmetry: distinguishing
labelings and fizing sets. A distinguishing labeling ¢ of G colors the vertices of G so that
the only automorphism of the labeled graph (G, ¢) is the identity map. The distinguishing
number of G, D(G), is the fewest number of colors needed to create a distinguishing
labeling of G. A subset S of vertices is a fizing set of G if the only automorphism of G that
fixes every element in S is the identity map. The fizing number of G, Fixz(G), is the size
of a smallest fixing set. A fixing set S of G can be translated into a distinguishing labeling
¢s by assigning distinct colors to the vertices in S and assigning another color (e.g., the
“null" color) to the vertices not in S. Color refinement is a well-known efficient heuristic
for graph isomorphism. A graph G is amenable if, for any graph H, color refinement
correctly determines whether G and H are isomorphic or not. Using the characterization
of amenable graphs by Arvind et al. as a starting point, we show that both D(G) and
Fiz(G) can be computed in O((|V(G)|+|E(G)]|)log|V (G)|) time when G is an amenable
graph.
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graphs)
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1. Introduction

A typical graph G has many symmetries. It can be difficult if not impossible to tell one
vertex from another. A natural thing to do is to label or color the vertices of G so that
the vertices can be distinguished from each other. One option is to just assign distinct
colors to the vertices. But a more interesting option is to take into account the structure
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of G and use as few colors as possible to break G’s symmetries. We consider two ways of
doing this: distinguishing labelings [1| and fizing sets |9, 18, 19].

A distinguishing labeling ¢ of G colors the vertices of G so that the only automorphism
of the labeled graph (G, ¢) is the identity map. The distinguishing number of G, D(G), is
the fewest number of colors needed to create a distinguishing labeling of GG. For example,
D(K,) = n, D(P,) = 2 for n > 2 and D(K,,) = n+ 1. The notion of distinguishing
labelings appeared as early as 1977 when Babai used them to create asymmetric infinite
trees |7], calling them asymmetric colorings. Independently, Albertson and Collins [I]
defined distinguishing labelings and numbers for all graphs in 1996. Since then hundreds
of papers in graph theory and group theory have been published on this topic (e.g., [24],
[23], [17], |28] and references therein).

A subset S of vertices is a fixing set of GG if the only automorphism of GG that fixes every
element in S is the identity map. The fizing number of G, Fiz(G), is the size of a smallest
fixing set. A fixing set S of G can be translated into a distinguishing labeling ¢g by
individualizing the vertices in .9, assigning them distinct colors and assigning another color
(e.g., the “null" color) to the vertices not in S. Thus, D(G) < Fixz(G)+1. Sometimes, the
equality holds but D(G) and Fiz(G) can also be far apart. For example, Fiz(K,) = n—1,
Fiz(P,) = 1 for n > 2 while Fiz(K,,) = 2(n — 1) for n > 2. Erwin and Harary [18]
defined fixing sets and numbers in 2006. Around the same time, Boutin [9] and Fijavz
and Mohar [19] wrote papers on the same subject, calling them determining sets and
numbers and rigid indices respectively. Like distinguishing labelings, many papers have
been written about fixing sets. (e.g., [10, 11, 20, 21| and the survey [8]).

We are primarily interested in the algorithmic aspects of computing distinguishing and
fixing numbers. Let DIST(G, k) denote the problem: “Given a graph G and an integer k,
is D(G) < k7. Define FI1X(G, k) similarly for the fixing numbers. While these problems
are not known to be in P nor to be NP-complete, prior work on the distinguishing num-
bers of trees and forests |1, 16|, planar graphs |4, 3|, interval graphs [14| and unigraphs
[15] suggests that when a graph class has an efficient isomorphism algorithm, D1ST(G, k)
is solvable in polynomial-time. One reason is that many isomorphism algorithms end
up identifying the parts of a graph that are identical, which are also the parts that a
distinguishing labeling must differentiate. Indeed, our strategy in [16, 3, 14| involved re-
purposing the isomorphism algorithms to count the number of inequivalent distinguishing
labelings of a graph. Another reason is that even when a graph class’s isomorphism algo-
rithm is not particularly useful, the fact that it is efficient suggests that the graph has a
nice structure which can be exploited to understand its automorphisms and, consequently,
compute its distinguishing number. This was the case for unigraphs; Tyshkevich’s canon-
ical decomposition theorem [29] was the basis for our linear-time algorithm for computing
the distinguishing number of a unigraph [15]. Our current work falls in this category as
well.

Color refinement is a widely-used efficient heuristic for graph isomorphism. As Grohe
et al. [22]| state, “more advanced graph isomorphism tests and almost all practical iso-
morphism tools use color refinement as a subroutine." To determine if G and H are
isomorphic, the heuristic starts with {V(G) U V(H)} as the initial partition. It then
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refines the partition repeatedly based on the local neighborhoods of the vertices in the
prior iteration. Eventually, no more refinements can be made and the procedure ends.
The heuristic concludes that G and H are isomorphic if and only if G and H have the
same number of vertices in each cell of the final partition. Unfortunately, color refinement
can mistakenly conclude that two graphs are isomorphic when they are not (e.g. Cg and
2C3).

In this paper, we focus on amenable graphs. A graph G is amenable if, for any graph
H, color refinement correctly determines whether G and H are isomorphic or not. That
is, color refinement is the isomorphism algorithm for amenable graphs. Arvind et al. [5]
presented the first combinatorial characterization of amenable graphs and showed that
they can be recognized in O((n+m)logn) time where n = |V (G)| and m = |E(G)|. The
characterization involves meta-structures called anisotropic components which, remark-
ably, form rooted trees. But the graphs induced by the anisotropic components can be
complicated. For our first contribution, we show that a series of transformations can be
applied to the induced subgraphs so that an amenable graph G can be viewed as the union
of celled jellyfish graphs. Since jellyfish graphs are tree-like, we generalize the approach in
[16] to compute the distinguishing number of each celled jellyfish graph. We then combine
the results to determine D(G). The algorithm runs in O((n 4+ m)logn) time.

We also want to compute the fixing numbers of amenable graphs. Since distinguishing
labelings and fixing sets are closely related, one would expect more interaction between
the two topics. Unfortunately, we know of only a few papers where this is the case |2,
11]. For our second contribution, we show that the methodology described above is just
as effective, and less cumbersome, for computing the fixing numbers of amenable graphs
which can also be done in O((n + m)logn) time. In light of this result, we suspect that
the fixing numbers of planar graphs, interval graphs and unigraphs can also be computed
in polynomial time.

Section 2 provides background information and preliminary results about jellyfish graphs.
Sections 3 and 4 tackle the problem of computing the distinguishing numbers of amenable
graphs while Section 5 deals with the fixing number of amenable graphs.

Related works. A graph G is rigid when the only automorphism of G is the identity
map. Notice that D(G) = 1 and F(G) = 0 if and only if G is rigid. Thus, D1sT(G, 1)
and F1x(G,0) is at least as hard as RI1GID, the problem of determining if a graph is rigid.
All three problems are in co-NP since a non-trivial automorphism of G can be used to
verify that D(G) > 1, F(G) > 0 and G is not rigid. In |27], Russell and Sundaram proved
further that RI1GID and DIST(G, k) are in the the class AM, the set of languages for which
there are Arthur and Merlin games. They also noted that it is unlikely that DisT(G, k)
is co-NP hard. No comparable results are known for FIx(G, k). In [6], Arvind et al. also
considered F1x(G, k) from the perspective of parameterized complexity. They showed
that FI1X(G, k) is MINI|1]-hard when parameterized by k. We are not aware of any FPT
results for distinguishing numbers.
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2. Background and preliminary results

We begin by providing background information on color refinement and amenable graphs,
distinguishing labelings and numbers, and fixing sets and numbers. We also present new
results about the distinguishing and fixing numbers of jellyfish graphs which will play an
important role in the latter sections.

2.1.  Color refinement and amenable graphs

Let G be a graph. A partition of V(G) is a collection of its subsets P = {Vi, V,,... Vi }
such that |J, .., Vi = V(G) and V; N V; = ) for i # j. Each element of the partition
is called a cell. A partition is discrete when each one of its cells has size one. Given
partitions Py = {V4,Va,..., Vi } and Py = {Wy, Wy, ..., Wy}, we say Py is coarser than
P, if for each W; there is a V; so that W; C V; and k£ < £.

For X C V(G), let G[X] denote the subgraph of G induced by the vertices in X.
Similarly, for two disjoint subsets X, Y of V(G), let G[X, Y] denote the bipartite subgraph
induced by the vertices in X and Y. A partition P = {V},V,,...,Vi} of V(G) is an
equitable partition of G if, for all V; and for all u,v € V;, the vertices u and v have the
same number of neighbors in every cell V}, including V; itself. That is, G[V] is a regular
graph for each ¢ and G[V;,V}] is a biregular graph for each 7, j. Notice that the discrete
partition of V(G) is always an equitable partition of G while {V(G)} is an equitable
partition of G if and only if G is a regular graph. All the equitable partitions of G
can be ordered using the coarser than relation and form a lattice [25, 26]. Thus, G has
a coarsest equitable partition and a finest equitable partition, the latter of which is the
discrete partition.

Two graphs G and H are isomorphic, G = H, if they are structurally identical. That
is, there is a bijection 7 : V(G) — V(H) that preserves adjacencies — for any two vertices
u,v € V(G), uwv € E(Q) if and only if w(u)w(v) € E(H). The bijection 7 is called an
isomorphism from G to H. When H = G, the bijection 7 is referred to as an automorphism
of G. The automorphism is trivial if it is the identity map Id; otherwise, it is non-
trivial. The set of automorphisms of G, Aut(G), form a group under the composition of
functions so it is called the automorphism group of G. When G and H are colored, their
isomorphisms and automorphisms also preserve colors.

Color refinement or CR (also known as the 1-dimensional Weisfeiler-Leman algorithm)
is a popular heuristic for graph isomorphism [22]. But fundamentally it is an algorithm
that finds an equitable partition of a graph. Given graph G, it starts with an initial
partition Py of V(G). It then refines the partition iteratively until an equitable partition
of GG is obtained. Specifically, at iteration ¢, the partition P; is constructed from the
previous partition P;_; as follows: two vertices are part of the same cell in P; if and only
if they are from the same cell of P;_; and have the same number of neighbors in each cell
of P;_y. The algorithm ends when P; = P;,_;. When Py = {V(G)}, the final partition
Pg is referred to as the stable partition of G. It is clearly an equitable partition. In fact,
it is the coarsest equitable partition of G [25]. Figure | shows an example of how color
refinement works. Color refinement can be implemented in O((n + m)logn) time where
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n = |V(G)| and m = |E(G)| [12].

To determine if two graphs G and H are isomorphic, color refinement is applied to
GUH. If G = H, then |V(G)NX|= |V(H)N X| for every cell X of Pgug. Thus, if there
is some cell X so that |V(G) N X|# |V(H) N X|, the algorithm concludes that G 2 H.
Otherwise, it concludes that G = H. Unfortunately, the latter part can sometimes be
wrong. It is known that CR cannot distinguish two graphs that are fractionally isomorphic
[26] such as Cg and 2C5. For this reason, CR is often just referred to as a heuristic for
graph isomorphism.

%

V4 c Ug
&

Fig. 1. Color refinement is applied to graph G on the left with Py = {V(G)}

Partition P;

{c, v1,v9, V3, vy, Vs, Vg, U7, Vs, Vg, V10 }

{c}, {v1, v2, v3, v4, V5, Vs, V7, U, Vg, V10 }

{c}, {v1, v2,v3, v4, 5, V6, V7, U8}, {Vg, V10 }
{c},{ve, v3,v6,v7}, {v1, V3, V4, U5}, {vg, V10}

WIN| =D =

Nonetheless, as Arvind et al. noted in [5], CR works correctly for some graph classes
like unigraphs and trees. They then investigated the graphs for which CR is a perfect
graph isomorphism algorithm. A graph G is amenable if, for any graph H, CR correctly
determines whether G and H are isomorphic or not. We now present their combinatorial
characterization of amenable graphs.

A graph or a bipartite graph is empty if it has no edges. A matching graph is a graph
of the form r K, for some r > 2. We start with the local structure of amenable graphs.

Lemma 2.1 ([5], Lemma 3). Let G be an amenable graph. The stable partition Pg has
the following properties:

(A) For any cell X € Pg, G[X] is a 5-cycle, an empty graph, a complete graph, a
matching graph or its complement;

(B) For any two cells X,Y € Pg, GIX,Y] is an empty graph, a complete bipartite
graph, a disjoint union of stars sk, where the s centers of the stars are on one side and
the st leaves of the stars are on the other side, or the bipartite complement of the last
graph.

Arvind et al. [5] obtained the above lemma by noting that the G[X]’s and the G[X,Y|’s
have to be regular unigraphs and biregular unigraphs respectively. Otherwise, they can
be replaced by other regular or biregular graphs to create a new graph H, and CR will
not be able to distinguish between G and H.

To understand the global structure of an amenable graph G, we consider the cell graph
C(G) of G. Tt is a complete graph whose vertex set is Pgj; i.e., the vertices are the cells of
Pa. A vertex X of C(G) is homogeneous if G[X] is an empty graph or a complete graph;
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otherwise, it is heterogeneous. An edge XY of C(G) is isotropic if G[X,Y] is an empty
graph or a complete graph; otherwise, it is anisotropic.

It turns out that what matters in C(G) are the anisotropic edges. Starting with
C(G), delete all the isotropic edges. The resulting connected components are called the
anisotropic components of C'(G). The next lemma notes that each anisotropic component
is a tree with some nice properties.

Lemma 2.2 (|5], Lemma 8). Let G be an amenable graph. Then for any anisotropic
component A of C(Q), the following is true.

(C) A is a tree. Furthermore, if A is rooted at a cell whose cardinality is the least, then
for any edge XY where X is the parent of Y, | X|< |Y|. That is, when a path is traversed
from the root down the tree, the sizes of the cells are monotonically non-decreasing.

(D) A contains at most one heterogeneous vertex, and this vertex has the least cardinality
among the cells in A.

Here now is Arvind et al.’s characterization of amenable graphs.

Theorem 2.3 ([5], Theorem 9). A graph G is amenable if and only if G satisfies condi-
tions (A), (B), (C) and (D). Consequently, amenable graphs can be recognized in O((n +
m)logn) time where n = |V(G)| and m = |E(G)]|.

Consider graph G in Figure 1. We show its cell graph C(G) in Figure 2. The induced
graphs G[X;] for i = 1,3, 4 are empty graphs while G[X5] is 2K and the only heterogenous
cell. As for G[X;, X;|’s, with the exception of G[X3, Xy], all the induced bipartite graphs
are empty or complete bipartite graphs. On the other hand, G[X3, X4 is 2K » and is the
only anisotropic edge. Thus, G satisfies conditions (A) and (B).

Xy = {v, v3, V6, v7}

X3 — {Ul,Ug,U4,U5} T T T Xl — {C}
! 7
| 7
I L7
\ i ////
X4 = {Ug,vlo}

Fig. 2. The cell graph C(G) of G in Figure 1. The cells in gray and pink are homogeneous and hetero-
geneous cells respectively. The dashed and thick lines are isotropic and anisotropic edges respectively.
Thus, C(G) has three anisotropic components: X; by itself, X5 by itself and X5 and X4 together

Once the isotropic edges in C(G) are removed, there are three components left: X; by
itself, X, by itself and X3 and X, together. Since the first two components contain only
one cell, they satisfy conditions (C) and (D) trivially. For the third component, | X |< | X3|
so the component should be rooted at X,. There is only one path in the component and
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the cell sizes are monotonically non-decreasing. Furthermore, the component has no
heterogeneous vertices. So the third component also satisfies conditions (C) and (D).
From Theorem 2.3, G is an amenable graph.

2.2.  Distinguishing labelings

Let ¢ : V(G) — {1,2,...,c} be a vertex labeling of G that uses ¢ colors and denote the
labeled graph as (G, ¢). We say that ¢ is a distinguishing labeling if, for every nontrivial
automorphism 7 of G, there is some vertex v so that ¢(v) # ¢(m(v)). In other words, ¢
has broken all the non-trivial automorphisms of G so that Aut(G, ¢) = {Id}.

The distinguishing number of G, D(G), is the fewest number of colors needed to create
a distinguishing labeling of G.

One surprisingly useful method for computing distinguishing numbers is counting. Let
¢ and ¢ be two distinguishing labelings of G. They are equivalent when there is some 7 €
Aut(G) so that ¢(v) = ¢'(n(v)) for each vertex v of G; otherwise, they are inequivalent.
That is, ¢ and ¢ are equivalent if and only if (G, ¢) can be made to look like (G, ¢'). Given
c colors, let D(G, ¢) denote the number of pairwise inequivalent distinguishing labelings
of G that use at most ¢ colors.

Proposition 2.4. Let F'=rG. Then D(F) = min{c: D(G,c) > r}.

Consider F' = rK,. Two colors are needed to create a distinguishing labeling ¢ for
K5. Another distinguishing labeling ¢ of K is inequivalent to ¢ if and only if they use
different pairs of colors. Thus, D(K>,c) = (5) and D(F) = min{c: (5) > r}.

But there is still the question of how D(G, ¢) can be computed in general. When T is
a rooted tree, D(T,c) can be computed recursively as shown in the next theorem. Any
automorphism of 7" maps the root 7(7) to itself so what matters are the subtrees rooted

at the children of r(T).

Theorem 2.5. [4, 16| Let T be a rooted tree and r(T) be its root. Let T contain the
subtrees rooted at the children of r(T). Suppose T has exactly g distinct isomorphism
classes and the jth isomorphism class has m; copies of the rooted tree Tj; i.e., T =
mi Ty UmeTo U---UmgTy,. Then

D(T,¢) = cf[1 (D(fr;i’ C)),

and
D(T) = min{c: D(T,c) > 0}.

Cheng [16] and Arvind and Devanur [1] showed that computing D(7 ¢) for a fixed ¢
can be done in O(n) time. By doing binary search over the range [1,n|, D(T) can be
computed in O(nlogn) time. Seara et al. [13] improved the running time further to O(n).
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Later on, we will encounter graphs that we informally call jellyfish graphs. Every
jellyfish graph J can be described using two graphs H and L. The head of J is H, and H
contains a Hamiltonian cycle. Rooted at each vertex of H is a leg that is isomorphic to L,
a rooted tree. We shall refer to the particular leg rooted at vertex v as L,. No two legs
share a vertex. A consequence of a jellyfish graph’s structure is that every automorphism
of J maps the head to itself and a leg to itself or another leg of J. See Figure 3 for an

./..\x.\/.
./\\ /\\ /\. ) /\. ) ./‘\.\

Fig. 3. An example of a jellyfish graph. The shaded portion is the head. Rooted at each vertex of the
head is a leg. The legs are pairwise isomorphic and disjoint

example.

Let ¢ be a labeling of the jellyfish graph J. Notice that we can specify ¢ by the labelings
it assigns to the legs of J. For v € V(H), let ¢, be the labeling of L, when ¢ is restricted
to its vertices. The leg labelings in turn induce a labeling ¢,,,; on H as follows: for any
v,w € V(H), let ¢proj(v) = dproj(w) if and only if the labeled leg (L, ¢,) is isomorphic
to the labeled leg (L., ¢y,) or, equivalently, there is an isomorphism from L, to L,, that
preserves the labels of ¢. We call ¢,,,; the projection of ¢ onto H. To determine if ¢ is a
distinguishing labeling of J, we have to examine its behavior on each leg L, and the head
H.

Lemma 2.6. Let J be a jellyfish graph with head H and legs isomorphic to the tree L. A
labeling ¢ of J is distinguishing if and only if (i) ¢, is a distinguishing labeling of L, for
each v € V(H) and (i) ¢pro; is a distinguishing labeling of H.

Proof. Let ¢ be a labeling of J. If ¢, is not a distinguishing labeling of L,, then
(Ly, ¢») has a non-trivial automorphism m,. This 7, can be extended to a non-trivial
automorphism 7 of (J, ¢) as follows: let m(a) = m,(a) for every vertex a in L, and let
7(b) = b for every vertex b not in L,. Hence, ¢ is not a distinguishing labeling of J.

Suppose ¢,,,; is not a distinguishing labeling of H. Then (H, ¢,r0;) has a non-trivial
automorphism my. This means that for every vertex v of H, ¢prj(V) = Oproj(mu(v)).
Consequently, there is a mapping 7, from L, to L, ) that preserves adjacencies and
the labels of ¢. When 7y (v) # v, the mapping 7, is an isomorphism; otherwise, 7, is an
automorphism. Regardless, the set {7,,v € V/(H)} can be used to define an automorphism
7w on J that preserves the labels of ¢. Since my is non-trivial, 7 is also non-trivial. As
a result, ¢ is not a distinguishing labeling of J. We have now shown that when ¢ is a
distinguishing labeling of J, conditions (i) and (ii) must hold.

Consider the converse. Assume ¢ is a labeling of J that satisfies conditions (i) and
(ii). Let m be an automorphism of the labeled graph (J, ¢). Clearly, 7 maps H to itself.
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Additionally, for each v € V(H), (Ly,¢,) is isomorphic to (Lz(v), =(v)). This implies
that for each v € V(H), @proj(v) = Pproj(m(v)). That is, 7 when restricted to H is an
automorphism of (H, ¢p0;). From condition (ii), this automorphism is trivial so 7(v) = v
for each v € V(H).

Now, if m(v) = v for each v € V(H), then 7 must map each leg L, to itself. Another
way of putting it is 7 when restricted to L, is an automorphism 7, of (L,,¢,). From
condition (i), m, is trivial. Since this property holds for each v € V(H), = itself must be
a trivial automorphism of (J, ¢). Thus, we have shown that when ¢ satisfies (i) and (i),
¢ is a distinguishing labeling of J. O]

Theorem 2.7. Let J be a jellyfish graph with head H and legs isomorphic to the tree L.
Let D(H) = d*. Then D(J) =min{c: D(L,c) > d*}.

Proof. We create a labeling ¢ of J as follows: Let ¢’ be a distinguishing labeling of H
that uses colors from the set {1,2,...,d*}. Denote as V; the set of vertices v in H so that
¢'(v) =i. Find d* pairwise inequivalent distinguishing labelings of L and denote them as
Y1, 9, ..., g Then for each V; and for each v € V;, label the leg L, with ¢;. By Lemma
2.6, ¢ is a distinguishing labeling of J. The minimum number of colors needed to create
¢ is min{c: D(L,c) > d*} so D(J) < min{c: D(L,c) > d*}.

On the other hand, according to Lemma 2.6, every distinguishing ¢ of J has to have a
projection ¢,,,; that uses at least d* colors. This means that the collection {¢,,v € V(H)}
contains at least d* pairwise inequivalent distinguishing labelings of L. So ¢ has to use
at least min{c: D(L, c) > d*} colors. Hence, D(J) > min{c: D(L,c) > d*}. O

Figure 1 shows an example of a 2-distinguishing labeling of the jellyfish graph in Figure
3. The graph is clearly not rigid so its distinguishing number is 2.

A
A AN ANYA

ATATATATA

Fig. 4. A distinguishing labeling of the jellyfish graph in Figure 3 that uses two colors (gray and black).
Three inequivalent labelings are used on the five legs. They in turn induce a labeling on the head, a
5-cycle, that is distinguishing

2.3.  Firing sets

A subset S of V(G) is a fizing set of G (or S fizes G) if the only automorphism 7 € Aut(G)
such that m(s) = s for every s € S is the identity map. The fizing number of G, Fizx(G),
is the size of a smallest fixing set. We note that Fixz(G) = 0 when G is a rigid graph and
Fiz(G) > 0 otherwise. It is easy to check that the next proposition is true:
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Proposition 2.8. Let S C V(G). Let ¢g be the vertex labeling that assigns distinct colors
to the vertices in S and another color (the “null” color) to the all the vertices not in S.
Then S is a fixing set of G if and only if ¢gs is a distinguishing labeling of G. Thus,
D(G) < Fiz(G) + 1.

Viewing a fixing set as a distinguishing labeling, we shall say that S C V(G) breaks
an automorphism 7 of G if for some v € S, w(v) # v. When S breaks every non-trivial
automorphism of GG, then S is a fixing set of G.

In spite of Proposition 2.8, Fiz(G) and D(G) can be quite different. The main reason
is that distinguishing labelings can reuse colors whereas fixing sets, when viewed as dis-
tinguishing labelings, do not reuse colors with the exception of the null color. Thus, for
many graphs, D(G) is much smaller than Fiz(G). On the other hand, the same reason
makes the computation of Fiz(G) easier than D(G) as illustrated by the results below. In
[18], Erwin and Harary made the following important observation about fixing numbers.

Proposition 2.9. 18| Let A and B contain the connected components of G that are rigid
and non-rigid respectively. Let k be the number of isomorphism classes in A. Then

Fiz(G) =) Fiz(Y) + |A|-k.

YeB

Let Y be a connected component of G. The formula above stems from the fact that
when S is a fixing set of G, SNV (Y') has to be a fixing set of Y too. When Y is not rigid,
|ISNV(Y)|> 1. This is enough to guarantee that if there is another connected component
Y’ isomorphic Y, S also breaks automorphisms of G that map Y to Y’. Thus, for the

components in B, the number of vertices in S'is > Fiz(Y). However, when Y is rigid,
YEB

it is possible for |SNV(Y')|= 0. If Y’ above exists and |SNV (Y")|= 0 too, then S has not
broken all non-trivial automorphisms of G. Thus, for the isomorphism class that contains
Y, all but one of the copies of Y must have a vertex in S. Since A has k isomorphism
classes, the number of vertices in S that are also in its components is |A|—k. We now
apply Proposition 2.9 to our setting.

Proposition 2.10. Let F = rG. Then Fix(F) =r—1if G is a rigid graph and is equal
to r x Fiz(QG) otherwise.

In the theorem below, we need to differentiate the trees that are rigid from those that
are not. We use 15 as the indicator variable for event E.

Theorem 2.11. Let T be a rooted tree and r(T') be ils root. Let T contain the subtrees
rooted at the children of r(T). Suppose T has exactly g distinct isomorphism classes and
the jth isomorphism class has m; copies of the rooted tree T}; i.e., T = miTy UmoTy U
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---UmgTy. Then

g

Fiz(T) = [(m; = 1) - Lpiaery—0) + (m; x Fiz(T})) - Lpiaim,)0)] -

j=1

Thus, like D(T"), Fiz(T) can be computed recursively but in a more direct way. It does
not involve counting inequivalent fixing sets.

We now extend Lemma 2.6 to fixing sets. Let J be a jellyfish graph and S C V(J). For
v e V(H), let S, contain all the vertices of S that are part of the leg L, so S = (J{S,,v €
V(H)}. The S,’s then induce a projection S,.,; on the head H as follows: v € S, if
and only if S, # 0.

Lemma 2.12. Let J be a jellyfish graph with head H and legs isomorphic to the tree L.
A subset S of V(J) is a fizing set of J if and only if (i) S, is a fizring set of L, for each
ve V(H) and (it) Sproj is a fizing set of H.

We omit the proof as it can be obtained by converting S into ¢g and applying Lemma

Theorem 2.13. Let J be a jellyfish graph with head H and legs isomorphic to L. When L
is a rigid graph, Fix(J) = Fiz(H); otherwise, Fixz(J) = |V(H)|x Fiz(L). Fquivalently,

Fiz(J) = Fix(H) - L(pizry=0) + |V (H)|X Fiz(L) - L(pi(r)20)-

Proof. Let us first find a fixing set for J. When L is a rigid graph, let S be a fixing set of
H. Then S is automatically a fixing set of J by Lemma 2.12. In this case, J has a fixing
set of size Fix(H). When L is not rigid, let S, be a fixing set of L, for each v € V(H).
Notice that each S, is non-empty so Sy,.,; = V(H) and therefore a fixing set of H. By
Lemma 2.12, S = UUEV(H) Sy 1s a fixing set of J. This implies that J has a fixing set of
size |V(H)|x Fizx(L).

This time, we bound Fiz(J) from below. Suppose S is a minimum-sized fixing set of
J. Each S, is also a fixing set of L, so |S,|> Fix(L). Hence, Fix(J) > |V (H)|x Fix(L).
By Lemma 2.12, Sp,,; is also a fixing set of H. But v € S, if and only if some vertex
of L, is part of S. Thus, Fiz(J) > Fix(H). When L is rigid, the second lower bound
is larger because Fiz(L) = 0. Combining with the result from the previous paragraph,
Fix(J) = Fiz(H). When L is not rigid, the first lower bound is larger since |V (H)|>
Fiz(H). Thus, we have Fiz(J) = |V (H)|xFiz(L). O

We leave it up to the reader to verify that the fixing number of the jellyfish graph in
Figure 3 is 5.

3. The distinguishing numbers of Amenable graphs, Part 1

Shortly, we will express the distinguishing number of an amenable graph G in terms
of the distinguishing numbers of its subgraphs. The stable partitions of the subgraphs,
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however, are not necessarily consistent with Pg, the stable partition of G. We need Pg
to “carry-over" as we deal with the subgraphs. Thus, we introduce the notion of celled
graphs.

Let G be a graph and P be a partition of V(G). Then (G, P) is a celled graph; that is,
GG is a graph whose vertices are members of the cells in P. In many cases, we will also
consider graphs H with V(H) C V(G). Instead of using a partition of V(H), we will just
keep the partition of V(G) and denote the celled version of H as (H,P).

Let Aut(G,P) contain all the automorphisms 7 of G that are cell-preserving; i.e., for
any v € V(G), v and 7(v) are in the same cell of P. Notice that Id € Aut(G,P) and
Aut(G,P) C Aut(G). A labeling ¢ of G is P-distinguishing if ¢ breaks every non-trivial
automorphism in Aut(G,P). Furthermore, D(G, P) is the fewest number of colors needed
for a P-distinguishing labeling of G. We shall also use D((G,P),c) for the number of
pairwise inequivalent P-distinguishing labelings of G that use at most ¢ colors.

Lemma 3.1 ( [5], Lemma 1). Suppose 7 is an isomorphism from G to H. When color
refinement is applied to G U H, v and w(v) belong to the same cell in every iteration of
the algorithm for any v € V(G).

Corollary 3.2. For any graph G, Aut(G) = Aut(G, Pg).

Proof. If we replace H with G in Lemma 3.1, we get that for any automorphism 7 of G and
for any v € V(G), v and w(v) will be in the same cell of Pg. That is, every automorphism
of G is cell-preserving with respect to Pg. Tt follows that Aut(G) C Aut(G,Pg). But
Aut(G, Pg) C Aut(G). Thus, the two sets are equal. O

In an earlier paper, we proved the following:

Lemma 3.3 ([15]). Let G and H be graphs such that V(G) = V(H) and Aut(G) =
Aut(H). Then every distinguishing labeling of G is also a distinguishing labeling of H
and vice versa so D(G) = D(H).

One simple consequence of the lemma is that D(G) = D(G). We extend this result to
celled graphs.

Lemma 3.4. Let G and H be graphs such that V(G) = V(H). Let P be a partition of
V(G). If Aut(G,P) = Aut(H,P), then every P-distinguishing labeling of G is also a
P-distinguishing labeling of H and vice versa so D(G,P) = D(H,P).

Proof. Let ¢ be a P-distinguishing labeling of G. If ¢ is not P-distinguishing for H,
then there is a nontrivial automorphism 7 in Aut(H,P) so that ¢(v) = ¢(mw(v)) for each
veV(H). But V(G) = V(H) and © € Aut(G,P) too so this would mean that ¢ is not
P-distinguishing for GG, a contradiction. A similar argument proves the converse. Thus,
a labeling is P-distinguishing for G if and only if it is P-distinguishing for H. It follows
that D(G,P) = D(H,P). O
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We now present a result from Arvind et al. [5] about the automorphisms of amenable
graphs. Recall that the global structure of amenable graphs is described using their
anisotropic components.

Lemma 3.5 ([5], Claim 17). Let G be an amenable graph with anisotropic components
Ay, Ag, .o Ag in C(G). For each i, let G; = G|Uxea, X], the subgraph induced by the
vertices in the cells of A;. Then

k
Aut(G) = [ ] Aut(G;, Pe).
=1

That is, Aut(G) is the direct product of Aut(G1,Pg), ..., Aut(Gy, Pg).

Note that Claim 17 in [5] simply states that Aut(G) is the direct product of
Aut(Gy), ..., Aut(Gy). Implicit in their discussion, however, is that when = € Aut(G;),
7 is also is cell-preserving with respect to Pg.

Theorem 3.6. Let G be an amenable graph whose anisotropic components in C(G) are
Ay, Ag, .o Ag. For each i, let G; = GlUxea, X|. A labeling ¢ of G is distinguishing if
and only if ¢ when restricted to the vertices of G; is Pg-distinguishing for i = 1,... k.
Consequently,

D(G) = max{D(G;,Pg),i=1,...,k}.

Proof. Let ¢ be a labeling of G and denote as ¢; the labeling of G; when ¢ is restricted to
V(G;). If ¢; is not Pg-distinguishing for G; then there is some non-trivial automorphism
7; € Aut(G;, Pg) that preserves the colors of ¢;. Now, the identity map Id; of V(G}) is an
element of Aut(G;,P¢) for each j. By Lemma 3.5, 7 = (Idy,...,Id;—y, 7, Idisa, ..., Idy)
is a non-trivial automorphism of G. But 7 also preserves the colors assigned by ¢ so it is
a non-trivial automorphism of (G, ¢). It follows that ¢ is not a distinguishing labeling of
G. We have shown that if ¢ is a distinguishing labeling of G then ¢; is Pg-distinguishing
for G;, for each 1.

Conversely, assume ¢; is Pg-distinguishing for G; for each i. By Lemma 3.5, every
automorphism 7 of (G, ¢) can be expressed as (71, T, ..., ) where m; € Aut(G;, Pg) for
each 7. But from the assumption, each ; is trivial. Thus, m has to be trivial so ¢ is a
distinguishing labeling of G.

We have shown that ¢ is a distinguishing labeling of G if and only if ¢; is is Pg-
distinguishing for G;, for each i. If ¢ uses D(G) colors, then ¢; uses at most D(G) colors
as well so max{D(G;,Pg),i = 1,...,k} < D(G). On the other hand, if we pick each
¢i so that it uses D(G;, Pg) colors then ¢ uses at most max{D(G;,Pg),i = 1,...,k}
colors so D(G) < max{D(G;,P¢g),i = 1,...,k}. Hence, D(G) = max{D(G;,Pg),i =
L,...,k}. O
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3.1.  Some simplifications

According to Theorems 3.6, when G is an amenable graph, we can determine D(G) by
computing D(G;, Pg) for each i. The structure of G;, however, appears to be complicated.
Hence, we will make a sequence of modifications to G; to create a new graph J; on the
same vertex set so that D(G;, Pa) = D(J;, Pg). The types of modifications are described
in the two lemmas below. We note that as we make changes to GG;, the underlying graph
is no longer GG; but some graph F' on the same vertex set.

Lemma 3.7. Let G be an amenable graph, A; the ith anisotropic component of G and
Gi = G|Uxea,X]. Let F be a graph on V(G;) and let X be a cell of A;. Denote as F’
the graph obtained from F by replacing F[X| with its complement. Then Aut(F,Pg) =
Aut(F’,Pg).

Proof. Let m € Aut(F,Pg). We will show that 7 € Aut(F’,Pg). Consider a pair of
vertices {u,v} of F'. If u,v € X, then 7(u),7(v) € X because 7 is cell-preserving. Now
wv € E(F') if and only if uv ¢ E(F) by construction. Since 7 is an automorphism
of ', uwv ¢ E(F) if and only if n(u)7m(v) ¢ E(F). The latter is true if and only if
m(u)m(v) € E(F') by construction. So we've shown that uv € E(F’) if and only if
m(u)m(v) € E(F'). Suppose u € X or v € X. Then n(u) ¢ X or w(v) ¢ X. Thus, the
adjacency /non-adjacency between u and v and between m(u) and 7(v) were unaffected
when F[X] was replaced by its complement. Since 7 is an automorphism of F, uv is an
edge of F' and F’ if and only if m(u)m(v) is an edge of F' and F’. We have shown that
Aut(F,Pg) C Aut(F', Pg).

Suppose we modify F’ by replacing F'[X] with its complement. Call the new graph F".
Then the argument above implies that Aut(F',Pg) C Aut(F”,Ps). But the complement
of F'[X] is just F[X] so F" = F. Thus, Aut(F,Pg) = Aut(F’, Pg). O

The proof of the next lemma is just like the one above so we omit it.

Lemma 3.8. Let G be an amenable graph, A; the ith anisotropic component of G and
Gi = G[Uxea, X]. Let F be a graph on'V(G;) and let X andY be cells in A;. Denote as F"
the graph obtained from F by replacing F[X,Y] with its complement. Then Aut(F,Pg) =
Aut(F", Pg).

Consider the anisotropic component A;,. By Lemma 2.2, A; is a tree. If A; has a
heterogeneous vertex, root A; at this vertex. Otherwise, pick a cell whose size is the least
among the cells in A; and root A; at this vertex. We shall refer to the root of A; as R;.
Here are the specific modifications we want to make on G;.

(M1) For root R;: The cell R; is either the lone heterogeneous vertex in A; or one of
the homogeneous vertices with the least size in A;. If G;[R;] is a matching graph r K or
an empty graph, replace G;[X] with its complement.

(M2) For every other cell X of A;: The cell X is a homogeneous vertex. If G;[X] is a
complete graph, replace G;[X] with its complement.

(M8) For each pair of cells X, Y of A;: The pair is either an isotropic or anisotropic
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edge in C'(G). If XY is an isotropic edge (and therefore not present in A;) and G;[X,Y]
is a complete bipartite graph, replace it with an empty bipartite graph. If XY is an
anisotropic edge and G;[X, Y] is the complement of sK ., replace it with sK ;.

Call the resulting graph J;.

Theorem 3.9. Let J; be the graph obtained by performing the modifications (M1), (M2)
and (M3) on G;. Then Aut(G;, Pa) = Aut(J;, Pg). Consequently, D(G;, Pg) = D(J;, Pa).

Proof. We note that J; is obtained by performing a sequence of modifications on G;
and the modifications are of the type described in Lemmas 3.7 and 3.8. It follows that
the automorphisms of the celled graphs throughout the process stayed the same. In
particular, the first celled graph has the same automorphisms as the last celled graph; i.e.,
Aut(G;, Pe) = Aut(J;, Pg). By Lemma 3.4, this implies that D(G;, Pg) = D(J;, Ps). O

4. The distinguishing numbers of Amenable graphs, Part 2

Let us analyze the structure of J; next. Recall that a jellyfish graph has a head H that
contains a Hamiltonian cycle and rooted at every vertex of H is a leg that is isomorphic
to L, a rooted tree. Additionally, no two legs share a vertex. In our next theorem, we will
prove that J; is a jellyfish graph. Moreover, its legs are cell-isomorphic; that is, for any
two legs L, and L,, there is an isomorphism 7 so that a and m(a) belong to the same cell
of Pg for any vertex a of L,. See Figure 5 for an example of what a leg of J; might look
like.

R;

5)
R N

X1 (10)  X» (15) X3 (5)

/N

\ %\
Y1 (30)  Ys (20) 7y (15) edee o000 o o o

Fig. 5. On the left is an anisotropic component A; rooted at R;. Each vertex of A; is a cell. The
numbers indicate the sizes of the cells. The graph G; induced by the vertices in the cells of A; is not
shown. When G; is modified using steps (M1), (M2) and (M3), the result is the jellyfish graph J;. The
right figure shows a leg of .J; and highlights the fact that it is a celled graph. Its structure mimics A; but
the branching of the vertices is based on the sizes of the parent and child cells

Theorem 4.1. Let J; be the graph obtained by performing the modifications (M1), (M2)
and (M3) on G;. Then J; is a jellyfish graph and its legs are pairwise cell-isomorphic.

Proof. From Lemma 2.1, G;[R;] is either a 5-cycle, an empty graph, a complete graph,
a matching graph or its complement. After (M1) is applied, J;[R;] is either a 5-cycle, a
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complete graph or the complement of a matching graph. It is easy to check that in each
case J;[R;] has a Hamiltonian cycle. We shall now refer to J;|R;] as the head of J,.

To determine the legs of J;, let us first consider its edges. After applying (M1), (M2)
and (M3), the graph J;[X] is empty for any cell X # R; of A; and the bipartite graph
Ji[X,Y] is also empty for any two cells X and Y that are not adjacent in A; since XY
is an isotropic edge of C'(G). Thus, if zy is an edge of J;, then either (i) z,y € R; or (ii)
re X,yeY and XY is an edge of A;.

Recall that A; is a rooted tree. By Lemma 2.2, if X is the parent of Y, then | X|< |Y].
From (M3), J;[X,Y] has the structure of sK;,; with the centers of the stars in X and the
leaves in Y. Since no two vertices in X share a neighbor in Y, every y € Y has a unique
neighbor in X, which we shall designate as the parent of y. This parent-child relationship
induces a hierarchy on the vertices of J; which we will now take advantage of.

For each cell X in A;, let T'x be the subtree of A; rooted at X. For each z € X, let L,
be the subgraph induced by = and the vertices that have = as an ancestor. We shall use
induction on the height of T'x to prove the following claim:

Claim: For each z € X, L, is a tree and for z,2’ € X, L, and L, are disjoint and

cell-isomorphic.
Proof of Claim. When T'x has height 0, X is a leaf in A;. For x,2’ € X, L, and L,/
just consists of x and ' respectively. They are clearly disjoint trees and cell-isomorphic.
Assume that the claim holds for cells Y such that Ty has height less than h. Let Tx have
height h and let the children of X in A; be Y;,Y5,...,Y,. Suppose x € X has t; neighbors
in Yj: wj1,uj9,...,uj;. By the induction hypothesis, the set {L, ,,k = 1,...,t;} are
pairwise disjoint trees for each j. There are also no edges between L, , and L, when
j # j' because it would mean that there is an edge between Y; and Y} in A;, contradicting
the tree structure of A;. Since x has edges only to the roots of the trees in U§:1{L k=
L,...,t;}, Ly is a tree.

Let 2’ be another vertex in X. We know that the neighbors of 2’ in Y7,Y5,...,Y, are
distinct from those of x even though the number of neighbors in each set is the same

Uj k)

for both vertices. Thus, L, is also a tree that is disjoint from L,. Now, assume the ¢;
neighbors of 2’ in Y are wj1,wjz,...,wj,;. The trees {L,, ,k=1,...,t;} U{Ly,,, k=
1,...,t;} are all pair-wise cell-isomorphic for each j because of the induction hypothesis.
We construct the isomorphism 7 from L, to L, as follows: Let w(z) = 2’. Forj =1,...,¢,
for k =1,...,t;, let m(u;x) = mjxr(u;x) where 7;; is the cell-isomorphism from L, , to
Ly, .- Since x and 2’ belong to the same cell of Pg, it follows that 7 defines an cell-
isomorphism from L, to L. O

We have shown that the claim is true. For v € R;, let L, be the leg rooted at v. From
the claim, we know that the legs of J; are pairwise disjoint trees that are cell-isomorphic
to each other. O

Now that we know that J; is a jellyfish graph, we would like to make use of the results
in Section 2.2 on the distinguishing labelings and numbers of jellyfish graphs. Lemma
2.6 can be extended to characterize the Pg-distinguishing labelings of J;. When ¢ is a
labeling of J;, we just have to modify the notion of its projection, ¢,,.;, because J; is now a
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celled graph. Here is the updated definition: for any v,w € V(H), let ¢pro; (V) = Pproj(w)
if and only if there is a cell-isomorphism from L, to L,, that preserves the labels of ¢.

Lemma 4.2. Let J; be the jellyfish graph obtained by performing the steps (M1), (M2)
and (M3) on G;. A labeling ¢ of J; is Pg-distinguishing if and only if (i) ¢, is a Pg-
distinguishing labeling of L, for each v € V(H) and (i) ¢pro; is a Pg-distinguishing
labeling of H.

The proof of Lemma 2.12 is similar to that of Lemma 2.6 except that the automorphisms
and isomorphisms are cell-preserving and the labelings are destroying the cell-preserving
automorphisms.

Theorem 4.3. Let J; be the jellyfish graph obtained by performing the steps (M1), (M2)
and (M3) on G;. Suppose H is its head and L, is one of its legs. Then

D(J;,Pg) = min{c : D((Ly, Pg),c) > d*},
where d* = D(H).

Again, the proof of Theorem 4.3 follows that of Theorem 2.7. We note that D(H, Pg) =
D(H) because H = J;[R;]; i.e., all the vertices in H are part of the cell R; so all the
automorphisms of H are naturally cell-preserving.

We now show how to compute D((L,, Pg), c) directly from the anisotropic component
A;. Recall that L,, a leg of J;, is a rooted tree. Let = be one of its vertices and L, be the
subtree rooted at x. We want to compute D((L,,Pg), ¢) recursively using Theorem 2.5.
When z is a leaf, D((L,, Pg),c) = c. When z is not a leaf, let X be the cell that contains x.
The children of x lie in the cells that are the children of X. Let the latter be Y7,Ys,...,Y,.
From Theorem 2.5, the set T contains the subtrees of L, rooted at the children of x. We
then need to separate these subtrees into isomorphism classes. But because we are dealing
with celled trees, we need to separate the subtrees into cell-isomorphism classes — i.e., two
subtrees are in the same class if and only if they are cell-isomorphic. It turns out that A;
provides the cell-isomorphism classes for free.

When y,y" are children of z, the subtrees L, and L, are cell-isomorphic if and only
if y and y' are from the same cell Y;. The forward direction is obvious; the backward
direction is from the proof of Theorem 4.1. Thus,

T =myLy, UmsL,, U---UmyL,,,

where y; € Y; and m; = |Y;|/|X| for j = 1,...,¢. The value of m; follows from the fact
that the bipartite graph induced by J;[X, Y]] is of the form sk ; so every vertex in X has
|Y;|/|X| neighbors in Y;. Applying Theorem 2.5,

¢ (D((Lyj,PG), c))_ (1)

D((L.,Pg),c) = CH "

Jj=1
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Given A; and the sizes of the cells in A;, here now is the algorithm for computing
D((Ly,Pg),c): Run a postorder traversal on A;. At each cell X, compute D((L, Pg), c)
where x € X. Thus, when X is a leaf, set D((L,,Pg), c) = ¢, the base case. When X has
Y1, Y, ..., Yy as its children, compute m; = |Y;|/|X| for each j. Then apply equation (1)
to obtain D((L.,Pg), c). Eventually, when the postorder traversal makes its way back to
R;, the result will be D((L,,Pg),c). Since time spent at each vertex X of A; is linear in
the number of children of X, it follows that the postorder traversal runs in time linear in
the size of A;.

Consider the anisotropic component A; from Figure 5. The computation for
D((Ly,,Pg),3) is shown in Figure 6. When we run a post-order traversal on A;, the cells
are processed in the following order: Yj, Yy, Xy, X, Z1, X3, R;. Let ¢ = 3. The numbers
on the tree on the right equal D((L,,Pg),3) for z € X. They were computed using the
formula in (1) with the base cases set to 3.

R (5) 3() () () = 324
X, (10) X (15) X3 (5) 3)(3) =9 3 3() =3
/N | /N |
Y (30) Y (20) Zy (15) 3 3 3

Fig. 6. Continuing with the anisotropic component A; from Figure 5, the tree on the right shows how
to compute D((L,,Pga),3) bottom-up using Eq. (1)

Theorem 4.4. Let G be an amenable graph. The distinguishing number of G can be
computed in O((n + m)logn) time where n = |V(G)| and m = |E(G)|.

Proof. To compute D(G), we first have to identify the anisotropic components of G:
Ay, Ay, ... Ay, Arvind et al. described how to do this step in O((n+m)logn) time in [7]
when they proved that amenable graphs can be recognized in the said amount of time. Let
Pe = {X1, Xa, ..., Xk} be the stable partition of G. They kept track of (i) | X;|, the size of
X, for each ¢ and (ii) d; j, the number of neighbors a vertex in X; has in X, for every 1, j.
If d;; = 0 or | X;|—1, X; is a homogeneous cell; otherwise it is heterogeneous. Similarly, if
d;; = 0 or | Xj|, the edge X,;X; is isotropic; otherwise it is anisotropic. Running BF'S on
C(G) allowed them to identify the anisotropic components of G and mark an appropriate
root for each component.

Next, let us compute D(G;, Pg) for i = 1,..., k. By Theorem 3.9, D(G;,Pg) =
D(J;,Pc); Theorem 4.3 provides a formula for D(J;,Pg). There are two parts to this
formula — the computation of D(H) and D((L,,Pg),c) where H is the head of J; and
L, is one of its legs. We already showed that the latter can be obtained by running a
post-order traversal on A; in time linear in the size of A;. So let us now focus on D(H).

We know that H = J;[R;]. The type of cell R; is and its size allows us to determine
D(H). If R; is a homogeneous vertex, then J;[R;] is a complete graph so D(H) = |R;|.
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Otherwise, R; is a heterogeneous vertex. If |R;|= 5, then J;[R;] is a 5-cycle so D(H) = 3.
If |R;| is even, then J;[R;] is the complement of a matching graph rKs with r = |R;|/2.
But D(rK>) = D(rK>) = min{c : (§) > r} and can be computed in O(y/r) time (see
appendix of [15]). Thus, given A;, we can obtain both D(H) and D((L,,Pg),c) in time
linear in the size of G;. Finally, we can use binary search over the range [1,n] to find
the minimum ¢ so that D((L,,Pg),c) > D(H). Thus, D(G;,Pg) can be computed in
O(n;logn;) time where n; = |V(G,)]|.

By Theorem 3.6, D(G) = max{D(G;, Pg),i = 1,...,k}. Hence, from identifying the
anisotropic components of G to computing D(G;, Pg) for i = 1,..., k and returning their
maximum, D(G) for amenable graphs can be obtained in O((n 4+ m)logn) time. O

5. The fixing numbers of Amenable graphs

We now consider the problem of computing the fixing number of an amenable graph. Most
of the work entails applying the previous sections’ results on distinguishing labelings and
numbers to fixing sets and numbers.

When S C V(G) and P is a partition of V(G), we say that S is a P-fizing set of G if
the only automorphism 7 € Aut(G,P) such that 7(s) = s for every s € S is the identity
map. The parameter Fiz(G, P) is the size of the smallest P-fixing set of G. The following
should be obvious.

Proposition 5.1. Let S C V(G) and P be a partition of V(G). Let ¢s be the vertex
labeling that assigns distinct colors to the vertices in S and another color (the “null”
color) to the vertices not in S. Then S is a P-fixing set of G if and only if ¢s is a
P-distinguishing labeling of G.

The counterparts of Lemmas 3.3 and 3.4 for fixing numbers can be obtained by con-
verting fixing sets to distinguishing labelings as described in Propositions 2.8 and 5.1.

Lemma 5.2. Let G and H be graphs with V(G) = V(H) and Aut(G) = Aut(H). Then
every fizing set of G is a fixing set of H and vice versa so Fix(G) = Fix(H).

Lemma 5.3. Let G and H be graphs such that V(G) = V(H). Let P be a partition of
V(G). If Aut(G,P) = Aut(H,P), then every P-fizing set of G is also a P-fizing set of
H and vice versa so Fix(G,P) = Fix(H,P).

We now prove the first main result about the fixing sets of amenable graphs.

Theorem 5.4. Let G be an amenable graph whose anisotropic components in C(G) are
Ay, Ag, .. Ag. For each i, let G; = G|Uxea, X|, the subgraph induced by the vertices in
the cells of A;. Let S CV(G) and S; = SNV(G;) fori=1,... k. Then S is a fixing set
of G if and only if S; is a Pqg-fizing set of G; fori=1,..., k. Consequently,
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Fiz(G) =Y _ Fiz(G;, Pg).

=1

Proof. The proof of Theorem 3.6 showed that a labeling ¢ of G is distinguishing if and

only if ¢; is a Pg-distinguishing for G;, for each i. Translating the result to fixing sets,

it implies that a subset S is a fixing set of GG if and only if 5; is a Pg-fixing set of G; for
k

each 7. Now S is the disjoint union of the S;’s so |S|= >_|S;|. To minimize |S|, we should
i=1

k
minimize each |S;|. Tt follows that Fix(G) = > Fix(G;, Pg). O
i=1

Thus, to compute Fiz(G), we need to determine F'(G;, Pg) for each i. But as we noted
earlier, GG; seems to have a complicated structure so we modify G; to create J;.

Lemma 5.5. Let J; be the graph obtained by performing the modifications (M1), (M2)
and (M3) on G;. Then Fix(G;,Pg) = Fiz(J;,Pg).

Proof. From Theorem 3.9, we already know that Aut(G;, Pg) = Aut(J;,Pg). By Lemma

We have shown that J; is a jellyfish graph so we shall take advantage of our earlier
results on the fixing sets and fixing numbers of jellyfish graphs. Note that unlike ¢,,,;,
we do not have to modify the definition for Sp,,;.

Lemma 5.6. Let J; be the jellyfish graph obtained by performing the steps (M1), (M2)
and (M3) on G;. A subset S of V(J;) is a Pg-fizing set if and only if (i) S, is a Pg-fixing
set of L, for each v € V(H) and (ii) Sproj is a Pa-fizing set of H.

We omit the proof as it can be obtained by converting S into ¢g and applying Lemma
59

J.9.

Theorem 5.7. Let J; be the jellyfish graph obtained by performing the steps (M1), (M2)
and (M3) on G;. Suppose H is its head and L, is one of its legs. When Fiz(L,,Pg) =0,
then Fix(J;,Pg) = Fiz(H); otherwise, Fix(J;,Pg) = |V(H)|xFix(Ly,, Pg). Equiva-
lently,

Fix(J;, Pa) = Fiz(H) - 1(pie(z,p)=0) + |V (H)| X Fiz(Ly, Pa) - L(ria(L,pe)+0)-

The proof of Theorem 5.7 is similar to that of Theorem 2.13. Also, Fix(H,Pg) =
Fix(H). As with D(L,,Pg), we will compute Fiz(L,, Pg) directly from A;. Assume x
is a vertex in L, and L, is the subtree rooted at x. Let cell X contain x. Our goal is to
compute Fiz(L,,Pg) recursively using Theorem 2.11. When z is a leaf, Fiz(L,,Ps) = 0.
Otherwise, let the children of X in A; be Y7, Y5,...,Y,. Assume T contains the subtrees
rooted at the children of x. We need to separate the trees in 7 into cell-isomorphism
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classes. We noted in the previous section that
T =miLy,, UmyLy, U---UmyL,,,

where y; € Y; and m; = |Y;|/|X| for j =1,...,¢. Applying Theorem 2.11 in this setting,

Fiz(Ly,Pe) =Y [(mj — 1) Lpiar,, Poy=0) + (my x Fiz(Ly,, Pg)) - ]l(Fix(Tyj,PG#m] :

j=1
(2)
Running the postorder traversal on A; and updating the values of Fiz(L,,Pg) at each
cell X such that z € X, we obtain Fiz(L,,Ps) at the root of A;. See Figure 7 for
an example. Like D(L,,Pg), given A; and the sizes of its cells, the computation of
Fix(L,,Pg) can be done in time linear in the size of A;.

B-1)+@2-1)=3 0 3-1)=2
0 0 0
Fig. 7. Using the anisotropic component in Figure 6, the right tree shows the computation for

Fiz((Ly, Pg) using Eq. (2)

Theorem 5.8. Let G be an amenable graph, the fixing number of G can be computed in
O((n +m)logn) time where n = |V(G)| and m = |E(G)].

Proof. In the proof of Theorem 4.4, we noted that the anisotropic components
Ay, Ag, ..., Ag of G can be obtained in O((n + m)logn) time, including the sizes of the
cells in each A; and their individual types (homogeneous or heterogeneous). The next step
is to compute Fix(G;, Pg) for each i. We argued that it is easier to compute Fix(J;, Pg)
instead because J; is a jellyfish graph. Theorem 5.7 provides the formula for Fixz(J;, Pg)
which involves Fiz(L,,P) and Fiz(H). We already showed how to compute Fiz(L,,P)
in time linear in the size of A;. What is left is Fiz(H).

Recall that H = J;[R;]. If R; is homogeneous, J;[R;] is a complete graph so Fix(H) =
|R;]—1. If R; is heterogeneous with |R;|= 5, then J;[R;] is a 5-cycle. In this case, Fiz(H) =
2. If |R;| is even, then J;[R;] is the complement of a matching graph r K, with r = |R;|/2.
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But Fiz(rK,) = F(rK,) = r from Proposition 2.10. Thus, knowing the type of R; and
its size allows us to determine Fiz(H) in O(1) time. Combining this result with that for
Fiz(L,,P), we can compute Fiz(G;, Pg) in O(n;) time where n;, = |[V(G;)|, and all the
Fix(Gi,Pg)’s in O(n) time. Hence, the bottleneck for computing Fiiz(G) is the first part
where we have to compute the anisotropic components of G which takes O((n+m)logn)
time. The theorem follows. O

6. Conclusion

We combine all that we have learned about amenable graphs below.

Theorem 6.1. Let G be an amenable graph. There is a union of celled jellyfish graphs,
Ule(Ji,P(;), so that Aut(G) = Hle Aut(J;, Pg). Furthermore, D(G) = max{D(J;,Pg),i =

k

L,...,k} and Fix(G) = > Fiz(G;, Pg). Moreover, both D(G) and Fix(G) can be com-
i=1

puted in O((n+ m)logn) time where n = |V(G)| and m = |E(G)|.

Given the importance of color refinement in graph isomorphism, there will likely be
more research on amenable graphs. We hope that conceptualizing an amenable graph as
a union of celled jellyfish graphs will provide valuable insight.
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