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Edge Mostar index of trees with �xed diameter and

�xed pendent vertices
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abstract

The Mostar invariants are newly introduced bond-additive, distance-related descriptors

that compute the degree of peripherality of speci�c edges as well as the entire graph. These

invariants have attracted signi�cant attention in both classical applications of chemical

graph theory and studies of complex networks. They have proven to be useful for exploring

the topological aspects of these networks. For a graph H , the edge Mostar index Moe
is de�ned as the sum of the magnitudes of the di�erences between mH (x) and mH (g)

across all edges xg of H . Here, mH (g) (or mH (x)) represents the cardinality of the

edges in H that are closer to g (or x) than x (or g). In this paper, we determine the

trees that maximize and minimize the edge Mostar index for �xed order, diameter, and

number of pendent vertices. Sharp upper and lower bounds for this index are established,

and the corresponding extremal trees are characterized. Moreover, the correlation of the

edge Mostar index with certain physicochemical properties is examined.

Keywords: edge Mostar invariant, diameter, number of pendent vertices, extremal trees

2020 Mathematics Subject Classi�cation: 05C12, 05C35.

1. Introduction

This section reviews several notations and de�nitions that will be used throughout this

paper. Let H denote a simple, connected, and undirected graph with the sets of edges

E (H ) and vertices V (H ). For any vertex a ∈ V (H ), its degree, denoted by degH (a),

is the number of vertices connected to a. The distance, de�ned as the number of edges

in the shortest path connecting vertices a and y (for a, y ∈ V (H )), is represented by

dH (a, y). The smallest value of the maximum distance between a vertex and every other
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vertex in a graph is its radius and also the greatest distance between any two vertices

in a graph is its diameter. A vertex a in H with degree one is referred to as a pendent

vertex, and an edge with one endpoint as a pendent vertex is known as a pendent edge.

In the graph H , the set of all vertices of degree one is represented by PH , while the

subset of PH connected to a particular vertex a is denoted by PH (a). An edge in H is

classi�ed as a cut edge if its removal results in the graph being disconnected into at least

two components. Let Ps, Ss, and Cs denote the path, star, and cycle graphs of order s,

respectively. A path of length s− 1 and order s is denoted by Ps. A path with endpoints

a1 and as is written as a1a2, . . . , as and if the degree of atleast one end vertex of path is 1

then it is called pendent path. The vertices a2, a3, . . . , as−1 are referred to as the internal

vertices of this path. A graph is called a tree if it is connected and contains no cycles. An

acyclic graph of order s is termed a star graph Ss, consisting of s − 1 vertices of degree

one. In a tree, a branch vertex is a vertex with a degree greater than 2.

Chemical graph theory and mathematical chemistry utilize topological indices as graph

invariants, playing a signi�cant role in chemical and pharmaceutical sciences. These in-

dices are used to predict physicochemical properties, chemical reactivity, and biological

activity of chemical structures [10, 11]. Over the years, topological invariants have demon-

strated substantial utility across various �elds such as toxicology, drug discovery, and

chemistry. These mathematical measures are also invaluable for characterizing the struc-

tural properties of networks in complex network theory [18]. The advancement of such

topological indices has been crucial in QSAR studies for a wide range of chemical com-

pounds [8, 9]. Signi�cant e�orts have been directed toward integrating the principles of

quantum chemistry with graph theory to enhance our understanding of structure-activity

relationships (SAR) and quantitative structure-activity relationships (QSAR) [9]. This

interdisciplinary approach enables a more comprehensive analysis of molecular interac-

tions and provides better predictive potential for models used in chemical research and

drug discovery.

Topological invariants are classi�ed into various categories, such as degree, distance,

eccentricity, and spectrum. A distance-based index is one derived from the distances

between the edges or vertices of a graph. The most important and oldest topological

invariant is the Wiener index [42], which, along with the Harary index [32] and the

Balaban index [46], belongs to the class of distance-dependent invariants. Another well-

studied category is degree-dependent invariants, the �rst of which was introduced as

the Randi¢ index [34]. In [22, 39, 40], a comprehensive theory of degree- and distance-

based indices is presented. The recently introduced Mostar index [17] falls under the

category of bond-additive indices, as it captures the graph's properties by summing the

contributions of di�erent edges. An edge is considered peripheral if more vertices are

located closer to one of its endpoints than to the other. Speci�cally, a periphery position

of an edge e = gx ∈ E (H ) is characterized as the magnitude di�erence among ng(e|H )

and nx(e|H |), where ng(e|H ) represents the cardinality of vertices more closely located

to g compare to x, and nx(e|H ) represents the cardinality of vertices more closely located
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to x compare to g. The Mostar index [17] of a graph H is interpreted as:

Mov(H ) =
∑

e=gx∈E (H )

|ng(e|H )− nx(e|H )| . (1)

Arockiaraj et al. [7] presented the edge Mostar index with the following mathematical

expression:

Moe(H ) =
∑

e=gx∈E (H )

|mg(e|H )−mx(e|H )| , (2)

where mg(e|H ) (or mx(e|H )) presents the number of edges closer to g (or x) compare to x

(or g). For simplicity, for an edge e = gx, we denote φ(e) as φ(e) = |mg(e|H )−mx(e|H )|.
Identifying the extremal graphs, both minimum and maximum, for a �xed class of

graphs or within their sub-classes is a signi�cant area of research that has received exten-

sive attention in recent years. For example, Liu and Deng [30] determined the maximum

Mostar index for unicyclic graphs of a speci�ed diameter. Dosli¢ et al. [17] identi�ed all

the graphs that maximize and minimize the Mostar index within the classes of all trees

and unicyclic graphs. Tepeh [37] listed the bicyclic graphs with the smallest and largest

Mostar indices. In [26], Hayat and Zhou obtained the extremal graphs for the Mostar

index among �xed-order cacti. In [27], Hayat and Zhou determined all the graphs that

either maximize or minimize the Mostar index among all trees with �xed parameters such

as the number of pendent vertices, the highest degree, and the diameter. For tricyclic

graphs, Hayat and Xu [23] introduced a lower bound for the Mostar index and also de-

scribed the graphs that achieve this lower bound. Meanwhile, for trees with a �xed degree

sequence, Deng and Li [15] focused on �nding those trees with the maximal Mostar index.

For a given number of segments in the sequence, the extremal trees for the Mostar index

were addressed in [16]. In [14], the authors determined the smallest and largest Mostar

indices among all chemical trees of a given diameter and order. In [1], the authors em-

ployed the cut method to calculate the Mostar indices for several chemical graphs. For

cacti graphs, Liu et al. [31] computed the extremal values of the edge Mostar index. In

[29], the edge Mostar index for chemical structures was computed using graph operations.

Extremal graphs with respect to the edge Mostar index within the categories of unicyclic

graphs and trees were reported in [31]. The maximum and minimum values of the edge

Mostar index for cactus graphs with a speci�ed number of cycles [45], cycle-related graphs

[12], polymers [21], and bicyclic graphs were presented in [20, 24, 25]. Further relevant

studies on Mostar indices can be found in [2, 3, 4, 5, 6, 7, 13, 19, 28, 29, 33, 38, 41, 43,

44], and the references therein.

The structure of this paper is outlined as follows: The next section presents several key

lemmas that form the foundation for the primary results discussed in Section 3. In Section

3, we explore the extremal values of the edge Mostar index, speci�cally identifying the

trees that exhibit the maximum and minimum edge Mostar indices within the set of trees

of a given order. This analysis is conducted for speci�ed parameters, such as the diameter

and the number of pendent vertices. In Section 4, we have discussed the correlation of

Moe with di�erent properties of octanes and some useful chemicals.
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2. Preliminaries

Here, we present several lemmas which will be utilized in Section 3.

Lemma 2.1. [31] Let T be an s-vertex tree (s > 3) and e = xy ∈ E (T) be a non-pendent

edge. Assume that T − xy = T1 ∪ T2 with vertex x ∈ V (T1) and y ∈ V (T2). Let T ′ be

the tree formed by merging, the vertex x with vertex y and attaching a pendent vertex w

to x(= y). Then Moe(T) < Moe(T ′).

Assume H is a non-trivial connected graph including t as a vertex of H . For p, q ∈ Z+,

we describe Ht;p,q, as the graph constructed from H by connecting two pendent paths of

size p and q to the vertex t. Notably, Ht;0,0 = H and Ht;p,0 is constructed by H when

joining a pendent path having length p.

Lemma 2.2. [31] For a connected and a non-trivial graph H having t ∈ V (H ) and

p ≥ q ≥ 1, the following inequality holds

Moe(Ht;p,q) > Moe(Ht;p+1,q−1).

Let As(f, g) be the tree of order s, obtained from a path by connecting f and g count

of pendent vertices associated with the terminal vertices of the path, where s− f − g ≥ 2

and f ≥ g ≥ 0.

Lemma 2.3. Let f and g be two positive integers, where f ≥ g + 2, then Moe(As(f −
1, g + 1)) < Moe(As(f, g)), having |E (As(f, g))|= q.

Proof. If we have f ≤ q
2
then g + 1 < f ≤ q

2
, and otherwise g + 1 < q − f < q

2
. Also let

r1, r2, . . . , rk be the vertices of internal path in As(f, g). Then

Moe(As(f, g)) = (f + g)(q − 3) +
k−1∑
j=1

|2j − k + f − g + 1|. (3)

Now we calculate the edge Mostar index of As(f − 1, g+1) by replacing f = f − 1 and

g = g + 1 in (3),

Moe(As(f − 1, g + 1)) = (f + g)(q − 3) +
k−1∑
j=1

|2j − k + f − g − 1|= |2g + 2− q|−|2f − q|.

Using the de�nition of absolute values and above conditions, we have

Moe(As(f, g))−Moe(As(f − 1, g + 1)) = −(2g + 2− q) + (2f − q)

= −2g − 2 + q + 2f − q = −2(g + 1) + 2f.

Since g + 1 < f this implies that Moe(As(f, g))−Moe(As(f − 1, g + 1)) > 0.
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Lemma 2.4. For a tree T with r, t ∈ V (T). Assume that in the path connecting r and

t, the pendent vertices r1, r2, . . . , rl and t1, t2, . . . , tq are connected to r and t, respectively.

Let r′ and t′ be respectively the neighbors of r and t, and

T ′ = (T− {rrm : m = 1, 2, . . . , l}) + {r′rm : m = 1, 2, . . . , l}
T ′′ = (T− {ssm : m = 1, 2, . . . , q}) + {s′sm : m = 1, 2, . . . , q}.

Then Moe(T) < Moe(T ′) or Moe(T) < Moe(T ′′).

Proof. Let e′ = rr′ and e′′ = tt′. Assume that r and s are adjacent, then we have

r′ = t and t′ = r. By the constructions of T ′ and T ′′, we acquire that φT(e) = φT ′(e),

for all e ∈ E (T)\{e′} and φT(e) = φT ′′(e), for all e ∈ E (T)\{e′′}, respectively. Let

mz(y) = mz(y|T), where z ∈ {r, r′} if y = e′, and z ∈ {t, t′} if y = e′′. Then, we have

Moe(T)−Moe(T ′) = φT(e)− φT ′(e)

= |mr(e
′)−mr′(e

′)| − |mr(e
′)− l −mr′(e

′)− l| ,

since mr′(e
′) ≥ mt(e

′′) and mt′(e
′′) ≥ mr(e

′). If mr(e
′) > mr′(e

′) and mt(e
′′) > mt′(e

′′)

then mr(e
′) > mr′(e

′) ≥ mt(e
′′) > mt′(e

′′) ≥ mr(e
′), that is a contradiction. Therefore,

mr(e
′) < mr′(e

′) and also we obtain

Moe(T)−Moe(T ′) = mr′(e
′)−mr(e

′)−mr′(e
′) +mr(e

′)− 2l < 0.

Similarly, we have ms(e
′′) < ms′(e

′′) and

Moe(T)−Moe(T ′′) = φT(e)− φT ′′(e)

= |mt(e
′′)−mt′(e

′′)| − |mt(e
′′)− q −mt′(e

′′)− q|
= mt′(e

′′)−mt(e
′′)−mt′(e

′′) +mt(e
′′)− 2q < 0.

Therefore, Moe(T) < Moe(T ′) or Moe(T) < Moe(T ′′).

3. Main results

First, we identify the extreme values for the edge Mostar index for trees having the speci�c

count of pendent vertices. Next, we �nd the extreme values for trees with a �xed diameter.

3.1. Extreme values of trees having �xed pendent vertices

A starlike tree is an acyclic graph having a root vertex with a degree at least 3 and all

other vertices have degree 1 or 2. Let TS(s,p), for 3 ≤ p ≤ s− 2, be a starlike tree having

s as an order of it and p as the number of pendent paths whose pendent paths di�er in

length by at most one.

Theorem 3.1. For 3 ≤ p ≤ s− 2, TS(s,p) is the unique tree that achieves the largest edge

Mostar invariant among all trees of order s with p pendent vertices.
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Proof. Consider a tree T for which Moe(T) is maximal of the order s having p pendent

vertices.

Claim: There is just one root vertex in T.

Assume, on the other hand, that T has at least 2 root vertices. There is a choice of

selecting those two u and v root vertices, in such a way dT(u, v) is so small. Let there

exist a path P that connects u and v. If the length of P is greater than 1, then the degree

of every internal vertex is two. Suppose qu (qv, resp.) is the size of T − E (P), that is

the component of T, contains u (v, resp.). Consider that qu ≥ qv, clearly qv ≤ |E (T)|
2

.

Suppose that x and y are the neighbors of v, where x ∈ V (P) and y ∈ V (T−E (P)). Let

T′ = T− vy+xy. Clearly, |E (T)| is the size of tree T having p pendant vertices. Suppose

that φT(e) = φT′(e), for all e ∈ E (T) \ {xv, vy} = E (T′) \ {xv, xy} and φT(vy) = φT′(xy).

Thus

Moe(T)−Moe(T
′) = φT(xy)− φT′(xy)

= |mx(xy|T)−my(xy|T)|−|mx(xy|T′)−my(xy|T′)|
= |qv − |E (T)|+qv|−|qv −my(vy|T)− |E (T)|−qv +my(vy|T)|
= |2qv − |E (T)||−|−|E (T)||.

There exists two cases:

� If qv > |E (T)| and since qv ≤ |E (T)|
2

, then we get

Moe(T)−Moe(T
′) = 2qv − |E (T)|−|E (T)|= 2(qv − |E (T)|) < 0.

� If |E (T)| > qv, then we get

Moe(T)−Moe(T
′) = |E (T)|−|E (T)|−2qv = −2qv < 0.

In either cases, we acquire Moe(T) < Moe(T
′), which is a contraction. This proves the

claim.

By the claim, the tree T has exactly one central vertex incident with all p pendent

paths. Suppose l1 ≥ l2 ≥ . . . ≥ lrp ≥ 1 are the sizes of pendent paths. Consider that

|li − lj|≥ 2 with 1 ≤ i < j ≤ p and the vertex b having largest degree p. Then T ∼= Gb;li,lj ,

where Gb;li,lj is constructed from T by removing all the vertices having degree 2 or 1 from

the pendent paths having lengths li and lj, respectively. Clearly, Gb;li−1,lj+1 is a tree

having size |E (T)| and p pendent vertices, from Lemma 2.2 Moe(T) < Moe(Gb;li−1,lj+1), a

contradiction. Therefore |li − lj|= 0, 1 for 1 ≤ i < j ≤ p. That is T ∼= TS(s,p). By

Theorem 3.1 and simple calculations, the following are the outcomes:

Corollary 3.2. Suppose T be a tree with 3 ≤ p ≤ s− 2 and s ≥ 4, then

Moe(T) ≤ Moe(TS(s,p)) = (s− 2)p+
p− 1

p
s2 − p2 + 2p− 2

p
s+

t2 − (p+ 2)t+ 2p(p+ 1)

p
,

where 1 ≤ t ≤ p.
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Theorem 3.3. For 3 ≤ p ≤ s − 2, As

(
⌈p
2
⌉, ⌊p

2
⌋
)
(see Figure 1) is the unique tree with

the smallest edge Mostar invariant among all trees of order s with p pendent vertices.

...
.... . . gf

Fig. 1. As(f, g) tree having s− f − g ≥ 2 and f ≥ g ≥ 0

Proof. Consider a tree T with Moe(T) to the smallest extent possible of order s with p

pendent vertices.

Claim: There are at most two root vertices in T.

On the other hand, assume T has at least 3 root vertices. We have the choice of

selecting a and b as two root vertices and dT(a, b) is so large. There exists a path P
between a and b. Suppose qa (qb, resp.) is the size of T − E (P), that is a component

of T, contains a (b, resp.). There exist root vertices of T that are some internal vertices

of P . Consider two root vertices x, y ∈ V (P) having dT(a, y) and dT(x, b) are so small.

Suppose that qa + dT(a, y) ≥ qb + dT(x, b). Then qb + dT(x, b) ≤ |E (T)|
2

. Let t = dT(x, b)

and x0 ≥ . . . ≥ xt be the path from x to b, where x0 = x and xt = b. Let v1, . . . , vl be

the vertices joined with x and belongs to V (T) \ V (P), where l = dT(x)− 2. Constructs

T′ = T−{xvk : k = 1, 2, . . . , l}+{bvk : k = 1, 2, . . . , l} and also T′ is a tree having s vertices

and pendent vertices p. Let q′x denotes the total cardinality of edges of T− x, having one

of v1, . . . , vl. Also, qb + t− k < min{qb + q′x + t− k, |E (T)|−(qb + q′x + t− k)} ≤ |E (T)|
2

, for

k = 0, . . . , t, implying that

φT(xk−1xk) = |mxk−1
(xk−1xk|T)−mxk

(xk−1xk|T)|
= |(qb + t− k)− (|E (T)|−(qb + t− k))|
> |(qb + q′x + t− k)− (|E (T)|−(qb + q′x + t− k))|
= φT′(xk−1xk).

Therefore

Moe(T)−Moe(T
′) =

t∑
k=1

φT(xk−1xk)− φT′(xk−1xk) > 0,

implies that Moe(T) > Moe(T
′) gives a contradiction. Therefore the statement in the

claim is correct.

From the claim, T has exactly 1 or 2 root vertices. If T has only one root vertex, then

that vertex has degree p (number of pendent vertices) and it becomes a starlike tree.

Lemma 2.2 gives that T ∼= As(p − 1, 1) and also from Lemma 2.3, we have p = 3 and

T ∼= As(⌈p
2
⌉, ⌊p

2
⌋), (Since from Lemma 2.2, we have

Moe(Ht;⌈P/2⌉,⌊P/2⌋) > Moe(Ht;⌈P/2⌉+1,⌊P/2⌋−1) > · · · > Moe(Ht;P−1,1).
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Assume that T has only 2 root vertices a and b. Then u = degT(a) − 1 and v =

degT(b)− 1. Therefore from Lemma 2.2, u and v has a and b pendent paths respectively,

for all a, b ≥ 2, only one has length one. Let qa (qb, resp.) be the size of T − E (P) (P
is the path having a and b) contains a (b,resp.). Assume that qa ≥ qb, than qa ≤ |E (T)|

2
.

Let b has a pendent path b0, . . . , bz, where b0 = b and it has at least length 2. Let T′′ =

T − {br : r ∈ PT(b)} + {btr : r ∈ PT(b)}, with PT(b) is the collection of pendent vertices

at b. Clearly, T′′ has the same order and pendent vertices as T. Now, t < qb − 1 < |E (T)|
2

,

we obtain

Moe(T)−Moe(T
′) = φT(b0bz)− φT′′(b0vb)

= |z − |E (T)|+z|−|qb − 1− |E (T)|+qb − 1|> 0,

implies that Moe(T) > Moe(T
′) gives contradiction. Therefore, b has only the paths

with length one. Now, Assume that qa > |E (T)|
2

and a has a pendent path with size at

least 2. Let P = a = x0 . . . xt = v and w be connected as a pendent vertex at a. Let

T′′′ = T− aw+ bw and T′′′ has same order and number of pendent vertices as T, we have

Moe(T)−Moe(T) = φT(xt−1xt)− φT′′′(x0xt)

= |qv − |E (T)|+qb|−|qa − 1− |E (T)|+qa − 1|.

If qa > |E (T)|+1
2

it means that qa > |E (T)|
2

+ 1, then as qb < |E (T)|−qa + 1 ≤ |E (T)|
2

, we

have Moe(T) > Moe(T
′′′) this implies that Moe(T) > Moe(T

′) that gives a contradiction.

Thus qa = |E (T)|+1
2

and then qb =
|E (T)|+1

2
− p. If t ≥ 2, then qb < qa − 1 < |E (T)|

2
, implies

that Moe(T) > Moe(T
′′′), gives a contradiction. So, when t = 1, and qb = qa − 1, then

it gives Moe(T) = Moe(T
′′′). Now assume that the tree T′′′ and u ≥ 3. Then the size

of T − {ab} of including a is minimum according to |E (T)|
2

. Similarly, T′′′ − PT(a) and

joining all the vertices of PT(a) to the connected vertices of a in the pendent path having

at least size 2 to construct T′′′′ with same order and number of pendent vertices, gives

Moe(T
′′′) > Moe(T

′′′′). Therefore, Moe(T) > Moe(T
′′′′) gives contradiction. Thus, there

exists only one case u = 2, and T′′′ ∼= As(1, v + 1) having v + 2 = p ≥ 4. Lemma 2.3 give

the result, Moe(T) = Moe(T
′′′) > As(⌈p

2
⌉, ⌊p

2
⌋), give contradiction. Therefore, a has only

paths of length one (it follows similarly if qu ≤ |E (T)|
2

). Thus, T ∼= As(u, v), with u+ v = p

and u ≥ v ≥ 2. By Lemma 2.3, we have T ∼= As(⌈p
2
⌉, ⌊p

2
⌋).

By Theorem 3.3 and simple calculations, the following are the outcomes:

Corollary 3.4. Suppose T be a tree with 3 ≤ p ≤ s− 2 and s ≥ 4, then

Moe(T) ≥
(⌈p

2

⌉
+
⌊p
2

⌋)
(s−2)+

s2

2
−(p+1)s+



p2

2
+ p, if s and p are even,

p2

2
+ p+

1

2
, if s is even and p is odd,

p2

2
+ p+

1

2
, if s is odd and p is even,

p2

2
+ p+ 1, if s and p are odd,

equality holds if T ∼= As(⌈p
2
⌉, ⌊p

2
⌋).
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3.2. Extreme values of trees with �xed diameter

Here, we discuss the maximum and minimum values for trees with the �xed diameter σ.

Let Ps,σ,l be the tree constructed by the Pσ+1 = u0u1 . . . , uσ path by connecting s−σ− 1

pendent vertices at ul, with 1 ≤ l ≤
⌊σ
2

⌋
(see Figure 2).

. . . . . .

. . .
s− σ − 1

u0 u1 u2 uℓ−1 uℓ uℓ+1 uσ−1 uσ

Fig. 2. Ps,σ,l tree having 1 ≤ l ≤ ⌊σ
2
⌋

Theorem 3.5. For 3 ≤ σ ≤ s − 2, Ps,σ,⌊σ
2
⌋ is the unique tree that achieves the greatest

edge Mostar index among all trees of order s with diameter σ.

Proof. Consider a tree T with Moe(T) to the greatest extent possible of order s with

diameter σ. Let P = u0u1 . . . uσ be a diametrical path in T. By repeatedly employing the

Lemma 2.1, we generate a sequence of trees T,T1,T2, . . . ,Tl, such that Tl belongs to a set

of caterpillars where s− σ − 1 pendent vertices attached to the vertices u1, u2, . . . , uσ−1.

Now, we aim to prove that all the pendent vertices other than u0 and uσ are connecting

to exactly one vertex of u1, . . . , uσ−1. Suppose on the other hand, there are two vertices

uf and ug (1 ≤ f ≤ g ≤ σ − 1) of P having degree at least 3 in T. Let ui and uj are

connection with a path P . From Lemma 2.4, it is an inconsistency. As a consequence,

all pendent vertices other than u0 and uσ are joined to a single vertex of u1, . . . , uσ−1.

That is T ∼= Ps,σ,h. Then, for 1 ≤ h ≤ ⌊σ
2
⌋, there are |E (T)|−σ − 1 pendent vertices

adjacent to a vertex uh and |E (T)|−(2h + 2) ≥ 0. Let h < ⌊σ
2
⌋ and T′ = Ps,σ,h+1. As

h− 1 < min{σ − h, |E (T)|−(σ − h)} ≤ |E (T)|
2

, we have

Moe(T)−Moe(T
′)

= φT(uhuh+1)− φT(uhuh+1)

= ||E (T)|−h+ 1− s+ σ + 1− |E (T)|+h| − ||E (T)|−h+ 1− |E (T)|+h+ s− σ − 1|
= |−s+ σ + 2| − |s− σ| .

Since s > σ, implies that s− σ > 0 and Moe(T)−Moe(T
′) = −2 < 0. A contradiction,

thus h = ⌊σ
2
⌋ and T ∼= Ps,σ,⌊σ

2
⌋.

By Theorem 3.5 and simple calculations, the following are the outcomes:
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Corollary 3.6. Suppose T be a tree, then

Moe(T) ≤ Moe
(
Ps,σ,⌊σ

2 ⌋
)
=


⌊
(s−1)2

2

⌋
, if s = σ + 1,

2(s− 1), if σ = 2 and s ≥ σ + 2,

s2 − 3s, if σ = 3 and s ≥ σ + 2,

s2 − 3s− 4σ + 14, if σ ≥ 4 and s ≥ σ + 2.

The proof of next theorem is analogous as Theorem 3.3, therefore we omit its proof

here.

Theorem 3.7. Among all trees of order s and diameter σ, As(⌈σ
2
⌉, ⌊σ

2
⌋) (see Figure 1)

is the unique tree with the smallest edge Mostar invariant, for 3 ≤ σ ≤ s− 2.

By Theorem 3.7 and simple calculations, the following are the outcomes:

Corollary 3.8. Suppose T be a tree with 3 ≤ σ ≤ s− 2 and s ≥ 4, then

Moe(T) ≥
(⌈σ

2

⌉
+
⌊σ
2

⌋)
(s−2)+

s2

2
−(σ+1)s+



σ2

2
+ σ, if s and σ are even,

σ2

2
+ σ +

1

2
, if s is even and σ is odd,

σ2

2
+ σ +

1

2
, if s is odd and σ is even,

σ2

2
+ σ + 1, if s and σ are odd,

equality holds if T ∼= As(⌈σ
2
⌉, ⌊σ

2
⌋).

4. Regression relations

Topological indices are increasingly accessible, with their numbers steadily growing. Many

of these indices are approached purely through mathematical methods, often neglecting

their relevance to chemistry. To address this, a set of practical criteria has been developed

to aid in selecting a suitable molecular descriptor from a wide range of options. Among

these criteria is the ability to predict molecular properties and behaviors. To evaluate the

predictive e�ectiveness of topological indices, researchers frequently perform quantitative

structure-property relationship (QSPR) analyses, which compare theoretical attributes to

experimental data for speci�c reference compounds. Randi¢ and Trinajsti¢ [35] suggested

using octanes as benchmark data for initial testing of invariants. We have observed that

the Moe index has strong correlation with acentric factor (AF ) of octanes. The following

regression equation is analyzed to evaluate the performance of the Moe index.

P = mT + c, (4)

where P denotes the property being studied, m represents the slope, T corresponds to

the topological index, and c is the intercept. The regression analysis also incorporates

additional parameters such as the sample size (I), standard error (SE), F-test value
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(F ), and signi�cance F (SF ) for a more comprehensive assessment. Additionally, the

coe�cient of determination (r2) is used, with r representing the correlation coe�cient.

First we consider the octane isomers. ForMoe, the relationship in Eq. (4) can be expressed

as follows:

AF =− 0.004Moe + 0.616, r2 = 0.757, SE = 0.018, F = 49.799, SF = 2.71× 10−6.

(5)

The linear �tting of Moe with AF for octanes is depicted in Figure 3.

Fig. 3. Linear �tting of Moe with AF for octanes.

It is clear from the regression relation (5) and Figure 3 that the Moe index has strong

linear relation with AF of octanes.

We also correlated the Moe values of some chemicals useful in drug design [36] with

their properties. It is observed that the Moe is strongly correlated with the boiling point

(BP ) and molar refraction (MR). The relationship in Eq. (4) can be expressed as follows:

BP = 0.225Moe + 365.925, r2 = 0.728, SE = 87.381, F = 40.268, SF = 1.31× 10−5. (6)

MR = 0.043Moe + 54.046, r2 = 0.857, SE = 11.159, F = 89.726, SF = 1.01× 10−7. (7)

Fig. 4. Linear �tting of Moe with BP and MR

The linear �tting of Moe with BP and MR is depicted in Figure 4. It is evident from

the regression relations (6), (7) and Figure 4 that the Moe index is strongly correlated

with MR for the chemicals under investigation.



66 akhter, mondal and raza

5. Conclusion

QSAR and QSPR models establish connections between chemical structure and chemical

reactivity, physical properties, and biological activity, leading to valuable applications

through topological descriptors. The edge Mostar index has been introduced as a novel

measure, although it has yet to see widespread application in physicochemical or biological

research. We have investigated the extremal values associated with the edge Mostar index.

The maximal and minimal trees have been characterized for the edge Mostar index when

the tree order and number of leaves are given. The sharp upper and lower bounds of Moe
for the class of trees have been estimated as functions of tree order and diameter. The

extremal trees, where the bounds appear have also been identi�ed. We have observed that

the edge Mostar index correlate well with the acentric factor of octanes. Also the Moe
exerts signi�cant correlations with boiling point and molar refraction of some chemicals

useful in drug development. In future, the extremal graphs of this index can be explored

for given other parameters including chromatic number, clique number, matching number,

vertex and edge connectivity, and so on.
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