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Edge partitions into induced-2K2-free bipartite graphs
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abstract

We study edge partitions of a bipartite graph into induced-2K2-free bipartite graphs, i.e.
into Ferrers (chain) graphs. We de�ne fp(G) as the minimum number of parts in such a
partition. We prove general lower and upper bounds in terms of induced matchings and
Dilworth widths of neighborhood posets. We compute the parameter exactly for paths
and even cycles, and we exhibit separations showing that the induced-matching lower
bound and the width upper bound can both be far from tight. We also record a simple
host-induced con�ict-graph lower bound, present a 0�1 matrix viewpoint, and add some
complexity remarks.

Keywords: Ferrers graphs, chain graphs, edge partitions, induced matchings, bipartite
graphs, 0�1 matrices
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1. Introduction

Edge partitions into graphs from a hereditary class provide an edge-analogue of graph
colorings. In a recent template-partition framework, Gy®r�y et al. [9] de�ne, for a �xed
graph H, a parameter χ′

H(G) as the minimum number of bipartite subgraphs whose edge
sets partition E(G), each avoiding H as an induced subgraph. In this paper we focus on
the �rst nontrivial bipartite case when H = 2K2. The induced-2K2-free bipartite graphs
are exactly the Ferrers graphs, also called chain graphs: equivalently, the neighborhoods on
one side are totally ordered by inclusion. They admit a convenient 0�1 matrix description:
after permuting rows and columns of the corresponding bipartite adjacency matrix, the 1-
entries form a Ferrers (Young-diagram) shape. Background and further characterizations
can be found in [2]; see also [13].
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Given a bipartite graph G = (U, V,E), we write fp(G) for the minimum k such that
E can be partitioned into k edge-disjoint Ferrers subgraphs on the same bipartition. For
bipartite host graphs this is exactly the specialization

fp(G) = χ′
2K2

(G),

from [9]. Our parameter is distinct from Ferrers dimension and from chain-subgraph
covers, where overlaps are allowed.

model operation overlaps typical constraint

Ferrers dimension [11, 14] intersection yes intersection yields G

chain-subgraph cover [10, 1] union cover yes each piece is Ferrers

Ferrers partition number fp [9] edge partition no each piece is Ferrers

Main results

� We prove general bounds

νind(G) ≤ fp(G) ≤ min{width(PU), width(PV )},

in terms of induced matching number νind(G) and Dilworth widths of neighborhood-
inclusion posets (Lemma 4.1 and Theorem 4.2).

� We compute fp exactly for paths and even cycles (Theorems 5.2 and 5.3).

� We provide separation examples: disjoint unions of C8 give an arbitrarily large gap
fp(G)−νind(G) (Corollary 6.2), while crown graphs show that the width upper bound
can be o� by a factor Θ(n) (Theorem 6.4).

� In the matrix viewpoint, we determine fp exactly for Km,n with a matching removed:
fp(Km,n \M) ∈ {1, 2} with a sharp threshold at |M |= 2 (Theorem 6.5).

� We also record a simple host-induced 2K2 con�ict-graph lower bound and give a
worked example illustrating the de�nitions (Section 7).

The paper is organized as follows. Section 2 discusses connections to earlier work.
Sections 4�6 develop bounds and examples, and Section 8 presents the matrix viewpoint.
We close with complexity remarks and open problems.

2. Related work

Ferrers graphs appear throughout the literature under the names chain graphs and dif-

ference graphs ; see the survey monograph [2]. They admit the familiar forbidden induced
subgraph characterization, namely the 2K2, and a parallel characterization by Ferrers-
shaped 0�1 matrices.
Two nearby lines of work should be distinguished from the present paper. First, Ferrers

dimension and related intersection parameters ask for the minimum number of Ferrers
graphs whose intersection yields a given (di)graph; see Cogis [11] and, for connections
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to boxicity, [14]. Second, chain subgraph covers ask for a minimum collection of chain
subgraphs whose union covers all edges, allowing overlaps; see [10] and later developments
for restricted bipartite classes [1]. Our parameter is a partition analogue: overlaps are
forbidden, so the combinatorics changes.
Edge partitions into constrained bipartite subgraphs have also been studied recently in

a broader �template class� framework; see [9] for a representative instance motivated by
forbidden-subgraph constraints. A related motivation for restricting the structure between
pieces also appears in the �generalized coloring� model of London, Martin and Pluhár [3].
Finally, we should mention Gera et al. works [7, 6] on exploring a more application-

motivated and algorithmic approach in connection with the concept of nestedness, a phe-
nomenon that often emerges in ecological and real transaction networks.

3. De�nitions

All graphs are �nite and simple. Let G = (U, V,E) be bipartite with color classes U and
V . All subgraphs considered below are spanning on the same bipartition (U, V ); only the
edge set is partitioned (isolated vertices are allowed in parts). We write 2K2 for the graph
on four vertices consisting of two disjoint edges.

De�nition 3.1. A bipartite graph is a Ferrers graph (chain graph) if it contains no
induced copy of 2K2. Equivalently, the family (of neighborhoods) {N(u) : u ∈ U} (or
symmetrically {N(v) : v ∈ V }) is totally ordered by inclusion.

Proposition 3.2. A Ferrers graph has at most one connected component containing an

edge. Equivalently, if a bipartite graph contains two vertex-disjoint edges in distinct con-

nected components, then it contains an induced 2K2.

Proof. Let e = uv and f = u′v′ be edges in di�erent connected components. There are
no edges between {u, v} and {u′, v′}, hence the subgraph induced by {u, v, u′, v′} consists
of exactly the two edges e and f , i.e. an induced 2K2. Therefore a Ferrers graph (which
is induced-2K2-free) cannot contain edges in two distinct components.

De�nition 3.3. For a bipartite graph G, the Ferrers partition number fp(G) is the
minimum k such that E(G) can be partitioned into a disjoint union of k edge sets, each
inducing a Ferrers graph on the same bipartition, i.e.

E = E1∪̇ · · · ∪̇Ek,

where each Gi = (U, V,Ei) is a Ferrers graph.

This parameter reacts sharply to induced 2K2 obstructions, and its behavior di�ers
from cover/intersection models. Even for very classical families (paths, cycles, crown
graphs) one sees both tightness and large gaps.
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Remark 3.4. Gy®r�y et al. [9] de�ne χ′
H(G) as the minimum size of an edge partition of

G into bipartite graphs avoiding H as an induced subgraph. For bipartite G and H = 2K2

we have fp(G) = χ′
2K2

(G).

De�nition 3.5. Given graph G = (V,E), a set M ⊆ E(G) is an induced matching if M
is a matching and for any two distinct edges uv, u′v′ ∈ M there are no edges of G among
{u, u′, v, v′} except uv and u′v′. In particular, in a bipartite graph this means uv′ /∈ E(G)

and u′v /∈ E(G).

De�nition 3.6. Given graph G = (V,E), the induced matching number νind(G) is the
maximum size of an induced matching in G.

4. General bounds

4.1. A lower bound via induced matchings

Lemma 4.1. For every bipartite graph G,

fp(G) ≥ νind(G).

Proof. A Ferrers graph contains no induced 2K2 (Proposition 3.2), hence contains at
most one edge from any induced matching. In an edge partition into k Ferrers graphs,
each part contains at most one induced-matching edge, so νind(G) ≤ k.

4.2. An upper bound via Dilworth chain decompositions

For u ∈ U , let N(u) ⊆ V be its neighborhood. Let NU = {N(u) : u ∈ U} partially
ordered by inclusion, and write width(PU) for the maximum size of an antichain of the
corresponding neighborhood-inclusion poset (multiplicities do not a�ect width) on vertices
of U (and V , resp.) de�ned by u ⪯ u′ i� N(u) ⊆ N(u′).

Theorem 4.2. For every bipartite graph G = (U, V,E),

fp(G) ≤ min (width(PU), width(PV )).

Proof. By Dilworth's theorem [5], NU can be partitioned into w = width(PU) chains.
This yields a partition U = U1∪̇ · · · ∪̇Uw such that within each Ui the neighborhoods are
totally ordered by inclusion. Let Ei be the edges incident to Ui; then (U, V,Ei) is Ferrers
and E = ∪̇iEi. Thus fp(G) ≤ w. The same argument applies on V , giving the stated
minimum.

5. Exact values and bounds for some families

Throughout, Pn denotes the n-vertex path and Cn the n-vertex cycle.
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Lemma 5.1. Any Ferrers subgraph of a path or a cycle contains at most 3 edges.

Proof. Any subgraph of a path or cycle has maximum degree at most 2, hence every
connected component is a path. If a Ferrers subgraph contains a component isomorphic
to P5, then its two end edges are vertex-disjoint and there is no edge between their
endpoints inside the subgraph; hence they induce a 2K2, a contradiction. Thus each
nontrivial component has at most 3 edges. Finally, by Proposition 3.2 a Ferrers graph has
at most one nontrivial component, so the entire Ferrers subgraph has at most 3 edges.

5.1. Paths

Theorem 5.2. For the path Pn on n ≥ 2 vertices,

fp(Pn) =

⌈
n− 1

3

⌉
and νind(Pn) =

⌈
n− 1

3

⌉
.

In particular, fp(Pn) = νind(Pn) for all n.

Proof. Let m = n− 1 be the number of edges of Pn. Partition the edges into consecutive
blocks of 3 edges (and a �nal block of size 1 or 2 if needed). Each block induces P2, P3,
or P4, hence is Ferrers, so fp(Pn) ≤ ⌈m/3⌉. By Lemma 5.1, every Ferrers subgraph of Pn

has at most 3 edges, so fp(Pn) ≥ ⌈m/3⌉.
For the induced matching number, selecting every third edge along the path gives an

induced matching of size ⌈m/3⌉, and no induced matching can use more than one edge
among any 3 consecutive edges, so νind(Pn) = ⌈m/3⌉.

5.2. Even cycles

Theorem 5.3. For the cycle Cn on n ≥ 4 vertices,

fp(Cn) =
⌈n
3

⌉
and νind(Cn) =

⌊n
3

⌋
.

In particular, for even cycles C2t (which are bipartite),

fp(C2t) ∈
{
νind(C2t), νind(C2t) + 1

}
.

Proof. The cycle Cn has n edges. Partition the edges into consecutive blocks of 3 around
the cycle (with a �nal block of size 1 or 2 if needed). Each block induces a path on at most
4 vertices, hence is Ferrers, so fp(Cn) ≤ ⌈n/3⌉. Lemma 5.1 gives the reverse inequality.
For νind(Cn), selecting every third edge yields an induced matching of size ⌊n/3⌋. Con-

versely, an induced matching cannot contain two edges within the same triple of consec-
utive edges, so it has size at most ⌊n/3⌋.
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5.3. Ladders

Let Ln = Pn□P2 denote the ladder graph on 2n vertices. We label the vertices in the two
rails by t1, . . . , tn (top) and b1, . . . , bn (bottom), and the edges are the rails titi+1, bibi+1

for 1 ≤ i ≤ n− 1, together with the rungs tibi for 1 ≤ i ≤ n.

Theorem 5.4. For n ≥ 1,

νind(Ln) =
⌈n
2

⌉
.

Proof. Lower bound. The set of rungs {tibi : i odd} is a matching of size ⌈n/2⌉. If i
and j are distinct odd indices, then |i− j|≥ 2, hence there is no edge of Ln between the
vertex pairs {ti, bi} and {tj, bj} (all edges of Ln lie within a column or between adjacent
columns). Thus these rungs form an induced matching, and νind(Ln) ≥ ⌈n/2⌉.
Upper bound. For an edge e of Ln, de�ne its start column s(e) by

s(tibi) = i, s(titi+1) = i, s(bibi+1) = i.

We claim that ifM is an induced matching in Ln, then the start columns {s(e) : e ∈ M}
di�er by at least 2: there do not exist distinct e, f ∈ M with s(f) = s(e) + 1.
Indeed, �x i and suppose s(e) = i and s(f) = i + 1. Every edge with start column i

contains at least one of ti, bi, ti+1, bi+1, and every edge with start column i + 1 contains
at least one of ti+1, bi+1, ti+2, bi+2. In all possible cases, there is an edge of Ln between an
endpoint of e and an endpoint of f : either the two edges share a vertex, or one uses ti+1

and the other uses bi+1 (joined by the rung ti+1bi+1), or one uses ti+1 and the other uses
ti+2 (joined by ti+1ti+2), or one uses bi+1 and the other uses bi+2 (joined by bi+1bi+2). Any
such adjacency between endpoints is forbidden in an induced matching, so s(f) ̸= s(e)+1.
Consequently, the set {s(e) : e ∈ M} ⊆ {1, . . . , n} has pairwise gaps at least 2, hence

has size at most ⌈n/2⌉. Therefore νind(Ln) ≤ ⌈n/2⌉.

Corollary 5.5. For all n ≥ 1,

⌈n
2

⌉
≤ fp(Ln) ≤ n.

Proof. Lower bound immediately follows form Theorem 5.4 and Lemma 4.1. It is easy to
see that the Dilworth-width of the corresponding poset is n and apply Theorem 4.2.

Remark 5.6. For the ladder graph, is easy to see that the lower bound is the truth.
Consider the ladder of 8 vertices. Two letter �P" graph put together in a right way covers
the graph, and they are Ferrers. We leave the rest to the Reader.
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6. Additivity and separations

6.1. Additivity over disjoint unions

Lemma 6.1. Let G and H be vertex-disjoint graphs, each with at least one edge, and let

G∪̇H denote their disjoint union. Then

fp(G∪̇H) = fp(G) + fp(H), νind(G∪̇H) = νind(G) + νind(H).

Proof. Induced matchings are additive over disjoint unions.
For fp, note that if a Ferrers graph contains edges from two di�erent components of

G∪̇H, then it contains two vertex-disjoint edges with no edges between their endpoints
(since the host has no such edges), hence an induced 2K2, impossible. Thus every Ferrers
part in a partition of G∪̇H lies entirely within one component, and the minimum number
of parts is the sum.

6.2. A growing gap between fp and νind

Corollary 6.2. Let Ft be the disjoint union of t copies of C8. Then

fp(Ft)− νind(Ft) = t.

Proof. By Theorem 5.3, fp(C8) = ⌈8/3⌉ = 3 and νind(C8) = ⌊8/3⌋ = 2. Apply
Lemma 6.1.

6.3. A separation for the Dilworth-width upper bound

De�nition 6.3. The crown graph Hn (n ≥ 3) is obtained from Kn,n by deleting a perfect
matching: U = {u1, . . . , un}, V = {v1, . . . , vn}, and uivj ∈ E(Hn) i� i ̸= j.

Theorem 6.4. For the crown graph Hn with n ≥ 3,

fp(Hn) = 2, width(PU) = width(PV ) = n.

In particular, the Dilworth-width bound in Theorem 4.2 can be o� by a factor Θ(n).

Proof. Order U and V by indices. Partition E(Hn) into

E+ := {uivj : i < j}, E− := {uivj : i > j}.

Then E(Hn) = E+∪̇E−.
In G+ = (U, V,E+), we have NG+(u1) ⊇ NG+(u2) ⊇ · · · ⊇ NG+(un) = ∅, so G+ is

Ferrers; similarly G− is Ferrers. Thus fp(Hn) ≤ 2. Since Hn contains an induced 2K2

(e.g. edges u1v2 and u2v1), it is not Ferrers, hence fp(Hn) ≥ 2.
Finally, N(ui) = V \ {vi}, i = 1, . . . , n, and these n sets are pairwise incomparable,

hence form an antichain of size n. So width(PU) = n, and it holds symmetrically on
V .
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Theorem 6.5. Let G = Km,n \M , where M is a matching of size t in Km,n. Then

fp(G) =

{
1, t ≤ 1,

2, t ≥ 2.

Proof. If t = 0, then G = Km,n is Ferrers, so fp(G) = 1. If t = 1, say the missing edge
is u1v1, then all neighborhoods on the U -side are comparable: N(u1) = V \ {v1} ⊆ V =

N(ui) for i ≥ 2, hence G is Ferrers and fp(G) = 1.
Assume now that t ≥ 2. After relabeling, we may assume the deleted matching is

M = {uivi : i = 1, . . . , t} with U = {u1, . . . , um} and V = {v1, . . . , vn}. Then N(ui) =

V \ {vi} for i = 1, . . . , t, and these neighborhoods are pairwise incomparable for t ≥ 2. In
particular, G is not Ferrers, so fp(G) ≥ 2.
We show fp(G) ≤ 2 by constructing a partition of E(G) into two Ferrers subgraphs.

Let V0 = {vt+1, . . . , vn} and U0 = {ut+1, . . . , um} denote the vertices not incident to the
deleted matching. De�ne

E+ := {uivj : 1 ≤ i < j ≤ t} ∪ {uiv : 1 ≤ i ≤ t, v ∈ V0},

and let E− := E(G) \ E+. Clearly E(G) = E+∪̇E−.
In G+ = (U, V,E+), the U -side neighborhoods satisfy

NG+(u1) ⊇ NG+(u2) ⊇ · · · ⊇ NG+(ut) ⊇ NG+(ut+1) = · · · = NG+(um) = ∅,

so G+ is Ferrers.
For G− = (U, V,E−), consider neighborhoods on the V -side. For 1 ≤ j ≤ t we have

NG−(vj) = {ui : 1 ≤ i ≤ t, i > j} ∪ U0,

while for v ∈ V0 we have NG−(v) = U0. Hence

NG−(v1) ⊇ NG−(v2) ⊇ · · · ⊇ NG−(vt) = U0 = NG−(v) (v ∈ V0),

so G− is Ferrers. Thus fp(G) ≤ 2, and together with fp(G) ≥ 2 we obtain fp(G) = 2 for
t ≥ 2.

7. A host-induced 2K2 con�ict graph lower bound

The obstruction 2K2 can be viewed from two perspectives: it may be induced inside a

part, or it may be forced by missing cross-edges already in the host graph. The latter
yields a simple and useful necessary condition.

De�nition 7.1. Let G = (U, V,E) be bipartite. The host-induced 2K2 con�ict graph

Chost(G) is the graph with vertex set E. Two distinct edges e = uv and f = u′v′ (with
u, u′ ∈ U and v, v′ ∈ V ) are adjacent if u ̸= u′, v ̸= v′, and the cross-edges are absent in

the host : uv′ /∈ E and u′v /∈ E.
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Proposition 7.2. For every bipartite graph G,

χ(Chost(G)) ≤ fp(G).

Proof. Suppose E = E1∪̇ · · · ∪̇Ek and each Gi = (U, V,Ei) is Ferrers. If two edges
e, f ∈ E are adjacent in Chost(G), then the cross-edges uv′ and u′v do not exist in G,
hence they do not exist in any subgraph Gi. Therefore e and f cannot lie in the same
Ferrers part Ei, since they would form an induced 2K2 inside Gi. Thus each Ei is an
independent set of Chost(G), and so k ≥ χ(Chost(G)).

Remark 7.3. In general, Chost(G) only captures forced 2K2 obstructions. It does not

characterize feasibility of a Ferrers partition: for G = K2,2, the set of two opposite edges
is independent in Chost(G), yet it induces a 2K2 as a subgraph and hence is not Ferrers.

7.1. A worked example: the crown graph H4

Let H4 be the crown graph on U = {u1, u2, u3, u4} and V = {v1, v2, v3, v4}, i.e. H4 =

K4,4 \ {uivi : i ∈ [4]}. Its bipartite adjacency matrix (rows indexed by U , columns by V )
is J − I:

A =


0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

 .

De�ne E+ := {uivj : 1 ≤ i < j ≤ 4} and E− := {uivj : 1 ≤ j < i ≤ 4}. Then
E(H4) = E+∪̇E−, and both G+ = (U, V,E+) and G− = (U, V,E−) are Ferrers: in G+ the
U -side neighborhoods satisfy N(u1) ⊇ N(u2) ⊇ N(u3) ⊇ N(u4), while in G− the V -side
neighborhoods satisfy N(v1) ⊇ N(v2) ⊇ N(v3) ⊇ N(v4). Hence fp(H4) ≤ 2, and since
H4 is not Ferrers we have fp(H4) = 2. Moreover, in this example the lower bound from
Proposition 7.2 is tight: χ(Chost(H4)) = 2.

8. Matrix viewpoint

Let A ∈ {0, 1}m×n be the bipartite adjacency matrix of G. A Ferrers graph corresponds
to a matrix that can be permuted so that each row is a (possibly empty) pre�x of ones.
This gives a compact matrix restatement of fp(G).

Remark 8.1. fp(G) is the minimum k such that the 1-entries of A can be partitioned
into k disjoint supports, each support forming a Ferrers 0�1 matrix (allowing independent
row/column permutations for each part).

For the crown graph Hn, the matrix is J − I (all ones except the diagonal). The
decomposition E(Hn) = E+∪̇E− from Theorem 6.4 is simply the split of J − I into its
strictly upper- and strictly lower-triangular parts (after ordering rows/columns by index),



24 andrás london

and each part is Ferrers. This example is a useful reminder that neighborhood-width can
be a coarse proxy for fp.
Theorem 6.5 can be phrased neatly in matrix terms. If A is the m× n all-ones matrix

with zeros at the positions of a matching (i.e. the zero pattern is a partial permutation
matrix), then the 1-entries of A can be partitioned into two Ferrers shapes unless there
is at most one zero, in which case A itself is Ferrers.

9. Computational complexity

9.1. Decision problem

We formalize the natural decision version of fp.

Problem 9.1 (Ferrers-k-Partition). Instance: A bipartite graph G = (U, V,E) and

an integer k ≥ 1. Question: Does there exist a partition E = E1∪̇ · · · ∪̇Ek such that each

Gi = (U, V,Ei) is Ferrers (equivalently, an induced-2K2-free bipartite) graph?

Proposition 9.2. Ferrers-k-Partition belongs to NP.

Proof. A certi�cate is a map c : E → [k] de�ning Ei = {e ∈ E : c(e) = i}. Given Ei, we
can test in polynomial time whether Gi is a chain graph/Ferrers graph, for instance by at-
tempting to produce a nested-neighborhood ordering on one side and rejecting otherwise.
Moreover, chain graphs admit linear-time certifying recognition algorithms [12].

Problem 9.1 with k = 1 is exactly recognition of chain graphs (Ferrers graphs), which
is solvable in linear time with certi�cates [12].

9.2. Relation to the template-partition framework.

According to Gy®r�y et al. for bipartite host graphs G and H = 2K2, the H-free bipartite
graphs are precisely Ferrers (chain) graphs, and therefore

fp(G) = χ′
2K2

(G).

Their standing conventions exclude empty template graphs and isolated vertices inside
templates; this does not a�ect the optimum value, since empty parts can be dropped and
isolated vertices removed without changing the edge partition [9].

9.3. Hardness evidence from neighboring problems.

We do not attempt a full complexity classi�cation for fp here; instead we record a few
related NP-hardness results indicating that chain-structure constraints can be algorith-
mically rigid. (These do not by themselves imply NP-hardness of computing fp(G).)

� Chain-structure completion is hard. The chain graph sandwich problem (deciding
whether one can choose a graph between mandatory/optional edges that is a chain
graph) is NP-complete [15].
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� The cover analogue becomes hard for k ≥ 3. In the cover version (edges may be
covered more than once), the k-chain subgraph cover problem is NP-complete for
k ≥ 3 and polynomial-time solvable for k ≤ 2; see, e.g., Takaoka for a clear statement
and references [4].

� Induced matchings are hard already on bipartite graphs. Computing a maximum
induced matching is NP-complete for bipartite graphs [8]. Since induced matchings
provide universal lower bounds on fp, this suggests that obtaining tight lower-bound
certi�cates may be di�cult in general instances.

10. Open problems

The bounds νind(G) ≤ fp(G) ≤ min{width(PU),width(PV )} are simple, but the examples
already show there is room between them. Paths satisfy fp = νind, even cycles can have a
gap of 1, and by disjoint unions of cycles the gap fp−νind can grow arbitrarily.

Problem 10.1. Compute fp(G) for further natural bipartite families (grids, convex bipar-

tite graphs, for instance), and identify graph-theoretic conditions forcing fp(G) = νind(G).

Problem 10.2. How large can fp(G) be as a function of νind(G) under constraints such

as bounded maximum degree or given edge density?

Problem 10.3. Is it true that if fp(G) = νind(G), then G admits an optimal Ferrers

partition in which every part is a forest of diameter at most 3 (equivalently, a bistar or

P4)?

Problem 10.4. From algorithmic perspective, a concrete next step is to determine the

complexity of fp(G) ≤ 2 for bipartite G. More broadly, it would be interesting to study

approximation and parameterized aspects of fp(G), and to identify additional graph classes

where fp(G) is computable in polynomial time.
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