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Factorization of spread polynomials
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ABSTRACT

We present a proof of a conjecture of Goh and Wildberger on the factorization of the
spread polynomials. We indicate how the factors can be effectively calculated and exhibit
a connection to the factorization of Fibonacci numbers into primitive parts.
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1. Introduction

The sequence of spread polynomials (S, (z)),>1 of Norman J. Wildberger is uniquely
defined by the requirement

Sy (sin” @) = sin®*(n#). (1)

The spread polynomials play a central role in Wildberger’s rational trigonometry [3].
In order to make plane geometry free of transcendental expressions and square roots he
suggests to replace lengths by their squares, which are referred to as quadrances, and
angles by spreads. In the right angled triangle with sides a,b and ¢

a

the spread s € [0,1] is defined as the ratio s = b?/c? of the quadrance of the opposite
leg b by the quadrance of the hypothenuse c. Let s, be the spread between the extremal
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4 CIGLER AND HERBIG

lines of an arrangement of n + 1 lines which all meet in a single point and whose spreads
of neighboring lines all coincide. Then

Sp = Sp(s), (2)

states the geometric property of the spread polynomials that makes them play a central
role in rational trigonometry.

/

—_—

The spread polynomials can be written in terms of the Lucas polynomials L, (z)

S, (z) = 2 — Lnf — 4ZL‘). (3)

Following 3] we consider the closely related polynomials
Z,(z) = 45, (%) =2 L,(2—2) (4)

A conjecture of Wildberger’s honours student Shuxiang Goh (see [9]), stated in terms
of Z,(x), claims the following.

Theorem 1.1. There is a sequence of polynomials (V4(x))a>1, Va(x) € Z[z], which are
closely related to the cyclotomic polynomials ©4(x), such that Z,(z) = [],, Ya(z) and
deg(Vy) = ¢(d), where ¢(d) is Fuler’s totient function.

The aim of this note is to prove the theorem as a consequence of (1) and known results
about the Chebyshev polynomials obtained in [1], [2] and [7]. Moreover, we obtain some
concrete facts about the polynomials W,(x), some of which had already been conjectured
in [3].

2. Some well-known facts about Lucas polynomials
The Lucas polynomials L, (x) are defined by the recursion
Ln(z) = 2 Lp 1 (2) = Ln2(), (5)

for n > 2 with initial values Lo(z) = 2 and L;(x) = x.” The first terms are (cf. |6, entry
A034807]):

2 Up to the index n = 0 the sequence of Lucas polynomials coincides with the sequence of the pyramidal
polynomials from [3], the latter coming from a Riordan array.
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n |01 2 3 4 5
Ln(a:)‘Z r —2+2% =3r+2d 2—42? +2* 5z — 523 +2°
6
—2+ 922 — 62" + 2°

Binet’s formula gives

Ln(z) = (o))" + (B(2))", (6)
with a(z) = 2= V;L‘l and f(x) = ﬁ = = 2"”2’4. The Lucas polynomials are related to
the Chebyshev polynomials of the first kind 7,,(x) by

Lu(z) = 2T, (5) (7)
and are characterized by
1 1
Ln(z—i——)—z"—i——, (8)
Z z"

forn > 1 and z # 0 because 2" + & = (z+ 1) (z" '+ Z=) — (:"?+ ==). For
z=eV71% Bq. (8) implies

L, (2cos®) = 2cos(nb). 9)
Eq. (8) also implies
for all m,n > 0 since z2™" + zl = ()™ + (Zln)m

Let us also mention that 22" + Z%n —2= (z" + an — 2) (z" + zin + 2) implies
Lop(x) — 2 = (Ly(z) — 2)(Lp(z) + 2), (11)
and that
Loy (x) + 2 = (Ln(2))?, (12)

because 22" + Z%n +2= (z” + L)2.

ZTL

3. Factorization of the polynomials L, (z) — 2

Proposition 3.1. For n > 1 the roots of f,(x) := L,(x) — 2 are vy = 2cos (%) with
0<k< g For odd n = 2m + 1 the roots v, with 1 < k < m are double roots and vy = 2
18 a sitmple root. For even n = 2m the roots v, with 1 < k < m are double roots and

Vo, Um GT€ Stmple roots.
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Proof. Since f, (2005 (27’;—’“)) = L, (2005 (22_/@)) — 2 = 2cos(2mk) — 2 = 0 each vy, =
2cos (2£) for k € Z is a root of f,(x). All different roots of this form are given by
0<k<3.

We claim that in this way we obtain all the roots of f,,(z) because the number of roots
above, counted with multiplicity, in fact already amounts to n.

To show the claim for n = 2m + 1 it suffices to show that
(Lamr1(2) = 2)(z = 2) = (Lins1(2) — Lin(2))?, (13)
which is a square of a polynomial. For n = 2m in turn it suffices to show the identity
(Lom (@) = 2)(z = 2)(@ +2) = (Lin41(2) — Lin-1(2))". (14)

Since both sides of these identities are linear combinations of o?", 5" and 1" they
satisfy the same recurrence of order 3. More precisely since

(z—a®)(z-F)z—-1) =22+ (1-22)2"+ (2* - 1)z —1, (15)

they satisfy
fn+3)+ (1 =2*)f(n+2)+ (2® = 1) f(n+1) — f(n) = 0. (16)
Thus to prove these identities it suffices to verify them for 0 < n < 2. n

Next we use the fact that a polynomial p(z) with an algebraic number a as a root has

the minimal polynomial of a as a factor.

The minimal polynomial ¢,,(z) of 2cos (2) is

.
Un(z) = I1 (g; — 2cos ﬂ) , (17)
ged(j,m)=1, 0<j<n/2 n

for n > 2 with ¢y (x) = x — 2 and s (x) = = + 2. The first examples are:

n | 1 2 3 4 5 6 7 8
1/Jn($)‘—2+$ 24z 14z o —14+z+2*> —142 —1—-2z+2*+2° —24 22
9
1—3z+ a3

Theorem 3.2. Let az) = ZHvr—1 V2’”2_4 and @, (x) be the nth cyclotomic polynomial. Then
for n > 3 the minimal polynomial of 2 cos (2”) 18

n

@, (a(2))

Un(x) = (alz)e™P (18)

Proof. For n > 3 the cyclotomic polynomial ®,(x) is a symmetric polynomial with

integer coefficients of even degree p(n). For example:

n |3 4 5 6 7 8
@n(x)‘l—i-x—l—x? 1+22 1+x+2°+23+2* 1—z+22 1+2+---+25 1+2°
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9
1+ 2%+ af

Therefore i’gﬁ% is a sum of terms of the form x* + xik with integer coefficients. Since

L =aF + —% we can write

@, (ol ¢(n)/2
W = > ali(z) € Zlz),

k=0

with integer coefficients ¢; and note that this polynomial is of degree ¢(n)/2. Since
a(2cosb) = cosf 4 v/cos20 — 1 = cosf 4+ /—sin? 6 = eV~1? we get

2 —
d, (a (2 cos 1)) =, <62 ’1“/”) =0.
n
Pn (o))
)?

o o7z is a monic polynomial of degree ¢(n)/2 with integer coeflicients

and root 2 cos 2X. Consequently it must coincide with the minimal polynomial ¢, (x). O

Therefore

For example, %—Ef) =1+ 2%+ &5 gives qzﬁ&ﬁ? 1+ (a(z))* + W =1+ Ls(z) =
1 — 3z + 2 = g(x).

Corollary 3.3. Forn > 1 we have Ygn+2(x) = Lon ().

Proof. Since ®gn+2 (CL’) - x2”+ + 1 we get LZ() =¥ + 227 and (OC(ZE))2n + (a(ﬂﬁl))z_n

-

Proposition 3.4. [I, Proposition 2.2] For n > 1 we have
Ln(x) — 2 =11 (x) o | AC
k|n,k#£1,2
with e, = (1+ (=1)") /2.

Proof. This follows from the multiplicities of the roots of L, (z) — 2 and the fact that for
ged(j,n) = d the minimal polynomial of 2 cos(27j/n) is ¥ a(x). ]

4. Some properties of Z,(x)

The formula Z,(z) = 2 — L,(2 — x) shows that Z,(x) is closely related to the Lucas
polynomials L, (x). The first terms are:

n |1 2 3 4
Zn(x) ‘ r 4r —2* 9xr —62% + 2% 162 — 202% + 823 — !
)
25z — 5022 + 3523 — 102* + 2°
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Note that —Z,(—x) is a monic polynomial of degree n with positive coefficients. Since
L,(2) =2 we have Z,(0) = 0.

Let c(n, k) = [2¥] L,(2 4+ 2). From L,(2+2) = (2+ 2)L,_1(2 4+ 2) — L,2(2 + z) we
get c(n, k) =2c(n—1,k) +c(n—1,k—1) —c(n —2,k). Since ¢(0,1) =0 and ¢(1,1) =1
we get with induction that c¢(n,1) = n? In the same way c(n, k) = (”ﬁ;l)% Therefore,
we get

= ni{n+k—1
Zn(z) = Z(_nk 1%< o )ﬁ (19)
k=1
With A(2) = (2 — ) = 2242 e gt
(A@)" — 1)°
n _ Az))"—1)2
because Z,(r) =2 —L,(2—x) =2 — (()\(x)) + W) = —%.

The polynomials Z,(x) satisfy the recursion

Znis(@) + (2 — 3) Zngo(x) + (3 — ) Zpya () — Zp(x) =0, (21)
because they are a linear combination of A(z))", W, 1™ and

(2 — A@))(z — ﬁ)(z )= P4 (e—3)2 4 (B—x)— 1. (22)

Another connection with the Lucas polynomials is the following.

Proposition 4.1.

Zan+1 (552) = (L2n+1($)2,
Zoy (2%) =4 — (Lay(2))*.

Proof. For odd m we have Z,, (2?) =2 — L, (2 — 2?) = 2 — L,,(— La()) = 2+ Loy () =
(L (z))? because of Eq. (12). The second identity follows from

1\? 1
Zon (1%) =2 = Loy (2—a%) =2 — Loy [2— (24 =) | =2 Lon (2 + 5
z 22

—9 4n 1 — 4 2n 1 2_4 L 2

=2z2— |z +% =4 — |z +ZE - —< Qn(l’))

Proposition 4.2. For arbitrary u # 0 we have
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Proof. Note that Z, (— (u—1)") =2~ Ly (24 (u=1)") =2~ Ly (¥ + &) =2 -
)2

(v + 1) = — (u" — %), On the other hand, Z,,,,(z) = 2— Ly, (2—2) = 2— Ly (L (2—
Zn(x)). O

=

) =2—L,(2—-Z,(x)) = Zn

—~

5. Proof of Theorem 1.1

Let z,(z) = (=1)""'Z,(z) = (-=1)" (2 — L,(2 — x)) be the monic versions of the Z,(z).
The first terms are:
no |1 2 3 4
Zn () ‘ r —4dz+2* 9r —62° + 23 —16x + 202% — 823 + 2!
S
252 — 5022 + 352% — 102* + 2°

Proposition 3.4 gives

(@) =912 —2) (2 —2) [ (2 —2)? (25)

kln, k#£1,2

Since all the z,(z) are monic we can replace all the polynomials of the right hand side
by their monic versions. This gives

2(@) = ¢1(2)(da(x)™ [ (del@)), (26)
kln, k#1,2

with (bl(x) =, ¢2(x) =T — 47 ¢n(x> = (—1)“0(”)/21%(2 - SC)
Observing that 2—2 cos (22£) = 4sin® (£2) we get from Eq. (17) by changing = — 2—x

n

) km D, (A(z))

On(x) = (x — 4 sin? <—)) = (—1)pm/2_— 2 (27)

o e ; CE
for n > 3 with A(z) = a(2 — z) = 2=2¥2~4 Thyg ¢, () is the minimal polynomial of

2
4 sin? (%) The first terms are:
no |1 2 3 4 5 6 7
$u(x) [z —4+2 =3+ —24a2 5—br+a? —l+z —T+1ldz—T2>+2°
8 9
2—4dr+2* -3+ 91— 62% + 2°

(see |6, entry A232633]).

Let
U, () := (¢, (x))? for n > 3, (28)
Uy (z) =z, Uo(x) :=4 — 2z = —¢po(x),

such that ¢y (x)(ge(z)) = (=1)""1,(z)(Vy(z))°. Then U, (z) € Z[x] with deg¥,, =

p(n).
With this the proof of Theorem 1.1 is a consequence of Eq. (26).
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6. How to calculate the ¢y (z)

6.1. Odd index

For odd m we know from Proposition 4.1 that Z,, (%) = (L,,(x))?. This implies

Ly(z)==z H ¢ (7).

dlm, d>1

The Mobius inversion formula then gives for odd m > 1

O (xz) _ H (L%(x))”(d) .

dlm

6.2. The case indexed by powers of 2

Observing that Zy(z) = H?:o Wy, (x) and Wor(z) = @3 () for k > 2 we get

Wor ()

T Zga(z) AN () \ N (@) — 1

which gives

1

Dok (:L‘) = Lok ()\($) + m

for k > 3. From Lon+1(x) = Lo (Lan(2)) = L3.(x) — 2, we get the recursion

(b2k+1 (l’) = ¢gk <.fL') — 2
It should also be noted that
Gon+1 (%) = Lon (),

for n > 1. This follows from

Gon1 (2%) = Lon-1 (2 = 2%) = Lon-1 (2% — 2) = Lon-1 (La(2)) = Lon(z).

6.3. General case

Theorem 6.1. For odd m > 3 and k > 2

G2 (@) = (=)™ (4 — 2) = (=1)7"™/%(¢,, 0 Vo) (w),

¢2km(x) = Om (ng (m)) = (¢m © \Ij2k)($)

The main idea of the following proof is due to Tri Nguyen [4].

Zos(3) | (Aﬂm1Y(V“@M1f
EEPET)

) = Laa2 )

(29)

(30)

(32)

(33)
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Proof. To prove (34), observe that ¢o,(x) and (¢, o Uy) (x) have the same degree @

and that ¢, () is irreducible with root a = 4sin® (). If we show that «a is also a root

2
p(m)

of (¢ 0 W) () = (4 — ), then ¢, (4 —x) = (—=1)"2 dop(x). This follows from
_ ) = _4sin2 () = 2( T
Ol =) = (4= dsi® (7)) = 6, (aeos® (57))
_ Lo (T T\ _ Lo ((m = DT\ _
= Om <4sm (2 2m>)—¢m (48111 ( o )) = 0.
For the last step, observe that m — 1 = 2k is even and ged(k,n) = 1. Therefore,

ot (52) (o (5)) -0

For the proof of (35), it is sufficient to show that the root v;, = 4 sin? (#) of gk, is
also a root of ¢y, (¢2,(x)) as G, (2) is irreducible and

km
e, (63(0) = £t = 2O _ ey g0, ).

Using the formula L, (2 cos ) = 2 cos(nf), we get

Gt () = Lor—2 (2 = k) = Low— (2 — dsin® (ﬁ))

= Lok <2 cos <ﬁ>> = 2cos (%) :

G © Po (W) = Om <4 cos® (2i)>

m

= 6 (4~ 4sin® (%)) = (=)™ ay, (45002 (%)) ~0.

7. Final remarks

Let us finally show some connection with the Fibonacci numbers (F,),>0 = (0,1,1,2,
3,5,8,13,21,...). They satisfy F,, = F,,_; + F,,_o for n > 2 with [, =0, F; = 1 and
Binet’s Formula gives

g=r"7 (36)
p—0

with p = %‘F’ and o = ’71 = 1’2‘/5. It is known (see [5]) that the Fibonacci numbers form

what is called a divisibility sequence.

2
Since A(5) = BEE = 8 = (1908)7 = % we get OB + iy =
(=)™ (0*" + p*) = (=1)" (5 (”;g) + 2(—1)") — 5(—1)"F2 + 2, which implies

Zn(5) = (=1)"15F2. (37)
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Theorem 1.1 gives then the factorization of the Fibonacci numbers into primitive parts

(cf. [6, entry A061446] and [5])

F, = dev
dln

with p; = 1 and p,, = |¢,,(5)| for n > 2. We get:

n‘12345678910111213141516

%(5)‘5 1 -2 -3 5 -4 —-13 7 —17 11 -89 6 233 —29 61 47

For example

n |1 2 3 4 5 6 7 8 9

Fo=Ilgpa|l 1-1 1-2 1-1:3 1.5 1-1-2:4 1-13 1-1:3-7 1-2-17 "
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