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ABSTRACT

Let L(G(k)) be a line graph of a k-subdivided graph G(k) of any connected, simple and
undirected graph G. In this paper, we fixed the valency dependence invariants of L(G(k))
for k > 2. Our results are the generalization of the results proved in [1, 3, 8|.
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1. Introduction

Let G be a simple and connected graph with vertex set V(G) and edge set E(G). The
number of elements in the vertex set and edge set are called the order and size of the
graph G respectively. The degree of a vertex 'v’ in a simple graph G is denoted as deg(v)
and defined as the number of edges incidents to vertex v.

In chemical graph theory, we apply the concepts of graph theory to describe the mathe-
matical model of a variety of chemical structures. The atoms of the molecules correspond
to the vertices and the chemical bond is reflected by edges. Topological indices are nu-
merical parameters of chemical graphs associated with quantitative structure property
relationship (QSPR) and quantitative structure activity relationship (QSAR) [2, 9]. The
major of topological indices is distance based, degree based, and spectrum based. Among
these classes, degree based topological indices are of great importance and are helpful
tools for chemists. The concept of topological index came from the work done by Wiener,
when he was working on boiling point of paraffin [17].

One of the well-known degree based topological indices is the atom-bond connectivity
(ABC) index of a graph, proposed by Estrada et al. and defined as [1]:
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ABCG) = Y 4|t h 2 de‘2 (1)

weE(G)

Vukicevi¢ and Furtula defined the geometric arithmetic index as [16]:

2v/d,d,
GA(G) = VR (2)
weE(G) v v

The fourth member of the class of ABC index was introduced by Ghorbani and Hos-
seinzadeh [5]:

>
ABCY(G Z Suf o2 (3)

SuS
weE(G we

The fifth GA index was introduced by Graovac et al. [0]:

2./SuSw
GAs(G) = > P (4)
weE(G) w v

where s, is the summation of degrees of all neighbors of vertex v in G.

2. Discussion and main results

In 2011, Ranjini et al. [10, 11] studied the Zagreb indices of the line graphs of the
subdivision of the tadpole, wheel, steerage, and stepping stool charts. Sardar et al.
[13] computed the topological files of the line diagrams of Banana tree and Firecracker
diagrams. Nadeem et al., saddiqui et al. and Soleimani et al. [9, 12, 14] studied the
topological properties of nanostructures. In 2015, Su and Xu [15] figured the general
aggregate availability records and co-lists of the line graph of the tadpole and haggle
charts with subdivision. Nadeem et al. [9, 16] calculated ABCy and GA; of the line
graphs of the tadpole, wheel, stepping stool, 2D-lattice, nanotube, and nanotorus of
TUC,Cs[p,q]. Recently, Imran et al. [7] found the first and second Zagreb index, the
hyper Zagreb index, multiple Zagreb indices and Zagreb polynomials of the line graph of
wheel and ladder graphs by taking k = 2.

For accurate and optimal structure design it is important to use topological and connec-
tivity indices as structural descriptors. Let G be a finite, simple, undirected and connected
graph with order p and size q. A k-subdivided graph G(k) of G is obtained by replacing
every edge of graph G by a path Py,o. A line graph L(G) of graph G is a graph having
q vertices and two vertices are adjacent in L(G) if and only if their corresponding edges
are adjacent in GG. It is not easy to describe the structure of line graph of any graph in
general. However, the line graph of G(k) has following properties.

e Every vertex of degree d becomes a complete graph K; and every path Py, becomes
a path Pg.q.
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e The graph L(G(k)) has p number of independent complete graphs Ky, for 1 <i <p
as subgraphs.

e The graph L(G(k)) has ¢ number of independent paths Pj.

e Let (d;,d;) be a type of edge in G then this edge with respect to degree will become
a path (d;,2,2,...,2,d;) in G(k) and (d;,2,2,...,2,d;) in L(G(k)).

k—time k—1)—time
o Let (d;, d;) be a type of edge in G then( thi)s edge with respect to neighborhood degree
will become a path (2d;,2,2,...,2,2d;) in G(k) and (d;(d;—1)+2,2,2,...,2,d;(d;—1)+2)
—— N———
k—time (k—1)—time
in L(G(k)).

In [3, 8, 7] the authors have calculated the neighborhood degree based topological
indices for the line graph of wheel, ladder and tadpole graph only for £ = 1,2. They
have found the topological indices by using elementary counting. In this article, we
study the structure of line graph of k-subdivided graph. Then we define degree base and
neighborhood degree base topological indices for the line graph of k-subdivided graphs in
general.

3. Degree based topological indices of L((G(k)))

In this section, we elaborate this concept by using a lemma as follows:

Lemma 3.1. Consider graph G on p vertices and q edges with degree sequences 3 < dy <
do <ds...<d,. Lete; = (da,,dg,) be all s-types of edges with count (;, i =1,2,...;s and
i and \; are the number of vertices of degree d,, and dg, respectively. Then line graph

L(G(k)) of k-subdivided graph of G, will have the following degree base edges and their
counts.

Edge Type (dam dOZi) (daiv 2) (27 2) (2’ dﬁi) (dﬁiv dﬁi)
Count i ( dgi ) &i (k—2)q &i i ( dgi )

Proof.

We assume that k£ > 2. Since the line graph of complete bipartite graph K 4 is complete
graph K and line graph of path P, is a path P,. Therefore every vertex of degree d; > 3
in G becomes a complete graph K, and every path Py, in G becomes a path P, in
L(G(k)). Thus graph L(G(k)) has p number of independent complete graphs K, for
1 <i < p as subgraphs. Each path P;.5 between the pair of vertices (d,,, d,) becomes a
path Py1 in L(G(k)) for 1 < m,n < g and vertices have degrees (from left to right)as
dm,2,2,...,2,d, in L(G(k)). Therefore, we will have ¢ total number of paths in graph

—_——

k—time

L(G(k)). By using these properties, we conclude the proof. ]



118 RAZZAQ, IQBAL, ALI AND RIZVI

Theorem 3.2. Let H = G(k) (for k > 1), ABC indez of line graph of H is
3 3

o, —1) 2 g —1) 7 _
ABC(L(H)) = il a7y iy g 2
Proof. From Eq. (1),
dy+d, —2
ABC(L(H)) = T
weE(L(H)) w
dy, + do. — 2 dy +2—2
- Z d,.d,, + Z 2d,,.
(da;+da) L (da+2) ‘

4\ [2d. —2 ds\ [2ds —2 11 k-2
_ ) ; +)\i(ﬁ,> 8 +&[_+_}+( )q

2 ’ 2

2 )\ " 2 )\ T atalt
do, — 1)3/2 dg, — 1)*% (k-2 2
B NV R TR
2 V2 V2 V2
0
Theorem 3.3. Let H = G(k) (for k > 1), GA indez of line graph of H is
do(do, — 1) ds,(ds, — 1 B + /A5 (doyds, +2
CA(L(H)) = p, sl =1y dds =) o) [( ) (doyds +2)

(dai + 2) (dﬁz + 2)

Proof. From Eq. (2),

GALH) = Y 2V dud,

weE(L(H))

2,/d%
_ Z m/@uFZ 2 2dai+2%+221/2d@+ Z Bi

2d,, 2+ d,,
! + ! (2,2) (27d3i)

d,. ds 224, 2./2ds
:m<2l)+)\i<2ﬁ’>+(l€—2)q+& v -+ V24

2+d,, 2+dg
dy (dy — 1 dg (dg — 1

Hﬁ&[m(dﬂﬁzw T (o, +2)

(dai adai) (daz 72)

(dai + 2>(d51 + 2)

do, (dy, — 1 dg (dg, — 1
,Mz‘—l( 21 ) —l-)\i—ﬁZ( g ) + (k—2)q

(\/d_ai + dﬁz) (daidﬁi + 2)
324 [ (dor + 2)(ds +2)
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4. Neighborhood degree based topological indices of L((G(k)))

Firstly, We introduce this concept in the form of a lemma as follows.

Lemma 4.1. Let G be any finite and simple graph with order p and size q, having degree
sequence 3 < dy < dy < ... < dp,q < d,. Let e; = (dy,,ds,) be all type of edges with
each has count (; and i = 1,2, ..., s in graph G. For k > 2, the the line graph L(G(k)) of
k-subdivided graph of G, will have the following neighborhood degree base edges:

1. For k = 2, we will have two type of neighborhood degree base edges: first type of edges
depend on the degrees of vertices of G are (d.(d,—1)+2,d,(d,—1)+2); with count %”_1).
The second type of edges depend on the type of edges of G are (do,(da;, — 1) +2,do, +dpg,);
(do, +dg,, ds,(dg, — 1) + 2); G; G respectively with 1 <~y <pand1<i<s.

2. For k = 3, neighborhood degree base edges are (d,(d, — 1) + 2,d,(d, — 1) + 2);
(dos (day — 1) + 2, doy +2); (doy +2,ds, +2); (dg, + 2, ds,(ds, — 1) +2); with count L=
Ci; Ciy ¢ respectively with 1 < v <pand1 <1< s.

3. For k = 4, neighborhood degree base edges are (d.(d, — 1) + 2,d,(d, — 1) + 2);
(do;(do; — 1) +2,do, + 2); (do, +2,4); (4,dp, + 2); (dg, + 2,dp,(dp, — 1) + 2); with count
M; Ciy Ciy Gy G respectively with 1 <~y <pand1 <1 <s.

4. For k > 5, neighborhood degree base edges are (dy,(do, — 1) +2,do, +2); (do, +2,4);
(4,dp, +2); (dg, +2,dg,(dg, — 1) +2); with each have count (;; and (d,(d, —1)+2,d,(d, —
1)+ 2); (4,4); with count w; (k —4)q; respectively with 1 <~y <p and 1 <i<s.
Proof. We assume that k£ > 5. Since the line graph of complete bipartite graph K 4 is
complete graph K. and line graph of path Py, is a path P,. Therefore, every vertex of
degree d; > 3 in G becomes a complete graph K, and every path P2 in G becomes a
path Py in L(G(k)). Thus graph L(G(k)) has p number of independent complete graphs
K4, for 1 < i < p as subgraphs. Each path Py,o between the pair of vertices (d,,, d,)
becomes a path Pyq in L(G(k)) for 1 < m,n < ¢ and vertices have neighborhood
degrees as d;(d; — 1) +2,d; +2,4,4,...,4,d; + 2,d;(d; — 1) +2) in L(G(k)). By using
these properties, we conclude the proof for £ > 5 and all other cases for k = 2, 3,4 also
follow the same lines. O

Remark 4.2. It may be noted that the count of edge type (d,,,d,) is same as that of
edge type (d, din).

Theorem 4.3. Let H = G(k) (for k > 4), The generalized ABCy(H)) indez is

ABCY(L(G)) = (dv> [L] YO

2 d2 —d,+2 4
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dz. +2 N 1 [do,+4
(d2, — d, +2 (do; +2) 2\ da, +2

1 +4 d3 +2
2 dﬁ +2 d2i—d5i+2)

+&

Proof. From Eq. (3),

Sut 8y —2 + 5, — 2
ABCy(H Z
weE(H SuSv
B S \/V(d7 D) +2+d,(dy—1)+2—2
oldy)ro dn@—nyzy | (drldy = 1) +2) (dy(dy —1) +2)

doldo, =) +24do, $2 -2 ~ (1512
* 2. \/(dai(dai—1)+2 o +2) 2N T

(da; (da; —1)+2, da; +2) (4,4)

S do,+2+4-2 S d5+2+4—2

da. 2 4(d 2
(da+24 Z+ 4d +2 ﬁldl_)

dg (dg, — 1) +2+dg +2—2
" 2 (da(ds, — 1) 1 2) (ds, + 2)

(d6i+2, d@i(d5i71)+2)
d 2 6
JE—d,+2

e a2 +2 L1 fda 44
(42, — do, +2)(d +2) 2\ da, +2

1 +4 d2+2
i (dg, +2) (% —dg, +2) |

Theorem 4.4. Let H = G(k) (for k > 4), The generalized GAs(H)) indez is

Gs(L(t) = (5 ) + (= )

B A B AL 4/ 52 2\/d +d2+4 Vo 2

do, +4 a1 6 dal+6

+&

Proof. From Eq. (1),

2:/SuS0
GAs(L(H) = Y, 52
weB(L(H)) v
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2\/ 1) +2)°
- 2 u(d-4)+m

(dy (dy—1) 42, do (dy—1)+2)

Z 2\/<dai + 2) (dai (dai — 1) + 2)
Aoy (do; — 1) + 24+ dy, +2

+
(da(da,71)+2,da,+2)

4(dy, + 2 QW 2,/4(dg, + 2
n Z +)+Z Z (ds )

Wi daz+2+4 Gy A+d i, dat2+d

2/ (ds + 2) (5. (d5, — 1) + 2
3 V (ds, +2) (dg,(ds, — 1) +2)

dg, + 2+ dg,(ds, — 1) +2

d
= ( W) +(k—4)q
2
a1 4/ 2\/d +d2+4 4y/dy, +2

do, + 4 daz+6 do, + 6

+

+&i
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