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abstract

Let L(G(k)) be a line graph of a k-subdivided graph G(k) of any connected, simple and

undirected graph G. In this paper, we �xed the valency dependence invariants of L(G(k))

for k ≥ 2. Our results are the generalization of the results proved in [1, 3, 8].
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1. Introduction

Let G be a simple and connected graph with vertex set V (G) and edge set E(G). The

number of elements in the vertex set and edge set are called the order and size of the

graph G respectively. The degree of a vertex 'v' in a simple graph G is denoted as deg(v)

and de�ned as the number of edges incidents to vertex v.

In chemical graph theory, we apply the concepts of graph theory to describe the mathe-

matical model of a variety of chemical structures. The atoms of the molecules correspond

to the vertices and the chemical bond is re�ected by edges. Topological indices are nu-

merical parameters of chemical graphs associated with quantitative structure property

relationship (QSPR) and quantitative structure activity relationship (QSAR) [2, 9]. The

major of topological indices is distance based, degree based, and spectrum based. Among

these classes, degree based topological indices are of great importance and are helpful

tools for chemists. The concept of topological index came from the work done by Wiener,

when he was working on boiling point of para�n [17].

One of the well-known degree based topological indices is the atom-bond connectivity

(ABC) index of a graph, proposed by Estrada et al. and de�ned as [4]:

∗ Corresponding author.

Published Online 20 May 2026.

DOI: 10.61091/ars167-07
© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC

BY license (https://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.61091/ars167-07
https://www.combinatorialpress.com/ars
https://doi.org/10.61091/ars167-07
https://creativecommons.org/licenses/by/4.0/


116 razzaq, iqbal, ali and rizvi

ABC(G) =
∑

uv∈E(G)

√
du + dv − 2

dudv
. (1)

Vukičevi¢ and Furtula de�ned the geometric arithmetic index as [16]:

GA(G) =
∑

uv∈E(G)

2
√
dudv

du + dv
. (2)

The fourth member of the class of ABC index was introduced by Ghorbani and Hos-

seinzadeh [5]:

ABC4(G) =
∑

uv∈E(G)

√
su + sv − 2

susv
. (3)

The �fth GA index was introduced by Graovac et al. [6]:

GA5(G) =
∑

uv∈E(G)

2
√
susv

su + sv
, (4)

where sv is the summation of degrees of all neighbors of vertex v in G.

2. Discussion and main results

In 2011, Ranjini et al. [10, 11] studied the Zagreb indices of the line graphs of the

subdivision of the tadpole, wheel, steerage, and stepping stool charts. Sardar et al.

[13] computed the topological �les of the line diagrams of Banana tree and Firecracker

diagrams. Nadeem et al., saddiqui et al. and Soleimani et al. [9, 12, 14] studied the

topological properties of nanostructures. In 2015, Su and Xu [15] �gured the general

aggregate availability records and co-lists of the line graph of the tadpole and haggle

charts with subdivision. Nadeem et al. [9, 16] calculated ABC4 and GA5 of the line

graphs of the tadpole, wheel, stepping stool, 2D-lattice, nanotube, and nanotorus of

TUC4C8[p, q]. Recently, Imran et al. [7] found the �rst and second Zagreb index, the

hyper Zagreb index, multiple Zagreb indices and Zagreb polynomials of the line graph of

wheel and ladder graphs by taking k = 2.

For accurate and optimal structure design it is important to use topological and connec-

tivity indices as structural descriptors. Let G be a �nite, simple, undirected and connected

graph with order p and size q. A k-subdivided graph G(k) of G is obtained by replacing

every edge of graph G by a path Pk+2. A line graph L(G) of graph G is a graph having

q vertices and two vertices are adjacent in L(G) if and only if their corresponding edges

are adjacent in G. It is not easy to describe the structure of line graph of any graph in

general. However, the line graph of G(k) has following properties.

• Every vertex of degree d becomes a complete graph Kd and every path Pk+2 becomes

a path Pk+1.
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• The graph L(G(k)) has p number of independent complete graphs Kdi for 1 ≤ i ≤ p

as subgraphs.

• The graph L(G(k)) has q number of independent paths Pk+1.

• Let (di, dj) be a type of edge in G then this edge with respect to degree will become

a path (di, 2, 2, . . . , 2︸ ︷︷ ︸
k−time

, dj) in G(k) and (di, 2, 2, . . . , 2︸ ︷︷ ︸
(k−1)−time

, dj) in L(G(k)).

• Let (di, dj) be a type of edge in G then this edge with respect to neighborhood degree

will become a path (2di, 2, 2, . . . , 2︸ ︷︷ ︸
k−time

, 2dj) in G(k) and (di(di−1)+2, 2, 2, . . . , 2︸ ︷︷ ︸
(k−1)−time

, dj(dj−1)+2)

in L(G(k)).

In [3, 8, 7] the authors have calculated the neighborhood degree based topological

indices for the line graph of wheel, ladder and tadpole graph only for k = 1, 2. They

have found the topological indices by using elementary counting. ln this article, we

study the structure of line graph of k-subdivided graph. Then we de�ne degree base and

neighborhood degree base topological indices for the line graph of k-subdivided graphs in

general.

3. Degree based topological indices of L((G(k)))

In this section, we elaborate this concept by using a lemma as follows:

Lemma 3.1. Consider graph G on p vertices and q edges with degree sequences 3 ≤ d1 ≤
d2 ≤ d3 . . . ≤ dp. Let ei = (dαi

, dβi
) be all s-types of edges with count ζi, i = 1, 2, ..., s and

µi and λi are the number of vertices of degree dαi
and dβi

respectively. Then line graph

L(G(k)) of k-subdivided graph of G, will have the following degree base edges and their

counts.

Edge Type (dαi
, dαi

) (dαi
, 2) (2, 2) (2, dβi

) (dβi
, dβi

)

Count µi

(
dαi

2

)
ξi (k − 2)q ξi λi

(
dβi

2

)

Proof.

We assume that k ≥ 2. Since the line graph of complete bipartite graph K1,d is complete

graph Kd and line graph of path Pb+1 is a path Pb. Therefore every vertex of degree di ≥ 3

in G becomes a complete graph Kdi and every path Pk+2 in G becomes a path Pk+1 in

L(G(k)). Thus graph L(G(k)) has p number of independent complete graphs Kdi for

1 ≤ i ≤ p as subgraphs. Each path Pk+2 between the pair of vertices (dm, dn) becomes a

path Pk+1 in L(G(k)) for 1 ≤ m,n ≤ q and vertices have degrees (from left to right)as

dm, 2, 2, . . . , 2︸ ︷︷ ︸
k−time

, dn in L(G(k)). Therefore, we will have q total number of paths in graph

L(G(k)). By using these properties, we conclude the proof.
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Theorem 3.2. Let H ∼= G(k) (for k > 1), ABC index of line graph of H is

ABC(L(H)) = µi
(dαi−1)

3/2

√
2

+ λi
(dβi−1)

3/2

√
2

+ (k−2)q√
2

+ ξi
2√
2
.

Proof. From Eq. (1),

ABC(L(H)) =
∑

uv∈E(L(H))

√
du + dv − 2

dudv

=
∑

(dαi ,dαi )

√
dαi

+ dαi
− 2

dαi
dαi

+
∑

(dαi ,2)

√
dαi

+ 2− 2

2dαi

+
∑
(2,2)

√
2 + 2− 2

2× 2
+

∑
(2,dβi )

√
dβi

+ 2− 2

2dβi

+
∑

(dβi ,dβi )

√
dβi

+ dβi
− 2

dβi
dβi

= µi

(
dαi

2

)√
2dαi

− 2

d2αi

+ λi

(
dβi

2

)√
2dβi

− 2

d2βi

+ ξi

[
1√
2
+

1√
2

]
+

(k − 2)q√
2

= µi
(dαi

− 1)3/2√
2

+ λi
(dβi

− 1)3/2√
2

+
(k − 2)q√

2
+ ξi

2√
2
.

Theorem 3.3. Let H ∼= G(k) (for k > 1), GA index of line graph of H is

GA(L(H)) = µi
dαi

(dαi
− 1)

2
+λi

dβi
(dβi

− 1)

2
+(k−2)q+2

√
2ξi

[(√
dαi

+
√

dβi

)
(dαi

dβi
+ 2)

(dαi
+ 2) (dβi

+ 2)

]
.

Proof. From Eq. (2),

GA(L(H)) =
∑

uv∈E(L(H))

2
√
dudv

du + dv

=
∑

(dαi ,dαi )

2
√
d2αi

2dαi

+
∑

(dαi ,2)

2
√

2dαi

2 + dαi

+
∑
(2,2)

2
√
4

4
+

∑
(2,dβi )

2
√
2dβi

2 + dβi

+
∑

(dβi ,dβi )

2
√

d2βi

2dβi

= µi

(
dαi

2

)
+ λi

(
dβi

2

)
+ (k − 2)q + ξi

[
2
√

2dαi

2 + dαi

+
2
√

2dβi

2 + dβi

]

= µi
dαi

(dαi
− 1)

2
+ λi

dβi
(dβi

− 1)

2
+ (k − 2)q

+ 2
√
2 ξi

[√
dαi

(dβi
+ 2) +

√
dβi

(dαi
+ 2)

(dαi
+ 2)(dβi

+ 2)

]

= µi
dαi

(dαi
− 1)

2
+ λi

dβi
(dβi

− 1)

2
+ (k − 2)q

+ 2
√
2 ξi

[(√
dαi

+
√

dβi

)
(dαi

dβi
+ 2)

(dαi
+ 2)(dβi

+ 2)

]
.
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4. Neighborhood degree based topological indices of L((G(k)))

Firstly, We introduce this concept in the form of a lemma as follows.

Lemma 4.1. Let G be any �nite and simple graph with order p and size q, having degree

sequence 3 ≤ d1 ≤ d2 ≤ ... ≤ dp−1 ≤ dp. Let ei = (dαi
, dβi

) be all type of edges with

each has count ζi and i = 1, 2, ..., s in graph G. For k ≥ 2, the the line graph L(G(k)) of

k-subdivided graph of G, will have the following neighborhood degree base edges:

1. For k = 2, we will have two type of neighborhood degree base edges: �rst type of edges

depend on the degrees of vertices of G are (dγ(dγ−1)+2, dγ(dγ−1)+2); with count dγ(dγ−1)

2
.

The second type of edges depend on the type of edges of G are (dαi
(dαi

− 1)+2, dαi
+ dβi

);

(dαi
+ dβi

, dβi
(dβi

− 1) + 2); ζi; ζi respectively with 1 ≤ γ ≤ p and 1 ≤ i ≤ s.

2. For k = 3, neighborhood degree base edges are (dγ(dγ − 1) + 2, dγ(dγ − 1) + 2);

(dαi
(dαi

− 1)+ 2, dαi
+2); (dαi

+2, dβi
+2); (dβi

+2, dβi
(dβi

− 1)+ 2); with count dγ(dγ−1)

2
;

ζi; ζi; ζi respectively with 1 ≤ γ ≤ p and 1 ≤ i ≤ s.

3. For k = 4, neighborhood degree base edges are (dγ(dγ − 1) + 2, dγ(dγ − 1) + 2);

(dαi
(dαi

− 1) + 2, dαi
+ 2); (dαi

+ 2, 4); (4, dβi
+ 2); (dβi

+ 2, dβi
(dβi

− 1) + 2); with count
dγ(dγ−1)

2
; ζi; ζi; ζi; ζi respectively with 1 ≤ γ ≤ p and 1 ≤ i ≤ s.

4. For k ≥ 5, neighborhood degree base edges are (dαi
(dαi

− 1)+ 2, dαi
+2); (dαi

+2, 4);

(4, dβi
+2); (dβi

+2, dβi
(dβi

− 1)+2); with each have count ζi; and (dγ(dγ − 1)+2, dγ(dγ −
1) + 2); (4, 4); with count dγ(dγ−1)

2
; (k − 4)q; respectively with 1 ≤ γ ≤ p and 1 ≤ i ≤ s.

Proof. We assume that k ≥ 5. Since the line graph of complete bipartite graph K1,d is

complete graph Kd. and line graph of path Pb+1 is a path Pb. Therefore, every vertex of

degree di ≥ 3 in G becomes a complete graph Kdi and every path Pk+2 in G becomes a

path Pk+1 in L(G(k)). Thus graph L(G(k)) has p number of independent complete graphs

Kdi for 1 ≤ i ≤ p as subgraphs. Each path Pk+2 between the pair of vertices (dm, dn)

becomes a path Pk+1 in L(G(k)) for 1 ≤ m,n ≤ q and vertices have neighborhood

degrees as di(di − 1) + 2, di + 2, 4, 4, . . . , 4︸ ︷︷ ︸
(k−2)−time

, dj + 2, dj(dj − 1) + 2) in L(G(k)). By using

these properties, we conclude the proof for k ≥ 5 and all other cases for k = 2, 3, 4 also

follow the same lines.

Remark 4.2. It may be noted that the count of edge type (dm, dn) is same as that of

edge type (dn, dm).

Theorem 4.3. Let H ∼= G(k) (for k ≥ 4), The generalized ABC4(H)) index is

ABC4(L(G)) =

(
dγ
2

)[ √
2√

d2γ − dγ + 2

]
+ (k − 4)

√
6

4
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+ ξi

[√
d2αi

+ 2

(d2αi
− dαi

+ 2)(dαi
+ 2)

+
1

2

√
dαi

+ 4

dαi
+ 2

+
1

2

√
dβi

+ 4

dβi
+ 2

+

√
d2βi

+ 2

(dβi
+ 2)(d2βi

− dβi
+ 2)

]
.

Proof. From Eq. (3),

ABC4(H) =
∑

uv∈E(H)

√
su + sv − 2

susv

=
∑

(dγ(dγ−1)+2, dγ(dγ−1)+2)

√
dγ(dγ − 1) + 2 + dγ(dγ − 1) + 2− 2

(dγ(dγ − 1) + 2) (dγ(dγ − 1) + 2)

+
∑

(dαi (dαi−1)+2, dαi+2)

√
dαi

(dαi
− 1) + 2 + dαi

+ 2− 2

(dαi
(dαi

− 1) + 2) (dαi
+ 2)

+
∑
(4,4)

√
4 + 4− 2

4× 4

+
∑

(dαi+2, 4)

√
dαi

+ 2 + 4− 2

4(dαi
+ 2)

+
∑

(4, dβi+2)

√
dβi

+ 2 + 4− 2

4(dβi
+ 2)

+
∑

(dβi+2, dβi (dβi−1)+2)

√
dβi

(dβi
− 1) + 2 + dβi

+ 2− 2

(dβi
(dβi

− 1) + 2) (dβi
+ 2)

=

(
dγ
2

) √
2√

d2γ − dγ + 2
+ (k − 4)q

√
6

4

+ ξi

[√
d2αi

+ 2(
d2αi

− dαi
+ 2

)
(dαi

+ 2)
+

1

2

√
dαi

+ 4

dαi
+ 2

+
1

2

√
dβi

+ 4

dβi
+ 2

+

√
d2βi

+ 2

(dβi
+ 2)

(
d2βi

− dβi
+ 2

)] .

Theorem 4.4. Let H ∼= G(k) (for k ≥ 4), The generalized GA5(H)) index is

GA5(L(H)) =

(
dγ
2

)
+ (k − 4)q

+ ξi

2
√

d3αi
+ d2αi

+ 4

dαi
+ 4

+
4
√
dαi

+ 2

dαi
+ 6

+
2
√
d3βi

+ d2βi
+ 4

dβi
+ 4

+
4
√

dαi
+ 2

dαi
+ 6

 .

Proof. From Eq. (4),

GA5(L(H)) =
∑

uv∈E(L(H))

2
√
susv

su + sv
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=
∑

(dγ(dγ−1)+2, dγ(dγ−1)+2)

2
√

(dγ(dγ − 1) + 2)2

2 (dγ(dγ − 1) + 2)

+
∑

(dαi (dαi−1)+2, dαi+2)

2
√

(dαi
+ 2) (dαi

(dαi
− 1) + 2)

dαi
(dαi

− 1) + 2 + dαi
+ 2

+
∑

(dαi+2, 4)

2
√

4(dαi
+ 2)

dαi
+ 2 + 4

+
∑
(4,4)

2
√
4× 4

4 + 4
+

∑
(4, dβi+2)

2
√

4(dβi
+ 2)

dβi
+ 2 + 4

+
∑

(dβi+2, dβi (dβi−1)+2)

2
√
(dβi

+ 2) (dβi
(dβi

− 1) + 2)

dβi
+ 2 + dβi

(dβi
− 1) + 2

=

(
dγ
2

)
+ (k − 4)q

+ ξi

2
√

d3αi
+ d2αi

+ 4

dαi
+ 4

+
4
√

dαi
+ 2

dαi
+ 6

+
2
√

d3βi
+ d2βi

+ 4

dβi
+ 4

+
4
√
dαi

+ 2

dαi
+ 6

 .

References

[1] S. Akhter and M. Imran. On molecular topological properties of benzenoid structures.

Canadian Journal of Chemistry, 94(8):687�698, 2016. https://doi.org/10.1139/cjc-

2016-0032.

[2] M. Ba�ca, J. Horvâthovâ, M. Mokri�sovâ, and A. Suhânyiovâ. On topological indices of

fullerene. Applied Mathematics and Computation, 251:154�161, 2015. https://doi.org/

10.1016/j.amc.2014.11.069.

[3] A. Q. Baig and M. Imran. On topological indices of poly oxide, poly silicate, dox and dsl

network. Canadian Journal of Chemistry, 93:1�10, 2015. https://doi.org/10.1139/cjc-

2014-0490.

[4] E. Estrada, L. Torres, L. Rodriguez, and I. Gutman. An atom-bond connectivity index:

modelling the enthalpy of formation of alkanes. Indian Journal of Chemistry, 37A:849�855,

1998.

[5] M. Ghorbani and M. A. Hosseinzadeh. Computing abc4 index of nanostar dendrimers.

Optoelectronics and Advanced Materials - Rapid Communications, 4(9):1419�1422, 2010.

[6] A. Graovac, M. Ghorbani, and M. A. Hosseinzadeh. Computing �fth geometricarithmetic

index for nanostar dendrimers. Journal of Mathematical Nanoscience, 1(1):33�42, 2011.

https://doi.org/10.22061/JMNS.2011.461.

[7] S. Imran, M. K. Siddiqui, M. Imran, and M. F. Nadeem. Computing topological indices

and polynomials for line graphs. Mathematics, 6(8):137, 2018. https://doi.org/10.

3390/math6080137.

https://doi.org/10.1139/cjc-2016-0032
https://doi.org/10.1139/cjc-2016-0032
https://doi.org/10.1016/j.amc.2014.11.069
https://doi.org/10.1016/j.amc.2014.11.069
https://doi.org/10.1139/cjc-2014-0490
https://doi.org/10.1139/cjc-2014-0490
https://doi.org/10.22061/JMNS.2011.461
https://doi.org/10.3390/math6080137
https://doi.org/10.3390/math6080137


122 razzaq, iqbal, ali and rizvi

[8] M. F. Nadeem, S. Zafar, and Z. Zahid. On certain topological indices of line graph of

subdivision graphs. Applied Mathematics and Computation, 271:790�794, 2015. https:

//doi.org/10.1016/j.amc.2015.09.061.

[9] M. F. Nadeem, S. Zafar, and Z. Zahid. On topological properties of the line graphs of sub-

division graphs of certain nanostructures. Applied Mathematics and Computation, 273:125�

130, 2016. https://doi.org/10.1016/j.amc.2015.10.010.

[10] P. S. Ranjini, V. Lokesha, and I. N. Cangül. On the zagreb indices of the line graphs of

the subdivision graphs. Applied Mathematics and Computation, 218:699�702, 2011. https:

//doi.org/10.1016/j.amc.2011.03.125.

[11] P. S. Ranjini, V. Lokesha, and M. A. Rajan. On the shultz index of the subdivision graphs.

Advanced Studies in Contemporary Mathematics, 213:279�290, 2011.

[12] M. K. Saddiqui, M. Imran, and A. Ahmad. On zagreb indices, zagreb polynomial of some

nanostar dendrimers. Applied Mathematics and Computation, 280:132�139, 2016. https:

//doi.org/10.1016/j.amc.2016.01.041.

[13] M. S. Sardar, S. Zafar, and Z. Zahid. Computing topological indices of the line graphs

of banana tree graph and �recracker graph. Applied Mathematics and Nonlinear Sciences,

2:83�92, 2017. https://doi.org/10.21042/AMNS.2017.1.00007.

[14] N. Soleimani, E. Mohseni, F. Rezaei, and F. Khati. Some formulas for the polynomials

and topological indices of nanostructures. Acta Chemica Iasi, 24:122�138, 2016. https:

//doi.org/10.1515/achi-2016-0011.

[15] G. Su and L. Xu. Topological indices of the line graph of subdivision graphs and their

schur-bounds. Applied Mathematics and Computation, 253:395�401, 2015. https://doi.

org/10.1016/j.amc.2014.10.053.

[16] D. Vuki£evi¢ and B. Furtula. Topological index based on the ratios of geometrical and

arithmetical means of end-vertex degrees of edges. Journal of Mathematical Chemistry,

46:1369�1376, 2009. https://doi.org/10.1007/s10910-009-9520-x.

[17] H. Wiener. Structural determination of the para�n boiling points. Journal of the American

Chemical Society, 69:17�20, 1947. https://doi.org/10.1021/ja01193a005.

M. A. Razzaq

Department of Mathematics, COMSATS University Islamabad, Lahore Campus, Pakistan

E-mail asimrzq@gmail.com

H. Iqbal

Department of Mathematics, The University of Lahore

Lahore Campus, Lahore 54500, Pakistan

E-mail iqbalhifza3@gmail.com

K. Ali

Department of Mathematics, COMSATS University Islamabad

Lahore Campus, Pakistan

E-mail akashifali@gmail.com

https://doi.org/10.1016/j.amc.2015.09.061
https://doi.org/10.1016/j.amc.2015.09.061
https://doi.org/10.1016/j.amc.2015.10.010
https://doi.org/10.1016/j.amc.2011.03.125
https://doi.org/10.1016/j.amc.2011.03.125
https://doi.org/10.1016/j.amc.2016.01.041
https://doi.org/10.1016/j.amc.2016.01.041
https://doi.org/10.21042/AMNS.2017.1.00007
https://doi.org/10.1515/achi-2016-0011
https://doi.org/10.1515/achi-2016-0011
https://doi.org/10.1016/j.amc.2014.10.053
https://doi.org/10.1016/j.amc.2014.10.053
https://doi.org/10.1007/s10910-009-9520-x
https://doi.org/10.1021/ja01193a005
mailto:asimrzq@gmail.com
mailto:iqbalhifza3@gmail.com
mailto:akashifali@gmail.com


a note on valency dependance invariants of L(G(k)) graph 123

S. T. R. Rizvi

Department of Mathematics, COMSATS University Islamabad

Lahore Campus, Pakistan

E-mail strrizvi@gmail.com

mailto:strrizvi@gmail.com

	Introduction
	Discussion and main results
	Degree based topological indices of L((G(k)))
	Neighborhood degree based topological indices of L((G(k))) 

