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ABSTRACT

Recently, Luo [3] introduced the Adding-Swapping Mapping Method to provide an alter-
native and constructive proof of Stanley’s [1] conjecture on perfect square permutations
in 5,, and asked whether the method extends to higher powers. In this paper we answer
that question in a more limited but precise structural sense. For each fixed £ > 2, we
define the k-signature Ry(w) recording the cycle-count vector modulo ged(m, k) in each
length m, and we prove a local residue transition law describing how the insertion map
D; updates the signature once the cycle length of the insertion point is specified. We also
prove explicitly that every k-th power permutation has zero k-signature, so the signature
gives a necessary obstruction to being a k-th power. This yields a residue-based partition
of S, that serves as an indexing scheme for insertion updates. We then show that for
k > 3 the insertion family does not preserve the class of k-th powers, explaining why
the square case is exceptional from the standpoint of Luo’s method. Finally, we include
explicit small-n data for k = 3,4 and prove that the density of k-th powers in .S, tends
to 0 as n — oo.
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1. Introduction
For k > 2, call w € S,, a k-th power permutation if there exists u € S, with u* = w. Let

Po(k) ={w e S, : Ju € S, with u* = w}, ap(n) = |P.(k)|.
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In the square case k = 2, Luo [3] employed a family of (n + 1) explicit maps from
Sy, into S,41 (the Adding-Swapping Mapping Method) to obtain a constructive proof
of Stanley’s [1] conjecture for squares and concluded with the question of whether these
methods extend to higher powers.

The purpose of this paper is to isolate the part of Luo’s mechanism that survives for
general k. The main invariant is a residue signature on cycle counts. We prove that the
insertion maps satisfy a locally deterministic update rule for this signature, conditional
on the cycle length receiving the insertion. We also show that the square case remains
exceptional: for £ > 3, the insertion family does not preserve the class of k-th power
permutations. Thus the paper establishes a residue-level extension of the method rather
than a full analogue of the square case. Related work on permutation roots can also be
found in Glebsky, Licon, and Rivera |2].

1.1.  Historical background

Let a(n) denote the number of perfect square permutations in S,,. Stanley [1] conjectured
the identity

a(2n+1) = (2n+ 1)a(2n) for all n € N*.

Blum [1] first proved this identity using generating functions. Later, Luo [3] gave a
bijective proof explaining combinatorially why the factor 2n + 1 appears.

The problem is important because perfect square permutations lie at the intersection of
enumerative combinatorics and group theory. Luo’s proof shows that the identity is con-
trolled by the parity of even cycles, while Blum’s proof verifies the identity algebraically.
In Luo’s argument, the adding-swapping maps and the three-type decomposition of EE,,
play a central role.

Luo’s proof proceeds in three steps. First, every perfect square permutation has an
even number of even cycles, so one may work inside EE,,. Second, both EEy,, and EEy,
are partitioned into the three disjoint types consisting of permutations with only even
cycles, only odd cycles, and both even and odd cycles. Third, Luo defines maps D; that
insert the new letter 2n + 1 either as a fixed point or into an existing cycle, obtaining a
(2n 4 1)-to-1 correspondence compatible with the square structure. At the end of that
work, Luo asks whether the same method can be extended to higher powers. Our answer
is structural rather than enumerative. We identify the k-signature

Ry (w) = (em(w) mod ged(m, k).~

as the natural generalization of Luo’s parity invariant, and we prove a local residue tran-
sition law for the insertion maps. This gives a systematic way to track how insertion
changes residue data. However, we do not obtain a full higher-power analogue of Luo’s
multiplicative identity. Instead, we prove that for £ > 3 the insertion family necessarily
spills out of the class of k-th powers.
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2. Cycle powers and the k-signature

Write a permutation w € S, as a product of disjoint cycles, and let ¢,,(w) denote the
number of cycles of length m in w.

Lemma 2.1 (Power of a cycle). Let v be an m-cycle. Then v* decomposes into ged(m, k)
disjoint cycles, each of length m/ged(m, k).

Proof. Label the m-cycle as (0,1,...,m—1) acting by z +— x+1 (mod m). Then +* acts
by x — z+k (mod m). The orbit of 0 under repeated addition by k has size m/ged(m, k),
and there are exactly ged(m, k) distinct orbits. Hence " splits into ged(m, k) disjoint
cycles of length m/ged(m, k). O

Definition 2.2 (k-signature). Fix k& > 2. For w € S, define its k-signature by
Ry, (w) = (¢m(w) mod ged(m, k) -
We write Ry (w) = 0 if ¢,n(w) =0 (mod ged(m, k)) for every m > 1.

Remark 2.3. When k = 2, one has ged(m, 2) = 2 for even m and ged(m, 2) = 1 for odd
m. Thus Ry(w) is exactly the parity invariant used in Luo [3].

Theorem 2.4 (Necessary signature condition for k-th powers). Fiz k > 2. If w = u* for
some u € S, then for every m > 1 one has

¢m(w) =0 (mod ged(m, k)).
Fquivalently, every k-th power permutation has zero k-signature: Ry(w) = 0.

Proof. Write u as a product of disjoint cycles. Consider a cycle of u of length L. By
the preceding lemma, its k-th power contributes exactly d := gcd(L, k) cycles of length
L/d to w = u*. In particular, whenever a cycle of w has length m, it arises from cycles
of v whose lengths are of the form L = md with d | k and ged(m, k/d) = 1. For each
such contributing root cycle length L, the contribution to ¢,,(w) is exactly d = ged(L, k).
Since m = L/d and ged(m, k/d) = 1, one has ged(m, k) = d’, where d’ divides d; indeed,
every prime dividing ged(m, k) must divide d because it cannot divide k/d. Hence every
individual contribution to ¢, (w) is divisible by ged(m, k). Summing over all root cycles
that contribute to m-cycles in w, we obtain

cm(w) =0  (mod ged(m, k)).

Therefore Ry (w) = 0. O

Remark 2.5. The condition Ry(w) = 0 is used throughout as a necessary condition for
w € Py(k). We do not claim that it is sufficient.
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Type classes

For each admissible residue vector R, define
To(R) ={w € S, : Rx(w) = R}.

Then {7,(R)}r is a partition of S,,.

Remark 2.6. These type classes provide a convenient indexing scheme for the residue
data. They track how insertion moves permutations among residue classes, but they do
not by themselves characterize the set of k-th power permutations.

3. The adding—swapping insertion maps

We use the insertion form of Luo’s construction: the new letter n + 1 is inserted into a
chosen cycle immediately after a chosen symbol.

Definition 3.1 (Insertion maps D;). Fix n > 1. For w € S, and i € {1,...,n}, define
D;(w) € S,y as follows: write w in disjoint cycle notation, locate the unique cycle
containing ¢, and insert the new symbol n + 1 immediately after ¢ in that cycle. Define
D, +1(w) to be the permutation obtained by adjoining (n + 1) as a fixed point.

Lemma 3.2 (Injectivity and disjointness). For each i € {1,...,n + 1}, the map D; :
Sy — Sni1 18 injective. Moreover, the images D;(S,,) are pairwise disjoint.

Proof. Given 7 = D;(w), the predecessor of n + 1 in its cycle identifies ¢ when i < n,
while the case i = n + 1 is characterized by n + 1 being a fixed point. Removing n + 1
from the cycle containing it recovers w uniquely. Thus each D; is injective and the images
are pairwise disjoint. O

4. Enumeration of residue classes

We next derive an exponential generating function for the size of each residue class.

Theorem 4.1 (Generating function for residue classes). Fiz k > 2 and let d,, = ged(m, k)
form > 1. Let R = (ry,)m>1 be a residue vector with r,, € {0,1,...,d,, — 1} and with all
but finitely many r,, = 0. Define

Fr(z) = @z".

n>0

Then

dm—1 ;
1 <— wi 2™
Fa) = 1 (d— > exp (23 ))
m>1 moi=0

where w,, = exp(i—’j) s a primitive d,,th root of unity.



ADDING—SWAPPING MAPPINGS FOR k-TH POWER PERMUTATIONS IN S, 217

Proof. A permutation decomposes uniquely into disjoint cycles. In the usual exponential
generating function for permutations, cycles of length m contribute independently with
weight 2™ /m. Thus the unrestricted exponential generating function is

exp (Z:l %) .

To impose the congruence condition ¢, (w) = r,, (mod d,,), apply the roots-of-unity

filter: o
1 /2m\° 1 & - wi ™
— - — —JTm m
Z c!(m>_dmzwm exp(m).
c>0 Jj=0
c=rm (dm)

Multiplying these independent contributions over all m > 1 yields the stated formula.
O

Corollary 4.2 (Zero-signature class). Let R = 0. Then the exponential generating func-
tion for permutations with zero k-signature is

Fis) = 1 (di S exp(w%;jm>> .

m>1 moi=0

Theorem 4.3 (Zero-signature upper bound for k-th powers). Fiz k > 2. For every
n>1,

FEquivalently,

In particular,
ap(n) < nl [2"|F5(2).

Proof. If w € P,(k), then w = u* for some u € S,. By Theorem 2.4, Ry(w) = 0,
so w € T,(0). Hence P,(k) C T,(0), which gives the coefficientwise bound and the
generating-function inequality. O]

5. Residue transition law

The insertion maps act on signatures by a locally deterministic rule: once the cycle length
of the insertion point is specified, the signature update is completely determined.

Lemma 5.1 (Local cycle-length update). Let w € S, and suppose that the cycle of w
containing © € {1,...,n} has length m. Then for m = D;(w) € S, 1 one has

Cm(ﬂ') - Cm(w) -1 Cm—o—l(ﬂ—) = Cm—i-l(w) +1,
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and co(m) = co(w) for all ¢ ¢ {m,m+1}. Fori=n+1, one has ¢1(Dp1(w)) = ¢;(w) +1
and all other ¢, unchanged.

Proof. Inserting n + 1 into a cycle of length m increases that cycle length to m + 1 and
leaves all other disjoint cycles unchanged. The fixed-point case is immediate. O

Theorem 5.2 (Residue transition law). Fiz k > 2. Let w € S, and leti € {1,...,n}. If
i lies in a cycle of w of length m, then

Ri(Ds(w)) = Ri(w) + Apug,

where A, 1, is the residue vector whose only possibly nonzero coordinates are at m and
m + 1, given by

(Ap)m =—1 (mod ged(m, k)), (Apk)ms1 =41 (mod ged(m + 1,k)),

and (Apx)e =0 for € ¢ {m,m+1}. Fori=n+1, one has Ri(Dy1(w)) = Re(w)+ Ay k.

Proof. Apply the previous lemma and reduce each updated cycle count modulo the
corresponding ged (4, k). O]

Corollary 5.3 (Transport of type classes). Fiz a residue vector R and an index i €
{1,....,n+1}. Then
DiAT.(R)C |J Tani(B+ A,
meM;(R)

where M;(R) denotes the set of cycle lengths that can occur for the cycle containing i
among permutations in T,(R). In particular, the image of a residue class under D; need
not lie in a single residue class, but it 1s contained in a union of explicitly determined
restdue classes.

Proof. If w € T,(R) and the cycle of w containing ¢ has length m, then the residue
transition law gives Ry (D;(w)) = R+ A, k. As m varies over all possible cycle lengths
for the symbol i inside 7, (R), the image is contained in the indicated union. O

Remark 5.4. Thus the transition rule is deterministic only after conditioning on the
cycle length m of the insertion point. It is not deterministic at the level of the pair
(Rg(w), 1) alone.

Example 5.5 (The case k = 3). For k = 3, one has ged(m,3) = 3 exactly when 3 | m.
Hence nontrivial signature coordinates occur only at multiples of 3. If the insertion point
lies in a cycle of length m, then:

e if m =2 (mod 3), the signature gains +1 in the (m + 1)-coordinate modulo 3;

e if m =0 (mod 3), the signature gains —1 in the m-coordinate modulo 3;
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e if m =1 (mod 3), the signature is unchanged.

This illustrates the local nature of the transition law: the update is controlled by the
residue class of the receiving cycle length modulo 3.

6. Insertion spillover and the exceptional square case

We now show that, for & > 3, the insertion family does not preserve the class of k-
th powers. This is the precise sense in which Luo’s square mechanism fails to extend
directly.

Proposition 6.1 (Insertion spillover for k > 3). Fiz k > 3. Then there exist n > 1, a
permutation w € P,(k), and an index i € {1,...,n} such that D;(w) ¢ Ppi1(k).

Proof. Let r = rad(k) be the product of the distinct prime divisors of k, and set m = r—1.
Then ged(m, k) = 1, since m = —1 (mod p) for every prime p | k. Choose an m-cycle
w € S,,. Because ged(m, k) = 1, the map z — 2% is an automorphism of the cyclic group
generated by w, so w is itself a k-th power in 5,,.
Now insert m+ 1 into that unique m-cycle. The permutation D;(w) is an (m+1)-cycle,
that is, an r-cycle. Hence
¢ (Dy(w)) = 1.

Since 7 | k, one has ged(r, k) = r, so the r-th coordinate of the signature satisfies
(Ri(D1(w))), =1 (mod r),

which is nonzero. By Theorem 2.4, any k-th power permutation must have zero k-
signature. Therefore Di(w) & Ppy1(k). O

Corollary 6.2 (Methodological consequence). For k > 3, the insertion family {D;} does
not yield a direct Luo-type proof of an identity of the form

ag(n+1) = (n+ 1)ax(n).

Proof. Proposition 6.1 shows that, unlike the square case, the insertion family does not
preserve the class of k-th powers. Therefore the direct insertion mechanism used by Luo
cannot be transferred unchanged to prove such an identity for general k£ > 3. O]

7. Examples and small-n data

This section records explicit residue information for k = 3, 4 together with small-n counts.

Residue constraints

For k£ = 3, the only nontrivial modulus occurs at lengths divisible by 3. For k = 4, the
nontrivial moduli occur at lengths m with ged(m,4) > 1, in particular at m = 2 modulo
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2 and at m = 4 modulo 4.

Type classes in Ss

In Ss, for k = 3 the possible signatures are
R3(w) € {(0,0,0,0,0), (0,0,1,0,0)},

because a permutation in S5 can contain either 0 or 1 cycles of length 3. For k = 4, the
possible signatures are

R, (w) € {(0,0,0,0,0), (0,1,0,0,0), (0,0,0,1,0)},
reflecting the residue conditions at lengths 2 and 4.

Small-n counts of k-th powers

Table 1 lists ag(n) = |P,(k)| for k =2,3,4 and 1 <n < 7. These values were obtained by
direct enumeration of the image of the map u — u* on S, for each pair (n, k). They illus-
trate that the higher-power counts do not exhibit the square-case multiplicative behavior,
while still fitting naturally into the residue framework developed above.

Table 1. Counts of k-th power permutations for small n

4 15 6 7

12 1 60 | 270 | 1890
16 | 80 | 400 | 2800
9 |45 ] 225 | 1575

2(n)
3(n)
(

n)

S

Q

1
1
1
1

IS
=N =N
o = W W

4

8. Asymptotic rarity of k-th powers
Theorem 8.1 (Density tends to 0). Fiz k > 2. Then

ax(n)

‘ — 0 as n — o0.
n!

Proof. Let w be a uniformly random permutation in S,. Fix a prime divisor p of k, and
let g1 < @2 < --- be the primes that do not divide k. For each j > 1, set

mj = qu

Then ged(m;, k) = p for every j such that ¢; { k/p; by omitting finitely many indices
if necessary, we may assume this holds for all 7 under consideration. By Theorem 2.4, a
necessary condition for w to be a k-th power is

Cm;(w) =0 (mod p) for every j.
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For fixed L > 1, define the event

L

Bu(n) = ({em,(w) =0 (mod p)}.

j=1
Then
P(w € P,(k)) < P(EL(n)) for every n.

Now fix L. By the classical joint Poisson limit theorem for cycle counts of random
permutations, the vector

(Cmy (W), -+ 5 Cmp, (W),

converges in distribution, as n — oo, to a vector (Xj,...,X) of independent Poisson
random variables with means 1/my,...,1/my, respectively. Therefore

lim P(EL(n Hozj, a; =P(X; =0 (modp)), X;~ Poisson(l/m;).

n—oo

Hence

limsup P(w € P, (

n—oo

for every fixed L.

\\Eb

It remains to show that Hle a; = 0 as L — oo. Since the event {X; # 0 (mod p)}
contains {X; = 1}, we have

1
1 —Oéj ZP(X] = ].) = e_l/mj—.

m;
. C my < L
For all sufficiently large j, e P> 3 SO

1 > 1
— Qs _ = .
)= 2m; 2pg;

The sum of reciprocals of the primes diverges, and removing the finitely many primes
dividing k& does not affect divergence. Therefore

il—a] =

A standard criterion for infinite products now gives

o0
H Ozj =0.
j=1
Since the finite products decrease to 0, we conclude that for every € > 0 there exists L

such that Hf:l a; < €. Combining this with the previous limsup bound yields

limsupP(w € P,(k)) <e.

n—oo
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As € > 0 was arbitrary, it follows that

P(w € P,(k)) = 0.

Remark 8.2. This asymptotic result complements the finite-n spillover phenomenon:
the residue obstruction is not only visible at the level of individual insertions, but asymp-
totically rules out almost all permutations.

9. Conclusion

We have shown that Luo’s adding—swapping framework admits a residue-level extension to
general k£ > 2. The k-signature provides the correct necessary obstruction for k-th powers
and supports a local residue transition law for insertion maps. The resulting type classes
form a useful partition of S,,, but not a characterization of the k-power class. We also
proved that, for £ > 3, the insertion family does not preserve k-th powers, which explains
why the square case is exceptional from the perspective of Luo’s method. Together with
the small-n data and the asymptotic density theorem, this gives a precise and properly
limited structural answer to Luo’s question.
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