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ABSTRACT
The Euler Sombor (EU) index of a graph G is defined as

EU(G) = Z \/degé(u) + degZ (v) + dege(u)dega (v),
weE(G)

where dege(u) and degg(v) are the degrees of the vertices v and v in the graph G, respec-
tively. Biswaranja Khanra and Shibsankar Das [Euler Sombor index of trees, unicyclic
and chemical graphs, MATCH Commun. Math. Comput. Chem., 94 (2025) 525-548|
posed an open problem to determine the extremal values and extremal graphs of the Eu-
ler Sombor index in the class of all connected graphs with a given domination number.
In this paper, we solve this open problem for trees with a given domination number.
Furthermore, we determine an upper bound for the Euler Sombor index of trees with
a given independence number. We also characterize the corresponding extremal trees.
Additionally, we propose a set of open problems for future research.
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1. Introduction

A topological index is a numerical value that represents a graph and its corresponding
molecular structure [29, 30]. Numerous topological indices have been designed by various
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researchers throughout the world, and they are significant for particular applications in
QSAR/QSPR studies, depending on the algorithm used. These indices play a vital
role in environmental chemistry, drug design, and material science. Apart from these
applications, researchers have also studied various related fields in order to connect such
indices with structural graph parameters. A chemical compound can be modeled as a
graph to predict the behaviour of molecules without using the expensive apparatus and
labour time required for experimental procedures [19, 11, 18]. In 2021, Gutman proposed
the Sombor index as a novel topological descriptor. For any graph G, it is expressed as

SOG) = 3 \Jdegh(u) + degd(v).

uweE(G)

where degg(u) and dege(v) denote the degrees of the vertices incident with the edge uv.
For details of mathematical investigations on the Sombor index, one may consult recent
papers and review papers [12, 25, 14, 5|, together with the references therein.

In some recent studies, a similarly appearing quantity has been encountered [3, 13|,
namely

EU(G) = Z \/degé(u) + deg?(v) + degg(u)degea (v).
weE(Q)

This quantity is called the Euler-Sombor index. Tang et al. [28] determined the ex-
tremal value of the Euler-Sombor index among all molecular trees with a fixed number
of vertices and characterized the molecular trees that attain this extremal value. Ali et
al. [6] obtained the best possible bounds for a graphical edge-weight-function index of a
graph with given parameters, namely matching number, pendent vertices, and maximum
degree. Kizilirmak [21] determined the extremal values of the Euler-Sombor index for tri-
cyclic graphs. Albalahi et al. [2| obtained the maximum Euler Sombor index of tricyclic
molecular graphs of a given order. Recently, Ali et al. |1] explored the properties of the
generalized Gutman—Milovanovi¢ index, the generalized elliptic-Sombor index, the gener-
alized Zagreb—Sombor index, and the generalized Euler-Sombor index. Khanra et al. [17]
determined the families of trees attaining the first through fifth minimal Fuler Sombor
indices, and the unicyclic graphs attaining the maximal, as well as the first through third
minimal, Euler Sombor indices. For further developments on the Euler-Sombor index,
we refer the reader to recent articles 3, 13, 28, 6, 21, 2,4, 17, 31, 1, 26, 10, 20] and the
references cited therein.

In this paper, only simple connected graphs are considered. For such a graph G,
we denote the vertex set and edge set by V(G) and E(G), respectively. The set of all
neighbours of a vertex x in G is defined as

Ne(z) ={u e V(G) : zu € E(G)},

or simply N(x) when there is no ambiguity, and d(z) = |N(x)| is called the degree of x.
Let G —uv be the graph obtained from G by deleting the edge uv € E(G). The subgraph
of G obtained by deleting the vertex x € V(G), together with all edges incident with
it, is denoted by G — z. Let §, and P,, denote the n-vertex star and the n-vertex path,
respectively.
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The connection between topological indices and domination number has attracted the
attention of many researchers [8, 9, 15, 23, 24, 16, 7, 27]. A vertex set D C V is a
dominating set in G if every vertex in V'\ D is adjacent to at least one vertex in D. The
domination number of GG is the minimum cardinality among all dominating sets of GG, and
it is denoted by T(G). A subset S of the vertex set of G is said to be independent if
every pair of vertices in S is non-adjacent in G. The independence number of G is the
maximum cardinality among all independent sets of GG, and it is denoted by 5(G).

Motivated by Borovicanin and Furtula [8], Hu and Zhong [16], Bermudo, Napoles and
Rada [7], Sun and Du [27], and Zhang, Wang, Su and Das [32], Khanra et al. [17] posed
the following open problem:

Open Problem. Determine the extremal values and corresponding extremal graphs of
the Euler Sombor index in the class of all connected graphs with a given domination
number.

In this paper, we address this problem in the context of trees. Specifically, we establish
both the upper and lower bounds for the Euler Sombor index of trees with a fixed dom-
ination number. Furthermore, we derive an upper bound for the Euler Sombor index of
trees with a given independence number and characterize the extremal trees that attain
this bound.

2. Preliminaries

Let
fz,y) = Va2 +y* + ay,
where x,y > 1. The following Lemmas 2.1 and 2.2 are readily obtained.

Lemma 2.1. |2| Let

do(x) =z, c+ 1) — f(x,0) = /22 + D2+ z(c+1) — Va2 + ¢ + ac,

where x > 1 and ¢ > 1. The function ¢.(x) is decreasing in .

Lemma 2.2. [6] Let
Yo(x) = flz,¢) = flx —1,¢) = Va2 + 2+ zc— /(. — 12+ 2+ (z — 1)c,

where x > 2 and ¢ > 1. The function .(x) is increasing in x.

Lemma 2.3. Let
X(n) =(n—1)y/(n =12+ 1+ (n—1) = (3V19 + V7 — 6v3)n
— (24v/3 — 3V7T — 9V19) — 2V/7 + 6V3.
Then x(n) >0 for n > 5.

Proof. Notice that for n > 5,
(n—1[1+2(n—1)]
2y/(n—1)+(n—12+1

X(n)=vn—12+1+@n—-1)+
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—3V19 - V7 +6V3
18
2\/ﬁ+ﬁ—3\/ﬁ—ﬁ+6\/§

~ 3.1804 > 0.

Therefore,

x(n) > x(5) = 4v/21 — 6v/19 — 4v/7 + 12v/3 ~ 2.3785 > 0.

Lemma 2.4. Lel
p(b,b1) = V2 +14+b+ (b —1) (\/62+1+b—\/(b—1)2+1+(b—1))
+(0-b) (VEFIT 2~ /- 12+ 4+20-1)),

where by > 2, b >4, and by <b. The function p(b,by) is increasing with respect to both b
and by.

Proof. Note that
p(b,b1) = by [(\/(b— PRrdr20-1)—/b-12+1+0-1)
= (x/b2+4+25—\/b2+1+b)} +b(VB2 + 4+ 2b
— V=12 +4+20 1)) +/(b—1)2+1+(b—1).

Using Lemma 2.1, we have

(Vb —124+4+20b—1)—/(b—1)2+1+(b—1))
— (VB2 +44+20— VB2 +1+b)=¢(b—1) — ¢1(b) > 0.

Hence, p(b, by) is increasing with respect to b;. Furthermore,

Op(b,by) [< 2(b— 1) +2 2(b—1)+1 >
ab

2/(b—124+4+20b—-1) 2/(b—12+1+b—-1)

_( 2b + 2 B 2b+1 )]
V2 +44+2b 2/b2+1+b
+ Va2 — - 12+ 4+ 20— 1))

2b—-1)+1

V=12 +1+(0b-1)

+b< 2+2 2(b—1) +2 )
V02 +4+20 2\/(b—1)2+4+2(0b—1)

Let
¢ 41 2w+ 1

\/:L‘2—|—4+217_2\/£L‘2+1+ZL"

l1 (fE) =
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where x > 2. Then

@) 1 (z + 1)(22 + 2)
! Va2 +2x+4 2(:62—1—23;—1—4)%
1 (22 + 1)?

— + > 0.
Vit+rz+1 42?2+ +1)

NI

Consequently,

JO—1Z+a+20-1) 2/b-1P+1+(0-1)
b+1 20+ 1
- <m_ 2\/m> =05L(b—-1)—1(b) <O0.

Since b; < b, we have

dp(b,by) >b[ b—1)+1 B 2b—1)+1
db VO—12+4+20b—-1) 2/0—-124+1+0—-1)

b1 2% + 1
_<JFIZI%_d¢F1T1?)}
+ VAo — b 12+ A+ 20— 1))

) b+1 (b—1)+1
VP2+4+20 J(b—12+4+2(0b—1)
2b—1)+1

V=12 4+1+(0b-1)
:[\/b2+4+2b—\/(b—1)2+4+2(b—1)}

b2b+1)  (b-DR(b—1)+1]

2V +14+b 2/(b—12+1+(b—1)

Let
x(2x 4+ 1)
lo(z) = —F———.
2Vl +1+x
Then, for x > 2,
/ 2 1 2 1)2
ho) = L2 HEED
Va2 +1+2 Vai+ar+1 4@ +x+1)2
Therefore,
b(2b+ 1) b—1[2(0b—1)+1]
- =1I3(b) — l3(b—1) > 0.
2 +1+b 2/b— 12+ 1+ (b—1) 2(0) —la(b = 1)
Thus,
ap(bv bl)
o > 0,

and p(b, by) is increasing with respect to b. O
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3. The Euler Sombor Index of Trees with Given Domination
Number

3.1.  Lower bound of the Euler Sombor index on trees with given domination number

A family of trees T is defined recursively as follows. We consider the path of order 3I,
with [ > 1, in 7, and construct new trees in the family 7 in the following two ways.

(a) If T'e T, wis a pendent vertex of T', and P = vyvy - - - v3, is any path with ¢ > 1,
then 77 = (V(T"), E(T")), where

V(T =V(P)UV(T)
and
E(T')=E(P)UE(T)U{wuv},
belongs to T.

(b) If T € T satisfies that there exists a vertex u belonging to a minimum dominating
set of T, with Np(u) = {uy,us} such that degr(u;) = 2 = degr(us), and if P =
U Vg - - - Usgyq is any path with ¢ > 1, then the tree 7" = (V/(T"), E(T")), where

V(T") =V (P)UV(T)
and
E(T")=FE(P)UE(T)U{uv},
belongs to T.
Let T, be the set of all trees 7' € 7 with domination number Y. Let

g(n, T) = (3v19 + V7 — 6v3)n + (24v/3 — 9V10 — 3v7)Y + 2v/7 — 6v/3.

Lemma 3.1. Let T € T,,v. Then

EU(T) = g(n,T).
Proof. Since T € 7T, v, we have

ni + ng +ng =n,
n1—|—2n2+3n3:2(n—1),
n —nz — 3ns

m%—f:T

Thus,
np=n—3Y+2, ng =61 —n — 2, ny3=mn—3Y.

By the definitions of the Euler—Sombor index and the family 7, we have

EU(T) = 3ns§(2,3) + mf(1,2) + (n — 1 — 3ns — n1)§(2,2)
=3V19(n —37) + (n — 3T +2)V7+ [n — 1 — (4n — 127 +2)]12V3
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= (3V19 + V7 — 6v3)n + (24V3 — 9V19 — 3VT)T + 2V7 — 63
=g(n,7T).

This completes the proof. O

Theorem 3.2. Let T € T, . Then
EU(T) > g(n, ).
FEquality holds if and only if T € T, .

Proof. If n = 3, then
EU(Ps) = 2V7 =g(3,1).
If n =4, then

EU(Py) = 2V7T+2V3 > g(4,2) = 18V/3 — 619

and

EU(S;) = 3V13 > g(4,1) = 3v/19 + 37 — 6V/3.

Suppose that n > 5 and that the result holds for all trees of order n — 1. Let uqug - - - ugsq
denote the vertices along a diametral path in the tree T, where d is the diameter of T'. If
d=2,then T"= 5, and Y(S,) = 1. Using Lemma 2.3, for n > 5, we have

EU(S,) —g(n,1)=(mn—-1)/(n—1)2+1+ (n—1)— (3VI9+V7—6V3)n
— (24v/3 — 3V7 — 9V19) — 27 +6V3 > 0.

Thus, the theorem holds when d = 2. Henceforth, assume that d > 3. Let

degr(uz) = «a, Nr(ug) = {ur,ug, w1, 22, -, a2},
and
degT(U3) =3, NT(U3) = {u27u4ayl>y27"'ayﬁ—2}7

where a, 8 > 2. We now consider the following cases.

Case 1. degr(uz) = a > 3.

Note that degr(x;) =1 forevery 1 <i <o —2. Let Ty = T —u;. Then T} € T\, ~.
Using induction, we have

EU(T) = EU(T1) + (o, 1) + (2 = 2)[f(ev, 1) — f(r = 1,1)]
+f(&,5) - f(()( - 175)
>gn—1,T)+Va2+1+a

Y (a—2) (\/m—\/(a—1)2+1+(a—1)>
+Ver+ P taf—y(a—172+ 5 +pa—1).

Subcase 1.1. o > 4.
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By Lemma 2.2, we have

EU(T)>gn—1,T)+vVa?+1+a
(a—2)(\/a2—|—1+a—\/a—1 —|—1+(a—1))
>g(n—1,7) + V21 +2(vV21 — V13)

(n,T) — 3v19 — V7 + 6v3 + 3v21 — 2V/13
(n, )+ 1.2065 > g(n, Y).

g
g

Q

Subcase 1.2. o =3 and § < 4.
By Lemma 2.1, we have
EU(T)>gin—1,T)+vVa2+1+a
+(a—2) (m—m_l +1+(a—1)>
+vVa2+16 +4a —/(a —1)2 + 16+ 4(a — 1)
=gn—1,7)+VI13+ (V13 - V7) + V37 - V28
=g(n,T) = 3V19 — 4V7 + 6V3 + 2V13 + V37
~ g(n,T)+0.0265 > g(n, T).

Subcase 1.3. o =3 and § > 5.
Let T = T — {uy, ug, z1}. In this case, there is a dominating set D with |[D|=T" in T
such that uy € D, and either uz € D or uz € N[D\{uz}]. Hence,

Y(T)=T(T)) + 1

and
T) € Tpsx-1.

Using induction and Lemma 2.2, we have

EU(T) = EU(TY) +f(3,8) + 2§(3,1) + {(8, degr(ua)) — §(8 — 1, degr; (us))
B—2

L Z [f(ﬁ’ degr(yi)) — f(B — 1, degr; (?/z))}

=1
g(n—3, T —1)+/B2+9+33+2V13
> g(n,T) —6V3+2V13+7
~ g(n,T)+ 3.8188 > g(n,T).

Case 2. degr(uy) = 2 for every diameter ujus - - - Ugy1.

Subcase 2.1. degr(us) = B > 3.

Denote degr(uy) = 1. By the previous case, we may assume that degr(y;) < 2 for every
1<i<f—2. Let Ty = T —{uy,us}. Since there exists a dominating set D with |D|="
in 7 such that us € D, and either ug € D or uz € N[D\{uz}], we obtain

T(T) = T(T) + 1
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and
T €T, oy 1

Using induction and Lemmas 2.1 and 2.2, we have
EU(T) = BU(T2) +§(2, 8) +(2,1) + (8, degr(ua)) — F(8 — 1, degr, (ua4))

B—2

. Z [f(ﬁ,degT(%')) —§(B — 1,d€gT2(yi))]

i=1

> gn =20 = 1)+ VP FAT 2B + VT4 VPP
—V(B-12+n>+ (8- 1)n
(-2 (VP+i+20- V- 1P +i+205-1)

>gn—2,T—1)+ /R +4+28+V7

+(8-2) (VP+a+28- V1P +4+2B-1))
(n—2,T — 1)+ VI + V7 + V10 - V12

g
a(n, 1) + 5v19 4+ 2v/7 — 14V/3
g(n,T)+2.8373 > g(n,T).

v

Q

Subcase 2.2. degr(usz) = 2.
We denote

NT(UAL) = {U3,U5, 81,82, ", 877—2}

and
degr(us) = .
For 1 <i <mn— 2, if there are s', s" € V(T) such that s’ € Np(s;) and s” € Np(s'), then

5”8 siugus - UG

is a diameter of T. If s; is a support vertex with degr(s;) > 3, then, similarly to Case 1,

we can prove that
EU(T) > g(n,Y).

Thus, by the preceding cases, we assume that
degr(s;) <2, 1<i<n-—2.

Subcase 2.2.1. degr(uy) =n > 3.
Let T3 =T — {Ul,U,Q,Ug}. Then

T3 €Th_3r-1.
Using induction and Lemmas 2.1 and 2.2, we have

EU(T) = BU(Ts) +§(2,n) +§(2,2) +§(2,1) + §(n, ) — §(n — 1, 1)
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—2

+ > _[f(n,degr(si)) — f(n — 1, degr,(si))]

>gn—3,T— 1)+ V2 +4+20+2V3+ V7
V4 2+ — /(= 12+ p2 4 p(n — 1)
+(n—2) (\/772+4+277—\/(n—1)2+4+2(n—1))

>gn =3, T — 1)+ V2 +4+2+2V3+V7

+ (-2 (Ve +d+2m— V- 1P +4+20- 1)

g(n—3,T = 1)+ V19 +2V3+ V7 +V19 - 2V3

g(n, ¥) +2V19 — 6V3 + V7

g(n, 1)+ 0.9712 > g(n, T).

3

v

Q

Subcase 2.2.2. degr(uy) =n = 2.
Subcase 2.2.2.1. There is a minimum dominating set D with uy € D in T.
Let Ty = T — {uy,us}. We have
>gn—2,T—1)+4V3
=g(n, ) +3vV19 +V7 - 8V3
~ g(n, )+ 1.8660 > g(n,T).
Subcase 2.2.2.2. uy ¢ D for every minimum dominating set D in 7.
We denote
Nr(us) = {ua,v1, 09, -+, 0,21}
Subcase 2.2.2.2.1. degr(us) = p = 2.
Let Ts = T — {uy, uz,uz}. Thus,
>g(n—3,T—1)+6V3
=g(n,T) —9v19 — 37+ 18V3 + 9V19 + 3v7 — 24V/3 + 3/3
=g(n,T).
Equality holds only if 75 € 7,3 y_1, which implies that 7" € T, .
Subcase 2.2.2.2.2. degr(us) = p > 3.

Subcase 2.2.2.2.2.1. For every 1 <i < pu—1, deg(v;) < 2.
Let T@ =T — {Ul,UQ,U37U4}. Then

Ts € Tr—ar—1.

Using induction and Lemmas 2.1 and 2.2, we have

pn—1

BU(T) = BU(Ty) + F(2, 1) + 2§(2,2) + (2, 1) + _ [f(p, degr(v:))

=1
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—f(— 1, degr, (v1))]
>g(n—4,T = 1)+ V2 +4+2u+4V/3+ V7

=) (Ve F 2= - P A 2(u - 1))
>g(n—4,T —1) + V19 + 4V3 + V7 + 2(V19 — V12)
=g(n,T).

Equality holds if and only if T4 € T,—4 v—1, degr(us) = p = 3, and degr(vy) = degr(ve) =
2, which implies that 7" € T, v
Subcase 2.2.2.2.2.2.
v = max{degr(v1), degr(ve), - - -, degr(v,—1)} > 3.
Assume, without loss of generality, that degr(v;) = v. We denote
NT(U1) = {U5, Wy, W, * -+ ;wuq}-

Now suppose that degr(w;) < 2 for 1 < ¢ < v — 1. Consider two components 77 and
Ty which are disjoint in 7' — usv;, containing the vertices us and vy, respectively. Using
induction and Lemmas 2.1 and 2.2, we have

EU(T) = EU(T7) + EU(T5) + §(1, 2) — f(r — 1,2) + §(v, p)

pn—1

+ Z [f(u, degr(vi)) — f(p =1, deg%(”i))}

+ Z [ f(v,degr(w;)) — f(v — 1,degT8(wj))}

Zg(n,T)+2\/_—6\/_+\/,u2+4+2,u—\/ —12+4+2(u—1)
V224 v+ ( (M—\/ +u2+(u—1)u)
+(u—1)(w2+4+2y—\/(y—1)2+4+2(y—1))

>g(n, 1) +2V7T —6V3+ /12 +4+2u—/(n—1)2+4+2(u—1)

+ 1/2—1—,u2—|—/w—|—(y—1)[\/V2+4+21/—\/(1/—1)2—1—4—1—2(1/—1)}

> g(n,T) +2v7 — 8V3 + V19 + 33 + 2(V19 — 2V/3)
~ g(n, T) +2.7797 > g(n, T).

The proof is complete. O

3.2. Upper bound of the Fuler Sombor index on trees with given domination number

Let T, v be the family of trees obtained from the star S,_y;; by adding a pendent edge
to each of its T — 1 pendent vertices. Note that for 7" € T, v with maximum degree
n— T, we have "= T, y. Let

h(n,T)=EU(T.x)
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=n—-2Y+1)y/(n=")2+1+(n-1)
+(T=D)/(n=T)2+4+2(n—T)+ (T - 1)VT.

Theorem 3.3. Let T' € T, x. Then

EU(T) <b(n,T).
Equality holds if and only if T =%, .
Proof. If n = 3, then

EU(Ps) = 2V7 =1(3,1).

If n =4, then
EU(Py) = 2V7 +2V3 = h(4,2)
and

EU(Sy) = 3V13 = h(4,1).

Suppose that n > 5 and that the result holds for all trees of order n — 1. Let uqug - - - ugyq
denote the vertices along a diametral path in the tree T, where d is the diameter of T'. If
d=2,then T= S5, T(S,) =1, and

EU(S,) = —1)/(n—1)2+1+(n—1)=h(n,1).
Thus, the result is true. Henceforth, assume that d > 3 and Y(7T') > 2. Let
degr(uz) = a > 2, Np(ug) = {ug, us, 1,29, , Ta_2},
and

degr(us) = > 2, Nr(us) = {ug, us, 1,2, -+, Yp—2}-

Let
T1 =T - {Ul}

We now consider two cases.
Case 1. Y(Ty) =Y(T).
By induction and Lemmas 2.1 and 2.2, we have

a—2
EU(T) = BU(T1) + f(a, 1) +f(e, B) = fla = 1,8) + Y [f(e, 1) — f(a = 1,1)]

=1
<hn—-1,T)+vVa2+1+a++a2+p2+af
—V{@=12+8+(a-1)p
+(a—2)<\/m—\/(a—1)2+1+(a—1)>
<H(n,T) — (n— 27 +1) <\/(n—T)2+l—|—(n—T)
—\/(n—T—1)2+1+(n—T—1))

(T 1) <\/(n—T)2+4—|—2(n—T)
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V=T 1) +4+2(n—T—1)>

V(=T -12414+n-T -1 +Va2+1+a

+Va2+4+ 2+ (a—2) (m_m_l —|—1+(a—1))
— V(=12 4+4+2(a—1)
<b(nT)—(n—QT—l—l)(\/(n—T)2+1+(n—T)

VT It (T 1))
—(T—1)<\/( “T)2+4+2(n—T)
—/(n—7T—1)2 +4+2(n—T71)>

—V/(n—
+\/(n—2T+2) +1+(n—2Y+2)
+/(n—2Y +2)2+4+2(n— 2T +2)

—V(n—=2T +1)24+4+2(n—2Y +1)
+(n—2T)(\/(n—2T+2)2+1+(n—2T+2)

2+1+n—T-1)

_\/<n_zr+1)2+1+(n—2T+1)>,

since YT < #, le., a <n—2Y+2.
If T =2, then
EU(T) <b(n,T).
The equality holds if and only if 8 = 2 and n = a + 2, which implies that 7" = %, ,. If
T >3, thenn—7"T >n—2Y 4+ 2. Using Lemma 2.2, we have

EU(T)gb(n,T)—|—(n—2T+1){(\/(n—2T+2)2+1+(n—2T+2)

—\/(n—2T+1)2—|—1+(n—2T+1))—<\/(n—T)2—|—1+(n—T)
—\/(n—T—1)2+1+(n—T—1))]

+(T—2) <\/(n—T—1)2+4—|—2(n—T—1)—\/(n—T)2+4+2(n—T)>
+V=2Y+12+14+n—-2Y4+1) =/ (n =T =12 +1+(n—-"_T—-1)
+[ (V=T 2 a2 - 2T +2)

—\/(n—2T+1)2+4+2(n—2T+1)>

—(¢(n—r)2+4+2(n—T)—¢(n—T—1)2+4+2(n—T—1))}
=b(n, L)+ (n—=2T+ 1)[to1(n — 2T +2) — Yy (n — T)]

(T —2) <\/(n—T—1)2+4+2(n—T—1)—\/(n—T)2+4+2(n—T)>

+ vV =2+ 12 4+1+n—-2Y+1)—/(n =T —=124+1+(n—-"—1)
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+ [a(n — 2T + 2) —ho(n — 1)] < h(n, ).

Case 2. Y(T1) =Y(T) — 1.

In this case, we have a = 2; otherwise, us belongs to each minimum dominating set,
which implies Y(7}) = Y(T). If 5 =n — T, then T = %, v, and the theorem holds.
Henceforth, assume that § <n — 7T — 1. By Case 1, we may suppose that

degr(y:) < 2, 1<i<p-2

If uy is a pendent vertex or a support vertex with degr(uy) = 2, then T'= %, . In all
other cases, without loss of generality, let

degr(y1) = - - = degr(ys,) = 1,

and
degr(ys,+1) = - - - = degr(yp,+8,) = 2,

where 81 + B = [ — 2.
Case 2.1. (1 > 2.
Let To = T — {y;}. Then
T(T3) =1(T).

Using induction and Lemmas 2.1 and 2.2, we have

EU(T) = EU(T2) +§(8,1) +§(B,2) — §(B — 1,2) + f(degr (ua), B)
— f(degr, (ua), 8 —1) + (B1 = 1) (F(8,1) = §(8 - 1,1))
+ B2 (§(6,2) — (B — 1,2))
<hn—1,7)+ B2+ 1+ B+ (B —1) (\/ﬁ2+1+5 VB-1P+1+(B-1))

+ (B8 — p1) (¢52+4+2B V(B +4+2(Bf1))'

It is clear that T < w, ie.,

Also, since § <n —7" — 1, using Lemmas 2.2 and 2.4, we have

BEU(T) < b(n,T) — (n— 2T +1) (\/(n—T)2+1+(n—T)

V=T 1) -l—l—f—(n—T—l))
—(T—l)(\/(n—T)2+4+2(n—T)

V- T 1) +4+2(n—T—1))

V=T =124+ 1+ - -+ —-T—-12+1+(n—-_ 1)
+(n—2T)<\/(n—T—1) Iy P )

—\/(n—T—2)2+1+(n—T—2)>
+(T-2) (\/(n—T—1)2+4+2(n—T—1)
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—\/(n—T—2)2+4+2(n—T—2))
:b(n,T)+(n—2T—|—1)[<\/(n—T—1)2—1—1+(n—T—1)
—\/(n—T—2)2+1+(n—T—2)>—<\/(n—T)2—i—1+(n—T)
VT -1 +1+(n—T—1)>}

+ (VT =2+ 1+ (T -2 /e —T— 1P+ 1+ (n—T 1))
+ (Vo —T =12+ 442 - T - 1) - Vn -T2 +4+2(n—T))
+(T—2)[<\/(n—'f—1)2+4+2(n—T—1)
—\/(n—T—2)2+4+2(n—T—2))
—<\/(n—r)2+4+2(n—'r)—\/(n—r—1)2+4+2(n—r—1))}
=b(n, 1) + (n— 20 + Dr(n — T — 1) — gy (n — T)]
+<\/(n—T—2)2+1+(n—T—2)—\/(n—T—1)2+1+(n—T—1)>
+ (VT =12+ 442 - T - 1) = Ve -T2 +4+2(n— 7))
(T = 2)aln =T = 1) = s(n — 1] < b(n, 7).

Case 2.2. B < 1.
Let

T3 =T — {Ul,UQ}.

Then
T3 €Tyor-1.

Using induction and Lemmas 2.1 and 2.2, we have

EU(T) = EU(T3) + (8, degr(ua)) — f(B — 1, degr, (u4))
+ (B, degr(y1)) — §(B — 1, degry (y1))
+ (B = 3)(F(5, )*f(ﬁ* 1,2)) +f(8,2) +(1,2)

<hn—-2,T—1)+ (\/52+4+25 NG +4+2(ﬂ—1)>
+VB 146 \/,6’—1)+1+ — D)+ VB2 4+ 28+ VT

< b(n,T) - n—2T+1)( 241+ (n—1)

VT 121+ (n- ))

~(r=2) (Vin =T +4+2(n 1)

V=T 1) +4+2(n—T—1))

—Vn =12 +4+2(n-"_)-V7
+(n—T—3)<\/(n—T—1)2+4+2(n—T—1)
—\/n—T—2)2+4+2(n—T—2))
+Vn-T-124+1+n-"T—-1)—/(n-Y-22+1+(n—-"T-2)
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/=Y =12 44+2n—-T—-1)+V7
:h(n,T)+(n—2T)[(\/(n—T)2+4+2(n—Y)—\/(n—T)2+1+(n—T))
—(\/(n—T—1)2+4+2(n—T—1)—\/(n—T—1)2+1+(n—T—l)>]
+2(\/(n—T—1)2+4+2(n—T—1)—\/(n—T)2+4+2(n—T)>
+ (Vo714 T - — - T =27+ 1+ (n—T—2))
—<¢(n—r)2+1+(n—r)—¢<n_r_1)2+1+(n—r_1))}
+(n—r—3)[(\/(n—T—1)2+4+2(n—T—1)
—\/(n—T—2)2+4—|—2(n—T—2)>
—<\/(n—T)2+4+2(n—T)—\/(n—T—1)2+4+2(n—Y—1)”
=bh(n, 1)+ (n—27)[¢1(n —T) — 1 (n =T — 1)]
+2(\/(n—T—1)2+4+2(n—T—1)—\/(n—T)2+4+2(n—T)>

+[in =T =1) = ¢1(n—=T)]+ (n =T = 3)[gha(n — T — 1) — ¢ha(n — T)]
<h(n,T),

since f<n—T—-1landn—-"T-3>5-22>0. ]

4. Upper Bound of the Euler-Sombor Index on Trees with
Given Independence Number

Let 7, s be the family of trees of order n with independence number 3. Let S, g be the
tree obtained from the star K g by attaching a pendent edge to each of its n — 5 — 1
pendent vertices. If A= in T € 7, g, then T'= S, 5. We have

EU(Snp) = (28 —n+DVB+14+8+(n—B—1)V/B+4+28+(n—5—1VT.

Lemma 4.1. (22| Let T be a tree. If S(T') is a largest independent set in T', then there
ezists at least one pendent vertex in S(T).

Theorem 4.2. LetT € 7, 3. Then
EUMT) <28 -n+1V/B+1+8+m—-B-1VF+4+28+n—-3-1)V7, (1)

with equality if and only if T = S, 5.

Proof. Let A denote the maximum degree in the tree T, and let S(T) be a largest
independent set in 7. Then
1S(T)|=B(T) = A.

Using Lemma 4.1, we assume that u; is a pendent vertex in S(7") and that us is its unique
neighbor in 7. We have n > 4+ 1. If n = 5+ 1, then T'= K, ,,_1, and equality holds in
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(1). Similarly, if A = 3, then 7" = §,, 3, and equality again holds in (1). Otherwise,
degr(u) <A< B -1
for every vertex u; € V(7). Let
n = degr(ug)?® + degr(u;)? + degr(uy)degr(u;)

and
p = (degr(u) —1)* + degr(u;)* + (degr(uz) — 1)degr(u;).
Since degr(ui) = 1, we derive
> W= Vil + V(degr(uz) — 1% + 1+ (degr(ua) — 1)
wjugu; €E(T)

_ Z |:2d€gT(U2) — 1+ degr(u;
)

) + \/alegT(uQ)2 + 1+ degr(us)

ujuguj EE(T \/ﬁ T \/ﬁ
J#1

< degr(uz) — 1+ \/degT(u2)2 + 1+ degr(ug) < 2dr(ug) < 2(6 —1).

We proceed by induction on n. Assume that Eq. (1) is true for a positive integer n — 1.
We show that it remains true when n is replaced by n + 1.
Since uy € S(T), let
" =T —{u}.
Then
B(T") = p(T) - 1.

By the induction hypothesis, we have

EU(T)=EU(T") + Z [\/alegT(ug)2 + degr(u;)? + degr(usz)degr(u; )

wjugu; €E(T)

— \/(degr(uz) = 1)2 + degr(u;)? + (degr(us) — 1)degr ()

+ \/(degT(UQ) —1)2+ 1+ (degr(ug) — 1)
<28-n)V(B-12+1+(8—-1)

+n=B-=DV(B—-1)24+4+2(8-1)

+(n—B—1V74+2(8-1). (2)

Since > A+ 1 and T is a tree, we have 3 < § and > n/2. Using this, we derive
28 —n+1\/BP+1++(n—-F—-1)/B>+4+28

—@28-n)VEB-12+1+B-1)-n—-F-1D)V(B-12+4+28-1)-2(8-1)
= @8-n) VP +T+B-VB-1P+1+(B-1)]

+(n— -1 [VP+a+28- B 1P+ 4+2(3 - 1)
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—2B-D)+VB+1+5
- (26 —n)(25)
VB H1+8+/(B-12+1+(B-1)
n (n—p-1)(26+1)
VB2 H4+284+/(B-1)2+4+2(B-1)
26—-1)4+n—-p—1
g VB2 +4+28+/(B—12+4+2(8—1) ~(f-2)>0

Combining the above result with (2), we get

EU(T) < (268-—n+1)/B2 +1+ B+(n—B—-1)/B2+ 4+ 26+ (n—B—1)VT7 = EU(S,z).

- (B-2)

Thus, by induction, the inequality (1) holds strictly in the non-extremal case. This
completes the proof. O

5. Conclusion

In this paper, we determined the lower and upper bounds of the Euler Sombor index for
trees with a given domination number. Furthermore, we determined the upper bound of
the Euler Sombor index for trees with a given independence number. We also characterized
the corresponding extremal graphs.

Here we propose the following open problems.

Problem 5.1. Characterize extremal graphs for the Euler Sombor index of unicyclic and
bicyclic graphs with a given domination number.

Problem 5.2. Characterize the minimum Fuler Sombor index among all trees with a
given independence number.

For a graph G, the elliptic Sombor index ESO [13] is defined as

ESOG) = Y (degh(u) + degd(v)y/deg?(u) + deg(v).

weE(G)

Problem 5.3. Characterize extremal graphs for the elliptic Sombor index of trees with a
given domination number.
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