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ABSTRACT

A strongly connected digraph D is primitive provided the greatest common divisor of the
lengths of its directed cycles equals 1. The scrambling index of a primitive digraph D
is the smallest positive integer k such that for every pair of vertices u and v, there is a
vertex w such that we can get to w from v and v in D by directed walks of length k. In
this paper, we characterize those primitive doubly symmetric digraphs with the largest
scrambling index.
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1. Introduction

Let D = (V, E) denote a digraph with vertex set V = V(D) and arc set E = E(D).
Loops are permitted, but not multiple arcs. An v — v walk in D is a sequence of vertices
u,uy, -+ -, up, = v and a sequence of arcs (u, uy), (uy,us), -+, (up—1,v), where the vertices
and the arcs are not necessarily distinct. A closed walk is an v — v walk, where u = v. A
path is a walk with distinct vertices. A cycle is a closed u — v walk with distinct vertices
except for u = v. The length of a walk W is the number of arcs in W, and denoted by
|W|. The notation u £ v is used to indicate that there is an u — v walk of length k.
The distance from vertex u to vertex v in D, is the length of a shortest walk from u to v,
and denoted by d(u,v).

A digraph D is strongly connected if there is an u — v path for each pair u, v of vertices
of D. A strongly connected digraph D is primitive provided the greatest common divisor
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of the lengths of its directed cycles equals 1. It is well known (see e.g. [1]) that a digraph
D is primitive if and only if there exists some positive integer k such that u £ v for all
ordered pairs of vertices u and v (not necessarily distinct) of D. The smallest such k is
called the primitive exponent of D, denoted by (D).

In [3], by using Seneta’s [13] definition of coefficients of ergodicity, Akelbek and Kirkland
provided an attainable upper bound on the second largest moduli of eigenvalues of a
primitive matrix that makes use of the so-called scrambling index. The scrambling index
of a primitive digraph D, denoted by k(D), is the smallest positive integer k such that for
every pair of vertices u and v, there exists a vertex w such that u % wand v & win D.

Akelbek and Kirkland’s [3] definition of scrambling index is the same as Cho and Kim’s
[8] definition of the competition index in the case of primitive digraphs. The scrambling
index (competition index) have an interpretation in stochastic matrices and food webs.
For the research on scrambling index and competition index, please refer to [3, 2, 1, 7,
11, 15, 16, 8, 9, 10] respectively.

A symmetric digraph is a digraph if for any pair of vertices u and v, (u,v) is an arc if
and only if (v,u) is an arc. An undirected graph (possibly with loops) can be regarded
as a symmetric digraph. It is well known (see e.g. [14]) that an undirected graph G is
primitive if and only if GG is connected and has at least one odd cycle.

A symmetric digraph G with V/(G) = {1,2,---,n} is called a doubly symmetric digraph
if there is a vertex label such that for any pair of vertices ¢ and j, [4, j] is an edge if and
only if [n+1—1i,n+1—j] is an edge. The vertex n+1—1 is called the doubly symmetric
vertex of 4, denoted by 4. Note that if n = 1(mod 2) and i = “, then i = i?; otherwise,
we always have i # ¢ for i € V(GQ). f W = iyiy--+i,, is a walk from a vertex i; to a
vertex i,, in G, then W? = ifid ... is a walk from i¢ to i¢ in G.

Let DS(n) denote the set of all primitive doubly symmetric digraphs of order n > 3.
Liu and Huang [11] obtained the upper bound on the scrambling index of G € DS(n),
that is

max{k(G)| G € DS(n)} = [” > ﬂ . (1)

The extremal digraph problem is a main problem in the study of primitive exponents.
The problem of complete characterization of the extremal digraphs of certain primitive
digraph classes is usually very difficult. In this paper, we give a complete characterization
of those primitive doubly symmetric digraphs with the maximum scrambling index.

2. Preliminary results

For a primitive digraph D, the exponent from vertex u to vertex v, denoted by vp(u,v),
is the least integer p such that there exists an u — v walk of length ¢ for all ¢ > p. Clearly,

v(D) = max{yp(u,v)| u,v € V(D)}. (2)

Lemma 2.1. [12] Let G be a primitive symmetric digraph, and let u,v be any pair of
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vertices of G. If u By v and w2 v, where ky — ky = 1(mod 2), then

vo(u,v) < max{ky, ko} — 1. (3)

Lemma 2.2. [5| Let n be an integer with n > 3. Then

max{y(G)| G € DS(n)} =n — 1. (4)

Let G = (V, E) be a connected graph. For a vertex v € V and a nonempty set X C V|
let d(u, X) = min{d(u,x)| x € X}. For u € X, we define d(u, X) = 0. For a cycle C, if
u,v are two vertices (not necessarily distinct) on C, then Q¢ (u,v) denotes the shortest
path from u to v along C' (note that Q¢ (u,v) has no edge when u = v), and C\Qc¢(u,v)
denotes the path or cycle from u to v along C' obtained by deleting the edges of Q¢ (u,v).
For a path P and u,v € V(P), the subpath between u and v of P is denoted by P,,.
The concatenation of a walk W7 from u to v, and a walk W5 from v to w is denoted by
Wy + Wa.

Lemma 2.3. Let G be a connected graph containing a primitive subgraph Gy1. Then G is
primitive and

(G) <A(Gh) + 2max{d(u, V(G1))| u e V(G)}. (5)

Proof. Let k = max{d(u,V(G;))| u € V(G)}, and let = and y be any two vertices (not
necessarily distinct) in G. Since G is connected, there is a walk from z to each vertex in
GG1 and a walk from each vertex in GG; to y, and there are vertices v; and v, in GG; such
that the distances d(z,v;) and d(vy,y) are at most k. Since G; is primitive, there is a
walk in G from vy to ve of length (G1) + 2k — [d(z,v1) 4+ d(va, y)]. That is, in G there
is a walk from z to y of length v(G;) + 2k, and hence v(G) < v(Gy) + 2k. O

Lemma 2.4. Let G = C1UCy, where Cy and Cy are two odd cycles of G. If min{|C4|, |Cs|}
>3 and |V(C1) NV(Cq)|> 1, then v(G) < max{|C], |Cs|} — 1.

Proof. Let x and y be any two vertices (not necessarily distinct) in G. We only need to
consider the following two cases:

Case 1. z,y € V(C;), i = 1,2. Then Qc¢,(x,y) and C;\Q¢,(x,y) are two walks in
G from z to y on C;. Since |Cj|= 1(mod 2), |C\Q¢,(z,y)|—|Qc;(z,y)|= 1(mod 2). It
follows from (2.2) that

’YG(‘T?y) < maX{|Ci\QCi(xuy)|7 |ch(x7y)|} -1< maX{|Cl|7 |CQ‘} -1
Case 2. x € V(Cy), y € V(Cy). Since |V(Cy) N V(Cy)|> 1, there is a vertex z €
Wl :ch(aj? Z) + QCQ(Z7y)7

L = {QC1(x7Z) + CQ\ch(Zay)a if ’01\Q01<:U7Z)|2 ’CQ\ch(Zay)’7
Cl\ch (ZE, Z) + QC2(Z7y)7 if ’OI\QCH (J],Z)lf |02\Q02(27y)|'
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Then W; and W5 are walks of different parity between x and y , and

|C1]—1  |Cy]—1
2 + 2

(W< < max{|C1], [Ca|} — 1,

|W2|< {‘01’7 if ’01\Q01<.T,Z)|Z ’CQ\QC2(Z,y)’,
Gy, i |Ci\Q¢, (z, 2)|< |Co\Qe, (2, )|

It follows from (3) that
6 (w,y) < max{|Wy], [Ws[} — 1 < max{|Ch], |Caf} — 1.

Thus in any case we have that vg(z,y) < max{|Ci|,|C2|} — 1. Since x and y are
arbitrary vertices of G, the result now follows by (2). O

Lemma 2.5. Let G = C;UPUCs,, where Cy and Cy are two non-intersecting cycles, and
P is a path such at V(P)NV(C;) = {2} (i = 1,2), where z; and zy are the endvertices of
P. If min{|Cy|,|Cs|} > 3 and |C;|= 1(mod 2) (i = 1,2), then v(G) < |Cy|+|P|+|Cs|—4.

Proof. Let Let x and y be any two vertices (not necessarily distinct) in G. We consider
the following cases:

Case 1. z,y € V(C;), i = 1,2. Then Q¢,(z,y) and C;\Q¢,(z,y) are two walks of
different parity between z and y in G. By Lemma 2.1 we have

v6(,y) <G =1 < |Cy |+ P+]Cy| =4

Case 2. © € V(P),y € V(Cy), i = 1,2. Let Wy = P,.. + Q¢,(z,y) and Wy =
P... + C\Qc,(zi,y). Then Wi and Wy are walks of different parity between = and y. It
follows from Lemma 2.1 that

16(2, y) < | Pz |+[Ci| =1 < |Cu[+| P+ Co[—4.

Case 3. x,y € V(P). Without loss of generality, we may assume P = P, , + P, + P.,.
Set

W. {szl_"Pzw‘i‘sza if | Py, |< |Py22’a
1= )
Poy + Pyoy + Py, i [Poy [> [Py |-

W sz1+Cl+Pz1x+nyv 1f|sz1|§|Pyzz|a
2 = .
Poy + Pyzsy + Co 4 Poyy, i [Py [2 | Py |-

Then W, and W, are walks of different parity between x and y , and

|Cl|+’P’7 if ’PIZ1’§ |PyZ2’7

[Wh|< [Wsl< .
|C2|+|P|’ if |P9021’Z |Py22|'

Hence by Lemma 2.1 we have that

Ve (2, y) < maxf{|Ch, |Col} + [P|—1 < |Cy|+[P+|Co|—4.
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Case 4. x € V(C1)\{z1}, y € V(C2)\{22}. Let Wi = Q¢,(z,21) + P+ Qc,(22,y) and
Wy = Qe (x,21) + P+ Co\Qc, (22,y). Then |Wi|—|W;3|= 1(mod 2), so by Lemma 2.1 we
have

Ch|—1
ae9) < AT PG 1 — 1 < (P -

Thus in any case we have that yg(x,y) < |C1|+|P|+|C2|—4. Since x and y are arbitrary
vertices of G, the result now follows by (2). O

Lemma 2.6. Let G € DS(n) with V(G) = {1,2,...,n}, and let X be any nonempty
proper subset of V(G), satisfying x € X if and only if 2% € X. Let u be any vertex in
V(G)\X, and let v € X such that d(u,v) = d(u, X). If P is a shortest path between u
and v, then V(P)NV (P = ¢ or V(P)NV(P?) = {2}

Proof. If V(P) NV (P?) = ¢, then the result follows.

Suppose now V(P) NV (PY) # . Let w be any vertex in V(P) N V(P?%). Then
w? € V(P)NV(P%). Without loss of generality, we may assume P = Py, + Py + Py,
Then (P,a,)? is a path of length |(P,a,)?|= | Pyd,| between w and v¢, and s0 P, + (Pya,)?
is a walk between u and v?. Notice that d(u, X) = |P|= | Puy|+|Pywd|+|Pyay| and v? € X,
so we have

|Puw|+|wa‘i|+|Pwdv|§ d(“» Ud) < |Puw + (Pw‘iv)d|: |Puw|+|Pwdv|'

Hence we conclude |P,,|= 0, that is w = w?. But w is an arbitrary vertex in V(P) N
V(Pd>> so we have V(P) N V(Pd) = {"TH}, as desired. n

Lemma 2.7. Let n be an odd integer with n > 5, and let G € DS(n). If G contains an
odd cycle C with |C|> 3 and |[V(C) NV (CY|= 0, then v(G) <n — 3.

Proof. Let u € V(C) such that d(*, ) = d(2*,V(C)), and let P be a shortest path

between "t and u. Then P? is a shortest path between 2 and u?, and |P|= |P%=

d(®2+,V(C%)). By Lemma 2.6, P+ P% is a path joining the non-intersecting cycles C' and
Ce Let Gy = C U (P + P U, it follows from Lemma 2.5 that

G < 2(|C1+|P]) — 4.
Notice that the vertex 2+ € V(G;) and V(G1) = V(GY), we have by Lemma 2.6 that

max{d(v, V(G1)| v € V(G)} < w

Since |V (G1)|= 2(|C|+|P]) — 1, it follows from Lemma 2.3 that
NG) < 2(|CH[P]) =4 +n = [V(Gi)|=n = 3.

The Lemma now follows. ]
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Lemma 2.8. Let n be an odd integer with n > 5, and let G € DS(n). If
max{|C| | C is an odd cycle of G} = 1, then v(G) # n — 2.

Proof. Let v € V(G) such that d(v, %) = max{d(i, %4*)|i € V(G)}. Then by Lemma
2.6 we have d(v, ”*1) < 5= L. We consider the following two cases:

Case 1. There is a loop at the vertex "—“ Then for any vertices 7,7 € V(G), and for
any integer t > d(i, 24) + d(j, %), there is an i — j walk of length ¢t. So v¢(7,7) <
d(i, ) +d(j, %) < 2d(v, %) Since i and j are arbitrary vertices of G, it follows that
1(G) = max{1¢(i, j)li,j € V(G)} < 2d(v, ")

If d(v, %) § 223 then v(G) < 2d(v, ”“) <n-3.

If d(v, ”“) 21 then G has a spanning subgraph G, obtained from P + P? and the
loop at ”—“ Where P is a shortest path between v and "H For the sake of convenience,
let P = 12 -+ (253)(™). This implies that v =1 and Pd =n(n—1)-- (22)(2).

If d(1,n) =n —1, then 7¢(1,n) = d(1,n) =n — 1. Hence v(G) =n — 1.

If d(1,n) < n — 1, then there must be an edge joining a vertex ¢ € V(P)\{%*} and a
vertex j € V(Pd)\{"“}

Assume that j = i%. Then G contains an odd cycle with length 28+ —i)+1>3,a
contradiction.

Assume that [j —i?[> 2. Notices that there is an [i, 7 € E(G), then d(1, %) =
d(n, ™) < =3, a contradiction.

Thus |j —i%|= 1. Without loss of generality, we may assume that j =i + 1, and let A
be a spanning subgraph of (¢ obtained from Gy by adding two edges [i,i¢+ 1] and [i —1, ]
(see Figure 1). If there is no loop at any vertex in V(G)\{2*}, then there is no walk of
length n — 2 between 1 and n. So v(G) = ya(1,n) =n — 1. If G has a loop at a vertex m
in V(P)\{2£*}, then there is a walk of length not more than 2(max{i,m} —1) <n—3

from 1 to n which inserts the vertex m. So vo(1,n) <n—3, and so v(G) < y(A) < n—3.

Fig. 1. The spanning subgraph A

Case 2. There is no loop at the vertex . Let u € V(G)\{®*} be a nearest vertex
with a loop to L. Then 1 <d(u, ) <254

If d(u, ”H) = , then G has exactly two loops at the vertices u and u¢. Note that
G has no any other odd cycle, we conclude that yq(22+,25) = 2. 2L = n —1. So
v(G)=n—1.
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Now suppose that 1 < d(u, ”T“) < ”T_l — 1. Let P, be a shortest path between u and
”T“, and let G| be a subgraph of G obtained from P, + P¢ and the two loops at the
end-vertices u and u?. Then v(G;) = 2|P|< n — 3. Let w be a vertex of G such that
d(w, V(Gy)) = max{d(z,V(G1)) | = € V(G)}. Then 1 < d(w,V(Gy)) < “2AEL

If 1 <dw,V(Gy)) < %Pl‘_l — 1, then by Lemma 2.3 we have that v(G) < v(G;) +
2d(w,V(Gy)) <n—3.

we now assume that d(w,V(Gy)) = Without loss of generality, we may
assume s € V(Py) such that d(w, s) = d(w,V(Gy)). Let P, be a shortest path between w
and s. Then, G; U P, U P¢ denoted by II is a spanning subgraph of G (see Figure 2). In

the following we show that v(G) # n — 2.

n—2|Py|—1
— 3

Fig. 2. The spanning subgraph II

Firstly, for every vertex x and every vertex y (not necessarily distinct) in V(G)\{w, w?},
we have that y(x,y) < yn(z,y) < n — 3. Since there is a walk of length 2 from w to
itself, we also have that vg(w, w) = vg(w, w?) #n — 2.

Secondly, let w; € V(P,) be a neighboring vertex of w. Then for any vertex = €
V(G)\{w, w?, wy, wl}, there is a walk of length not more than n — 3 from w to x which
inserts the vertex u. So yg(w,z) < n — 3.

Thirdly, if d(w, 2+) < 252, then there is a walk of even length not more than n — 3
from w to w?. So yg(w,w?) #n —2. If d(w,™}) = 2, then s =wand P, + P is a
shortest path from w to 2%, In this case, if d(w,w?) = n — 1, then yg(w,w?) =n — 1;
if d(w,w?) < n — 1, then there must be an edge joining a vertex x € V(P, + ) and a
vertex y € V(P2 + Pg), where d(y,z%) = 1 (since max{|C| | C is an odd cycle of G} =1
and d(w, 1) = 251 and there is no loop at ®+). So there is a walk of length not more
than n — 3 from w to w? which inserts the vertex u, and so yg(w,w?) < n — 3.

Finally, if yg(w,z) = n — 2 for x € {w;,w}}, then there is no walk of length n — 3
from w to x. Note that max{|C| | C is an odd cycle of G} =1 and P, is a shortest path
between w and s € V(P;) with length |P|= d(w,V(G1)), we do have vg(w, w?) =n — 1.

To sum up, we conclude that v(G) # n—2. This completes the proof of the lemma. [

Lemma 2.9. Let n be an odd integer with n > 5, and let G € DS(n). If v(G) =n — 2,
then G contains an odd cycle C' with |C|> 3, such that the vertex ”T“ e V(C) and
V(C) = V(CY).

Proof. Since 7(G) = n — 2, by Lemma 2.7 and 2.8 we have that G contains an odd cycle
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C, with |C1|> 3 and |V (Cy) N V(CH|> 1.

If the vertex 2 ¢ V(Cy), then 25 ¢ V(C{). Let Py be a shortest path between -
and w € V(C)) such that |Py|= d(%*,V(C)). Then P{ is a shortest path between “
and w? € V(C¥%), where w? # w. Clearly, there are two path of different parity between w
and w? in C; UCY, which are denoted by P, and P, respectively. Thus, either P, + P, + Py
or P, + P, + P& is an odd cycle in G, and thus G contains an odd cycle C' with |C|> 3
and 2 € V(C).

Assume that V(C) # V(C9). Let G; = CUC?. Then |V(Gy)|> |C|+2. 1t follows from
Lemma 2.3 and Lemma 2.4 that

+
—

[C|NEN)
—

- V(G
1(6) < (@) +2- "G oy viai<n -3
a contradiction.
Thus V(C) = V(C?). The Lemma now follows. O

3. The extremal graphs

In this section, we determine the primitive doubly symmetric digraphs with the maximum
scrambling index. In [5], We have obtained that

max{y(G) | G € DS(n)} =n— 1.
By k(G) = {@W [7] and (1), we have that max{k(G) | G € DS(n)} = [251] if and

2
only if ¥(G) =n—1, or v(G) = n—2 and n = 1(mod 2). Since the extremal digraphs for
the case v(G) = n — 1 are already settled in [6], we will only characterize the remaining

case 7(G) =n — 2 and n = 1(mod 2). The following theorem is obvious.

Theorem 3.1. Let A° = (V| E) be a graph of order 3, where V.= {1,2,3} and E =
{[1,2],[2,3],[3,1], [1,1],[2,2],[3,3]}. Let G € DS(3). Then v(G) =1 if and only if G is

isomorphic to A°.

Fig. 3. The set of graphs 2,
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NOW let n be an odd integer with n > 5, and let s be an integer with 1 < ;1. Let
QO = (V,E), where V = {1,2,--- ,n} and E = {[i,i+1]|1 <i < n—l}U{[s,n—i—l—s]}.
Let (2, denote any graph that can be obtained from Q® by adding two loops [%51, 2-1]
and [2£2, 2531 "and possibly by adding some edges of the form [i, i], where s+1 < i <
Clearly, 2, € DS(n). The set of graphs 2, is shown in Figure 3

£
[CIFEN
=

Theorem 3.2. Letn be an odd integer withn > 5, and let G € DS(n). Theny(G) = n—2
if and only if G is isomorphic to some graph in .

Proof. Let G € 2, and let u be any vertex of G. Then
Ye(v,u) <n—3for2<v<n-—1

76(1,1) = ya(n,n) <n —3;

va(l,u) = ya(n, ud) <vs(l,n)=n—2.

Thus, v(G) = v¢(1l,n) =n — 2.

On the other hand, suppose that v(G) = n — 2. Let u,v € V(G) such that vy(u,v) =
v(G) = n — 2. Then u # v since n — 2 is an odd integer. By Lemma 2.9, there is an
odd cycle C with |C|> 3, such that the vertex € V(C) and V(C) = V(C?). Without
loss of generality, we may assume C' is the largest such odd cycle. Then d(u,V(C)) =
d(v, V(C)) = |C| and v = u?. Let P be a shortest path between u and s € V(C) such
that |P|= d(u, V(C’)). Then P? is a shortest path between u? and s¢ € V(C).

Assume that s = s¢ or |Qc(s 5%)|> 2. Then there is a walk of even length not more
than n — 3 between u and u?. This contradicts v¢(u, u?) = n — 2.

Thus |Qc(s,s?)|= 1, and thus G contains a spanning subgraph G* isomorphic to QY
For convenience, let G* = Q(©. This implies that v = 1 and |C]= n — 2(s — 1). Since
Y(QO) = 750 (1,n) = n — 1, there must be an edge [i, j] € E(G)\E(Q©®).

Assume that |j —i|= 1. Then G contains multiple edges, a contradiction.

Assume that [j—i|> 2 and j # i%. Notices that [i?, j] € E(G) and P+C\Qc(s, s?)+P?
is a path in G from 1 to n of length n — 1. Then there is a walk of even length not more
than n — 3 between 1 and n. This contradicts vo(1,n) =n — 2.

Thus j = i¢ or j = 4. If all the edges in E(G)\E(Q®) are of the form [, (in
particular, [¢,7%] is a loop when i = %£1), then there is still v5(1,n) = n — 1. Thus, there
must be an edge of the form [i, 1] in E(G)\E(Q©); that is, there must be a loop at i (and
so there is also a loop at ).

Assume that 1 <1 < ”T’?’ Then there is a walk of even length not more than n — 3
between 1 and n. This contradicts v5(1,n) =n — 2.

Thus 7 = , and thus there are two loops in G at the vertices %=1 and ”;3. Since C
is the largest odd cycle in G such that the vertex “ € V(C) and V(C’) = V(C?), the
existence of an edges of the form [i,7¢] in G implies that s+1<i< B
Therefore G € €2,,. The theorem now follows. O



144 Y. CHEN AND S. CHEN

Funding

Research supported by NNSF of China (No.11571101) and NSF of Hunan Province (No.
2016JJ2051).

References

[1] M. Akelbek, S. Fital, and J. Shen. A bound on the scrambling index of a primitive matrix
using boolean rank. Linear Algebra and its Applications, 431(10):1923-1931, 2009. https:
//doi.org/10.1016/j.1laa.2009.06.031.

[2] M. Akelbek and S. Kirkland. Coefficients of ergodicity and the scrambling index. Linear
Algebra and its Applications, 430(4):1111-1130, 2009. https://doi.org/10.1016/] . 1laa.
2008.10.007.

[3] M. Akelbek and S. Kirkland. Primitive digraphs with the largest scrambling index. Linear
Algebra and its Applications, 430(4):1099-1110, 2009. https://doi.org/10.1016/7 . 1laa.
2008.10.006.

[4] R. A.Brualdi and H. J. Ryser. Combinatorial Matriz Theory, volume 39 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, 1991. https:
//doi.org/10.1017/CB09781107325708.

[5] S. Chen and B. Liu. The kth local exponent of doubly symmetric primitive matrices.
Applied Mathematics Letters, 19(4):392-397, 2006. https://doi.org/10.1016/7 . aml.
2005.06.011.

[6] S. Chen and B. Liu. Matrices with maximum kth local exponent in the class of doubly
symmetric primitive matrices. Discrete Mathematics, 308(15):3386-3392, 2008. https :
//doi.org/10.1016/j.disc.2007.06.019.

[7] S. Chen and B. Liu. The scrambling index of symmetric primitive matrices. Linear Algebra
and its Applications, 433(6):1110-1126, 2010. https://doi.org/10.1016/7.laa.2009.
12.028.

[8] H. H. Cho and H. K. Kim. Competition indices of digraphs. In Proceedings of Workshop
in Combinatorics, pages 99-107, 2004.

[9] H. K. Kim. Competition indices of tournaments. Bulletin of the Korean Mathematical
Society, 45(2):385-396, 2008. https://doi.org/10.4134/BKIMS.2008.45.2.385.

[10] H. K. Kim. Scrambling index set of primitive digraphs. Linear Algebra and its Applications,
439(7):1886-1893, 2013. https://doi.org/10.1016/7.1laa.2013.05.022.

[11] B. Liu and Y. Huang. The scrambling index of primitive digraphs. Computers €& Math-
ematics with Applications, 60(3):706-721, 2010. https://doi.org/10.1016/7j . camva.
2010.05.018.

[12] B. Liu, B. D. McKay, N. C. Wormald, and K. Zhang. The exponent set of symmetric
primitive (0,1)-matrices with zero trace. Linear Algebra and its Applications, 133:121-131,
1990. https://doi.org/10.1016/0024-3795(90)90244-7.

[13] E. Seneta. Coefficients of ergodicity: structure and applications. Advances in Applied Prob-
ability, 11(3):576-590, 1979. https://doi.org/10.2307/1426955.


https://doi.org/10.1016/j.laa.2009.06.031
https://doi.org/10.1016/j.laa.2009.06.031
https://doi.org/10.1016/j.laa.2008.10.007
https://doi.org/10.1016/j.laa.2008.10.007
https://doi.org/10.1016/j.laa.2008.10.006
https://doi.org/10.1016/j.laa.2008.10.006
https://doi.org/10.1017/CBO9781107325708
https://doi.org/10.1017/CBO9781107325708
https://doi.org/10.1016/j.aml.2005.06.011
https://doi.org/10.1016/j.aml.2005.06.011
https://doi.org/10.1016/j.disc.2007.06.019
https://doi.org/10.1016/j.disc.2007.06.019
https://doi.org/10.1016/j.laa.2009.12.028
https://doi.org/10.1016/j.laa.2009.12.028
https://doi.org/10.4134/BKMS.2008.45.2.385
https://doi.org/10.1016/j.laa.2013.05.022
https://doi.org/10.1016/j.camwa.2010.05.018
https://doi.org/10.1016/j.camwa.2010.05.018
https://doi.org/10.1016/0024-3795(90)90244-7
https://doi.org/10.2307/1426955

THE PRIMITIVE DOUBLY SYMMETRIC DIGRAPHS 145

[14] J. Shao. The exponent set of symmetric primitive matrices. Scientia Sinica, Series A,
30(4):348-358, 1987. https://doi.org/10.1360/yal987-30-4-348.

[15] Y. Shao and Y. Gao. The primitive boolean matrices with the second largest scrambling
index by boolean rank. Czechoslovak Mathematical Journal, 64(1):269-283, 2014. https:
//doi.org/10.1007/510587-014-0099-4.

[16] Y. Shao and Y. Gao. The scrambling index set of primitive minimally strong digraphs.
Linear Algebra and its Applications, 500:1-14, 2016. https://doi.org/10.1016/j.laa.
2016.03.008.

Yunluan Chen
Xiangtan Institute of Technology, Xiangtan 411100, China
E-mail chenyunluan@126.com

Shexi Chen

Xiangtan Institute of Technology, Xiangtan 411100, China

Hunan University of Science and Technology, Xiangtan 411201, China
E-mail sxchen@hnust.edu.cn


https://doi.org/10.1360/ya1987-30-4-348
https://doi.org/10.1007/s10587-014-0099-4
https://doi.org/10.1007/s10587-014-0099-4
https://doi.org/10.1016/j.laa.2016.03.008
https://doi.org/10.1016/j.laa.2016.03.008
mailto:chenyunluan@126.com
mailto:sxchen@hnust.edu.cn

	Introduction
	Preliminary results
	The extremal graphs

