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ABSTRACT

A gap-[q]-vertex labelling of a graph G is an assignment f : V(G) — {1,...,q} for which
the gap between the largest and smallest labels in the neighbourhood of each vertex
induces a proper vertex colouring. The minimum such ¢ is the vertex-gap number x9(G).
We investigate this parameter for generalized Petersen graphs P(n, k). First, we prove
that every bipartite generalized Petersen graph, equivalently every P(n, k) with n even and
k odd, has vertex-gap number 2; this gives a complete characterization of the generalized
Petersen graphs admitting a gap-[2]-vertex labelling. We then construct explicit gap-
[3]-vertex labellings for several non-bipartite classes, including families determined by
congruence conditions modulo 4, 5, and 10, the family n = 2tk with even k, the cases
k =1 and k = 2 for specified odd orders, and the family n = 3k with k£ > 3. In each case
the lower bound follows from the chromatic number, while the upper bound is established
by an explicit labelling and a verification of the induced colours on the three edge types
of P(n,k). The results support a natural conjecture that, apart from the exceptional
graphs P(3,1) and P(6,2), every non-bipartite generalized Petersen graph has vertex-gap
number 3.

Keywords: proper vertex colouring, gap vertex labelling, vertex-gap number, generalized
Petersen graph, graph labelling

2020 Mathematics Subject Classification: 05C7T8, 05C15.

* Corresponding author.

Received 27 Aug 2025; Revised 24 Apr 2026; Accepted 01 Sep 2026; Published Online 22 Sep 2026.
DOI: 10.61091 /ars168-08

(© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ars168-08
https://www.combinatorialpress.com/ars
https://doi.org/10.61091/ars168-08
https://creativecommons.org/licenses/by/4.0/

124 SUNDARRAJAN R. AND MURUGAN V.

1. Introduction

Graph labelling and graph colouring are closely related themes in structural graph theory.
In a proper vertex colouring, adjacent vertices receive distinct colours, whereas a graph
labelling assigns numerical labels to vertices or edges subject to prescribed conditions.
In many labelling problems the labels induce a colouring through a local rule, and the
principal question is to determine the smallest label set that makes the induced colouring
proper.

The vertex version of gap labelling was introduced by Dehghan, Sadeghi and Ahadi in
their study of the algorithmic complexity of proper labelling problems [5]. In a gap-[q|-
vertex labelling, the colour of a vertex of degree at least two is the difference between
the largest and smallest labels appearing in its neighbourhood. The associated decision
problems are computationally difficult in general. In particular, deciding whether a graph
admits a gap-[¢]-vertex labelling is NP-complete for fixed ¢ > 3, and restrictive vari-
ants remain NP-complete for ¢ = 2 [5, 4|. Structural results are nevertheless available
for several classical graph families. Weffort-Santos, Campos and Schouery studied cy-
cles, crowns, wheels, unicyclic graphs and several related families, and developed further
structural and algorithmic results for proper gap labellings [7].

The Petersen graph is one of the most prominent cubic graphs and appears throughout
graph theory as a canonical example and counterexample [3]. Tts generalization, the
family of generalized Petersen graphs, was named and systematically studied by Watkins
[6]. These graphs have subsequently been investigated from many viewpoints, including
Hamiltonicity and extremal structure [1, 2]. Their uniform cubic structure and explicit
cyclic description make them a natural setting in which to study neighbourhood-based
labellings.

The purpose of this paper is to determine the vertex-gap number for several broad
classes of generalized Petersen graphs. Our first result completely settles the gap-[2]
case: a generalized Petersen graph admits a gap-[2]-vertex labelling exactly when it is
bipartite. We then give explicit gap-[3]-vertex labellings for six non-bipartite parameter
families. The constructions are expressed in modular or block form, and in each proof we
verify the induced colours on the outer edges, the spokes and the inner edges. The paper
concludes with a conjectural classification of the remaining cases.

2. Preliminaries

Throughout the paper, all graphs are finite, simple and undirected. For a graph G, the
vertex and edge sets are denoted by V(G) and E(G), respectively. The neighbourhood
and degree of a vertex v are denoted by N(v) and d(v).

2.1.  Gap-verter labellings

To avoid a conflict with the parameter k in the generalized Petersen graph P(n, k), we
use ¢ for the number of available labels.
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Definition 2.1. Let ¢ be a positive integer. A gap-[q]-vertez labelling of a graph G is a
pair (f,C}), where
V(@G —A{1,2,...,q},

and C is the induced vertex colouring defined by

1, d(v) =0,
Cf(l)) = f(u)a N(U) = {u}’
uren]%)f(U) - u%)ﬂ“)’ d(v) = 2,

such that C is a proper vertex colouring of G. The minimum ¢ for which G admits a
gap-[q]-vertex labelling is the vertez-gap number of G, denoted by x9(G).

For a finite nonempty set S C R, write
MD(S) := max S — min S.
Thus, for vertices of degree at least two,

C(v) = MD{f(u) : u e N(v)}.

2.2.  Generalized Petersen graphs

For integers n > 3 and 1 < k < n/2, the generalized Petersen graph P(n, k) has vertex
set
V(P(n,k)) = {ug, ..., Un—1,V0,- .., Un_1}

and edge set
E(P(n, k)) = {Uﬂ)prl, Vi, Uik : 7 € Zn},

where every subscript is read modulo n. Thus,
N(vi) = {vie1, Vi1, wi }, N (u;) = { Uik, Witn, Vi }-

In particular, every generalized Petersen graph is cubic.
Figure | shows the Petersen graph P(5,2) together with a gap-[3]-vertex labelling.

Fig. 1. A gap-[3]-vertex labelling of the Petersen graph P(5,2).
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Watkins showed that P(n, k) is bipartite if and only if n is even and & is odd [6]. Since
P(n, k) is connected and cubic, Brooks’ theorem gives the following chromatic-number
description:

2, niseven and k is odd,

X(P(n, k) = { (1)

3, otherwise.

The next elementary observation supplies the lower bound used throughout the paper.

Lemma 2.2. For every generalized Petersen graph P(n, k),

X(P(n, k) < x(P(n, k).

Proof. Suppose that P(n, k) admits a gap-[g]-vertex labelling f. Since the graph is cubic,

every induced colour is a difference of two labels in {1,..., g} and therefore belongs
to {0,1,...,¢ — 1}. Hence C; is a proper colouring using at most ¢ colours. Thus
X(P(n,k)) < g. Minimizing over all admissible ¢ gives the result. O

3. Main Results

For a gap-[g|-vertex labelling f of P(n, k), the induced colours are
Cy(v) = MD{ f(vi-1), f(vig1), f(wi)}, (2)

and

Cp(ui) = MD{ f(wig), f(wiyr), f(vi)}. (3)
The parameter classes treated below are summarized in Table 1. The classes are not
intended to be disjoint.

Table 1. Vertex-gap numbers established in this paper.

Conditions on P(n,k) XJ(P(n, k))
n is even and £ is odd 2
n=0 (mod 5), k # 0 (mod 5), and P(n, k) is non-bipartite 3
n=0 (mod 4),n>8, and k =2 (mod 4) 3
n = 2tk, k is even, and t > 2 3
3
3
3

nisodd,n>5 and k=1
nisodd,n>9,n#0 (mod 5), and k = 2
n=23kand k >3

3.1.  The bipartite case
Theorem 3.1. If n is even and k is odd, then

Xo(P(n, k)) = 2.
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Proof. Let G = P(n, k), where n is even and k is odd. Define f : V(G) — {1,2} by

1, 1 even,

f(Uz'):{Z i odd. flu)=2 (0<i<n-1)

Because n is even, parity is well defined modulo n. From (2),
0, 7 even
C Vi) = ’ ’
) {1, i odd.

Indeed, if 7 is even, the three neighbour labels of v; are 2,2, 2, whereas if 7 is odd they are
1,1,2.
Similarly, (3) gives

0, ¢ odd.

For an outer edge v;v;,1, the endpoints have opposite parity and hence distinct induced

1, 1 even,
Cpu;) = {

colours. For every spoke v;u;, the two displayed colour formulas are complementary.
Finally, because k is odd, ¢ and i + k have opposite parity, so Cr(u;) # C¢(u;tx) on every
inner edge. Hence C is proper, and therefore x9(G) < 2.

By (1) and Lemma 2.2,

Consequently, x9(P(n,k)) = 2. O

Figure 2 illustrates Theorem 3.1 for P(10, 3).

Fig. 2. A gap-[2]-vertex labelling of P(10, 3).

As an immediate consequence, Theorem 3.1 gives the complete gap-[2] classification
within the generalized Petersen family.

Corollary 3.2. A generalized Petersen graph P(n, k) admits a gap-[2]-vertex labelling if
and only if n is even and k is odd.

Proof. The forward implication follows from Lemma 2.2: a non-bipartite generalized
Petersen graph has chromatic number 3 by (1), and therefore cannot have vertex-gap
number 2. The reverse implication is Theorem 3.1. O
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3.2.  Non-bipartite families
Theorem 3.3. Suppose that
n=0 (mod5), k#0 (mod b),
and that P(n, k) is non-bipartite. Then
xi(P(n, k) = 3.
Proof. Let G = P(n, k). Define a gap-[3]-vertex labelling by
3, i=4 (modb5),

2, i=0 (mod5H),
fvi) = ( ) fu;)) =142, i=3 (mod 5),
1, otherwise,
1, 1=0,1,2 (mod 5).

Y

Since n = 0 (mod 5), these patterns close consistently around the graph. From (2),

i (mod5)|0 1 2 3 4
Ce(v;) [0 1 0 1 2

For the inner vertices there are two cases. If k = £2 (mod 5), then

i (mod5)[0 1 2 3 4
Crlu) |1 22 00,

whereas if £ = £1 (mod 5), then

i (mod5)|0 1
Crlu) |2 0

[\]

—_

2 1

Consecutive entries in the v-row are distinct, so every outer edge is properly coloured.
Comparing the v-row with either u-row componentwise shows that every spoke is properly
coloured. Finally, shifting the appropriate u-row by +k modulo 5 gives a different value
in every position, so every inner edge is properly coloured. Hence f is a gap-[3]-vertex
labelling and x9(G) < 3.

By hypothesis G is non-bipartite, so (1) and Lemma 2.2 give x9(G) > 3. Therefore
XJ(P(n, k) = 3. O

Figure 3 illustrates Theorem 3.3 for P(10,4).

Theorem 3.4. Ifn=0 (mod 4), n > 8, and k =2 (mod 4), then

Xo(P(n, k)) = 3.

Proof. Let G = P(n, k) and define

2, =0, N |
fwi) =143, i=2 (mod 4), Flus) = {27 i=0,1 (mod 4) and i # 0,
1

] 1, otherwise.
otherwise,

Y
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Fig. 3. A gap-[3]-vertex labelling of P(10,4).

A direct evaluation of (2) gives

0, i=0o0ri=2 (mod4),
Ci(v;)) =<1, i=1lor(i=0 (mod4)andi#0),

otherwise.

Similarly,
2, ie{k,n—k},
Ci(ui) =<0, i#0andi=0,1 (mod 4),

1, otherwise.

For outer edges, the displayed v-pattern gives distinct colours at consecutive indices. For
spokes, the two displayed formulas are different at every index: the exceptional values
i = 0,1,k,n — k are covered explicitly, while the remaining indices follow immediately
from their residue classes modulo 4.

[t remains to consider an inner edge u;u; . Since k =2 (mod 4), adding k interchanges
the residue classes 0 <+ 2 and 1 <> 3 modulo 4. Thus a colour 0 is paired with 1 or 2,
and a colour 1 is paired with 0 or 2. The only colour-2 vertices are u; and wu,_g; each is
adjacent through an inner edge to ug, of colour 1, and to a nonzero vertex with residue 0
modulo 4, of colour 0. Hence every inner edge is properly coloured. Therefore x9(G) < 3.

Here n and k are both even, so G is non-bipartite. By (1) and Lemma 2.2, x9(G) > 3.
The result follows. []

Figure 4 illustrates Theorem 3.1 for P(8,2).
Theorem 3.5. Let n = 2tk, where k is even and t > 2. Then
X3 (P(n, k) = 3.
Proof. Let G = P(n, k). Partition the indices 0,1, ..., n—1 into the 2¢ consecutive blocks

B; = {jk,jk+1,...,(j + 1)k — 1}, 0<j<2t—1.
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Fig. 4. A gap-[3]-vertex labelling of P(8,2).

Define
3, 1t=0 (mod4),
f(Uz')—{ Z (mod 4)

1, otherwise,

and
1, 7€ B; with j even,
flu) = o
2, 1€ B; with j odd.

Because k is even, adding or subtracting k£ moves an index from B; to a block of opposite
parity.
If 7 is odd, exactly one of i —1 and ¢7+1 is divisible by 4. Hence the two outer-neighbour
labels of v; are 1 and 3, so
C’f(vl-) = 2.

If 7 is even, both outer-neighbour labels are 1, and therefore

Cr(v;) =

0, ¢ € B; with j even,
1, <€ B; with j odd.

For u;, both inner neighbours lie in blocks of parity opposite to that of the block containing
1. Consequently,

1, i€ B; with j even,
Ci(w) =42, i€ B;withjoddandi=0 (mod 4),
0, i€ Bj with joddandi#0 (mod 4).

Now every outer edge has one odd endpoint, of colour 2, and one even endpoint, of colour
0 or 1. On a spoke, an odd v; has colour 2, while u; has colour 0 or 1; if ¢ is even, the
displayed formulas again give distinct colours. Finally, the endpoints of every inner edge
belong to blocks of opposite parity: a u-vertex in an even block has colour 1, while its
inner neighbour in an odd block has colour 0 or 2. Hence C is proper and x9(G) < 3.
Since n and k are even, G is non-bipartite. The lower bound x?(G) > 3 follows from
(1) and Lemma 2.2. Thus x9(P(n,k)) = 3. O

Figure ) illustrates Theorem 3.5 for P(16,4).
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Fig. 5. A gap-[3]-vertex labelling of P(16,4).
Theorem 3.6. Ifn > 5 is odd and k = 1, then
X(P(n, 1)) = 3.

Proof. Let G = P(n, 1) with n odd. Define

3, 1=n-—1, 1, 1 even,
Uz‘ — ui et
fw) {1, 0<i<n—2 flu) {2, i odd.
Using (2),
2, ie{0,n—2},
Cy(v;)) =10, ievenand i +#0,
1, ioddandi#n—2.
Using (3) with k& =1,
2, 1=n—-1,
Cru;) =<1, ievenandi#n —1,
0, 7 odd.

The outer colours alternate between 0 and 1 except at the two boundary vertices vy and
Un_2, both of which have colour 2; the wrap-around edge v, _1vy has colours 0 and 2.
Hence every outer edge is proper. The two displayed formulas also show immediately
that C¢(v;) # Cy(u;) for every spoke. Finally, along the inner cycle the colours alternate
between 1 and 0, with the single boundary value Cf(u,—1) = 2, so every inner edge is
proper. Therefore x9(G) < 3.

Because n is odd, G is non-bipartite. The lower bound x?(G) > 3 follows from
Lemma 2.2, and the result follows. O

Figure 6 illustrates Theorem 3.6 for P(13,1).
Theorem 3.7. Let n > 9 be odd, let n #0 (mod 5), and let k = 2. Then

VI(P(n,2)) = 3.
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Fig. 6. A gap-[3]-vertex labelling of P(13,1).

Proof. Since n is odd and not divisible by 5, we have
n=13,7 or9 (mod 10).

We give one explicit gap-[3]-vertex labelling for each residue class. In Table 2, every
index not listed in the corresponding row receives label 1. Congruence conditions are
understood modulo 5.

Table 2. Label-2 and label-3 index sets for the constructions in Theorem 3.7.

n (mod 10) {i: fvi) =2} {i: f(vi) =3} {i: f(ui) =2} {i: f(wi) =3}
1 {i:i=0(5), i#n—1}U{n—3} a {i:i=3(5), i#n—-3}U{n-5} | {i:i=4(5), i#n—-2}U{n—4,n—1}
3 {i:i=0 (5} 7] {i:i=3(5)} {i:i=4(5)}Uu{n—1}
7 {i:i=0(5), i #n—2} {n—2} {i:i=3(5)}u{n—1} {i:i=4(5)}u{1}
9 {i:i=0(5), i#n—4}U{n—2} 1] {i:i=4(5)} {i:i=3()}U{n—2}

For each row, substitute the labels from Table 2 into (2) and (3). The possible ordered
colour pairs on the three types of edges are listed in Table 3. For compactness, ab denotes
the ordered pair (a, b).

Table 3. Possible induced-colour pairs in Theorem 3.7.

n (mod 10) ViVi41 ViU UiUi42
1 {01,10,12,20} {01,02,10,12,20,21} | {01,02,10,12,20,21}
3 {01,10,12, 20} {01,02,10,12,20} {01,02,10,12, 20,21}
7 {01,02,10,12,20} | {01,02,10,12,20,21} {01,02,12, 20,21}
9 {01,02,10,12,21} | {01,02,10,12,20,21} {02,10,12,20,21}

No pair in Table 3 has equal entries. Hence the induced colouring is proper on every
outer edge, every spoke and every inner edge. Thus, in all four residue classes, P(n,2)
admits a gap-[3]-vertex labelling and x?(P(n,2)) < 3.

Since n is odd, P(n,2) is non-bipartite. Therefore Lemma 2.2 gives the reverse inequal-
ity, and x9(P(n,2)) = 3. O

Figures 7, &, 9, and 10 illustrate the four congruence classes in Theorem 3.7.

Theorem 3.8. If n =3k and k > 3, then
X5(P(n, k)) = 3.
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Fig. 10. A gap-[3]-vertex labelling of P(9,2), where 9 =9 (mod 10).
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Proof. Let G = P(3k, k). We distinguish the parity of k.
Case 1: k is odd. Define

f(Uz) =

3, i >k andiis odd,

2, 0<1<2k—2andiis even,
1, otherwise,

1, otherwise.

Substitution into (2) and (3) shows that the possible induced-colour pairs on outer edges
and spokes belong to

{(0,1),(1,0),(0,2),(2,0), (2, 1)},
while the possible pairs on inner edges belong to

{(1,0),(0,2), (2, 1)}.

Thus adjacent vertices always receive distinct induced colours.
Case 2: k is even. Define

2, 1€{0,k+ 3},
B 3, toddand 3<i<k+1,
flu) = 3, ievenand k+4<i<2k+2,
1, otherwise,
and
2, i=1,
)2, doddand 2k+2<i<3k-1,
flus) = 2, 2evenand 4 <1< k+ 2,
1, otherwise.

Again, direct substitution into (2) and (3) shows that every ordered colour pair on an
outer edge or a spoke belongs to

{(0,1),(1,0),(0,2),(2,0), (1,2), (2, 1)},

and every ordered colour pair on an inner edge belongs to

{(1,0),(0,2), (2, 1)}.

Hence Cy is proper in this case as well.

In either parity case, G admits a gap-[3]-vertex labelling, so x9(G) < 3. If k is odd,
then n = 3k is odd; if k is even, then both n and k are even. Thus G is non-bipartite in
either case. By Lemma 2.2, x9(G) > 3, and therefore x9(P(3k, k)) = 3. O

Figures 11 and 12 illustrate the two parity cases in Theorem 3.8.
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Fig. 12. A gap-[3]-vertex labelling of P(12,4), corresponding to even k.

3.3. Two small exceptional graphs

The two smallest exceptional parameter pairs in the conjectural classification can be
settled directly.

Proposition 3.9. The generalized Petersen graphs P(3,1) and P(6,2) satisfy
X5(P(3,1)) = x3(P(6,2)) = 4.

Proof. Both graphs are non-bipartite, so Lemma 2.2 gives x9 > 3. Since the graphs have
only 6 and 12 vertices, respectively, the possibility ¢ = 3 can be checked exhaustively:
none of the 3% = 729 labellings of P(3,1) and none of the 3! = 531441 labellings of
P(6,2) induces a proper colouring.

For the upper bound, order the labels as

(f(UO)a s 7f(vn—1); f(u0)7 RS f(un—1)>

For P(3,1), the assignment
(1,1,2;2,4,1)

is a gap-[4]-vertex labelling; its induced colours are
(1,3,0;3,1,2).
For P(6,2), the assignment
(1,1,1,1,2,4;4,1,2,3,1,1)
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is a gap-[4]-vertex labelling; its induced colours are
(3,0,1,2,3,1;1,2,3,0, 2, 3).

A direct check on the three edge types shows that adjacent vertices receive distinct induced
colours in each case. Hence both vertex-gap numbers are 4. O

4. Conclusion

We have determined the vertex-gap number for several broad classes of generalized Pe-
tersen graphs. Theorem 3.1 and Corollary 3.2 provide a complete characterization of the
gap-[2] case: x?(P(n,k)) = 2 exactly when P(n,k) is bipartite, equivalently when n is
even and k is odd. For the non-bipartite families in Theorems 3.3-3.8, explicit gap-[3]-
vertex labellings show that the vertex-gap number equals the chromatic number, namely
3.

The remaining generalized Petersen graphs are not covered by the constructions above.
Proposition 3.9 shows that the small graphs P(3,1) and P(6,2) are exceptional: their
vertex-gap number is 4 although their chromatic number is 3. This motivates the following

conjecture.

Conjecture 4.1. For every generalized Petersen graph P(n, k),

4, (n,k) €{(3,1),(6,2)},
XH(P(n,k)) =2, niseven and k is odd,

3, otherwise.

Establishing Conjecture 4.1 would complete the determination of the vertex-gap num-
ber for the entire generalized Petersen family. A natural next step is therefore to develop
constructions that cover the remaining non-bipartite parameter pairs, or to identify ad-
ditional exceptional graphs if they exist.
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