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ABSTRACT

For a graph G on n vertices, denote by a(G) the number of vertices in the largest induced
forest in (G. The Albertson-Berman conjecture, which has been open since 1979, states
that a(G) > % for every simple planar graph (. We show that the version of this
problem for multigraphs (allowing parallel edges) is easily reduced to the problem about
the independence number of simple planar graphs. Specifically, we prove that a(M) > %
for every planar multigraph M and that this lower bound is tight. Then, we study the
case when the number of pairs of vertices with parallel edges, which we denote by k, is
small. In particular, we prove the lower bound a(M) > %n — % and that the Albertson-
Berman conjecture for simple graphs, assuming that it holds, would imply the lower bound
a(M) > 2% for multigraphs, which would be better than the general lower bound when
k is small. Finally, we study the variant of the problem where the plane multigraphs are
prohibited from having 2-faces, which is the main non-trivial problem that we introduce in
this article. For that variant without 2-faces, we prove the lower bound a(M) > 1—30n + %
_3

and give a construction of an infinite sequence of multigraphs with a(M) = 2n + 2.

Keywords: planar graphs, planar multigraphs, induced forests, Albertson-Berman conjec-

ture
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1. Introduction

For a graph G, denote by a(G) the number of vertices in the largest induced forest in G.

Conjecture 1.1 (Albertson-Berman, AB, [1]). For every simple planar graph G on n
vertices, we have a(G) > 3.
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The AB conjecture has been open since 1979.

Motivated by the AB conjecture, we consider the version of this problem for multi-
graphs, allowing parallel edges (but still not allowing loops). It turns out that it is
significantly easier for multigraphs than for simple graphs, and it is easily reduced to
the problem about the independence number of simple planar graphs. In Section 2, we
give a full solution to this problem for planar multigraphs. In Section 3, we study some
variants of the problem that are also easily reduced to problems about the independence
number of simple planar graphs. Then, in Section 4, we obtain better lower bounds for
the case when the number of pairs of vertices with parallel edges between them is small.
Finally, in Section 5, we study the variant of the problem without 2-faces, which is the
main non-trivial problem that we introduce in this article.

2. The general lower bound and its tightness

Denote by a(G) the independence number of G, which is the number of vertices in the
largest independent set in G.

Lemma 2.1. For every planar multigraph M, there exists a simple planar graph Gy; with
the same number of vertices such that a(M) > a(G ).

Proof. Consider the simple graph G, obtained from M by deduplicating parallel edges
(keeping a single edge for each pair of vertices with parallel edges). Clearly, GG, is planar.

Let S be a set of vertices that is a maximum independent set in Gy, that is, Gp[S]
is an induced edgeless graph. Clearly, S induces an edgeless graph in M as well, that is,
F = M|[S] is an induced edgeless graph in M, and hence F' is an induced forest in M.
Therefore, we have a(M) > |V(F)|= |S|= a(Gu), as claimed. O

Lemma 2.2. For every simple planar graph G, there exists a planar multigraph Mg with
the same number of vertices such that a(Mg) = a(G).

Proof. Consider the multigraph M obtained from G by duplicating all edges.

It is known that duplicating an edge preserves planarity |13, Proposition 7.3.1, p. 310].
Therefore, Mg is planar.

Any two adjacent vertices in G induce a cycle of length 2 in Mg. Therefore, any
set of vertices inducing a forest in Mg must induce an edgeless graph in Mg and in
G. Obviously, the converse also holds: any set of vertices inducing an edgeless graph

in G induces an edgeless graph in Mg and hence a forest in M. Therefore, we have
a(Mg) = a(Mg) = a(G), as claimed. O

Theorem 2.3. For every planar multigraph M on n vertices, we have a(M) > 4. That
lower bound is tight as there exists an infinite sequence of planar multigraphs with a(M) =

n

1
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Proof. By Lemma 2.1, there exists a simple planar graph Gj; with the same number of
vertices n such that a(M) > a(Gy). Tt is well-known that the lower bound a(G) > 4§
holds for every simple planar graph G |4, Proposition 1|. Therefore, we have a(M) >
a(Gy) > 4, as claimed.

To show that the lower bound a(M) > % is tight, we prove that there exists an infinite
sequence of planar multigraphs with a(A) = 5. First, take an infinite sequence of simple
planar graphs {G}} with a(Gy) = %, that is, on which the lower bound a(G) > % is
attained. It is known that such graphs exist [1, Section 1]. Now, by Lemma 2.2, for each

k, there exists a planar multigraph M) = M, with the same number of vertices n such
that a(My) = a(Gy) = %

'
planar multigraphs. O

which means that {M;} is the desired infinite sequence of

In the proof of Theorem 2.3, we deliberately did not take any specific tight examples of

simple planar graphs attaining a(G) = % in order to show that any such tight examples

work. Now, in order to show an explicit construction of the tight infinite sequence of
multigraphs { M} } attaining a(M;) = %, we choose a specific sequence {G}.}. The standard
choice for Gy, is a disjoint union of k copies of K,. Then, following the construction of Mg

in the proof of Lemma 2.2, we obtain that M, is a disjoint union of k£ copies of K, with all

edges duplicated. Other tight examples of simple planar graphs attaining a(G) = 7§ are

known |4, Section 1], and any of them would similarly produce an explicit tight example

of a multigraph attaining a(M) = 7.

In the proof of Theorem 2.3, we used the lower bound «(G) > % for simple planar
graphs. This lower bound is a corollary of the Four Color Theorem [2, 3]. To derive
this lower bound from the Four Color Theorem, we take the set of the vertices of the
largest color class in any 4-coloring of G. Furthermore, this is the only known proof of
this lower bound; there is no known proof of this lower bound that does not use the Four
Color Theorem [8, abstract|. So, a natural question to ask is whether there is a proof of
Theorem 2.3 that avoids using the lower bound a(G) > % and the Four Color Theorem.
We do not know such a proof, and the answer is most likely negative because our lower
bound a(M) > % from Theorem 2.3 does not just follow from the lower bound a(G) > 7,
but is in fact equivalent to it. To show that, we prove the implication in the other
direction, that is, that the lower bound a(M) > % implies the lower bound a(G) > 7.
Take an arbitrary simple planar graph G on n vertices. By Lemma 2.2, there exists a
planar multigraph M with the same number of vertices n such that a(Mg) = a(G).
Now, if we apply the lower bound a(M) > ¥ to Mg, then we get a(G) = a(Mg) > 4. So,
the lower bound a(M) > % implies the lower bound a(G) > %. This means that, if there

is a proof of the lower bound a(M) > % avoiding using the lower bound a(G) > %
avoiding using the Four Color Theorem, then, as an easy corollary of it, we would get a

proof of the lower bound a(G) > 7 also avoiding using the Four Color Theorem. And, as

we already said, no such proof of the lower bound a(G) > 7 is known.

and
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3. The variants without triangles and for linear forests

There are several variants of the original problem about induced forests in simple planar
graphs that have been studied. In particular, the variant where graphs are restricted to
be without triangles and the variant for linear forests. We show here that these vari-
ants for planar multigraphs are also easily reduced to the corresponding variants for the
independence number of simple planar graphs.

Theorem 3.1. For every planar multigraph M without triangles, we have a(M) > ”T“
That lower bound 1is tight as there exists an infinite sequence of planar multigraphs with
a(M) =2,

Proof. It is easy to see that the constructions in Lemma 2.1 and Lemma 2.2 preserve the
triangle-free property. So, similarly to the proof of Theorem 2.3, the problem about a(M)
for planar multigraphs without triangles is reduced to the problem about the independence
number «(G) for simple planar graphs without triangles. It remains only to note that
it is known [18, Proposition 2a, Proposition 2b, Remark on p. 293| that «(G) > = for
every planar graph G without triangles and that that lower bound is tight as there exists
an infinite sequence of planar graphs without triangles with o(G) = ™ (in [18], the
lower bound is proved as a(G) > | 2| + 1, but it is easy to see that |2| +1 = [2}] for
every integer n, so their lower bound is equivalent to a(G) > ”TH; this more convenient

expression a(G) > ”T“ for the lower bound is also cited, for example, in |12, the beginning

of the article|). O
Denote by a,(M) the number of vertices in the largest induced linear forest in M.

Theorem 3.2. For every planar multigraph M, we have ag(M) > %. That lower bound
is tight as there erists an infinite sequence of planar multigraphs with a,(M) = 7.

Proof. It is easy to see that the statements and proofs of Lemma 2.1 and Lemma 2.2 still
hold if we restrict forests to linear forests and replace a(M) with a,(M). So, similarly to
the proof of Theorem 2.3, the problem about a,(M) for planar multigraphs is reduced to
the problem about the independence number a(G) for simple planar graphs. O

4. The lower bound for a small number of pairs of vertices with
parallel edges

In this section, we consider planar multigraphs with a small number of pairs of vertices
with parallel edges and derive another lower bound on a(M) from a lower bound on a(G)
for simple planar graphs. This new lower bound on a(M) is better in that case than the
general lower bound from Theorem 2.3.

First, we observe that there is a straightforward, but suboptimal, derived lower bound
for that case, which is as follows. Consider a planar multigraph M on n vertices and
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with k pairs of vertices that have parallel edges between them. Assume that a lower
bound a(G) > a(n), where a(n) is a function of n that does not depend on G, holds for
every simple planar graph G. Then deduplicate all parallel edges in M as in the proof
of Lemma 2.1, denote the resulting simple planar graph by G, apply to it the assumed
lower bound for simple planar graphs, and get a(Gy;) > a(n). Then, there exists a set
of vertices S of size at least a(n) that induces a forest in Gp;. For each of the k pairs
of vertices with parallel edges in M, we remove one of these two vertices if both of them
belong to S and if neither of them was already removed in the previous steps for other
pairs of vertices. In total, we remove at most k vertices from S, and it is easy to see
that the resulting set, which we denote by S’, induces a forest in M. Therefore, we have
a(M) > |S"|> |S|—k = a(Grr) — k > a(n) — k. In particular, the AB conjecture for simple
planar graphs, assuming that it holds, would imply the lower bound a(M) > % — k.
Below, we prove another lower bound a(M) > a(n + k) — k, which is better than this
straightforward lower bound a(M) > a(n) — k.

Lemma 4.1. For every planar multigraph M on n vertices and with k pairs of vertices
that have parallel edges between them, there exists a simple planar graph Gy on n + k
vertices such that a(Gyr) = a(M) + k.

Proof. For each of the k£ pairs of vertices with parallel edges between them in M, first,
we remove the parallel edges to reduce the multiplicity of the parallel edges to 2, and
then we subdivide one of the 2 remaining parallel edges with a new vertex. Denote the
resulting graph by G,;. Clearly, G, is simple because the edge removals and the edge
subdivisions eliminate all existing parallel edges and no new parallel edges are created in
the process. In order to show that GG, is also planar, we observe that we can represent
the procedure of the edge removals and the edge subdivisions as being done sequentially,
one edge at a time. Each such operation individually preserves planarity: removing an
edge obviously preserves planarity and subdividing an edge is well-known to preserve
planarity [13, Proposition 7.5.15, p. 334 and Proposition 7.2.1, p. 306]. Since each step
in this sequential procedure preserves planarity, the entire procedure does as well. The
number of vertices in Gy is clearly n + k.

Take a maximum induced forest F); in M. Consider a pair of vertices u and v with
parallel edges between them in M. Denote by w the new added vertex from the subdivided
edge between u and v. The parallel edges form a 2-cycle, so at most 1 of the vertices u
and v belongs to F;. Then we can add w to Fi; without creating any cycles. When we do
this for all k pairs of vertices with parallel edges between them in M, we get an induced
forest in GGy, which we denote by Fg, that has & more vertices than Fj;. Therefore,
a(Gy) > |\V(Fg)|= |V(Fu)|4+k = a(M) + k.

Now, take a maximum induced forest F; in Gj;. Consider a pair of vertices u and v
with parallel edges between them in M. Denote by w the new added vertex from the
subdivided edge between u and v. Since uvw is a triangle in G, at most 2 of these three
vertices belong to Fg. If w belongs to Fg, then at most one of v and v belongs to Fig,
and we remove w. If both u and v belong to F, then w cannot belong to Fg, and we
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arbitrarily remove one of u and v (if one of them was not already removed in previous
steps for another pair of vertices). In all cases, after the removal of at most 1 vertex, w
does not belong to the resulting forest and at most one of u and v belongs to the resulting
forest. So, the parallel edges in M between u and v cannot create a 2-cycle in the resulting
forest. When we do this for all k pairs of vertices with parallel edges between them in M,
we clearly get an induced forest in M, which we denote by Fj;, and we removed at most
k vertices from Fg. Therefore, a(M) > |V (Fuy)|> |V (Fo)|—k = a(G ) — k.

Combining the two obtained opposite inequalities a(Gy) > a(M) + k and a(M) + k >
a(Gyr), we get the equality a(Gyr) = a(M) + k, as claimed. O

Theorem 4.2. Any lower bound a(G) > a(n), where a(n) is a function of n that does
not depend on G, for every simple planar graph G on n vertices implies the lower bound
a(M) > a(n + k) — k for every planar multigraph M on n vertices and with k pairs of
vertices that have parallel edges between them.

Proof. Consider a planar multigraph M on n vertices and with k pairs of vertices that
have parallel edges between them. By Lemma 4.1, there exists a simple planar graph G,
on n + k vertices such that a(Gy) = a(M) + k. Applying the lower bound a(G) > a(n)
to G, we get a(Gar) > a(n + k). Finally, we have a(M) = a(Gy) — k > a(n + k) — k,
as claimed. O]

Corollary 4.3. For every planar multigraph M on n vertices and with k pairs of vertices
that have parallel edges between them, we have a(M) > %n — gk

Proof. It is an application of Theorem 4.2 to the best known lower bound a(G) > 2n
for simple planar graphs, which follows from the existence of an acyclic 5-coloring [6] by
taking the two largest color classes (an acyclic coloring is defined as a proper coloring
where the union of any two color classes induces a forest, or, equivalently, as a proper
coloring where any cycle contains at least 3 colors). O

Corollary 4.4. The AB conjecture for simple planar graphs, assuming that it holds,
would imply that, for every planar multigraph M on n vertices and with k pairs of vertices
that have parallel edges between them, we have a(M) > "T_k

Proof. Tt directly follows from Theorem 4.2. O]

In fact, the existence of an acyclic 5-coloring for simple planar graphs implies a better
lower bound on a(M) than in Corollary 4.3 using a different argument than through the
lower bound a(G) > 2n and Theorem 4.2.

Theorem 4.5. For every planar multigraph M on n vertices and with k pairs of vertices

that have parallel edges between them, we have a(M) > %n = 1—%.
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Proof. Consider the simple planar graph GG, obtained from M by deduplicating parallel
edges as in the proof of Lemma 2.1. Consider an acyclic 5-coloring [6] of G, and denote
by Cy, Cy, Cs, C4, Cs the color classes of that coloring. For 1 <1 < j < 5, denote by
k;; the number of pairs of vertices with one of the vertices in C;, another one in Cj, that
have parallel edges between them in M. Since the coloring is proper, there are no parallel
edges (or any edges at all) inside any single color class. Therefore, each pair of vertices
with parallel edges between them is counted in exactly one of the k;;. Therefore, we have

> kij = k. By definition of an acyclic coloring, the union of C; and C; for any i
1<i<j<5
and j such that 1 < i < 7 < 5 induces a forest in GG;;. By removing one of the vertices

from each of the k;; pairs of vertices that have parallel edges between them, we obtain
an induced forest in M with at least |C;|+|C}|—k;; vertices. Denote a;; = |C;|+|C;|—kij.
So, we have a(M) > a;; for all ¢ and j. Now, we choose the largest number among a;;.
To bound that largest number max; ;(a;;) from below, we observe that, by the pigeonhole
principle, the largest number is always greater than or equal to the average. So, we have

a(M) > Hzlé;x(aij)

1
21—0 Z Qi

1<i<j<5
1
=10 > (GIHICi ki)
1<i<j<5
1
=10 > (Gl+Heh - D) kij)
1<i<j<5 1<i<j<h
1
> <\ci\+\0j|>—k>
1<i<j<5

1 (1
=013 > (|Ci|+’CjD—k>

1
Cil + 5 > C;| — k)

I
Sl
|

1<i<5,1<5<5,i#j 1<i<5,1<5<5,i#]

1 (1 1

= | =--4 Cil+=-4 Ci| — k
10 \ 2 Z | ’+2 Z =l )

1<i<5 1<5<5

1 /1 1

=—|(=-4 —4n —k
10 (2 ntgem )
1

—— (4n —
T

2 k

5 10’

as claimed. 0

Notice that the proof of Theorem 4.5 uses the fact that the acyclic 5-coloring is proper
(we need it to establish that there are no parallel edges inside any single color class),
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while the proof of Corollary 4.3 does not use that fact. So, Theorem 4.5 uses a stronger
condition on the coloring than Corollary 4.3 and results in a stronger lower bound on
a(M).

The lower bounds from Theorem 4.5 and Corollary 4.4 are better than the general
lower bound from Theorem 2.3 when £ is small. More precisely, the lower bound from
Theorem 4.5 is better than the general lower bound from Theorem 2.3 when k < %n;
and the lower bound from Corollary 4.4 is better than the general lower bound from
Theorem 2.3 when k < 3.

Also, notice that, when comparing the lower bounds from Theorem 4.5 and Corollary 4.4
with each other, the lower bound from Theorem 4.5 has a smaller coefficient of n but at
the same time a smaller absolute value of the negative coefficient of k, so, under different
relationships between n and k, either of these two lower bounds can be better than the
other. Specifically, when k& < %, the lower bound from Corollary 4.4 is better; when & > 7,
the lower bound from Theorem 4.5 is better; and, when k = 7, they are equal.

5. The variant without 2-faces

5.1.  Preliminaries

Since the original problem about a(M) for planar multigraphs is too easily reduced to
the problem about the independence number for simple planar graphs, it is natural to
seek to modify the problem slightly by introducing an additional restriction that would
make the problem less trivial. We consider such a restriction here by prohibiting 2-faces.
Specifically, we consider the problem of bounding a(M) from below in terms of n for
planar multigraphs on n vertices that admit an embedding into the plane without 2-faces.
Notice that parallel edges are still permitted, but they are prohibited from forming a
2-face.

This class of multigraphs can be viewed as an intermediate case between planar multi-
graphs and simple planar graphs. Furthermore, informally, it can be described as locally
stmple in the sense that, if we look separately at each edge and what is immediately nearby
it in the embedding, the graph appears simple and the parallel edges are not visible there.
To see them, we need to look at a larger region of the embedding, potentially, globally,
at the entire embedding. Also, as we will see below, this class of multigraphs shares some
properties with simple planar graphs that do not hold for arbitrary planar multigraphs.
In particular, the inequality m < 3n — 6 that we will prove in Lemma 5.3 below. So,
studying the problem for this intermediate class of multigraphs can be motivated by an
attempt to take a step from the too easy case of multigraphs towards the too difficult case
of the AB conjecture for simple graphs.

The property of not having 2-faces is a property of a specific embedding into the plane,
and it can hold for one embedding and not hold for another embedding of the same
multigraph. However, the property of admitting an embedding into the plane without
2-faces (which means that at least one such embedding exists, regardless of whether there
are also other embeddings that do have 2-faces) is a property of the multigraph itself.
This is similar to how planarity, which is defined by the existence of an embedding into
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the plane, is a property of the multigraph itself.
First, let us clarify what exactly we mean by a 2-face (also known as a digon).

Definition 5.1 ([10, p. 609]). We consider each edge as having two sides, and we consider
incidences between a side of an edge and a face. The number of such incidences that a
given face f has is said to be the degree (also known as the size) of that face and is
denoted by deg(f). A face of degree d is also called a d-face.

In particular, if an edge is incident to the same face on both sides, then this edge
contributes 2 to the number of incidences in the degree of that face.

A 2-face has exactly 2 incidences with sides of edges, and notice that, if the graph
contains at least 2 edges, these could be only from two parallel edges (a degenerate case is
when the graph contains a single edge and hence a single face, which has degree 2). Notice
that it cannot contain any other edges in its closure, even dangling inside the face from
one of the vertices of the boundary or completely inside the face disconnected from the
boundary and from the rest of the graph. The existence of any such edges in the closure
of the face between two parallel edges would increase its degree to be larger than 2. A
2-face can contain in its closure only two parallel edges and their two endpoint vertices,
an arbitrary number of additional isolated vertices, and nothing else.

Lemma 5.2 (|13, Theorem 7.5.2, p. 326]). In any plane multigraph M with m edges, we
have 2m = deg(f), where the sum is taken over all faces f of M.
f

Proof. As in Definition 5.1, we consider each edge as having 2 sides, and we count
incidences between a side of an edge and a face in two ways. On the one hand, each edge
contributes to that count exactly 2 incidences on the two sides of the edge (it could be
the same face on both sides, but we still count them as 2 different incidences because
they are on the different sides of the edge). On the other hand, each face f contributes
to that count exactly its degree deg(f). Therefore, the number of incidences, on the one
hand, is equal to 2m, and, on the other hand, is equal to > deg(f). Hence, we have
!

2m:2f:deg(f). O

The general lower bound a(M) > % from Theorem 2.3 gives the lower bound for
the variant without 2-faces as well. But the construction showing the tightness of the
general lower bound fails for this variant as it uses 2-faces (below, we will prove that
any embedding into the plane of the multigraph from that construction necessarily has
2-faces). On the other hand, trivially, planar multigraphs that admit an embedding into
the plane without 2-faces include all simple planar graphs. In particular, we can consider
a construction of the disjoint union of multiple copies of K, (without any parallel edges),
which has a(M) = % (it is the same construction that shows the tightness of the AB
conjecture for simple planar graphs). This shows that the lower bound on a(M) for planar
multigraphs that admit an embedding into the plane without 2-faces cannot exceed . So,

the best possible lower bound on a(M) for planar multigraphs that admit an embedding
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into the plane without 2-faces, trivially, must be somewhere between 7 and 7. Below, we
will prove improvements to both ends of this trivial interval.

5.2.  The weak lower bound

Lemma 5.3. In any planar multigraph M on n > 3 vertices with m edges that admits
an embedding into the plane without 2-faces, we have m < 3n — 6.

Proof. Let M have p connected components. Let the embedding M of M into the plane
have ¢ faces. If m = 0, then the claimed inequality m < 3n — 6 holds because of the
assumption n > 3. So, in what follows, we assume that m > 1. Then there are no O-faces
(which are possible only if M is edgeless and then there is a single face in M, which
has degree 0). Also, 1-faces are not possible at all. And, since M has no 2-faces, the
degree of each face is at least 3. By Lemma 5.2, we have 2m = ) deg(f). Therefore,
we have 2m = > deg(f) > > 3 = 3¢. Putting this inequality 2];71 > 3¢ into Euler’s
formula n — m +f€ =1+p, vx{hich holds for both simple planar graphs and for planar
multigraphs |13, Theorem 7.5.7, p. 328| (in |13, Theorem 7.5.7, p. 328|, Euler’s formula is
proved as n —m + ¢ = 2 for connected plane multigraphs, but it can be easily extended to
n —m + ¢ = 1 + p for any, not necessarily connected, plane multigraphs using induction
onp),weget l+p=n—m+/{< n—m—i—%m, which simplifies to m < 3n — 3 — 3p.
Since p > 1, we have m < 3n — 3 — 3p < 3n — 6, as claimed. ]

The same inequality m < 3n — 6 as in Lemma 5.3 is well-known to hold for simple
planar graphs |11, Corollary 4.2.10, p. 102]. The key fact is that each face has degree
at least 3, which is true both for simple plane graphs and for plane multigraphs without
2-faces (for n > 3), but is not true for plane multigraphs with 2-faces. The existence of
2-faces allows plane multigraphs to have an unlimited number of edges (unbounded in
terms of the number of vertices), which can be seen by an example of a multigraph on 2
vertices with an arbitrary number of parallel edges between them.

The construction M, of a disjoint union of k copies of K, with all edges duplicated
on which the lower bound a(M) > % from Theorem 2.3 is attained has n = 4k vertices
and m = 12k edges. So, the inequality m < 3n — 6 from Lemma 5.3 can be rewritten as
12k < 12k — 6 for that multigraph M}, and we see that it does not hold. This implies
that that multigraph M, does not admit an embedding into the plane without 2-faces.

Lemma 5.3 in combination with Theorem 4.5 can be used to prove a lower bound on
a(M) for the variant without 2-faces that is better than the general lower bound from
Theorem 2.3, but only very marginally: by a small additive constant.

Theorem 5.4. For every planar multigraph M onn > 1 vertices admitting an embedding
into the plane without 2-faces, we have a(M) > 2 + .

Proof. If n = 1 or n = 2, then we can take any single vertex as an induced forest, so
a(M) > 1, and the claimed lower bound holds. In what follows, we assume that n > 3.
Denote by m the number of edges in M and by k the number of pairs of vertices in M
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with parallel edges between them. Since every pair of vertices with parallel edges between
them has at least 2 edges between them, we have 2k < m. By Lemma 5.3, we have
m < 3n — 6. Combining these two inequalities, we get 2k < m < 3n — 6, which implies
that k < 3”2—_6. Now, using Theorem 1.5, we have a(M) > %n_% > %n—lio-%z_ﬁ = %—1—%,
as claimed. O

5.3.  The forest structure of 2-cycles

In this subsection, we prove that a subset of the set of 2-cycles in a plane multigraph
such that any two 2-cycles from that subset have at most 1 common vertex, equipped
with the relation of one 2-cycle containing another 2-cycle immediately inside it, forms
a rooted directed forest. The full formal proof of that statement is straightforward, but
lengthy. Informally, at a high level, the argument is that the Jordan curve theorem implies
that any two 2-cycles from the subset cannot cross, but only touch at a single common
point, which implies that the set of the interiors of the 2-cycles is laminar (for any two
interiors, either they do not intersect or one of them lies entirely inside the other), and
the laminarity condition is known to induce a forest-like structure. Those readers who
trust such an informal argument can skip the rest of this subsection entirely.

By the Jordan curve theorem, any simple closed Jordan curve C divides the plane into
two open regions: the interior and the exterior, which we denote by Int(C) and Ext(C),
respectively. Denote by Int(C) and Ext(C) their closures. By the Jordan curve theorem,
we have Int(C) = Int(C) U C and Ext(C) = Ext(C)UC.

Each pair of parallel edges in a plane multigraph forms a 2-cycle, which is a simple
closed Jordan curve. So, all definitions and statements that are formulated for arbitrary
simple closed Jordan curves also apply to 2-cycles in a plane multigraph. For example,
for a 2-cycle C, we will use the same notation Int(C), Ext(C), Int(C), Ext(C) as for an
arbitrary simple closed Jordan curve.

Lemma 5.5. Let C and D be two simple closed Jordan curves in the plane. Then D C
Int(C) if and only if Int(D) C Int(C).

Proof. Assume that D C Int(C). This implies that D does not intersect Ext(C). Since
the set Ext(C') is connected (by the Jordan curve theorem for C') and does not have
common points with D, by the Jordan curve theorem for D, it must lie entirely in one
of the two connected components Int(D) or Ext(D). But Ext(C') is an unbounded set
and thus it cannot lie in the bounded set Int(D). The only remaining possibility is that
Ext(C) C Ext(D). Taking closures, we get Ext(C) C Ext(D). Taking complements, we
get Int(D) = R?\ Ext(D) C R?\ Ext(C) = Int(C), as required.

Conversely, assume that Int(D) C Int(C). Taking closures, we get Int(D) C Int(C).
Therefore, we have D C D U Int(D) = Int(D) C Int(C), as required. O

Lemma 5.6. For any two simple closed Jordan curves C and D in the plane having at
most 1 common point, we have either D C Int(C) or D C Ext(C).
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Proof. Slightly informally, the statement of the lemma follows from the observation that
D cannot cross C' from the interior of C' to the exterior of C' at the single common point
(if it exists) and can only touch C| staying on the same side of it (either in the interior
or in the exterior), because, by the Jordan curve theorem, to return back to the interior,
it would need to cross it again at a second point.

More formally, this argument can be presented as follows. Denote D’ = D\ (C' N D).
Clearly, D’ has no common points with C. The set D’ is homeomorphic to either a circle,
if C' and D have no common points, or an open interval, if C'and D have a single common
point. In both cases, for any two points on D’, there is a subarc of D’, which is a simple
Jordan arc, connecting these two points. If D’ contains points on both sides of C' (in its
interior and in its exterior), then we take two such points on different sides of C' and,
by the Jordan curve theorem, the subarc of D’ connecting these two points must have a
common point with C, which is a contradiction. Therefore, D’ must lie either completely
in Int(C) or completely in Ext(C). Taking closures, we conclude that D, which is the
closure of D', must lie either completely in Int(C) or completely in Ext(C). O

The distinction between crossing and touching simple closed Jordan curves can be
characterized in terms of the local cyclic order of these two curves around their common
point. We will formally define and prove it only for 2-cycles in a plane multigraph. Let
C' and D be two 2-cycles in a plane multigraph having exactly 1 common vertex v (and
thus not having common edges). Denote the half-edges of C incident to v by ec1 and ecs
and the half-edges of D incident to v by ep; and epo. It is easy to see that, in the local
cyclic order at v of all the half-edges of the plane multigraph incident to v (in the rotation
system of the plane multigraph at v), there are two possible local cyclic suborders of the
half-edges ec1, eca, €p1, €p2 up to a cyclic shift and up to a renaming of eq; and eco
and of ep; and epy: (ec1, €02, €p1,ep2) and (ec1, €p1, €02, €p2). In the case of the local
cyclic suborder (ec1, €09, €p1, €p2), we will say that the local cyclic order (or the rotation
system) of C'and D at v is consecutive and denote it by the pattern CC'DD. In the case
of the local cyclic suborder (ec1,ep1, eca, €pa), we will say that the local cyclic order (or
the rotation system) of C and D at v is alternating and denote it by the pattern CDCD.

Lemma 5.7. For any two 2-cycles C' and D in a plane multigraph having exactly 1
common vertex v, the local cyclic order of C' and D at v is consecutive CCDD.

Proof. Suppose, to the contrary, that the local cyclic order of C' and D at v is alternating
CDCD. Since the local cyclic order at v of all the half-edges of the plane multigraph
incident to v (the rotation system at v) is well-defined, there exists a sufficiently small
neighborhood U of v, homeomorphic to an open disk, such that its boundary B, which is a
simple closed Jordan curve and is homeomorphic to a circle, intersects each edge incident
to v at exactly 1 point. The cyclic order of these intersection points on B is precisely
what defines the local cyclic order of the half-edges at v. Denote by U the closure of U.
The condition that U is sufficiently small implies that we can choose it in such a way
that neither C' nor D lies entirely in U. Denote the half-edges of C' incident to v by ecy
and eco and the half-edges of D incident to v by ep; and eps. Denote by ¢y, ¢o, dy, do
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the intersection points of B with the edges corresponding to the half-edges ec1, eca, ep1,
epo, respectively. By definition, the alternating local cyclic order CDC'D means that the
local cyclic suborder of the half-edges is (ec1, ep1, €ca, €p2) up to a cyclic shift and up to
a renaming of ec; and ey and between epy and epo. This, in turn, implies that the local
cyclic suborder of the points ¢, o, di, d2 on B is (c1,dy, c2,ds) up to a cyclic shift and
up to a renaming of ¢; and ¢y and between d; and ds.

The simple closed Jordan curve B is divided by the points ¢; and ¢, into two open arcs
that we denote by By and Bs. Neither By nor Bs; has common points with C'. Therefore,
the Jordan curve theorem for C' implies that each of them lies entirely either in the interior
of C' or in the exterior of C' because, if there were two points on B; on different sides of C'
(one in the interior and one in the exterior), then, by the Jordan curve theorem for C, the
subarc of B; connecting these two points would have to cross C, which would contradict
the fact that B; has no common points with C.

Now, let us prove that By and Bs lie on different sides of C': one in the interior and one
in the exterior. Suppose, to the contrary, that they lie on the same side of C'. Without loss
of generality, assume that they both lie in the exterior of C. Then B does not intersect
the interior of C'. By the Jordan curve theorem, C'is the boundary of that interior. By the
definition of the boundary, every neighborhood of every point of the boundary C' intersects
both the interior of C' and the exterior of C'. Since v lies on that boundary C' and U is
a neighborhood of v, U must intersect the interior of C'. Therefore, there exists a point
p € Int(C)NU. If there existed a point z in the interior of C' and outside of U, then there
would exist a path in the interior of C' between p and x (because, by the Jordan curve
theorem for C, the interior of C' is connected and hence path-connected), and then, by
the Jordan curve theorem for B, that path would have to cross B, which would contradict
the fact that B does not intersect the interior of C. Therefore, the interior of C' cannot
contain any points outside of U. In other words, we have Int(C') C U. Taking closures, we
obtain that Int(C') C U. In particular, C, which is the boundary of Int(C), lies entirely
inside U, which contradicts the assumption that U was chosen sufficiently small for C not
to lie entirely in U. This concludes the proof that By and B lie on different sides of C.

It is easy to see that the cyclic order (c1,dy, o, dy) implies that dy and dy belong to
different parts of B\ {c1,c2}: either dy € By and dy € By or dy € By and dy € By. This
implies that D has points (specifically, the points d; and dy) both in B; and in By, and
hence both in the interior of C' and in the exterior of C', which contradicts Lemma 5.6. [

Lemma 5.8. For any two simple closed Jordan curves C' and D in the plane having at
most 1 common point, we have either Int(D) C Int(C'), or Int(C) C Int(D), or Int(C) N
Int(D) = .

Proof. By Lemma 5.6, we have either D C Int(C) or D C Ext(C). We analyze these two
cases separately.

The first case is when D C Int(C). By Lemma 5.5, we have Int(D) C Int(C), which is
the first option in the statement of the lemma.

The second case is when D C Ext(C). Then D does not intersect with Int(C). Since
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Int(C') is a connected set (by the Jordan curve theorem for C') that does not intersect
D, by the Jordan curve theorem for D, it must lie entirely in one of the two connected
components Int(D) or Ext(D), that is, we have either Int(C') C Int(D), which is the
second option in the statement of the lemma, or Int(C') C Ext(D), which implies Int(C')N
Int(D) = @, which is the third option in the statement of the lemma. O

Definition 5.9 (|7, the beginning of the introduction, p. 510]). A set S of sets is said to
be laminar if, for any two sets A, B € S, we have either BC A,or AC B,or ANB = @.

Corollary 5.10. Let S be a set of simple closed Jordan curves in the plane such that any
two distinct curves from S have at most 1 common point. Let I¢ = {Int(C) | C € S} be
the set of interiors of the curves from S. Then the set Ig is laminar.

Proof. Take two arbitrary sets A, B € Ig that are the interiors of curves C, D € S,
respectively, that is, A = Int(C') and B = Int(D). If C' = D, then we have A = Int(C') =
Int(D) = B and, in particular, B C A. If C' # D, then we can apply Lemma 5.8 and
obtain that either Int(D) C Int(C), or Int(C) C Int(D), or Int(C) N Int(D) = @, that
is, either B C A, or A C B, or AN B = @. Thus, the set Iy satisfies the definition of a
laminar set. O

For two simple closed Jordan curves (and, in particular, for two 2-cycles in a plane
multigraph) C' and D, we say that D is inside C' or that C' contains D inside and write
D <X C or C = D if one of the two equivalent conditions from Lemma 5.5 holds, that is,
if D C Int(C) or, equivalently, if Int(D) C Int(C).

Counterintuitively, for partially ordered sets of simple closed Jordan curves, instead of
the binary relation < of being inside, we will need to use the opposite binary relation
> of containing inside. While both binary relations result in partially ordered sets, only
the binary relation >, and not =<, under certain conditions, results in a forest poset (the
formal definition will be given below). So, the usage of > instead of < in the lemmas
below, while it might initially look counterintuitive, is deliberate.

Lemma 5.11. Let S be a set of simple closed Jordan curves in the plane. Let [ =
{Int(C) | C € S} be the set of interiors of the curves from S. Then the relational
structures (S, =) and (Ig,2) are isomorphic.

Proof. We observe that Int : S — [g is a mapping between the sets S and Ig. By
definition, we have C' > D for C,D € S if and only if Int(C) D Int(D). It remains only
to prove that the mapping is a bijection between S and Ig. The mapping is obviously
surjective. Let us prove that it is injective. Let C, D € S be such that Int(C') = Int(D).
By the Jordan curve theorem, the boundary of Int(C) is C' and the boundary of Int(D)
is D. The equality of the interiors implies the equality of their boundaries. Therefore, we

have C' = D. Thus, the mapping is injective, and the relational structures are isomorphic.
m
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Corollary 5.12. Let S be a set of simple closed Jordan curves in the plane. Then (S, >)
1 a partially ordered set.

Proof. By Lemma 5.11, the relational structure (S,>) is isomorphic to (Ig, D). It is
well-known that set inclusion is a partial ordering. Thus, (I, D) is a partially ordered
set. Therefore, (S, >) is a partially ordered set as well. ]

We will need some notions and results related to partially ordered sets.

Recall that a partially ordered set (X, <) is called totally ordered (or linearly ordered)
if every pair of elements is comparable, that is, for every z,y € X, we have either x <y
or y = x. A totally ordered subset of a partially ordered set is also called a chain. A
partially ordered set is called well-ordered if every non-empty subset of it contains a least
element. It is well-known that a well-ordered set is always totally ordered |17, Exercise 36,
p. 25] and every finite totally ordered set is well-ordered |17, Example (4), p. 25]. So, for
finite sets, which are our main concern here, these two notions are equivalent.

Definition 5.13 (|14, Chapter II, Section 5, Definition 5.1, p. 68]). A partially ordered
set (X, X) is said to be a forest poset (also known as a tree-ordered set and a tree) if, for
every element x € X, the set {y € X | y < x} of predecessors of x is well-ordered. If X
is finite, then the condition for the set of predecessors to be well-ordered is equivalent to
the condition of it being a chain.

Lemma 5.14. Let S be a finite laminar set of non-empty sets. Then (S,2D) is a forest
posel.

Proof. Since S is finite, we need to prove that, for every A € S, theset {X € S| X D A}
of its predecessors is a chain. Take two arbitrary sets B,C € {X € S| X 2 A}. We have
B 2 A and C' 2 A. This implies that BN C O A. By the assumption of non-emptiness
of all sets in S, the set A is non-empty. Therefore, the sets B and C intersect. Therefore,
by the laminarity of S, we have either B C C' or C' C B. This implies that B and C' are
comparable under D. Thus, the set {X € S | X 2 A} is a chain and (S, D) is a forest
poset. L]

Notice that, in Lemma 5.14, the elements of S (which are sets themselves) are not
required to be finite. Only S is required to be finite, while the elements of S are only
required to be non-empty and could be finite or infinite. Also, in Lemma 5.14, it is
important that we use the binary relation O and not C. The statement does not hold for
C. It is for that reason that we need to use the binary relation > instead of < for simple
closed Jordan curves.

Although we were not able to find the exact statement of Lemma 5.14 in the existing
published literature, the general fact that the laminarity condition induces a forest-like
structure is known |7, Subsection 1.1, p. 512], [16, the discussion immediately after the
statement of Lemma 4], |17, Exercise 114(c)(i), pp. 83-84].
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Corollary 5.15. Let S be a finite set of simple closed Jordan curves in the plane such
that any two distinct curves from S have at most 1 common point. Then (S, =) is a forest
poset.

Proof. By Lemma 5.11, the relational structure (S, ) is isomorphic to (Ig, 2). Since S is
finite, I is finite as well. The Jordan curve theorem implies that the interior of any simple
closed Jordan curve is non-empty (because it is one of the two connected components into
which the curve divides the plane, and a connected component is, by definition, non-
empty). Therefore, the empty set does not belong to Is. By Corollary 5.10, the set Ig
is laminar. Thus, all the assumptions of Lemma 5.14 for Is hold, and, applying it to I,
we obtain that (Ig, D) is a forest poset. Finally, the isomorphism implies that (S, >) is a
forest poset as well. O

Definition 5.16 (|15, Subsection 2.1, p. 46], |9, Chapter 1, Definition 1.14, p. 11]). For
a partially ordered set (X, <) and elements x,y € X, we say that = immediately precedes
y, or that y immediately succeeds x, or that x is an immediate predecessor of y, or that
y is an immediate successor of x (also known as x being covered by y or y covering x), if
x < y and there is no element z € X such that + < z < y. Thus, every partially ordered
set (X, X) induces another binary relation on X that is called the immediate precedence
relation (also known as the covering relation).

The immediate precedence relation defines a directed graph called the immediate prece-
dence directed graph (also known as the covering directed graph) with X as the set of
vertices and an arc from z to y if and only if x immediately precedes y. The immediate
precedence directed graph is directly related to the so-called Hasse diagram [9, Chap-
ter 1, Definition 1.15, p. 11] of a partially ordered set, which is effectively a specific way
to draw the immediate precedence directed graph (it is usually drawn undirected, but the
orientation of the edges is implied by the relative vertical positions of the vertices).

We say that a directed graph is a rooted directed forest if the undirected graph obtained
from it by removing the orientations of the edges is a forest in which each connected
component has a designated vertex, called the root, such that all arcs corresponding to
the edges of that connected component are oriented away from that root.

Lemma 5.17. Let (X, =) be a finite forest poset. Then its immediate precedence directed
graph is a rooted directed forest.

Proof. Denote the immediate precedence directed graph of (X, <) by G. Denote by H
the undirected graph obtained from G by removing the orientations of the edges. To
prove that GG is a rooted directed forest, by definition, we need to prove that H is a forest
and that we can designate a root in each connected component of H such that all arcs of
G corresponding to the edges of that connected component are oriented away from that
root.

First, we prove that the in-degree of every vertex in G is at most 1. Suppose, to the
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contrary, that there exists a vertex x € X with the in-degree in G at least 2. This means
that it has two distinct incoming arcs yx and zx, where y # z. This, in turn, means that
both y and z immediately precede z. In particular, they both precede x and thus belong
to the set of predecessors of x, which, by the definition of a forest poset, must be a chain.
Therefore, y and z must be comparable. Without loss of generality, assume that y < z.
Then, we have y < 2z < x, which contradicts the assumption that y immediately precedes
x, as z is an element between them. This concludes the proof that the in-degree of every
vertex in G is at most 1.

Consider a connected component C' of H with the set of vertices Vo C X. By the
definition of a connected component, V¢ is non-empty. It is well-known that every finite
non-empty partially ordered set contains a minimal element [15, Theorem 2.2.3, p. 49].
Therefore, the partially ordered set (V, <) must have a minimal element, which we denote
by r. We claim that r has no incoming arcs in G, that is, its in-degree is 0. Indeed, if, to
the contrary, there existed an incoming arc xr, then we would have x < r and x would
belong to the same connected component C' of H, which would contradict the minimality
of r.

Since the in-degree of r is 0 and the in-degree of every other vertex in V¢ is at most 1,
we can bound from above the sum of the in-degrees of the vertices in Vi by 0+ (|Vo|—1) -
1 = |Vo|—1. On the other hand, every arc corresponding to an edge in the connected
component C' contributes exactly 1 to that sum of the in-degrees of the vertices in V.
Hence, that sum is exactly equal to the number of edges in C. Therefore, the number of
edges in C' is at most |Vi|—1, that is, at most the number of vertices in C' minus 1. It
is well-known that a connected graph with such a property is a tree and the number of
edges in it is exactly equal to the number of vertices minus 1 [5, Subsection 1.6, Exercise 6,
p. 28|. Therefore, C' is a tree and the number of edges in it is exactly equal to |V |—1.
This implies that the upper bound on the sum of the in-degrees of the vertices in V-
established above is attained, which can happen only when r is the only vertex in Vo with
in-degree 0 and the in-degrees of all other vertices in Vi are exactly 1.

Since C'is a tree and this holds for every connected component C' of H, H is a forest.

We designate r as the root of the connected component C'. Let us prove that all arcs
corresponding to the edges of C' are oriented away from r. Since C' is connected, every
edge of C' lies on some path starting from r. Consider an arbitrary path rv;...v, in C
starting from r. Since r has no incoming arcs, the arc corresponding to the edge rv; must
be oriented from r to v;. Then v; has the incoming arc rvy. Since its in-degree is exactly
1, it has no other incoming arcs. Hence, the arc corresponding to the edge viv, must
be oriented from v; to vo. Repeating the same argument sequentially for all subsequent
edges on the path, we conclude that the arcs corresponding to all edges v;v;11 on the path
are oriented from v; to v;y1, that is, away from r, as required. O

Let S be a set of simple closed Jordan curves in the plane. For two distinct simple
closed Jordan curves (and, in particular, for two distinct 2-cycles in a plane multigraph)
C,D € S, we say that D is immediately inside C or that C contains D immediately inside
it if D is inside C' and there is no other simple closed Jordan curve FE € S such that D
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is inside £ and F is inside C. In other words, the relation of being immediately inside
is exactly the immediate precedence relation (as defined above for an arbitrary partially
ordered set) for the relation < of being inside and the relation of containing immediately
inside is exactly the immediate precedence relation for the relation > of containing inside.
Thus, for a set S of simple closed Jordan curves in the plane (and, in particular, for a
subset S of the set of 2-cycles in a plane multigraph), the immediate precedence directed
graph of the partially ordered set (.S, >) is the directed graph with S as its set of vertices
and an arc from a curve C to a curve D if and only if D is immediately inside C'.

Lemma 5.18. Let S be a finite set of simple closed Jordan curves in the plane such
that any two distinct curves from S have at most 1 common point. Then the immediate
precedence directed graph of the partially ordered set (S, >) is a rooted directed forest.

Proof. The statement immediately follows from combining Corollary 5.15 and Lemma 5.17.
O

Corollary 5.19. Let S be a subset of the set of 2-cycles in a plane multigraph such that
any two 2-cycles from S have at most 1 common vertex. Then the immediate precedence
directed graph of the partially ordered set (S, >) is a rooted directed forest.

Proof. The statement immediately follows from Lemma 5.18 and the fact that 2-cycles
in a plane multigraph are simple closed Jordan curves. O

5.4.  The main lower bound

We prove the lower bound a(M) > rn + ¢ for every planar multigraph M that admits an
embedding into the plane without 2-faces, where r > 0 and ¢ are constant (not depending
on n) parameters. The values of the parameters  and ¢ will be specified in the final part
of the proof, but, for now, we keep them as parameters.

The proof is by contradiction. Suppose that the statement is not true. We consider
an edge-minimal counterexample, that is, a counterexample with the smallest number of
edges (if there are multiple such edge-minimal counterexamples, then we take any of them
arbitrarily).

Notice that taking an edge-minimal counterexample is the opposite of the standard
technique of taking a vertex-minimal counterexample and then an edge-maximal coun-
terexample among all vertex-minimal ones, which, for simple planar graphs, would be a
triangulation. We do this on purpose. First, we do not need even the vertex-minimality
of a counterexample, although we could assume it. Second, we need specifically an edge-
manimal counterexample, not an edge-mazimal one, to eliminate the possibility of parallel
edges with multiplicity greater than 2 in Lemma 5.20 below. That lemma is the only place
where we use the edge-minimality.

In fact, there is an alternative way of dealing with parallel edges with multiplicity
greater than 2 without assuming the edge-minimality and without Lemma 5.20. We will
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elaborate on that alternative way below.

Notice that the property of not having 2-faces is not hereditary. So, a subgraph of a
plane multigraph without 2-faces may or may not have 2-faces. In particular, removing an
arbitrary set of vertices from a plane multigraph without 2-faces might result in a plane
multigraph with 2-faces. Also, contracting a connected subgraph into a single vertex
might also result in a plane multigraph with 2-faces. This makes standard reduction
arguments problematic.

Lemma 5.20. For any r and c, all parallel edges in an edge-minimal counterexample M
have multiplicity exactly 2.

Proof. Suppose, to the contrary, that M contains two vertices u and v with b parallel
edges between u and v, where b > 3. Denote these parallel edges by eq, ..., e, in the
clockwise order that they go out of v and come into v in an embedding M of M into
the plane without 2-faces. Then these edges divide the plane into the regions Ry, ..., Ry
such that R; is the region between e; and e;;1 moving clockwise, where e,1 = e; (circular
indexing). Since M does not contain 2-faces, none of the regions R; are edge-free.

We remove the edge e, and denote the resulting plane multigraph by A and the un-
derlying planar multigraph by N. This edge removal keeps the number of vertices, which
we denote by n, decreases the number of edges by 1, merges the regions R; and R, into
a single region, and keeps the regions R3, ..., Ry unchanged.

Clearly, this edge removal does not create new 2-cycles. Since any 2-face is a 2-cycle,
a 2-face could only appear in A if the interior or the exterior of a preexisting 2-cycle
became edge-free. First, consider the case of a 2-cycle formed by the remaining parallel
edges between u and v. Both the interior and the exterior of such a 2-cycle are not edge-
free because each of them contains at least one of the regions R;. The only remaining
case is a 2-cycle lying in the closure of one of the regions R; (one of the vertices of that
2-cycle, but not both of them, might coincide with u or v). That 2-cycle divides the
plane into two regions: the interior and the exterior. The one of these two regions that
lies in the closure of R; remains unchanged, so it cannot be edge-free since M did not
contain 2-faces. And the other of these two regions contains all edges in all other regions
R;, 7 # 1, so it also cannot be edge-free. So, in all cases, the interior and exterior of a
preexisting 2-cycle cannot become edge-free, and hence N does not contain 2-faces.

Any (simple) cycle in M either is a 2-cycle between u and v or contains at most 1 edge
from the parallel edges e; between u and v. In both cases, it can be rerouted to avoid the
removed edge ey by replacing e; with one of the other edges ¢;, i # 2, while keeping the
same vertices of the cycle. Therefore, a set of vertices induces a forest in M if and only
if it induces a forest in N. Therefore, we have a(N) = a(M).

By the edge-minimality of the counterexample M, we have that N is not a counterex-
ample, that is, a(N) > rn+c. Combining this with the equality a(N) = a(M), we get that
a(M) = a(N) > rn+c, a contradiction with the assumption that M is a counterexample.



104 M. MAKAROV

Fig. 1. The edge removal in the proof of Lemma 5.20 illustrated for b = 5 with various possible
arrangements of preexisting 2-cycles.

]

Lemma 5.21. Let F' be a rooted directed forest on n > 1 wvertices. Assume that each
vertex of F' is assigned a weight such that each leaf has weight 2, each unary vertex (a
vertex of out-degree exactly 1) has weight 1, and each branching vertex (a vertex of out-
degree at least 2) has weight 0 or 1. Then the total weight of F (the sum of the weights
of all vertices of F) is at least n+ 1. That lower bound is tight.

Proof. Denote by ¢ the number of leaves in F'. Denote by u the number of unary vertices
in F'. Denote by b the number of branching vertices. Denote by ¢ the number of connected
components in F. Obviously, we have / +u+b=n and t > 1.

We can count the number of arcs in F'in two different ways: as the sum of in-degrees of
all vertices and as the sum of out-degrees of all vertices. So, these two sums must be equal
to each other. Since every vertex of F' except the roots of the connected components has
exactly 1 incoming arc, the sum of in-degrees is equal to n — t. On the other hand, the
sum of out-degrees is at least u 4 2b because leaves have no outgoing arcs, every unary
vertex has exactly 1 outgoing arc, and every branching vertex has at least 2 outgoing arcs.
So, we have n —t > u + 2b.

The total weight of F' can be calculated as at least /-2 +u-14+b-0 =20+ u =
2n—u—b)+u=2n—(u+2b)>2n—(n—t)=n+t>n+1

To show the tightness of the lower bound, we consider the construction of F' consisting
of a single directed path on n vertices. It has a single leaf and n — 1 unary vertices. So,
the total weight is equal to 1-2+4 (n — 1) -1 =n+ 1, which means that the lower bound
is attained on that construction. O]

Theorem 5.22. For every planar multigraph M on n > 1 vertices admitting an embed-
ding into the plane without 2-faces, we have a(M) > %n + %.
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Proof. Suppose that the statement is not true and let M be an edge-minimal coun-
3 7

terexample for r = ;5 and ¢ = 55. Fix an embedding M of M into the plane without
2-faces.

If n =1 or n =2, then we can take any single vertex as an induced forest, so a(M) > 1,
and the claimed lower bound holds. In what follows, we assume that n > 3.

Denote by m the number of edges in M. If m = 0, then M is edgeless and hence a
forest, so we have a(M) > n, and the claimed lower bound holds. So, in what follows, we
assume that m > 1. Then there are no O-faces (which are possible only if M is edgeless
and then there is a single face in M, which has degree 0). Also, 1-faces are not possible
at all. And, since M has no 2-faces, the degree of each face is at least 3.

We call an edge parallel if there is another edge parallel to it. We call an edge non-
parallel if there are no other edges parallel to it.

Denote by ¢ the number of faces in M. Denote by p the number of connected compo-
nents in M. Denote by k£ the number of pairs of vertices in M with parallel edges between
them. By Lemma 5.20, for each of the k pairs of vertices with parallel edges between
them, there are exactly 2 parallel edges between them and they form a single 2-cycle. In
total, the number of 2-cycles in M is exactly k. Therefore, the number of parallel edges
is exactly 2k and the number of non-parallel edges is exactly m — 2k.

By Theorem 4.5, we have a(M) > 2n — & Combining this with the inequality a(M) <
2n + 55 (because M is a counterexample), we get =n + 55 > a(M) > 2n — 1=, which
simplifies to 3n — 3k — 7 < 0.

In particular, given that n > 3, that inequality implies that £k > n — % >3-1=
particular, we have k #£ 0.

If an open region R of the plane contains an edge e without its endpoints and the

. In

w
wlno

closure of R contains the endpoints of e (so, one or both of the endpoints of e are allowed
to be on the boundary of R rather than in R itself), then, for simplicity, we will say that
R contains e, without explicitly specifying every time that R actually contains e only,
possibly, without its endpoints.

The condition that there are no 2-faces implies that, for each 2-cycle C, both Ext(C)
and Int(C) contain other edges of the multigraph.

For a 2-cycle C, define the ezclusive interior of C' as Int(C) \ (Up,prcInt(D)), where
the union is over all 2-cycles D distinct from C'. It is easy to see that the exclusive interiors
of different 2-cycles do not intersect with each other.

Recall that, for two distinct 2-cycles C' and D, we say that D is immediately inside C
if D lies in Int(C) and there is no other 2-cycle C’ such that C’ lies in Int(C) and D lies
in Int(C"). If, in addition, D is the only 2-cycle that is immediately inside C, then we say
that D is exclusively immediately inside C'. We say that a 2-cycle that contains other 2-
cycles immediately inside it is branching if it contains at least 2 other 2-cycles immediately
inside it and non-branching if it contains exactly 1 other 2-cycle immediately inside it.
We say that a 2-cycle is a leaf if it does not contain any other 2-cycles immediately inside
it.

We call a 2-cycle exclusively non-empty if its exclusive interior contains edges and
exclusively empty otherwise. Clearly, a 2-cycle cannot be exclusively empty and a leaf
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simultaneously.

It follows from Lemma 5.20 that the 2-cycles do not share edges. Therefore, any two
2-cycles have at most 1 common vertex. By Corollary 5.19, the immediate precedence
directed graph of the partially ordered set (S, =), where S is the set of all the 2-cycles in
M, (that is, the directed graph with the 2-cycles as its set of vertices and an arc from
a 2-cycle C' to a 2-cycle D if and only if D is immediately inside C') is a rooted directed
forest that we denote by F.

It is easy to see that a branching 2-cycle, as defined above, is a branching vertex in F
(its out-degree is at least 2), a non-branching 2-cycle is a unary vertex in F (its out-degree
is exactly 1), and a leaf 2-cycle is a leaf in I’ (its out-degree is exactly 0).

We divide all 2-cycles into the following exhaustive and mutually exclusive categories:

e E-B — exclusively empty branching;

e [-NB — exclusively empty non-branching;
e NE-NL — exclusively non-empty non-leaf (could be branching or non-branching);

e NE-L1 — exclusively non-empty leaf that contains exactly 1 non-parallel edge in its
interior;

e NE-L2 — exclusively non-empty leaf that contains at least 2 non-parallel edges in
its interior.
We refer to a 2-cycle of category X, where X is one of the categories above, as an X-cycle.

By definition, every exclusively non-empty 2-cycle C contains in its exclusive interior
at least 1 edge e. By definition of the exclusive interior, that edge e does not belong to
the closure of the interior of any of the other 2-cycles. In particular, e is not an edge of
any of the other 2-cycles. Since e is in the interior of C, it cannot be an edge of C' itself
either. So, e is not an edge of any 2-cycles, which means that it is a non-parallel edge.
Since the exclusive interiors of distinct 2-cycles do not intersect with each other, we have
that these non-parallel edges in the exclusive interiors of distinct exclusively non-empty
2-cycles are distinct from each other.

By definition, every E-NB-cycle C has a unique 2-cycle D exclusively immediately inside
it. Therefore, the exclusive interior of C' is the region Int(C) \ Int(D) and it is a 4-face
as the only edges incident to it are the two edges of C' and the two edges of D. We will
refer to this 4-face as the 4-face of the exclusive interior of C.

As was mentioned previously, every leaf 2-cycle must be exclusively non-empty, so it
must contain at least 1 non-parallel edge in its exclusive interior. So, NE-L1-cycles and
NE-L2-cycles together exhaust all leaf 2-cycles. Also, the exclusive interior of a leaf 2-
cycle is just its interior. The interior of an NE-Ll-cycle C' is a 4-face as the only edges
incident to it are the two edges of C' and the unique edge in its interior that is incident
to that face on both sides. We will refer to this 4-face as the 4-face of the interior of C.

Since the exclusive interiors of distinct 2-cycles do not intersect with each other, the
4-faces of the exclusive interiors of E-NB-cycles and the 4-faces of the interiors of NE-L1-
cycles are all pairwise distinct.

Now, we use discharging. We assign the following initial charges.

e Each face f has charge deg(f) — 3.
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e [ach parallel edge has charge —ﬂ

e Each non-parallel edge has charge 1.

e The pot is empty (has charge 0).
We redistribute charges in two stages. The following are the charge redistribution rules
of the first stage.
(R1) Each E-NB-cycle takes charge 1 from the 4-face of its exclusive interior.

(R2) Each NE-NL-cycle takes charge 1 from one arbitrary non-parallel edge in its exclu-
sive interior.

(R3) Each NE-Ll-cycle takes charge 1 from the unique non-parallel edge in its interior
and takes charge 1 from the 4-face of its interior.

(R4) Each NE-L2-cycle takes charge 1 from each of two arbitrary non-parallel edges in
its interior.
The following are the charge redistribution rules of the second stage.
(R5) All 2-cycles give all their charges to the pot.

(R6) Each parallel edge takes charge £ from the pot.

When we say that a 2-cycle receives or gives charge, we mean that 2-cycle as a separate
entity, not as the two edges that it consists of.

While the first stage of the charge redistribution is local (in the sense that the charge
is redistributed among nearby entities), the second stage is totally global and is carried
out through the central pot.

Regarding the usage of the values — &1

2k

k41

and 5=,

notice that we can divide by k£ because
we proved earlier that k # 0.

Out of the five exhaustive and mutually exclusive categories of 2-cycles listed above,
only E-B-cycles do not receive charges in the first stage. All 2-cycles of the other four
categories receive charges in the first stage, and these four categories correspond to rules
(R1), (R2), (R3), (R4).

Using Lemma 5.2, Euler’s formula n —m + ¢ = 1+ p, the obvious inequality p > 1, and
the previously obtained inequality 3n — 3k — 7 < 0, we calculate the total initial charge

aszf:(deg( ) —3)—2k- B4 (m—2k:)'1+0:Zf:deg(f)—zf:?)—(k—l—l)—l—(m—Qk):

2m—30—3k+m—1=3m—-3k—3(—1=3m—3k—3(14+p—n+m)—1=3n—-3k—4—-3p <
n—3k—-4-3-1=3n-3k—-7<0.

Clearly, after the charge redistribution, all faces and all edges have non-negative charges.
Let us calculate the charge in the pot after the charge redistribution. After the first stage,
each leaf 2-cycle receives charge 2 either by rule (R3) or by rule (R4). Each unary vertex
(that has out-degree exactly 1) in the rooted directed forest F' is either an E-NB-cycle or
an NE-NL-cycle and receives charge 1 either by rule (R1) or by rule (R2), respectively.
Each branching 2-cycle either does not receive any charge or receives charge 1 by rule
(R2), depending on whether it is exclusively empty or not. By Lemma 5.21, the total
charge of the 2-cycles after the first stage is at least k + 1. Therefore, the pot receives at
least k + 1 of charge by rule (R5). Rule (R6) is applied exactly 2k times, hence exactly
2k - k“ = k 4+ 1 of charge is taken from the pot. Therefore, the charge in the pot after
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the charge redistribution is at least k +1 — (k + 1) = 0. So, the charge in the pot
after the charge redistribution is also non-negative. This implies that the total charge
after the charge redistribution is non-negative, which contradicts the negative total initial
charge. O]

As mentioned above, there is an alternative way of dealing with parallel edges with
multiplicity greater than 2 without assuming the edge-minimality of a counterexample
and without Lemma 5.20. Namely, we can consider a set S of 2-cycles where, for each
pair of vertices with parallel edges between them, we arbitrarily choose one 2-cycle. Then
the number of 2-cycles in S would be exactly k. Then, instead of defining the exclusivity
(exclusive interior, exclusively empty 2-cycle) as above, we can define S-exclusivity where
the requirements are applied only to 2-cycles from S instead of to all 2-cycles. Specifically,
for a 2-cycle C, we can define the S-ezclusive interior of C as Int(C') \ (Upes,pcInt(D)).
We can define S-edges as edges belonging to 2-cycles from S and non-S-edges as all other
edges, not belonging to 2-cycles from S. All S-edges are parallel, but non-S-edges could
include both non-parallel ones and parallel ones. We would treat S-edges and non-S-edges
the same as we treat parallel ones and non-parallel ones in the current proof. For example,
in the discharging, each S-edge would get the initial charge —%, and each non-S-edge
would get the initial charge 1. That approach could be useful for a potential future proof
of an improved lower bound where we need the edge-mazrimality of a vertex-minimal
counterexample for other purposes and thus cannot use the edge-minimality. However,
in the current proof, we use the simpler approach of assuming the edge-minimality and
using Lemma 5.20, without introducing S-exclusivity.

5.5. The construction

Lemma 5.23. Let M be a multigraph that is a disjoint union of multigraphs M, ...,
q

M,, where ¢ > 1. Then we have a(M) = Y a(M;).

i=1

Proof. First, we prove that a(M) < Z a(M;). Let F' be a maximum induced forest in

M. Since any subgraph of a forest is a forest itself, the graph M;[V (F) NV (M;)] is an
induced forest in M; for each i. Therefore, We have a(M;) > |V(F) NV (M;)|. Now, we

have a(M) = [V(F )!—Z!V() V(M. )|<Z( i)

Conversely, for each graph M;, let F; be a maxmlum induced forest in M;. We consider

the induced subgraph F' = M [|J!_, V(F;)]. Since there are no edges between dlfferent M;,

q
F’is an induced forest in M. Therefore, we have a(M) > |V (F")|= > |V(F)| = Z a(M;).
=1

=1

1=
Combining the two obtained opposite inequalities, we get the claimed equality a(M) =

é a(M;). 0

Theorem 5.24. There exists an infinite sequence of planar multigraphs admitting an
embedding into the plane without 2-faces with a(M) = %n + %, where n is the number of
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vertices in M.

Proof. We define the sequence of plane multigraphs N; recursively. Take N = K4, where
by K4 we denote the plane graph that is an embedding of K, into the plane. Then, for
each i, take three vertices wu;, v;, w;. Connect u; and v; with two parallel edges. Put w; in
the interior of the 2-cycle formed by these parallel edges between u; and v;. Connect u;
and w; with two parallel edges. Connect v; and w; with two parallel edges. Put a copy of
IC4, disconnected from the rest of the multigraph, in the interior of the 2-cycle formed by
the parallel edges between u; and w;. Put a copy of N;, disconnected from the rest of the
multigraph, in the interior of the 2-cycle formed by the parallel edges between v; and w;.
Denote the resulting plane multigraph by N;,;. Finally, we consider a plane multigraph
M, that is obtained from N; by adding a copy of K4, disconnected from the rest of the
multigraph, in the external 2-face.

Us Uy

Fig. 2. N1 in the proof of Theorem 5.24.

Let us prove using induction on 7 that none of the internal faces of N; are 2-faces and
that the external face of N is a 3-face for ¢ = 1 and a 2-face for « > 2. To verify the base
of induction for ¢ = 1, we observe that all four faces of N = K4 are 3-faces. Suppose
that the statement holds for N; and consider it for A, i, where ¢ > 1. By construction,
the external face of NV, ; is incident only to the two parallel edges between u; and v;, and
hence it is a 2-face. The vertex w; and the four edges connecting it to u; and v; break
the interior of the 2-cycle between wu; and v; into four regions: the interior of the 2-cycle
between u; and w; that will be broken down further by the added copy of Iy, the interior
of the 2-cycle between v; and w; that will be broken down further by the added copy of N,
a 3-face that is incident to one of the parallel edges between u; and v;, one of the parallel
edges between u; and w;, and one of the parallel edges between v; and w;, and another
3-face that is incident to the other edge between u; and v;, the other edge between u; and
w;, and the other edge between v; and w;. The interior of the 2-cycle between u; and w;
is broken by the added copy of K, into four faces: three internal 3-faces of the copy of K4
and one 5-face that is incident to the three external edges of the copy of K4 and to the two
parallel edges between u; and w;. The interior of the 2-cycle between v; and w; is broken
by the added copy of N into the internal faces of the copy of A;, none of which are 2-faces
by the inductive hypothesis, and the remaining face that is incident to the external edges
of the copy of N; and to the two parallel edges between v; and w;. That last remaining
face is a 5-face for i = 1 because there are 3 external edges in N, and a 4-face for i > 2
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because there are two external edges in the copy of N; by the inductive hypothesis. So,
none of the internal faces of N, are 2-faces, which completes the inductive step.

Now, for i > 2, the region of the plane that was the external 2-face in N; is broken by
the added copy of IC4 into four faces in M;: three internal 3-faces of the copy of K, and
one H-face that is incident to the three external edges of the copy of Ky and to the two
external parallel edges of ;. None of the other faces of N; are 2-faces, and they all are
unchanged in M,;. So, M; does not contain any 2-faces.

Denote by N; and M; the underlying planar multigraphs of the plane multigraphs N; and
M, respectively. Denote by n! and n; the number of vertices in N; and M;, respectively,
and denote a; = a(N;) and a; = a(M;). It is easy to calculate that, for each i, we have
n,,, =4+ n;+ 3. Observe that N;;; is a disjoint union of K4, N;, and Nyjq[u;, v;, w;].
It can be directly verified that a(Ky) = 2. Since the vertices u;, v;, w; have a pair of
parallel edges between every pair of them, no more than one of them can belong to an
induced forest in Ny, 1[u;, v;, w;]. On the other hand, any single one of them is an induced
forest in Njyq[u;, vi, w;]. So, we have a(N;y1[u;, v, w;]) = 1. Now, by Lemma 5.23, we
have a;,; = a(Ky) + a(N;) + a(Nip1[us, vi, w;]) = 2+ a; + 1. Using induction, we derive
that n, =4+ 7(i—1)=7i—3and a, =2+ 3(i — 1) = 3i — 1.

Finally, we have n; = n}+4 = 7i+ 1. Observe that M; is a disjoint union of N; and Kj.
By Lemma 5.23, we have a; = a(N;) + a(Ky) = a, +2 = (3i — 1) + 2 = 3i + 1. Therefore,
we have a; = 31+ 1 = S”i—;l +1= %nl + %, which means that the sequence of multigraphs
{M,} satisfies the claimed condition. O

It is natural to ask whether there exists a connected construction with the same a(M).
The answer is affirmative. We will now show how to adjust the construction from Theo-
rem 5.2 to make it connected. The main idea is to prove a stronger version of Lemma 5.23
that would guarantee the additivity of a()M) under weaker assumptions that do not require
the parts to be disconnected from each other.

If a multigraph M is vertex-partitioned into induced subgraphs M, ..., M,, then we
consider a multigraph H, which we call the contraction multigraph of the partition, with
the vertices My, ..., M, and an edge between M; and M; for ¢ # j for each edge in M
between vertices of M; and vertices of M;. In other words, the contraction multigraph of
the partition is formed by contracting each part of the partition into a single vertex and
removing the resulting loops (but keeping the resulting parallel edges).

Lemma 5.25. Let M be a multigraph that is vertez-partitioned into induced subgraphs
M, ..., M,. Assume that the contraction multigraph of the partition is a forest (and, in
particular, it is simple). Then every cycle in M is contained entirely inside a single part
of the partition.

Proof. Suppose, to the contrary, that there exists a cycle C' in M that is not contained
entirely inside any single part of the partition. Then it contains vertices of at least 2
distinct parts. Denote the contraction multigraph of the partition by H. It is easy to see
that, when we contract each part into a single vertex and remove the resulting loops, the
cycle C'in M becomes a closed walk in H that we denote by W. Since C contains vertices
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of at least 2 distinct parts, W contains at least 2 vertices, which implies that its length
is at least 2. Since H is a forest and thus does not contain any cycles, W must traverse
at least 1 edge twice in opposite directions. This implies that C' must traverse the same
edge twice in opposite directions as well, but that is impossible for a cycle. O

Lemma 5.26. Let M be a multigraph that is vertez-partitioned into induced subgraphs
M, ..., M,. Assume that the contraction multigraph of the partition is a forest (and, in

q
particular, it is simple). Then we have a(M) =Y a(M;).
i=1

q
Proof. First, we prove that a(M) < > a(M;). Let F be a maximum induced forest in

1=1
M. Since any subgraph of a forest is a forest itself, the graph M;[V(F) NV (M;)] is an
induced forest in M; for each i. Therefore, we have a(M;) > |V (F) NV (M;)|. Now, we

have a(M) = |V (F)|= _il V(F) NV (M,)| < é a(M;).

Conversely, for each g_raph M;, let F; be a maximum induced forest in M;. We consider
the induced subgraph F' = M [|J7_, V(F;)]. Let us prove that F” is a forest. Suppose,
to the contrary, that F’ contains a cycle. Then, by Lemma 5.25, that cycle is contained
entirely inside a single part M; of the partition. This implies that it is contained in Fj,

which contradicts the fact that Fj is a forest. Therefore, F” is an induced forest. Therefore,
q

we have a(M) > |V(F')|= il V(E) =3 a(M)).

=1

Combining the two obtained opposite inequalities, we get the claimed equality a(M) =

éa(Mi). O

Lemma 5.23 is a particular case of Lemma 5.26 when the contraction multigraph of the
partition is edgeless.

Theorem 5.27. There exists an infinite sequence of connected planar multigraphs ad-
mitting an embedding into the plane without 2-faces with a(M) = %n + §7 where n s the
number of vertices in M.

Proof. We adjust the construction from Theorem 5.24 by adding two additional edges
in N, 1: one between u; and one of the external vertices of the copy of K4 and the other
between v; and one of the external vertices of the copy of N;, and an additional edge in
M, between one of the external vertices of the copy of N; and one of the external vertices
of the copy of ICy.

It is easy to see that N, is vertex-partitioned into N 1[u;, v;, w;], the copy of K4, and
the copy of N;. The contraction multigraph of that partition contains exactly two edges:
between Ny 1[u;, v;, w;] and the other two parts (they correspond to the two additional
edges in our adjustment of the construction). So, that contraction multigraph of the
partition is a path of length 2 and hence is a forest. Therefore, Lemma 5.26 is applicable
to that partition.
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LN

Fig. 3. N1 in the proof of Theorem 5.27

Similarly, M; is vertex-partitioned into the copy of N; and the copy of K4 with a single
edge between the two parts. Therefore, the contraction multigraph of that partition
contains exactly one edge, which means that it is a path of length 1 and hence is a forest.
Therefore, Lemma 5.26 is applicable to that partition.

The rest of the proof follows exactly the proof of Theorem 5.24, using Lemma 5.26
instead of Lemma 5.23 and adjusting the degrees of the faces in the verification that the
construction does not contain 2-faces (there would be 7-faces instead of the 5-faces and a
6-face instead of the 4-face because each of the additional edges does not break the face
where it was added into multiple faces, but adds 2 to the degree of that face). n

5.6.  Concluding remarks and open questions

From Theorem 5.22 and Theorem 5.24, the best possible lower bound on a(M) for the
variant without 2-faces must be somewhere between 13_0” + % and %n + %. We do not
know the best possible lower bound. Nor do we even know whether the exact value 2n

7
(without any additive constant) is attained. We leave these as open questions.

Question 5.28. Does there exist a planar multigraph M admitting an embedding into the
plane without 2-faces with a(M) < 2n?

Question 5.29. What is the best possible lower bound on a(M) in terms of n for every
planar multigraph M on n vertices that admits an embedding into the plane without 2-
faces?
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