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On a class of intersection graphs equivalent to interval

graphs and their interval numbers

Cheng Yeaw Ku* and Bin Wong

abstract

A graph G is said to be a an interval graph, if for each vertex u of G, one can assign a

set Au which is a �nite union of intervals on the real line such that u is adjacent to v in

G if and only if Au ∩ Av ̸= ∅. In this paper, we introduce a class of intersection graphs

and show that it is equivalent to the class of interval graphs. We also investigate interval

numbers of certain intersection graphs and establish several related results.
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1. Introduction

In recent years, intersection graph classes have been widely studied beyond classical in-

terval graphs, both from structural and algorithmic perspectives. A prominent direction

concerns multiple-interval and t-interval graphs, where each vertex is represented by a

bounded union of intervals on the real line. These generalisations have been studied exten-

sively from an algorithmic perspective, including approximation algorithms and hardness

results (see, e.g., [7, 2]), as well as in recent structural developments involving interval

representations (see, e.g., [1, 12]). In parallel, geometric intersection graph classes have

been extensively studied, particularly through representations by curves, segments, and

paths in the plane. Notable developments include intersection representations by grid

paths and their generalisations, as well as broader frameworks such as H-graphs, which

unify many classical graph classes (see, e.g., [4, 5, 6].

In this paper, we investigate a class of intersection graphs equivalent to interval graphs

and their interval numbers. All the graphs are simple and �nite. The vertex set and edge
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set of a graph G will be denoted by V (G) and E(G), respectively. We write u ∼G v if uv

is an edge in E(G).

Let R be the set of real numbers. An interval of R is denoted by

[a, b] = {x ∈ R : a ≤ x ≤ b}.

We allow a = b and in this scenario [a, a] = {a} is just a singleton. A disjoint union of

m-intervals, say A, is of the following form

A = [a1, b1] ∪ [a2, b2] ∪ · · · ∪ [am, bm],

where bj < aj+1 for 1 ≤ j ≤ m− 1. Furthermore, we say [aj, bj] is an interval appearing

in A. For each integer k ≥ 1, let

Pk = {A ⊆ R : A is a disjoint union of at most k-intervals}.

Note that Pk′ ⊆ Pk if k′ ≤ k. Set P =
⋃

k≥1Pk. Let V be a �nite set. For each u ∈ V ,

let Au ∈ P . We allow Au = Av for u ̸= v. The graph D ({Au}u∈V ) is de�ned to be the

graph with vertex set V and for all u, v ∈ V , u is adjacent to v if and only if Au∩Av ̸= ∅.

If Au ∈ Pk for all u ∈ V , then D ({Au}u∈V ) is called a k-interval graph. A graph G is

said to have a k-interval representation if there exists A = {Au}u∈V (G) ⊆ Pk such that

G = D(A).

Given a graph G, the interval number i(G) is de�ned to be the smallest positive integer

k such that G has a k-interval representation, i.e.,

i(G) = min
{
k ∈ N : G = D({Au}u∈V (G)) for some {Au}u∈V (G) ⊆ Pk

}
.

The interval number was introduced by Trotter and Harary [14] in 1979. Later, Schein-

erman and West [13] constructed planar graphs with interval number at least 3 and proved

the following theorem.

Theorem 1.1. If G is planar, then i(G) ≤ 3.

However, there is a �aw in the proof and this is pointed out by Guégan et al. [9]. An

alternative proof of Theorem 1.1 is given by Guégan et al. [10] recently. We refer readers

to [3] and [8] for interval numbers of other classes of planar graphs and general graphs.

In this paper, we will consider intersection graph, which we will describe shortly. Let

N be the set of positive integers and let

2N0 = {A ⊆ N : A is �nite}.

Let V be a �nite set. For each u ∈ V , let Bu ∈ 2N0 . We allow Bu = Bv for u ̸= v. The

graph F ({Bu}u∈V ) is de�ned to be the graph with vertex set V and for all u, v ∈ V , u is

adjacent to v if and only if Bu ∩Bv ̸= ∅. The graph F ({Bu}u∈V ) is called an intersection

graph. The class of all the intersection graphs is denoted by T1. Basically, a graph G is

in T1 if there exists B = {Bu}u∈V (G) ⊆ 2N0 such that G = F(B).
For each B ∈ 2N0 and B ̸= ∅, we de�ne g(B) = {X1, X2, . . . , Xl} to be the partition of

B such that
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(i) B =
⋃l

i=1 Xi,

(ii) Xi ∩Xj = ∅ for i ̸= j,

(iii) for each i, the setXi consists of consecutive integers, i.e., Xi = {ai, ai+1, . . . , ai+si},
(iv) for each i (1 ≤ i ≤ l − 1), a < b for all a ∈ Xi and b ∈ Xi+1,

(v) for each i (1 ≤ i ≤ l − 1), Xi ∪Xi+1 is not a set consists of consecutive integers.

Conditions (i) and (ii) are de�nition for partition, whereas conditions (iii), (iv) and

(v) are used to show that g(B) is unique. By conditions (iv) and (v), if ai + si is the

largest integer in Xi and ai+1 is the smallest integer in Xi+1, then ai + si + 1 < ai+1.

Note that |g(B)|= l is the number of elements of the partition of B satisfying conditions

(i) to (v). Each Xi is called a consecutive part of the partition g(B). If Xi = {ai, ai +
1, . . . , ai + si}, then ai is called the initial point of the consecutive part Xi and ai + si
is called the terminal point of the consecutive part Xi. An element in Xi is called a

middle point if it is not an initial point or a terminal point. For convenience if B = ∅,

we set g(B) = ∅. Note that if B = {1, 2, 4, 5, 7, 9, 10, 11, 15, 16, 17, 18}, then g(B) =

{{1, 2}, {4, 5}, {7}, {9, 10, 11}, {15, 16, 17, 18}}. Furthermore, {1, 2} is a consecutive part

of g(B) and 1 is the initial point of {1, 2} whereas 2 is the terminal point of {1, 2}. Note
that 7 is the initial point and also the terminal point of the consecutive part {7}.
For k ≥ 1, let

2N0 (k) = {A ∈ 2N0 : |g(A)|≤ k}.

Let

T1(k) =
{
F(B) : B = {Bu}u∈V ⊆ 2N0 (k) for some �nite set V

}
.

Note that T1 =
⋃

k≥1 T1(k) and T1(k
′) ⊆ T1(k) if k

′ ≤ k.

In Section 2, we showed that interval graphs are equivalent to intersection graph (The-

orem 2.8). In Section 3, we introduce the class of 1-intersection graphs, T2 and de�ne

the T2-interval number, iT2(G). We determine all the graphs with iT2(G) = 1 (Theorem

3.10). In Section 4, we showed if G is planar, then iT2(G) ≤ 3 (Theorem 4.8). Finally, in

Section 5, we introduce the minimum size number and use it to characterize the triangle

free graphs (Theorem 5.5).

2. Intersection graph

Recall that we allow an interval to be of the form [a, a] = {a}. We shall show that if

G has a k-interval representation, i.e., G = D({Au}u∈V (G)) for some {Au}u∈V (G) ⊆ Pk,

then all the Au can be chosen to be singleton free (all intervals appearing in Au are not

singleton) (Lemma 2.2). In this section, we also will prove Theorem 2.8 which states that

a graph has a k-interval representation if and only if it is in T1(k).

Lemma 2.1. Let Q be the union of t intervals. If a /∈ Q, then there exists an ϵ > 0 such

that

[a− ϵ, a+ ϵ] ∩Q = ∅.
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Proof. Let Q =
⋃t

i=1[ci, di]. Since a /∈ [ci, di], there exists an ϵi > 0 such that [a− ϵi, a+

ϵi] ∩ [ci, di] = ∅. Let ϵ = min1≤i≤t ϵi. Then, [a− ϵ, a+ ϵ] ∩Q = ∅.

Let A = {Au}u∈V ⊆ Pk. Note that for each u ∈ V ,

Au = [au1, bu1] ∪ [au2, bu2] ∪ · · · ∪ [auku , buku ],

where ku ≤ k and buj < au(j+1) for 1 ≤ j ≤ ku − 1. Suppose there exists a u0 ∈ V

with c = au0j0 = bu0j0 . Let Q be the union of all the intervals [auj, buj] for which c /∈
[auj, buj]. By Lemma 2.1, we can replace [au0j0 , bu0j0 ] = {c} in Au0 with [c− ϵ, c + ϵ] and

[c− ϵ, c+ ϵ] ∩Q = ∅. Let

A′
u0

=[au01, bu01] ∪ · · · ∪ [au0(j0−1), bu0(j0−1)] ∪ [c− ϵ, c+ ϵ]∪
[au0(j0+1), bu0(j0+1)] ∪ · · · ∪ [au0ku0

, bu0ku0
].

Note that D (A) = D (A′) where A′ = {Au}u∈V \{u0} ∪ {A′
u0
}. Therefore, given an

k-interval graph D ({Au}u∈V ), by applying Lemma 2.1 repeatedly, we may obtain the

same graph D ({A′
u}u∈V ) = D ({Au}u∈V ) and each interval in A′

u is not a singleton for all

u ∈ V . Hence, we have proved the following lemma.

Lemma 2.2. Let D ({Au}u∈V ) be a k-interval graph. There exists {A′
u}u∈V such that

(a) for all u ∈ V , if Au ∈ Pk, then A′
u ∈ Pk,

(b) for all u ∈ V , all intervals appearing in A′
u are not singleton,

(c) D ({A′
u}u∈V ) = D ({Au}u∈V ).

Now, let V be a �nite set and B = {Bu}u∈V ⊆ 2N0 (k). Then, |g(Bu)|≤ k for all

u ∈ V . Let g(Bu) = {Xu1, Xu2, . . . , Xuku}. Then, ku ≤ k. For each i, let Xui =

{aui, aui + 1, . . . , aui + sui}. Now, for each u ∈ V , set

Au = [au1, au1 + su1] ∪ [au2, au2 + su2] ∪ · · · ∪ [auku , auku + suku ].

Note that Au is a disjoint union of ku intervals and Au ∈ Pk. Furthermore, Au∩Av ̸= ∅
if and only if Bu ∩ Bv ̸= ∅. This implies that D(A) = F(B) where A = {Au}u∈V . The

following lemma then follows from Lemma 2.2.

Lemma 2.3. If G ∈ T1(k), then there exists A = {Au}u∈V (G) ⊆ Pk such that G = D(A).

Furthermore, all intervals appearing in each Au are not singleton.

The next two lemmas explain what will happen to g(B) if an element is added or

removed from B.

Lemma 2.4. Let B ∈ 2N0 be non-empty and c ∈ N \B. Then the followings hold:

(a) if c + 1 is not the initial point of a consecutive part of g(B) and c − 1 is not the

terminal point of a consecutive part of g(B), then |g(B ∪ {c})|= |g(B)|+1,

(b) if either c+1 is the initial point of a consecutive part of g(B) or c−1 is the terminal

point of a consecutive part of g(B) but not both, then |g(B ∪ {c})|= |g(B)|,
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(c) if c + 1 is the initial point of a consecutive part of g(B) and c − 1 is the terminal

point of a consecutive part of g(B), then |g(B ∪ {c})|= |g(B)|−1.

Proof. (a) Note that {c} is a consecutive part of g(B ∪ {c}) and each consecutive part

of g(B) is also a consecutive part of g(B ∪ {c}). Hence, |g(B ∪ {c})|= |g(B)|+1.

(b) Suppose c+ 1 is the initial point of a consecutive part of g(B) and c− 1 is not the

terminal point of a consecutive part of g(B). This implies that c − 1 /∈ B. Note that

if c + 1 is the initial point of a consecutive part of g(B), say X, then X ∪ {c} is also

a consecutive part of g(B ∪ {c}) for c − 1 /∈ B. Each consecutive part of g(B) that do

not contain c + 1 is also a consecutive part of g(B ∪ {c}). Hence, |g(B ∪ {c})|= |g(B)|.
Similarly, if c− 1 is the terminal point of a consecutive part of g(B) and c+ 1 is not the

initial point of a consecutive part of g(B), then |g(B ∪ {c})|= |g(B)|.
(c) If c + 1 is the initial point of a consecutive part of g(B), say X1, and c − 1 is the

terminal point of a consecutive part of g(B), say X2, then X1 ∪X2 ∪ {c} is a consecutive

part of g(B ∪ {c}). Each consecutive part of g(B) that do not contain c + 1 or c − 1 is

also a consecutive part of g(B ∪ {c}). Hence, |g(B ∪ {c})|= |g(B)|−1.

Lemma 2.5. Let B ∈ 2N0 be non-empty and c ∈ B. Then the following hold:

(a) if c is the initial point or the terminal point of a consecutive part of g(B), then

|g(B \ {c})|= |g(B)|,
(b) if c is a middle point of a consecutive part of g(B), then |g(B \ {c})|= |g(B)|+1.

Proof. (a) Suppose c is the initial point of a consecutive part of g(B), say X. Then

X = {c, c + 1, . . . , c + m} for some non-negative integer m. Note that X \ {c} is a

consecutive part of g(B \ {c}). Each consecutive part of g(B) that do not contain c is

also a consecutive part of g(B \ {c}). Hence, |g(B \ {c})|= |g(B)|. Similarly, the same

conclusion holds if c is the terminal point of a consecutive part of g(B).

(b) Let X be the consecutive part of g(B) that contains c. Since c is a middle point

of X, we have X = {c − m1, . . . , c − 1, c, c + 1, . . . , c + m2} for some positive integers

m1,m2. Note that {c − m1, . . . , c − 1} and {c + 1, . . . , c + m2} are consecutive parts of

g(B \ {c}). Each consecutive part of g(B) that do not contain c is also a consecutive part

of g(B \ {c}). Hence, |g(B \ {c})|= |g(B)|+1.

For each B ∈ 2N0 , B ̸= ∅ and any integer p, we set

B + p = {b+ p : b ∈ B}.

Lemma 2.6. Let B1, B2 ∈ 2N0 be non-empty and p be an integer. Then B1∩B2 = ∅ if and

only if (B1 + p)∩ (B2 + p) = ∅. Furthermore, if B1 ∩B2 ̸= ∅, then (B1 + p)∩ (B2 + p) =

(B1 ∩B2) + p.

Proof. Suppose B1 ∩ B2 ̸= ∅. Then, ((B1 ∩ B2) + p) ⊆ (B1 + p) ∩ (B2 + p). Let

y ∈ (B1+p)∩(B2+p). Then, y = b1+p = b2+b for some b1 ∈ B1 and b2 ∈ B2. This implies

that b1 = b2 ∈ B1∩B2. Hence, y ∈ (B1∩B2)+ p and (B1+ p)∩ (B2+ p) = (B1∩B2)+ p.
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If (B1 + p) ∩ (B2 + p) ̸= ∅, then by the previous paragraph, B1 ∩ B2 = ((B1 + p) ∩
(B2 + p))− p ̸= ∅. This completes the proof of the lemma.

Lemma 2.7. Let [a, b] be an interval in R and c ∈ R such that a < c ≤ b. If [z1, z2] is

an interval in R such that [z1, z2] ∩ [a, b] ̸= ∅ and z1 ≥ c, then [z1, z2] ∩ [c, b] ̸= ∅.

Proof. Since [z1, z2]∩[a, b] ̸= ∅, there is a y ∈ [z1, z2]∩[a, b]. This implies that y ≥ z1 ≥ c.

Since y ≤ b, we have y ∈ [c, b]. Hence, y ∈ [z1, z2] ∩ [c, b] and [z1, z2] ∩ [c, b] ̸= ∅.

Given a graph G and a vertex u ∈ V (G), the graph obtained from G by removing u

and all edges incident to it is denoted by G − u. If S ⊆ V (G), then G − S is the graph

obtained by removing all vertices in S and all edges incident to them from G. We write

G[S] to denote the induced subgraph of G with vertex set S.

For each A ⊆ P and

A = [x1, y1] ∪ [x2, y2] ∪ · · · ∪ [xm, ym],

where yi < xi+1 for 1 ≤ i ≤ m− 1, we set minA = x1.

Theorem 2.8. A graph G has a k-interval representation if and only if G ∈ T1(k).

Proof. By Lemma 2.3, it is su�cient to show that ifG = D(A) for someA = {Au}u∈V (G) ⊆
Pk, then G ∈ T1(k). Let us �rst introduce some notations. For each u ∈ V (G), let t(Au)

be the number of disjoint intervals in Au. Since Au ∈ Pk, t(Au) ≤ k for all u ∈ V (G). We

shall prove the following statement.

Statement: Let G = D(A) for some A = {Au}u∈V (G) ⊆ Pk. If c = min{minAu :

u ∈ V (G)}, then there exists B = {Bu}u∈V (G) ⊆ 2N0 (k) such that G = F(B) ∈ T1(k),

|g(Bu)|≤ t(Au) for all u ∈ V (G) and 1 ∈ Bv for all v ∈ V (G) satisfying minAv = c.

We shall prove the statement by induction on T =
∑

u∈V (G)

t(Au). Note that T ≥ |V (G)|

and equality holds if and only if t(Au) = 1 for all u.

If T = 1, then G consists of a single vertex, say u0. Set Bu0 = {1}. Then, the statement

holds. So, we may assume that T ≥ 2. Assume that the statement holds for any graph

G′ = D({A′
u}u∈V (G′)) with {A′

u}u∈V (G′) ⊆ Pk satisfying
∑

u∈V (G′)

t(A′
u) < T .

For each u ∈ V (G), let

Au = [xu1, yu1] ∪ [xu2, yu2] ∪ · · · ∪ [xuku , yuku ],

where yui < xu(i+1) for 1 ≤ i ≤ ku − 1. Then, t(Au) = ku ≤ k and minAu = xu1.

Let

W ({Au}u∈V (G)) =
⋃

u∈V (G)

{xu1, yu1, xu2, yu2, . . . , xuku , yuku}.

If |W ({Au}u∈V (G))|= 1, then ku = 1 and xu1 = yu1 = c for all u ∈ V (G). This implies

that G = D(A) is the complete graph Kn where n = |V (G)|. Let Bu = {1} for all u
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and B = {Bu}u∈V (G). Then, B ⊆ 2N0 (1) and F(B) is the complete graph Kn. Hence,

G = F(B) ∈ T1(1), |g(Bu)|= t(Au) = 1 for all u ∈ V (G) and 1 ∈ Bv for all v satisfying

xv = c.

Suppose w0 = |W ({Au}u∈V (G))|> 1. We shall assume that the statement holds for

any graph G′ = D({A′
u}u∈V (G′)) with {A′

u}u∈V (G′) ⊆ Pk satisfying
∑

u∈V (G′)

t(A′
u) = T and

1 ≤ |W ({A′
u}u∈V (G′))|< w0. Note that c = min{xu1 : u ∈ V (G)}. Let u1, u2, . . . , ur be

the only vertices in V (G) with xuj1 = c. By relabelling if necessary we may assume that

yu11 ≤ yu21 ≤ · · · ≤ yur1.

Case 1. Suppose xuj1 = yuj1 for all 1 ≤ j ≤ p where 1 ≤ p ≤ r and c = xuj1 < yuj1 for

p+ 1 ≤ j ≤ r.

Suppose r = p. We may assume that t(Auj
) = kuj

= 1 for 1 ≤ j ≤ q and t(Auj
) =

kuj
≥ 2 for q + 1 ≤ j ≤ p. For q + 1 ≤ j ≤ p, let A′

uj
= Auj

\ {c}. Then,

A′
uj

= [xuj2, yuj2] ∪ [xuj3, yuj3] ∪ · · · ∪ [xujkuj
, yujkuj

],

and t(A′
uj
) = kuj

− 1. For other u ∈ V (G) \ {u1, u2, . . . , up}, we set A′
u = Au. Now, let

G′ = D({A′
u}u∈V (G′)). Note that G

′ is a subgraph of G, V (G′) = V (G) \ {u1, u2, . . . , uq}
and

∑
u∈V (G′)

t(A′
u) = T −p < T . By induction, there exists B′′ = {B′′

u}u∈V (G′) ⊆ 2N0 (k) such

that G′ = F(B′′) ∈ T1(k), |g(B′′
u)|≤ t(A′

u) for all u ∈ V (G′) and 1 ∈ B′′
v for all v satisfying

minA′
v = c′ where c′ = min{minA′

u : u ∈ V (G′)}. Now, we need to `add back' vertices

u1, u2, . . . , uq to G′ to become G. Note that for q+1 ≤ j ≤ p, |g(B′′
uj
)|≤ kuj

−1. Set B′
u =

B′′
u+1 for all u ∈ V (G′). Clearly, |g(B′

u)|= |g(B′′
u)|. By Lemma 2.6, G′ = F({B′

u}u∈V (G′)).

Now, we set Buj
= {1} for 1 ≤ j ≤ q, Buj

= {1} ∪ B′
uj

for q + 1 ≤ j ≤ p and Bu = B′
u

for other u in V (G) \ {u1, u2, . . . , up}. Then, |g(Buj
)|= t(Auj

) = 1 for 1 ≤ j ≤ q. By

Lemma 2.4, |g(Buj
)|≤ |g(B′

uj
)|+1 ≤ (kuj

− 1) + 1 = t(Auj
) for q + 1 ≤ j ≤ p. For other

u ∈ V (G) \ {u1, u2, . . . , up}, |g(Bu)|= |g(B′
u)|≤ t(A′

u) = t(Au). Now, 1 ∈ Buj
for all

1 ≤ j ≤ p, B = {Bu}u∈V (G) ⊆ 2N0 (k) and G = F(B) ∈ T1(k). Hence, the statement holds

for the graph G.

Suppose r > p. By Lemma 2.1, there is an ϵ > 0 such that [c− ϵ, c+ ϵ]∩Au = ∅ for all

u ∈ V (G) \ {u1, u2, . . . , ur}. The ϵ can be chosen so that c + ϵ < yuj1 for p + 1 ≤ j ≤ r.

Now, for p+ 1 ≤ j ≤ r, let

A′
uj

= [c+ ϵ, yuj1] ∪ [xuj2, yuj2] ∪ [xuj3, yuj3] ∪ · · · ∪ [xujkuj
, yujkuj

].

By relabelling if necessary, we may assume that t(Auj
) = kuj

= 1 for 1 ≤ j ≤ q and

t(Auj
) = kuj

≥ 2 for q + 1 ≤ j ≤ p. For q + 1 ≤ j ≤ p, let A′
uj

= Auj
\ {c}. Then,

A′
uj

= [xuj2, yuj2] ∪ [xuj3, yuj3] ∪ · · · ∪ [xujkuj
, yujkuj

],

and t(A′
uj
) = kuj

−1. Finally, for other u ∈ V (G)\{u1, u2, . . . , ur}, let A′
u = Au. Note that

t(A′
u) = t(Au) for all u ∈ V (G)\{u1, u2, . . . , up}. Now, letG′ = D({A′

u}u∈V (G′)). Note that

G′ is a subgraph of G, V (G′) = V (G) \ {u1, u2, . . . , uq} and
∑

u∈V (G′)

t(A′
u) = T − p < T .

By induction, there exists B′′ = {B′′
u}u∈V (G′) ⊆ 2N0 (k) such that G′ = F(B′′) ∈ T1(k),
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|g(B′′
u)|≤ t(A′

u) for all u ∈ V (G′) and 1 ∈ B′′
v for all v satisfying minA′

v = c′ where

c′ = min{minA′
u : u ∈ V (G′)}. Note that c′ = c + ϵ. Therefore, 1 ∈ B′′

uj
for p + 1 ≤

j ≤ r. Now, we shall `add back' vertices u1, u2, . . . , uq to G′ to become G. Note that for

q + 1 ≤ j ≤ p, |g(B′′
uj
)|≤ kuj

− 1. Set B′
u = B′′

u + 1 for all u ∈ V (G′). Clearly, |g(B′
u)|=

|g(B′′
u)|. By Lemma 2.6, G′ = F({B′

u}u∈V (G′)). Now, we set Buj
= {1} for 1 ≤ j ≤ q,

Buj
= {1}∪B′

uj
for q+1 ≤ j ≤ r and Bu = B′

u for other u in V (G)\{u1, u2, . . . , ur}. Then,
|g(Buj

)|= t(Auj
) = 1 for 1 ≤ j ≤ q. Since 1 ∈ B′′

uj
for p + 1 ≤ j ≤ r and B′

uj
= B′′

uj
+ 1,

we have 2 ∈ B′
uj

and 1 /∈ B′
uj
. By Lemma 2.4, |g(Buj

)|= |g(B′
uj
)|≤ kuj

= t(Auj
) for

p + 1 ≤ j ≤ r. Again, by Lemma 2.4, |g(Buj
)|= |g(B′

uj
)|≤ (kuj

− 1) + 1 = t(Auj
) for

q + 1 ≤ j ≤ p. For other u ∈ V (G) \ {u1, u2, . . . , ur}, |g(Bu)|= |g(B′
u)|≤ t(A′

u) = t(Au).

Now, 1 ∈ Buj
for all 1 ≤ j ≤ r, B = {Bu}u∈V (G) ⊆ 2N0 (k) and G = F(B) ∈ T1(k). Hence,

the statement holds.

Case 2. Suppose c = xuj1 < yuj1 for 1 ≤ j ≤ r.

Assume that there is a vertex u0 such that c < xu0 ≤ yu11 and xu0 ≤ xu for other

u ∈ V (G) \ {u1, u2, . . . , ur}. For 1 ≤ j ≤ r, let

A′
uj

= [xu0 , yuj1] ∪ [xuj2, yuj2] ∪ [xuj3, yuj3] ∪ · · · ∪ [xujkuj
, yujkuj

],

and for other u ∈ V (G)\{u1, u2, . . . , ur} letA′
u = Au. By Lemma 2.7, G = D({A′

u}u∈V (G)).

Since t(A′
u) = t(Au) for all u ∈ V (G),

∑
u∈V (G)

t(A′
u) =

∑
u∈V (G)

t(Au) = T . On the other hand,

|W ({A′
u}u∈V (G))|= w0 − 1 < w0. By induction, there exists B = {Bu}u∈V (G) ⊆ 2N0 (k) such

that G = F(B) ∈ T1(k), |g(Bu)|≤ t(Au) for all u ∈ V (G) and 1 ∈ Bv for all v satisfying

minA′
v = c′ where c′ = min{minA′

u : u ∈ V (G)}. Note that c′ = xu0 . So, in particular,

1 ∈ Buj
for all 1 ≤ j ≤ r. Hence, the statement holds.

Suppose for all u ∈ V (G) \ {u1, u2, . . . , ur}, xu ≥ yu11. For 1 ≤ j ≤ r, let

A′
uj

= [yu11, yuj1] ∪ [xuj2, yuj2] ∪ [xuj3, yuj3] ∪ · · · ∪ [xujkuj
, yujkuj

],

and for other u ∈ V (G)\{u1, u2, . . . , ur} letA′
u = Au. By Lemma 2.7, G = D({A′

u}u∈V (G)).

Since t(A′
u) = t(Au) for all u ∈ V (G),

∑
u∈V (G)

t(A′
u) =

∑
u∈V (G)

t(Au) = T . On the other hand,

|W ({A′
u}u∈V (G))|= w0 − 1 < w0. By induction, there exists B = {Bu}u∈V (G) ⊆ 2N0 (k) such

that G = F(B) ∈ T1(k), |g(Bu)|≤ t(Au) for all u ∈ V (G) and 1 ∈ Bv for all v satisfying

minA′
v = c′ where c′ = min{minA′

u : u ∈ V (G)}. Note that c′ = yu11. So, in particular,

1 ∈ Buj
for all 1 ≤ j ≤ r. Hence, the statement holds.

This completes the proof of the theorem.

The T1-interval number iT1(G) is de�ned as

iT1(G) = min {k ∈ N : G ∈ T1(k)} .

The following corollary is an immediate consequence of Theorem 2.8.

Corollary 2.9. i(G) = iT1(G).
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3. T2-interval number

Recall that the class of all the intersection graphs is denoted by T1. In this section, we

will introduce the class of 1-intersection graphs, T2. Let V be a �nite set. Recall that a

graph G ∈ T1 if G = F ({Bu}u∈V ) for some {Bu}u∈V (G) ⊆ 2N0 . Here, u ∼G v if and only

if Bu ∩ Bv ̸= ∅. There is no restriction on the number of elements in Bu ∩ Bv. For the

class T2, we require that |Bu ∩Bv|≤ 1. Formally,

T2 =
{
F(B) : B = {Bu}u∈V ⊆ 2N0 for some �nite set V and

|Bu ∩Bv|≤ 1 for all u, v ∈ V with u ̸= v
}
.

For each positive integer k ≥ 1, let

T2(k) =
{
F(B) : B = {Bu}u∈V ⊆ 2N0 (k) for some �nite set V and

|Bu ∩Bv|≤ 1 for all u, v ∈ V with u ̸= v
}
.

Note that T2 =
⋃

k≥1 T2(k) and T2(k
′) ⊆ T2(k) if k

′ ≤ k. The following lemma follows

from de�nitions of T1(k) and T2(k).

Lemma 3.1. For k ≥ 1, T2(k) ⊆ T1(k).

Lemma 3.2. G ∈ T2 for any graph G.

Proof. For each uv in E(G), we assign a positive integer cuv to it. The assignment of

integers can be done so that cuv ̸= cu′v′ for distinct edges uv and u′v′. Note that cuv = cvu
for all u ∼G v. Let Bu = {cuv : v ∈ NG(u)} where NG(u) is the neighbourhood of u.

Since all the cuv's are distinct, we have Bu′∩Bv′ = {cu′v′} for all u′ ∼G v′ and Bu′∩Bv′ = ∅
for all u′ ̸∼G v′. Thus, G = F({Bu}u∈V (G)). Furthermore, |Bu∩Bv|≤ 1 for all u, v ∈ V (G)

implies that G ∈ T2.

The following corollary follows from Lemmas 3.1 and 3.2.

Corollary 3.3. T1 = T2.

The T2-interval number iT2(G) is de�ned as

iT2(G) = min {k ∈ N : G ∈ T2(k)} .

The following lemma follows from Lemma 3.1.

Lemma 3.4. iT1(G) ≤ iT2(G).

Note that in general, iT2(G) ̸= iT1(G). See the following example.

Example 3.5. Consider the graph G with the vertex set V = {u, v, w, x}, and edges

given by uv, ux, vx, vw, wx. Let Bu = {1}, Bv = {1, 2} = Bx and Bw = {2}. Then,
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B = {Bz}z∈V ⊆ 2N0 (1) andG = F(B) ∈ T1(1) (see Figure 1). Since eachBz, z ∈ {u, v, x, w}
is a consecutive part, we have |g(Bz)|= 1. Thus iT1(G) = 1.

uBu = {1}

vBv = {1, 2}

x Bx = {1, 2}

w Bw = {2} uCu = {1}

vCv = {1, 2}

x Cx = {1, 3}

w Cw = {2, 3}

Fig. 1. The graph G as a graph in T1 and T2

The graph G can also be realized as a graph in T2. Let Cu = {1}, Cv = {1, 2},
Cw = {2, 3} and Cx = {1, 3}. Then, |Cz1 ∩ Cz2|≤ 1 for all z1, z2 ∈ V with z1 ̸= z2.

Furthermore, g(Cu) = {Cu}, g(Cv) = {Cv}, g(Cw) = {Cw} and g(Cx) = {{1}, {3}}.
Since |g(Cx)|= 2 and |g(Cz)|= 1 for all z ∈ V \ {x}, we have C = {Cz}z∈V ⊆ 2N0 (2) and

G = F(C) ∈ T2(2) (see Figure 1). Thus, iT2(G) ≤ 2. We will show that iT2(G) = 2.

Suppose iT2(G) = 1. Then, there exists {Uz}z∈V ⊆ 2N0 (1) satisfying |Uz1 ∩ Uz2|≤ 1 for

all z1, z2 ∈ V with z1 ̸= z2 such that G = F({Uz}z∈V ). Note that |Uz1 ∩ Uz2|= 1 for all

z1 ∼G z2.

Case 1. Suppose Uu ∩ Uv = {a} = Uu ∩ Ux. This implies that Uv ∩ Ux = {a}. Let

Uv ∩ Uw = {b} and Uw ∩ Ux = {c}. We may assume that c ≥ b. Since u is not adjacent

to w in G, we must have b, c ̸= a. If c = b, then c ∈ Uv ∩ Ux = {a} and so c = a, a

contradiction. Suppose c > b. Assume that b > a. Since g(Ux) has only one consecutive

part (i.e. |g(Ux)|= 1), a, c ∈ Ux and c > b > a, we must have b ∈ Ux. This implies that

b ∈ Ux ∩ Uv = {a} and b = a, a contradiction. Assume that b < a. Suppose b < c < a.

Since g(Uv) has only one consecutive part and a, b ∈ Uv, we must have c ∈ Uv. This

implies that c ∈ Uv ∩ Ux = {a} and so c = a, a contradiction. Suppose b < a < c. Since

g(Uw) has only one consecutive part and b, c ∈ Uw, we must have a ∈ Uw. This implies

that u is adjacent to w in G, a contradiction.

Case 2. Suppose Uu ∩ Uv = {a}, Uu ∩ Ux = {b}, Uv ∩ Ux = {c}, Ux ∩ Uw = {d} and

Uv ∩ Uw = {e}. We shall assume that a, b, c, d, e are distinct integers, otherwise, it will

go back to Case 1. Since g(Ux) has only one consecutive part, Ux = {p, p+ 1, . . . , p+ q}.
Note that b, c, d ∈ Ux and a, e /∈ Ux. We may assume that e > a. Now, a, e, c ∈ Uv,

b, d /∈ Uv and g(Uv) has only one consecutive part imply that a > p+ q or e < p. Suppose

a > p+ q. Since c ≤ p+ q and Uv ∩ Ux = {c}, c = p+ q. Now, b /∈ Uv implies that b < c.

We consider Uu. Note that a, b ∈ Uu and g(Uu) has only one consecutive part imply that

c ∈ Uu. Thus, c ∈ Uu ∩ Uv = {a} and then c = a, a contradiction. Suppose e < p. Since

c ≥ p and Uv ∩ Ux = {c}, c = p. Now, d /∈ Uv implies that d > c. We consider Uw.

Note that d, e ∈ Uw and g(Uw) has only one consecutive part imply that c ∈ Uw. Thus,

c ∈ Uw ∩ Uv = {e} and so c = e, a contradiction.

Hence, we conclude that iT2(G) = 2 and iT1(G) < iT2(G).

Now, we shall characterize graph G with iT2(G) = 1. Given any �nite set V and
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{Bu}u∈V ⊆ 2N0 , let

L({Bu}u∈V ) =
⋃
u∈V

Bu.

Lemma 3.6. Let G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0 . Then the following

statements hold:

(a) Let x be the smallest positive integer in L({Bu}u∈V (G)), p ≤ x be a positive integer

and f : N → N be de�ned by f(a) = a − p + 1 for all a ∈ N. If Cu = f(Bu) =

{f(a) : a ∈ Bu} for all u ∈ V (G), then G = F({Cu}u∈V (G)) and |g(Cu)|= |g(Bu)|
and |Cu ∩Cv|= |Bu ∩Bv| for all u, v ∈ V (G) with u ̸= v. In particular, there exists

{Cu}u∈V (G) ⊆ 2N0 with G = F({Cu}u∈V (G)) and 1 ∈ L({Cu}u∈V (G)).

(b) Suppose c, d ∈ L({Bu}u∈V (G)) with c+1 < d and c+1, c+2, . . . , d−1 /∈ L({Bu}u∈V (G)).

Let f : N → N be de�ned by

f(a) =

{
a, for 1 ≤ a ≤ d− 1;

a− d+ c+ 1, for a ≥ d.

If Cu = f(Bu) = {f(a) : a ∈ Bu} for all u ∈ V (G), then G = F({Cu}u∈V (G)) and

c, c + 1 ∈ L({Cu}u∈V (G)). Furthermore, for all u, v ∈ V (G) with u ̸= v, |g(Cu)|=
|g(Bu)| if {c, d} ̸⊆ Bu and |g(Cu)|= |g(Bu)|−1 if {c, d} ⊆ Bu.

(c) Suppose c ∈ Bu0 for exactly one u0 ∈ V (G). Let Cu0 = Bu0 \ {c} and Cu = Bu for

all u ∈ V (G) \ {c}. Then G = F({Cu}u∈V (G)).

Proof. (a) It follows from Lemma 2.6 by noting that Cu = Bu − p + 1. Furthermore, if

g(Bu) = {X1, X2, . . . , Xm}, then g(Cu) = {X1− p+1, X2− p+1, . . . , Xm− p+1}. Thus,
|g(Cu)|= |g(Bu)|. By taking p = x, we see that 1 ∈ L({Cu}u∈V (G)).

(b) Note that the restriction of f to {1, 2, . . . , c}∪(N\{1, 2, . . . , d−1}) is injective. This
implies that f(Bu)∩ f(Bv) = f(Bu∩Bv) for all u, v ∈ V (G). Thus, |Cu∩Cv|= |Bu∩Bv|.
Therefore, G = F({Cu}u∈V (G)) and c, c+1 ∈ L({Cu}u∈V (G)). Now, c+1, c+2, . . . , d−1 /∈
L({Bu}u∈V (G)) imply that

(i) if d ∈ Bu1 for some u1 ∈ V (G), then d is the initial point of a consecutive part of

g(Bu1);

(ii) if c ∈ Bu2 for some u2 ∈ V (G), then c is the terminal initial point of a consecutive

part of g(Bu2).

Therefore, for each u ∈ V (G), either

(1) g(Bu) = {X1, X2, . . . , Xm} and c, d /∈ Bu, or

(2) g(Bu) = {X1, X2, . . . , Xi0 , Xi0+1, . . . , Xm}, c /∈ Bu and d is the initial point in Xi0+1,

or

(3) g(Bu) = {X1, X2, . . . , Xi0 , Xi0+1, . . . , Xm}, d /∈ Bu and c is the terminal point in

Xi0 , or

(4) g(Bu) = {X1, X2, . . . , Xi0 , Xi0+1, . . . , Xm}, c is the terminal point in Xi0 and d is

the initial point in Xi0+1.
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If (1), (2) or (3) holds, then |g(Cu)|= |g(Bu)|. If (4) holds, then |g(Cu)|= |g(Bu)|−1. In

fact,

g(Cu) = {X1, X2, . . . , Xi0−1, (Xi0 ∪X ′
i0+1), X

′
i0+2 . . . , X

′
m},

where X ′
i = Xi − d+ c+ 1. Hence, |g(Cu)|≤ |g(Bu)| for all u ∈ V (G).

(c) Since c is not an element in Bu ∩ Bv for all u, v ∈ V (G) with u ̸= v, we have

Cu ∩ Cv = Bu ∩Bv. Hence, G = F({Cu}u∈V (G)).

Lemma 3.7. Let G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0 . Then there exists

{Cu}u∈V (G) ⊆ 2N0 such that G = F({Cu}u∈V (G)) and |g(Cu)|≤ |g(Bu)| and |Cu ∩ Cv|=
|Bu ∩ Bv| for all u, v ∈ V (G) with u ̸= v. Furthermore, L({Cu}u∈V (G)) = {1, 2, . . . ,m}
and each i ∈ {1, 2, . . . ,m} is contained in at least two Cu's.

Proof. Suppose c ∈ Bu0 for exactly one u0 ∈ V (G). By part (c) of Lemma 3.6, G =

F({Cu}u∈V (G)) where Cu0 = Bu0 \{c} and Cu = Bu for all u ∈ V (G)\{c}. By Lemma 2.5,

|g(Cu0)|= |g(Bu0)|+1 if c is a middle point of a consecutive part of g(B0) and |g(Cu0)|=
|g(Bu0)|, otherwise. If |g(Cu0)|= |g(Bu0)|+1, then c− 1, c+ 1 ∈ Cu0 . By taking

f(a) =

{
a, for 1 ≤ a ≤ c;

a− 1, for a ≥ c+ 1,

in part (b) of Lemma 3.6, we can close the gap. In fact, if C ′
u = f(Cu) = {f(a) : a ∈ Cu}

for all u ∈ V (G), then G = F({C ′
u}u∈V (G)) and c, c + 1 ∈ L({C ′

u}u∈V (G)). Furthermore,

for all u, v ∈ V (G) with u ̸= v, |g(C ′
u)|= |g(Cu)|= |g(Bu)| for u ̸= u0 and |g(C ′

u0
)|=

|g(Cu0)|−1 = |g(Bu0)|. Similarly, we can close the gap for the case |g(Cu0)|= |g(Bu0)|.
If there is a gap like in the hypothesis of part (b) of Lemma 3.6, we can close the gap

like in the conclusion of part (b) the lemma. If 1 /∈ L({Bu}u∈V (G)), we can apply part (a)

of Lemma 3.6. Therefore, after �nite number of steps, we will obtain {Cu}u∈V (G) ⊆ 2N0 for

which L({Cu}u∈V (G)) = {1, 2, . . . ,m} and other conclusions of the lemma also hold.

Given a graph G, we shall label its edges with an element in N. If an edge uv is

labelled with a ∈ N, we set Euv = {a}. Note that Euv = Evu as uv = vu is the same

edge. The set {Euv}u∼Gv is called an edge labelling of G. For each u ∈ V (G), let

NG(u) = {v ∈ V (G) : v ∼G u} be the neighbourhood of u and

Cu =
⋃

v∈NG(u)

Euv.

The edge labelling {Euv}u∼Gv is said to be T2-compatible if

Cu ∩ Cv =

{
Euv, for all u ∼G v;

∅, otherwise.

Lemma 3.8. Let G be a graph.
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(a) Suppose G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0 and |Bu ∩ Bv|≤ 1 for all

u, v ∈ V (G) with u ̸= v. Let Euv = Bu ∩ Bv for all u ∼G v. Then, {Euv}u∼Gv is a

T2-compatible edge labelling of G.

(b) Suppose {Euv}u∼Gv is a T2-compatible edge labelling of G. If Cu =
⋃

v∈NG(u)Euv for

all u ∈ V (G), then G = F({Cu}u∈V (G)) ∈ T2.

Proof. Note that Euv is an one element set for all u ∼G v. Let Cu =
⋃

v∈NG(u) Euv.

Since Euv ⊆ Bu for all u ∼G v, we have Cu ⊆ Bu. Therefore, Cu ∩ Cv ⊆ Bu ∩ Bv for all

u, v ∈ V (G). This means if u ≁G v, then Cu ∩ Cv = ∅. On the other hand, if u ∼G v,

then Euv = Bu ∩Bv ̸= ∅. Now Euv ⊆ Cu and Euv = Evu ⊆ Cv imply that Cu ∩Cv = Euv.

Hence, {Euv}u∼Gv is T2-compatible.

Suppose {Euv}u∼Gv is T2-compatible. Then {Cu}u∈V (G) ⊆ 2N0 and |Cu ∩ Cv|≤ 1 for all

u, v ∈ V (G) with u ̸= v. By T2-compatibility, Cu ∩ Cv ̸= ∅ if and only if u is adjacent to

v. Hence, G = F({Cu}u∈V (G)) ∈ T2.

The following corollary is a consequence of Lemma 3.8.

Corollary 3.9. G ∈ T2 if and only if there exists a T2-compatible edge labelling of G.

For 1 ≤ i ≤ n, 1 ≤ j ≤ mi let Hi and Qij be complete graphs. Let G′ be the union of

these complete graphs, i.e.,

G′ =
⋃

1≤i≤n

Hi ∪
⋃

1≤i≤n,
1≤j≤mi

Qij.

Let xi ∈ V (Hi). Since V (Hi) ∩ V (Hi′) = ∅ for i ̸= i′, we have xi ̸= xi′ . For each

u ∈ V (Qij) add an edge xiu to the graph G′. For each u ∈ V (Hi+1) add an edge xiu to the

graph G′. Let G denotes the resulting graph. Note that G is connected, G[{xi}∪V (Qij)]

and G[{xi} ∪ V (Hi+1)] are complete graphs. Furthermore,

E(G) = E(G′) ∪
⋃

1≤i≤n,
1≤j≤mi

{xiu : u ∈ V (Qij)} ∪
⋃

1≤i≤n−1

{xiu : u ∈ V (Hi+1)}.

The class of graphs formed this way is denoted by H.

Theorem 3.10. Let G be a connected graph. Then, iT2(G) = 1 if and only if G ∈ H.

Proof. Suppose G ∈ H. Now, we shall construct a T2-compatible edge labelling for G.

(1) Label all edges in H1 with 1.

(2) For 2 ≤ i ≤ n, label all edges in Hi with m1 +m2 + · · ·+mi−1 + i.

(3) For 1 ≤ i ≤ n − 1, label all edges in {xiu : u ∈ V (Hi+1)} with m1 +m2 + · · · +
mi + i+ 1.

(4) For 1 ≤ i ≤ n and 1 ≤ j ≤ mi, label all edges in Qij withm1+m2+· · ·+mi−1+i+j.
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(5) For 1 ≤ i ≤ n and 1 ≤ j ≤ mi, label all edges in {xiu : u ∈ V (Qij)} with

m1 +m2 + · · ·+mi−1 + i+ j.

For each u ∈ V (G), let Cu =
⋃

v∈NG(u)Euv. We shall show that {Euv}u∼Gv is T2-

compatible. Suppose Cu1 ∩ Cv1 ̸= ∅ for some none adjacent vertices u1, v1. Let y ∈
Cu1 ∩ Cv1 . Then Eu1z1 = Ev1z2 = {y} for some vertices z1 and z2 such that u1 ∼G z1 and

v1 ∼G z2. If u1z1 is an edge in Hi, then y = m1 +m2 + · · · +mi−1 + i. Therefore, v1z2
is an edge in Hi or it is an edge in {xi−1u : u ∈ V (Hi)}. In either case, u1 is adjacent

to v1, a contradiction. If u1z1 is an edge in Qij, then y = m1 +m2 + · · · +mi−1 + i + j.

Therefore, v1z2 is an edge in Qij or it is an edge in {xiu : u ∈ V (Qij)}. In either case, u1

is adjacent to v1, a contradiction. Similarly, if u1z1 is an edge in {xiu : u ∈ V (Hi+1)} or

it is an edge in {xiu : u ∈ V (Qij)}, we also will obtain the conclusion that u1 is adjacent

to v1. Hence, Cu ∩ Cv = ∅ for u not adjacent to v.

Suppose u is adjacent to v. Clearly, Euv ⊆ Cu ∩ Cv. Suppose Euv ⊊ Cu ∩ Cv. Let

y ∈ (Cu ∩ Cv) \ Euv. Then Euz1 = Evz2 = {y} for some vertices z1 and z2 such that

u ∼G z1 and v ∼G z2. Let Euv = {y0}. Then, y ̸= y0. If uz1 is an edge in Hi, then

y = m1 + m2 + · · · + mi−1 + i. Therefore, vz2 is an edge in Hi or it is an edge in

{xi−1z : z ∈ V (Hi)}. If v ∈ V (Hi), then uv is labelled with y. Thus, y0 = y, a

contradiction. So, v = xi−1 and z2 ∈ V (Hi). However, xi−1 is adjacent to all vertices in

Hi. By construction, xi−1u is labelled with y. This implies that y0 = y, a contradiction.

If uz1 is an edge in Qij, then y = m1 +m2 + · · ·+mi−1 + i+ j. Therefore, vz2 is an edge

in Qij or it is an edge in {xiz : z ∈ V (Qij)}. In either case, uv is labelled with y too,

a contradiction. Similarly, if uz1 is an edge in {xiz : z ∈ V (Hi+1)} or it is an edge in

{xiz : z ∈ V (Qij)}, we also will obtain the conclusion that uv is labelled with y. Hence,

Euv = Cu ∩ Cv for u adjacent to v.

We have shown that {Euv}u∼Gv is T2-compatible. By part (b) of Lemma 3.8, G =

F({Cu}u∈V (G)). Now, for all 1 ≤ i ≤ n and 1 ≤ j ≤ mi,

Cxi
={m1 +m2 + · · ·+mi−1 + i,m1 +m2 + · · ·+mi−1 + i+ 1, . . . ,

m1 +m2 + · · ·+mi−1 + i+mi,m1 +m2 + · · ·+mi−1 +mi + i+ 1};
Cu ={m1 +m2 + · · ·+mi−1 + i}, for all u ∈ Hi \ {xi};
Cu ={m1 +m2 + · · ·+mi−1 + i+ j}, for all u ∈ Qij.

Hence, |g(Cu)|= 1 for all u ∈ V (G) and iT2(G) = 1.

Suppose iT2(G) = 1. Then there exists {Bu}u∈V (G) ⊆ 2N0 (1) and |Bu ∩ Bv|≤ 1 for all

u, v ∈ V (G) with u ̸= v such that G = F({Bu}u∈V (G)). By Lemma 3.7, we may assume

that L({Bu}u∈V (G)) = {1, 2, . . . , l} and each i ∈ {1, 2, . . . , l} is contained in at least two

Bu's. Let Yi = {u ∈ V (G) : i ∈ Bu} for 1 ≤ i ≤ l. Note that H1 = G[Y1] is a complete

graph. If G = H1, then G ∈ H. Suppose G ̸= H1. Since G is connected, there is a

x1 ∈ V (H1) with |Bx1|≥ 2. Let Bx1 = {1, 2, . . . ,m1 + 2}. Note that Bu = {1} for other

u ∈ V (H1) \ {x1}, otherwise, we have |Bu ∩ Bx1|≥ 2 or |g(Bu)|≥ 2. For 1 ≤ j ≤ m1,

set Q1j = G[Yj+1 \ {x1}]. Let H2 = G[Ym1+2 \ {x1}]. If m1 + 2 = l, then we see that

G ∈ H. Suppose l > m1 + 2. Since G is connected, there is a x2 ∈ V (H2) with |Bx2|≥ 2.

Let Bx2 = {m1 + 2,m1 + 3, . . . ,m1 + m2 + 3}. Note that Bu = {m1 + 2} for other
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u ∈ V (H2) \ {x2}, otherwise, we have |Bu ∩ Bx1 |≥ 2, |Bu ∩ Bx2|≥ 2 or |g(Bu)|≥ 2. For

1 ≤ j ≤ m2, set Q2j = G[Yj+m1+2\{x2}]. Let H3 = G[Ym1+m2+3\{x2}]. Ifm1+m2+3 = l,

then we see that G ∈ H. If l > m1 +m2 + 3, then we continue this process. Eventually,

we will have G ∈ H.

This completes the proof of the theorem.

4. Planar graph

In this section, we will prove Theorem 4.8. We begin with the following lemmas.

Lemma 4.1. Suppose {Euv}u∼Gv is a T2-compatible edge labelling of G. If Eu1v1 =

Eu2v2 = {c} and u1 ̸= u2, then u1 is adjacent to u2 and Eu1u2 = {c}.

Proof. For each u ∈ V (G), let Cu =
⋃

v∈NG(u)Euv. Now c ∈ Cu1 ∩ Cu2 implies that

Cu1 ∩ Cu2 ̸= ∅. Thus, u1 and u2 are adjacent. By T2-compatibility, {c} = Cu1 ∩ Cu2 =

Eu1u2 .

Lemma 4.2. Suppose {Euv}u∼Gv is a T2-compatible edge labelling of G. If H is a subgraph

of G, then {Euv}u∼Hv is a T2-compatible edge labelling of H.

Proof. For each u ∈ V (G), let Bu =
⋃

v∈NG(u)Euv. For each u ∈ V (H), let Cu =⋃
v∈NH(u)Euv. Since u ∼H v implies that u ∼G v, Cu ⊆ Bu. Therefore Cu ∩Cv ⊆ Bu ∩Bv

for all u, v ∈ V (H) with u ̸= v. So, if Bu ∩Bv = ∅, then Cu ∩ Cv = ∅.

Next, if u ∼H v, then u ∼G v. This means Bu ∩Bv = Euv. Since u, v are vertices in H,

Euv ⊆ Cu ∩ Cv. Hence, Cu ∩ Cv = Euv and {Euv}u∼Hv is a T2-compatible edge labelling

of H.

Lemma 4.3. Let G′ be a graph and u0, v0 ∈ V (G′) such that u0 ̸= v0. Suppose

(a) G′ = F({Bu}u∈V (G′)) for some {Bu}u∈V (G′) ⊆ 2N0 and |Bu ∩ Bv|≤ 1 for all u, v ∈
V (G′) with u ̸= v;

(b) c ∈ Bu0 ∩Bv0 and c /∈ Bu for all u ∈ V (G′) \ {u0, v0}.
Let G be a graph obtained from G′ by deleting the edge u0v0. Then, there exists {Cu}u∈V (G) ⊆
2N0 such that G = F({Cu}u∈V (G)), |Cu ∩ Cv|≤ 1 for all u, v ∈ V (G) with u ̸= v, |g(Cu)|=
|g(Bu)| for all u ∈ V (G).

Proof. Let Du = Bu for all u ∈ V (G), Du0 = Bu0 \ {c} and Dv0 = Bv0 \ {c}. Then,

Du ∩Dv = Bu ∩ Bv for all u, v ∈ V (G) \ {u0, v0}. Let v /∈ {u0, v0}. Clearly, Du0 ∩Dv ⊆
Bu0 ∩ Bv. If u0 ̸∼G v, then u0 ̸∼G′ v and Bu0 ∩ Bv = ∅. This means Du0 ∩ Dv = ∅.

If u0 ∼G v, then u0 ∼G′ v and Bu0 ∩ Bv = {d} for some d ∈ N. Since d ̸= c, we have

d ∈ Du0 = Bu0 \ {c}. Hence, Du0 ∩ Dv = {d}. In either case, Du0 ∩ Dv = Bu0 ∩ Bv.

Similarly, Dv0 ∩Dv = Bv0 ∩ Bv for v /∈ {u0, v0}. Finally, we have Du0 ∩Dv0 = ∅. Thus,

G = F({Du}u∈V (G)). Furthermore, |g(Du)|= |g(Bu)| for all u ∈ V (G) \ {u0, v0}. Let



72 c. y. ku and b. wong

x ∈ {u0, v0}. Note that if c is the initial point or the terminal point of a consecutive part

of g(Bx), then |g(Dx)|= |g(Bx)|.
Let {x, y} = {u0, v0}. Suppose c is the initial point of a consecutive part of g(Bx)

and c is a middle point of a consecutive part of g(By). Then, |g(Dx)|= |g(Bx)| and
|g(Dy)|= |g(By)|+1 and c − 1, c + 1 ∈ Dy. By part (b) of Lemma 3.6, there exists

{Cu}u∈V (G) ⊆ 2N0 such that G = F({Cu}u∈V (G)) and |Cu ∩ Cv|≤ 1 for all u, v ∈ V (G)

with u ̸= v. Furthermore, |g(Cu)|= |g(Du)|= |g(Bu)| for all u ∈ V (G) \ {y} and |g(Cy)|=
|g(Dy)|−1 = |g(By)|.
Similarly, the same conclusions hold if

(i) c is the terminal point of a consecutive part of g(Bx) and c is a middle point of a

consecutive part of g(By); or

(ii) c is a middle point of a consecutive part of g(Bx) and c is a middle point of a

consecutive part of g(By).

This completes the proof of the lemma.

Lemma 4.4. Let G′ be a graph and u0 ∈ V (G′). Let G be a graph obtained from G′ by

deleting the vertex u0 and all edges in incident to it. Then,

iT2(G) ≤ iT2(G
′) ≤ iT2(G) + 1.

Proof. Firstly, we will prove iT2(G) ≤ iT2(G
′). Let iT2(G

′) = k. ThenG′ = F({Bu}u∈V (G′))

for some {Bu}u∈V (G′) ⊆ 2N0 (k) and |Bu∩Bv|≤ 1 for all u, v ∈ V (G′) with u ̸= v. By Lemma

3.7, we may assume that L({Bu}u∈V (G′)) = {1, 2, . . . ,m} and each i ∈ {1, 2, . . . ,m} is

contained in at least two Bu's. Let Euv = Bu ∩Bv for all u ∼G′ v. By part (a) of Lemma

3.8, {Euv}u∼G′v is a T2-compatible edge labelling of G′. Since Euv ⊆ Bu for all u ∼G′ v,⋃
v∈NG′ (u)Euv ⊆ Bu. On the other hand, let y ∈ Bu. There is a v′ ∈ V (G′) with y ∈ Bv′ .

Therefore, u is adjacent to v′ and y ∈ Bu ∩ Bv′ = Euv′ . Hence, y ∈
⋃

v∈NG′ (u)Euv and

Bu =
⋃

v∈NG′ (u)Euv. Note that |g(Bu)|≤ k for all u ∈ V (G′).

Suppose c ∈ Bu0 ∩ Bv0 and c /∈ Bu for all u ∈ V (G′) \ {u0, v0}. Let G′
1 be the graph

obtained from G′ by removing the edge u0v0 forom G′. By Lemma 4.3, there exists

{Du}u∈V (G) ⊆ 2N0 such that G = F({Du}u∈V (G)), |Du ∩ Dv|≤ 1 for all u, v ∈ V (G) with

u ̸= v, |g(Du)|= |g(Bu)| for all u ∈ V (G). Thus, iT2(G
′
1) ≤ iT2(G

′). We can apply Lemma

4.3 again to remove an edge connecting a vertex in G′
1 to u0 whenever condition (b) of

Lemma 4.3 is satis�ed. Therefore, we may as well assume that condition (b) of Lemma

4.3 is not satis�ed for the original graph G′. To be precise, let v1, v2, . . . , vl be the only

vertices in G′ adjacent to u0. Then, for each i, there exists an edge u′v′ in G′ such that

u′v′ ̸= u0vi and Eu′v′ = Eu0vi .

By Lemma 4.2, {Euv}u∼Gv is a T2-compatible edge labelling of G. Note that v1, v2, . . . , vl
are vertices of G. Let Cu =

⋃
v∈NG(u)Euv. Then, Cu = Bu for all u ∈ V (G)\{v1, v2, . . . , vl}

and Cvi ⊆ Bvi for all i. Therefore, |g(Cu)|= |g(Bu)| for all u ∈ V (G)\{v1, v2, . . . , vl}. Let
i ∈ {1, 2, . . . , l} be �xed and Eu0vi = {c}. Note that either Cvi = Bvi or Cvi = Bvi \ {c}.
We shall show that the latter cannot occur.

Recall that there exists an edge u′v′ in G′ such that u′v′ ̸= u0vi and Eu′v′ = Eu0vi . Note
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that u′ and v′ cannot be both equal to u0. So, by Lemma 4.1, u0 is adjacent to u′ or v′.

Suppose u0 is adjacent to u′. If u′ = vi, then v′ ̸= u0, for u
′v′ and u0vi are di�erent edges.

So, u0 is adjacent to v′ and v′ ̸= vi. Similarly, if u0 is adjacent to v′ and v′ = vi, we will

get u0 is adjacent to u′ and u′ ̸= vi. Therefore, we may as well assume that u0 is adjacent

to u′ and u′ ̸= vi. This implies that u′ = vj for some j ̸= i. So, Eu0vi = {c} = Eu0vj .

Again, by Lemma 4.1, vi is adjacent to vj and Evivj = {c}. This implies that c ∈ Cvi and

Cvi = Bvi . Hence, Cvi = Bvi for all i and |g(Cu)|= |g(Bu)| for all u ∈ V (G). This means

iT2(G) ≤ k = iT2(G
′).

Now, we shall prove iT2(G
′) ≤ iT2(G) + 1. Let iT2(G) = k. Then, G = F({Bu}u∈V (G))

for some {Bu}u∈V (G) ⊆ 2N0 (k) and |Bu ∩ Bv|≤ 1 for all u, v ∈ V (G) with u ̸= v. Let

maxL({Bu}u∈V (G)) = m. Then, x /∈ L({Bu}u∈V (G)) for any integer x ≥ m + 1. Let

v1, v2, . . . , vl be the only vertices in G′ adjacent to u0. Set Cu0 = {m+1,m+2, . . . ,m+ l},
Cvi = Bvi ∪ {m + i} for all i and Cu = Bu for all u ∈ V (G′) \ {u0, v1, v2, . . . , vl}. Then,

G′ = F({Cu}u∈V (G′)). By Lemma 2.4, |g(Cvi)|≤ |g(Bvi)|+1 for all i. Clearly, |g(Cu0)|= 1

and |g(Cu)|≤ |g(Bu)| for other u ∈ V (G′) \ {u0, v1, v2, . . . , vl}. Hence, iT2(G′) ≤ k + 1 =

iT2(G) + 1.

Lemma 4.5. Let {Euv}u∼Gv be an edge labelling of G. Suppose that if u1v1, u2v2, . . . , umvm
are distinct edges in G with Eu1v1 = Eu2v2 = · · · = Eumvm ,then

(a) m = 1, or

(b) m = 3 and the three edges u1v1, u2v2 and u3v3 form a triangle (e.g. u1 = u2 and

G[{u1, v1, v2}] is a triangle).

Then, {Euv}u∼Gv is T2-compatible.

Proof. Let Cu =
⋃

v∈NG(u)Euv. Suppose u ̸∼G v. If Cu ∩ Cv ̸= ∅, then there exist

z1, z2 ∈ V (G) and y ∈ N such that Euz1 = {y} = Evz2 . By condition (b), the edges

uz1 and vz2 are parts of the edges of a triangle. So, u is adjacent to v as uv must be

the remaining edge of the triangle. This contradicts the assumption u ̸∼G v. Hence,

Cu ∩ Cv = ∅.

Suppose u ∼G v. Note that Euv ⊆ Cu ∩ Cv. If Euv ⊊ Cu ∩ Cv, then there exist

z1, z2 ∈ V (G) and y ∈ N such that y /∈ Euv and Euz1 = {y} = Evz2 . By condition (b), the

edges uz1 and vz2 are parts of the edges of a triangle. So, uv must be the remaining edge

of the triangle. This implies that Euv = {y}, a contradiction. Hence, Cu ∩ Cv = Euv and

{Euv}u∼Gv is T2-compatible.

A triangulation is a planar graph for which every face is a triangle. Note that if a graph

is a triangulation, then there are exactly 3 vertices on the outer boundary of the planar

graph and the subgraph induced by the three vertices is a triangle. We shall call the the

outer boundary the outer triangle. All other triangles in the graph will be called inner

triangle. A triangle in a planar graph is said to be non-empty if its interior contains at

least one vertex. A 4-connected triangulation is a triangulation whose only non-empty

triangle is the outer triangle.

Let G be a 4-connected triangulation with at least 4 vertices. Let x, y, z be the vertices
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on the outer triangle △out. Note that there is a unique vertex ux in the interior of △out

such that ux is adjacent to y and z. In fact, if there are more than one vertices in the

interior of △out that are adjacent to y and z, then there is a non-empty inner triangle

in which yz is an edge of this triangle. We shall call the unique vertex ux the vertex

opposing x. The vertex uy opposing y is de�ned to be the unique vertex in the interior

of △out that is adjacent to x and z. Finally, the vertex uz opposing z is de�ned similarly.

We need the following lemma (see also [10, Fig. 1] for an illustration).

Lemma 4.6. [11, Lemma 3.1] Let G be a 4-connected triangulation with outer triangle

△out and V (△out) = {x, y, z}. Let ux, uy and uz be the vertices opposing to x, y and z,

respectively. Then the inner edges of G can be partitioned into three forests Fx, Fy, Fz

such that

(a) Fx is a Hamiltonian path of G− {y, z} going from x to ux,

(b) Fy is a spanning tree of G− {x, z},

(c) Fz is a spanning forest of G−{y} consisting of two trees, one containing x and one

containing z.

In particular, when G = K4 the complete graph with 4 vertices, then ux = uy = uz,

Fx = G[{x, ux}] is just the path xux, Fy = G[{y, ux}] is just the path yux and Fz =

G[{x}] ∪ G[{z, ux}] is the union of two graphs, one with a single vertex x and the other

just the path zux.

Remark 4.7. We note here that by conditions (b) and (c) of Lemma 4.6, xuy is an edge

of Fx and zuy is an edge of Fz.

Theorem 4.8. If G is a planar graph, then iT2(G) ≤ 3.

Proof. Firstly, we will construct a triangulation G′ in which G is a subgraph of G′. If G′

has an inner face which is not a triangle, then we put a vertex in the middle of the face

and add edges connecting all the vertices on the boundary of the face to this newly added

vertex. This process will partition this face into smaller faces in which each of the newly

faces is a triangle. If the outer face is not a triangle, then we add a vertex in the outer

face and add edges connecting all the vertices on the outer boundary of the graph to this

newly added vertex. Let G′ denote the resulting graph. It is not hard to see that G′ is a

triangulation. By Lemma 4.4, iT2(G) ≤ iT2(G
′). Hence, we may as well assume that the

original graph G is a triangulation.

Now, {Euv}u∼Gv will be called a partial graph labelling of G if each Euv is an one

element set or an empty set. Let Cu = Du ∪
⋃

v∈NG(u)Euv. At the beginning all the Euv's

and Du's are empty set. We will add a label to an edge one step at a time. In the next

step, we will choose an unlabelled edge and label it. If the chosen edge is u1v1, then Eu1v1

will be changed from empty set to one element set. During this process, we might also

change the labels of the edges that are labelled earlier. This means if Eu2v2 = {c}, then
it may be changed to Eu2v2 = {d} for some d ̸= c. So, {Euv}u∼Gv and all the Cu's are

changing throughout the process. At the end of each step, we require that
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(i) {Euv}u∼Gv satis�es the condition of Lemma 4.5,

(ii) |g(Cu)|≤ 3 for all u ∈ V (G),

(iii) if u1u2u3u1 is an empty triangle and all the three edges are labelled, then either

Eu1u2 = Eu1u3 = Eu2u3 or there is an edge ui0uj0 such that Eui0
uj0

is unique, i.e.,

Euv ̸= Eui0
uj0

for all other edges uv ∈ E(G) \ {ui0uj0}.
We also require conditions (iv) and (v) which we will state later. An element c is said to

be special in Cu if it is the terminal point of a consecutive part of g(Cu) and if c ∈ Cv

for some v ̸= u, then c is the initial point of a consecutive part of g(Cv). An element c is

said to be extra special in Cu if it is the initial point of a consecutive part of g(Cu) and if

c ∈ Cv for some v ̸= u, then c is the initial point of a consecutive part of g(Cv). We are

ready to state conditions (iv) and (v):

(iv) for each u ∈ V (G), if Cu is non-empty, then it contains a special element,

(v) if u1u2u3u1 is an empty triangle and Eu1u2 = Eu1u3 = Eu2u3 ̸= ∅, then there is a

vertex ui0 such that Cui0
contains an extra special element.

At the end, when all the edges have been labelled, i.e., Euv ̸= ∅ for all u ∼G v,

we see that {Euv}u∼Gv is a T2-compatible (Lemma 4.5). By part (b) of Lemma 3.8,

G = F({Cu}u∈V (G)). Thus, by condition (ii), iT2(G) ≤ 3. Conditions (iii), (iv) and (v)

are needed for the purpose of induction. We note here that Du could be empty set at the

end. The reason Du is not empty is because we need to have special and extra special

elements for conditions (iv) and (v).

We shall prove by induction on |V (G)| that there is a graph labelling {Euv}u∼Gv ofG and

{Du}u∈V (G) that satisfy conditions (i), (ii), (iii), (iv) and (v). Since G is a triangulation,

|V (G)|≥ 3.

Suppose |V (G)|= 3. Then, G is a triangle with vertices x, y, z. Now, let Exy = {1},
Eyz = {2} and Ezx = {3}. Then, Cx = {1, 3}, Cy = {1, 2} and Cz = {2, 3}. Note that

g(Cx) = {{1}, {3}}, g(Cy) = {{1, 2}} and g(Cz) = {{2, 3}}. Therefore, |g(Cx)|= 2 and

|g(Cy)|= 1 = |g(Cz)|. Next, xyzx is the only empty triangle and Exz is unique. Thus,

conditions (i), (ii) and (iii) are satis�ed. Now, 1 is a special element in Cx, 2 is a special

element in Cy and 3 is a special element in Cz. Hence, conditions (iii), (iv) and (v) are

satis�ed. Here all the Du's are empty set.

Suppose |V (G)|≥ 4. Assume that for any graph G′ with |V (G′)|< |V (G)|, there exist

a graph labelling {Euv}u∼G′v of G′ and {Du}u∈V (G′) that satisfy conditions (i), (ii), (iii),

(iv) and (v).

Let △0 = G[{x, y, z}] be a non-empty triangle in G with inclusion-minimal interior

among all non-empty triangles in G. Let S ⊆ V (G) be the set of all vertices in the

interior of △0. By the choice of inclusion-minimality, G[S ∪ {x, y, z}] is a 4-connected

triangulation. Let G′ = G − S. Then, G′ is a triangulation and |V (G′)|< |V (G)|. We

remark here that if G is 4-connected, then G′ = G[{x, y, z}] is the outer triangle of G.
By induction, there exist a graph labelling {Euv}u∼G′v of G′ and {Du}u∈V (G′) that

satisfy conditions (i), (ii), (iii), (iv) and (v). For u ∼G v but u ̸∼G′ v, we set Euv = ∅.

Now, {Euv}u∼Gv is a partial graph labelling of G. In fact, all edges are labelled except

those edges in the interior of △0. We shall proceed to label those edges based on the
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decomposition of edges in Lemma 4.6. Let the inner edges of G1 = G[S ∪ {x, y, z}] be
partitioned into three forests Fx, Fy, Fz as in Lemma 4.6.

Now, xyzx is an empty triangle in G′. By condition (iii), either all edges of △0 are

labelled with the same element or there is an uniquely labelled edge of △0 in G′. By

condition (v), if all edges are labelled with the same element, then Cp has an extra special

element for some p ∈ {x, y, z}. We distinguish these two cases. In fact, by relabelling if

necessary, we may assume that either

� Exz is unique in G′, or

� Exy = Eyz = Exz and Cx contains an extra special element.

Case 1. Exz is unique in G′.

Case 1.1. Suppose |S|= 1. This means G[S ∪ {x, y, z}] = K4 and ux = uy = uz = w.

Since y ∈ V (G′), there is a special element, say d0 in Cy. Now, change all the labels of the

labelled edges according to the following rules: if c < d0, then c remains the same; and if

c ≥ d0, then c is changed to c+1. After that label the edge yw with d0, i.e., Eyw = {d0}.
When we change d0 to d0 + 1, the element d0 was removed from Cy, however, after we

labelled the edge yw, d0 is added back in Cy. Furthermore, |g(Cy)| remains the same

before and after the changes. In fact, if {a1, a2, . . . , al = d0} was a consecutive part of

g(Cy) before the changes, then {a1, a2, . . . , al, d0 + 1} is a consecutive part of g(Cy) after

the changes. If X was a consecutive part of g(Cy) before the changes and the terminal

point of X was smaller than a1, then X is a consecutive part of g(Cy) after the changes.

If X was a consecutive part of g(Cy) before the changes and the initial point of X was

greater than al = d0, then X+1 is a consecutive part of g(Cy) after the changes. The same

is true for other g(Cu), u ∈ V (G′) \ {y} because either d0 /∈ Cu or d0 is an initial point of

a consecutive part of g(Cu). Note that if b was a special element of Cu for some u ∈ V (G)

and b < d0 before the changes, then b is a special element of Cu after the changes. Also, if

b was a special element of Cu for some u ∈ V (G) and b ≥ d0 before the changes, then b+1

is a special element of Cu after the changes. Similarly, if Cu contained an extra special

element, then after the changes, it still contains an extra special element. Note that if

Exz = {a0} and a0 < d0 before the changes, then Exz = {a0} after the changes and it is

still unique, and if Exz = {a0} and a0 ≥ d0 before the changes, then Exz = {a0 + 1} after

the changes and it is still unique. We set Exw = Ezw = Exz. At the moment |g(Cw)|= 2.

Now, we choose an integer b0 ∈ N such that b0 /∈
⋃

uv∈E(G)Euv and set Dw = {b0}. Then,
|g(Cw)|≤ 3 and all other |g(Cu)| remains the same. Note that b0 is both a special and an

extra special element in Cw. The empty triangles in G′ satisfy condition (iii). Now, there

are three empty triangles, xwzx, xywx and yzwy in the interior of △0. For the empty

triangle yzwy, Eyw = {d0} is unique whereas for the empty triangle xywx, Eyw = {d0} is

unique. For the triangle xwzx, Exz = Exw = Ezw and b0 is both a special and an extra

special element in Cw. Thus, conditions (iii) and (v) are satis�ed. In fact, it is not hard

to see that conditions (i) to (v) are satis�ed.

Case 1.2. Suppose |S|≥ 2. Choose a n0 ∈ N such that for all c ≥ n0, c /∈
⋃

uv∈E(G′) Euv.

In fact, we may choose n0 to be an integer greater than all other integers in
⋃

uv∈E(G′) Euv.

Now, Fx is a Hamiltonian path of G1 − {y, z} going from x to ux. Recall that xuy

is an edge in Fx (Remark 4.7). Therefore, the Hamiltonian path is from x to uy and
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then from uy to ux. Let the path from uy = v1 to ux = vs be v1v2 . . . vs. Note that

S = {uy = v1, v2, . . . , vs = ux} and s ≥ 2. Now, for 1 ≤ i ≤ s−1, we set Evivi+1
= {n0+i}.

At this moment, conditions (i) to (v) are satis�ed. In fact, |g(Cu)|= 1 for all u ∈ S and

|g(Cu)|≤ 3 for all u ∈ V (G′). Furthermore, n0 + i is a special element of Cvi and n0 + 1

is an extra special element of Cv1 = Cuy .

Now, we shall label the edges in Fy. We may consider y to be the root of the spanning

tree Fy. Now, let u ∈ V (Fy) \ {y} and w be the unique vertex adjacent to u on the path

from u to y. Suppose w = y. Since y ∈ V (G′), there is a special element say d0 in Cy.

Now, change all the labels of the labelled edges according to the following rules: if c < d0,

then c remains the same; and if c ≥ d0, then c is changed to c+1. After that label the edge

yu with d0, i.e., Eyu = {d0}. When we change d0 to d0 + 1, the element d0 was removed

from Cy, however, after we labelled the edge yu, d0 is added back in Cy. Furthermore,

|g(Cy)| remains the same before and after. Note that if b was a special element of Cu

for some u ∈ V (G) and b < d0 before the changes, then b is also a special element of Cu

after the changes. Also, if b is a special element of Cu for some u ∈ V (G) and b ≥ d0
before the changes, then b+1 is also a special element of Cu after the changes. Similarly,

if Cu contained an extra special element before the changes, then after the changes, it

still contains an extra special element. It is not hard to see that conditions (i) to (v) are

satis�ed.

Suppose w ̸= y. Then, w ∈ S. Note that Cw contains a special element, say d1 (from

the labelling of the edges of the part of the Hamiltonian path Fx, from uy to ux). Now,

change all the labels of the labelled edges according to the following rules: if c < d1, then

c remains the same; and if c ≥ d1, then c is changed to c + 1. After that label the edge

wu with d1. When we change d1 to d1+1, the element d1 was removed from Cw, however,

after we labelled the edge wu, d1 is added back in Cw. Furthermore, |g(Cw)| remains the

same before and after. Note that for each u ∈ V (G), if Cu contained an special element

before the changes, then after the changes, it still contains an special element. The same

is true for extra special element. We remark here that the special element and extra

special element in Cuy could be the same at the beginning. In fact, let's say d1 is the

special element and extra special element in Cuy . After the changes, d1 + 1 becomes the

special element in Cuy whereas d1 becomes the extra special element. Again, conditions

(i) to (v) are satis�ed.

Now, we shall label the edges in Fz. Recall that Fz consists of two trees, one containing

x and one containing z. We may consider x to be the root of the tree Tx in Fz that contains

x. Now, let u ∈ V (Tx)\{x} and w be the unique vertex adjacent to u on the path from u

to x. Suppose w = x. There is a special element say d2 in Cx. Now, change all the labels

of the labelled edges according to the following rules: if c < d2, then c remains the same;

and if c ≥ d2, then c is changed to c+ 1. After that label the edge xu with d2. When we

change d2 to d2 + 1, the element d0 was removed from Cx, however, after we labelled the

edge xu, d2 is added back in Cx. Furthermore, |g(Cx)| remains the same before and after.

Note that for each u ∈ V (G), if Cu contained an special element before the changes, then

after the changes, it still contains an special element. The same is true for extra special

element. It is not hard to see that conditions (i) to (v) are satis�ed.
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Suppose w ̸= x. Then, w ∈ S. Note that Cw contains a special element, say d3 (from

the labelling of the edges of the part of the Hamiltonian path Fx, from uy to ux). Now,

change all the labels of the labelled edges according to the following rules: if c < d3, then

c remains the same; and if c ≥ d3, then c is changed to c + 1. After that label the edge

wu with d3. As before, we see that conditions (i) to (v) are satis�ed.

We do the same for the tree Tz in Fz that contains z except that we do not label the

edge uyz. After we have done all the labelling except for the edges xuy and zuy, conditions

(i) to (v) are satis�ed. Now, only the edges xuy and zuy are not labelled. Now, we set

Exz = Exuy = Ezuy .

Note that Euv is unique for all edges uv in the interior of G1 except for edges xz, xuy

and zw where Exz = Exuy = Ezuy . Recall that Cuy contains a special and an extra

special element. Note that if u ∈ S \ {uy}, then g(Cu) contains at most three consecutive

parts: one part arises from the labelling of edges of the Hamiltonian path Fx; one part

arises from the labelling of edges of the spanning tree Fy and one part arises from the

labelling of edges of the tree Tx or Tz. The labelling of edges of Fy will contribute a

single element to g(Cu). The same is true for labelling of edges of Tx or Tz. If vivi+1vi+2

is the part of the Hamiltonian path with vi+1 = u and Evivi+1
= {c1}, Evi+1vi+2

= {c2},
then {c1, c1 + 1, . . . , c2} ⊆ g(Cu). If u = uy = v1, Ev1v2 = {c4} and c3 is the extra

special element in Cuy , then {c3, c3+1, . . . , c4} ⊆ g(Cuy) (it is possible that c3 = c4). The

labelling of edges of Fy will contribute a single element to g(Cuy) and the third element

is from the edges xuy and zuy (since Exuy = Ezuy). It is not hard to see that conditions

(i) to (v) are satis�ed.

Case 2. Exy = Eyz = Exz and Cx contains an extra special element.

Case 2.1. Suppose |S|= 1. This means G[S ∪ {x, y, z}] = K4 and ux = uy = uz. Let

d0 be the extra special element in Cx. Now, change all the labels of the labelled edges

according to the following rules: if c < d0, then c remains the same; and if c ≥ d0, then

c is changed to c + 1. After that label the edge xuy with d0, i.e., Exuy = {d0}. It is not

hard to see that conditions (i) to (v) are satis�ed.

Since y ∈ V (G′), there is a special element, say d1 in Cy. Now, change all the labels

of the labelled edges according to the following rules: if c < d1, then c remains the same;

and if c ≥ d1, then c is changed to c + 1. After that label the edge yux with d1, i.e.,

Eyux = {d1}. Again, conditions (i) to (v) are satis�ed.

Since z ∈ V (G′), there is a special element, say d2 in Cz. Now, change all the labels

of the labelled edges according to the following rules: if c < d2, then c remains the same;

and if c ≥ d2, then c is changed to c + 1. After that label the edge zuy with d2, i.e.,

Ezuy = {d2}. Again, conditions (i) to (v) are satis�ed.

Case 2.2. Suppose |S|≥ 2. Let d0 be the extra special element in Cx. Now, change

all the labels of the labelled edges according to the following rules: if c < d0, then c

remains the same; and if c ≥ d0, then c is changed to c + s. Now, Fx is a Hamiltonian

path of G1 − {y, z} going from x to ux. Recall that xuy is an edge in Fx (Remark

4.7). Therefore, the Hamiltonian path is from x to uy and then from uy to ux. Let the

Hamiltonian path in reverse direction from ux = v1 to x = vs+1 be v1v2 . . . vs+1. Note that

S = {ux = v1, v2, . . . , vs = uy} and s ≥ 2. Now, for 1 ≤ i ≤ s, we set Evivi+1
= {d0+i−1}.
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Before the changes and the labelling of edges of the Hamiltonian path, d0 was the initial

point of a consecutive part of of g(Cx). After the changes and labelling of edges of

the Hamiltonian path, d0 + s − 1 is added to g(Cx) (from Exuy = {d0 + s − 1}). So,

{d0 + s − 1, d0 + s, . . . } is a consecutive part of g(Cx) and |g(Cx)| remains the same.

However, Cx has no extra special element anymore. If b ̸= d0 was a special element of Cx

and b < d0 before the changes, then b is still a special element of Cx after the changes.

If d0 was also special in Cx before the changes, then d0 was the initial point and also

the terminal point of a consecutive part of g(Cx). So, the consecutive part in Cx that

contained d0 before the changes was {d0} a set consists of one element. After the changes

and labelling of edges of the Hamiltonian path, {d0 + s− 1, d0 + s} is a consecutive part

of g(Cx). Therefore, Cx still contains a special element, which is d0 + s.

Now, we shall label the edges in Fy. We may consider y to be the root of the spanning

tree Fy. Now, let u ∈ V (Fy) \ {y} and w be the unique vertex adjacent to u on the path

from u to y. Suppose w = y. Since y ∈ V (G′), there is a special element say d1 in Cy.

Now, change all the labels of the labelled edges according to the following rules: if c < d1,

then c remains the same; and if c ≥ d1, then c is changed to c + 1. After that label the

edge yu with d1, i.e., Eyu = {d0}. It is not hard to see that conditions (i) to (v) are

satis�ed.

Suppose w ̸= y. Then, w ∈ S. Note that Cw contains a special element, say d2 (from

the labelling of the edges of the Hamiltonian path Fx in reverse direction, from ux to x).

Now, change all the labels of the labelled edges according to the following rules: if c < d2,

then c remains the same; and if c ≥ d2, then c is changed to c + 1. After that label the

edge wu with d2. Again, conditions (i) to (v) are satis�ed.

We shall label the edges in Fz using similar process. Note that Euv is unique for all

edges uv in the interior of G1. Furthermore, if u ∈ S, then g(Cu) contains at most three

consecutive parts: one part arises from the labelling of edges of the Hamiltonian path Fx

in reverse order; one part arises from the labelling of edges of the spanning tree Fy and

one part arises from the labelling of edges of the tree Tx or Tz. It is not hard to see that

conditions (i) to (v) are satis�ed.

This completes the proof of the theorem.

The following corollary (which is Theorem 1.1) then follows from Corollary 2.9, Lemma

3.4 and Theorem 4.8.

Corollary 4.9. If G is planar, then i(G) ≤ 3.

5. Minimum size number

By Lemmas 3.2 and 3.7, G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0 such that

L({Bu}u∈V (G)) = {1, 2, . . . ,m} and each i ∈ {1, 2, . . . ,m} is contained in at least two

Bu's. This motivates us to consider the following two parameters:

mT1(G) = min
{∣∣L({Bu}u∈V (G))

∣∣ : G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0
}
;
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mT2(G) = min
{∣∣L({Bu}u∈V (G))

∣∣ : G = F({Bu}u∈V (G)) for some {Bu}u∈V (G) ⊆ 2N0

and |Bu ∩Bv|≤ 1 for all u, v ∈ V (G) with u ̸= v
}
.

The two parameters mT1(G) and mT2(G) will be called minimum T1-size number and

minimum T2-size number, respectively. The following lemma is obvious.

Lemma 5.1. mT1(G) ≤ mT2(G).

We note here that in general mT1(G) ̸= mT2(G). In fact, in Example 3.5, it can be seen

that mT1(G) = 2 and mT2(G) = 3.

Lemma 5.2. The following statements are equivalent:

(a) G is a complete graph.

(b) mT2(G) = 1.

(c) mT1(G) = 1.

Proof. ((a) ⇒ (b)) Suppose G is a complete graph. We set Bu = {1} for all u ∈ V (G).

Then, G = F({Bu}u∈V (G)) and |Bu ∩ Bv|= 1 for all u, v ∈ V (G) with u ̸= v. Hence,

L({Bu}u∈V (G)) = {1} and mT2(G) = 1.

((b) ⇒ (c)) It follows from Lemma 5.1.

((c) ⇒ (a)) Since mT1(G) = 1, there is a {Bu}u∈V (G) ⊆ 2N0 such that G = F({Bu}u∈V (G))

and Bu = Bv for all u, v ∈ V (G). Therefore, G is a complete graph.

Lemma 5.3. mT2(G) ≤ |E(G)|.

Proof. Label each of the edges of G with an element in N. All the edges are labelled

di�erently, i.e., Euv ̸= Eu′v′ for distinct edges uv and u′v′. By Lemma 4.5, {Euv}u∼Gv is T2-

compatible. By part (b) of Lemma 3.8, G = F({Cu}u∈V (G)) ∈ T2 where Cu =
⋃

v∈NG(u) Euv

for all u ∈ V (G). Note that L({Cu}u∈V (G)) =
⋃

u∼Gv Euv. Hence, |L({Cu}u∈V (G))|=
|E(G)| and mT2(G) ≤ |E(G)|.

Lemma 5.4. If G is not K3-free, then mT2(G) ≤ |E(G)|−2.

Proof. If G is not K3-free, then there are three vertices x, y, z such that G[{x, y, z}] = K3

is a triangle. Label the three edges with 1. Next, label the rest of the edges with di�erent

elements in N\{1}, i.e., Euv ̸= Eu′v′ for distinct edges uv and u′v′ in E(G)\{xy, yz, zx}. By
Lemma 4.5, {Euv}u∼Gv is T2-compatible. By part (b) of Lemma 3.8, G = F({Cu}u∈V (G)) ∈
T2 where Cu =

⋃
v∈NG(u)Euv for all u ∈ V (G). Note that L({Cu}u∈V (G)) =

⋃
u∼Gv Euv.

So, |L({Cu}u∈V (G))|= |E(G)|−2 and mT2(G) ≤ |E(G)|−2.

Theorem 5.5. The following statements are equivalent:

(a) G is K3-free.
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(b) mT1(G) = |E(G)|.

(c) mT2(G) = |E(G)|.

Proof. ((a) ⇒ (b)) Suppose G is K3-free. By Lemmas 5.1 and 5.3, mT1(G) ≤ |E(G)|.
Suppose mT1(G) < |E(G)|. Then, there exists a {Bu}u∈V (G) ⊆ 2N0 such that G =

F({Bu}u∈V (G)) and
∣∣L({Bu}u∈V (G))

∣∣ = mT1(G). If L({Bu}u∈V (G)) contains an element

c such that c is contained only in Bu0 for a particular vertex u0, then we set Cu0 =

Bu0 \ {c} and Cu = Bu for all u ∈ V (G). Note that Cu ∩ Cv = Bu ∩ Bv for all

u, v ∈ V (G) as c /∈ Bv for all other v ∈ V (G) \ {u0}. Therefore, G = F({Cu}u∈V (G))

and
∣∣L({Cu}u∈V (G))

∣∣ < ∣∣L({Bu}u∈V (G))
∣∣ = mT1(G), a contradiction. Hence, we may as-

sume that each c ∈ L({Bu}u∈V (G)) is contained in at least two di�erent Bu's.

Let Euv = Bu ∩ Bv for all u ∼G v. Note that |Euv| may be greater than 1. Let

c ∈ L({Bu}u∈V (G)). There are distinct vertices u1 and u2 such that c ∈ Bu1 ∩ Bu2 =

Eu1u2 . Thus, L({Bu}u∈V (G)) ⊆
⋃

u∼Gv Euv. Clearly,
⋃

u∼Gv Euv ⊆ L({Bu}u∈V (G)). Hence,

L({Bu}u∈V (G)) =
⋃

u∼Gv Euv.

Suppose Eu1v1 ∩Eu2v2 ̸= ∅ for some distinct edges u1v1 and u2v2. We may assume that

u1, v1 and u2 are distinct vertices. Let c ∈ Eu1v1 ∩ Eu2v2 . Then, c ∈ Bu1 ∩ Bv1 ∩ Bu2 .

So, G[{u1, v1, u2}] = K3, a contradiction. So, we may assume that Euv ∩ Eu′v′ = ∅ for

distinct edges uv and u′v′.

Now,

mT1(G) =
∣∣L({Bu}u∈V (G))

∣∣ = ∣∣∣∣∣ ⋃
u∼Gv

Euv

∣∣∣∣∣ = ∑
u∼Gv

|Euv|≥ |E(G)|,

a contradiction. Hence, mT1(G) = |E(G)|.
((b) ⇒ (c)) It follows from Lemmas 5.1 and 5.3.

((c) ⇒ (d)) It follows from Lemma 5.4.
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