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ABSTRACT

A graph G is said to be a an interval graph, if for each vertex u of G, one can assign a
set A, which is a finite union of intervals on the real line such that u is adjacent to v in
G if and only if A, N A, # &. In this paper, we introduce a class of intersection graphs
and show that it is equivalent to the class of interval graphs. We also investigate interval
numbers of certain intersection graphs and establish several related results.
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1. Introduction

In recent years, intersection graph classes have been widely studied beyond classical in-
terval graphs, both from structural and algorithmic perspectives. A prominent direction
concerns multiple-interval and t-interval graphs, where each vertex is represented by a
bounded union of intervals on the real line. These generalisations have been studied exten-
sively from an algorithmic perspective, including approximation algorithms and hardness
results (see, e.g., [7, 2|), as well as in recent structural developments involving interval
representations (see, e.g., [1, 12]). In parallel, geometric intersection graph classes have
been extensively studied, particularly through representations by curves, segments, and
paths in the plane. Notable developments include intersection representations by grid
paths and their generalisations, as well as broader frameworks such as H-graphs, which
unify many classical graph classes (see, e.g., |4, 5, 0].

In this paper, we investigate a class of intersection graphs equivalent to interval graphs
and their interval numbers. All the graphs are simple and finite. The vertex set and edge
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set of a graph G will be denoted by V(G) and E(G), respectively. We write u ~¢g v if wv
is an edge in E(G).
Let R be the set of real numbers. An interval of R is denoted by

l[a,b) ={z € R : a <z <b}.

We allow a = b and in this scenario [a,a] = {a} is just a singleton. A disjoint union of
m-intervals, say A, is of the following form

A= [ala bl] ) [CLQ, bQ] U---u [ama me

where b; < aj for 1 < j <m — 1. Furthermore, we say [a;,b;] is an interval appearing
in A. For each integer k > 1, let

P.={ACR : A is adisjoint union of at most k-intervals}.

Note that Py C Py if &' < k. Set P = J,~, Pr. Let V be a finite set. For each u € V,
let A, € P. We allow A, = A, for u # v. The graph D ({4, }uev) is defined to be the
graph with vertex set V' and for all u,v € V| u is adjacent to v if and only if A,NA, # .
If A, € Py for all u € V, then © ({A,}uey) is called a k-interval graph. A graph G is
said to have a k-interval representation if there exists A = {Au}uev(g) C Py, such that
G=9(A).

Given a graph G, the interval number (G) is defined to be the smallest positive integer
k such that G has a k-interval representation, i.e.,

i(G) = min {k eN : G=9{Au}tuev(e) forsome {A,}uevic) C Pk} )

The interval number was introduced by Trotter and Harary [14] in 1979. Later, Schein-
erman and West [13] constructed planar graphs with interval number at least 3 and proved
the following theorem.

Theorem 1.1. If G is planar, then i(G) < 3.

However, there is a flaw in the proof and this is pointed out by Guégan et al. [9]. An
alternative proof of Theorem 1.1 is given by Guégan et al. [10] recently. We refer readers
to [3] and [8] for interval numbers of other classes of planar graphs and general graphs.

In this paper, we will consider intersection graph, which we will describe shortly. Let
N be the set of positive integers and let

20 ={ACN : A is finite}.

Let V be a finite set. For each v € V, let B, € 25’. We allow B, = B, for u # v. The
graph § ({ B, }uev) is defined to be the graph with vertex set V' and for all u,v € V', w is
adjacent to v if and only if B, N B, # &. The graph § ({ By }uev) is called an intersection
graph. The class of all the intersection graphs is denoted by 7;. Basically, a graph G is
in 77 if there exists B = {B, }uev(g) C 2 such that G = F(B).

For each B € 2 and B # &, we define g(B) = {X1, Xs, ..., X;} to be the partition of
B such that
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(i) B = Ui:l X,
(i) X;NX; =@ fori#j,
(iii) for each 4, the set X; consists of consecutive integers, i.e., X; = {a;, a;+1, ..., a;+s;},
(iv) foreach i (1 <i<l—1),a<bforalla € X; and b € X;,4,
(v) foreach i (1 <i<Il—1), X;UX, is not a set consists of consecutive integers.
Conditions (i) and (ii) are definition for partition, whereas conditions (iii), (iv) and
(v) are used to show that g(B) is unique. By conditions (iv) and (v), if a; + s; is the
largest integer in X; and a;,; is the smallest integer in X;,q, then a; + s, + 1 < a;41.
Note that |g(B)|= [ is the number of elements of the partition of B satisfying conditions
(i) to (v). Each X; is called a consecutive part of the partition g(B). If X; = {a;,a; +
1,...,a; + s;}, then a; is called the initial point of the consecutive part X; and a; + s;
is called the terminal point of the consecutive part X;. An element in X; is called a
middle point if it is not an initial point or a terminal point. For convenience if B = @,
we set g(B) = @. Note that if B = {1,2,4,5,7,9,10,11,15,16,17,18}, then g(B) =
{{1,2},{4,5},{7},{9,10,11},{15,16,17,18}}. Furthermore, {1,2} is a consecutive part
of g(B) and 1 is the initial point of {1,2} whereas 2 is the terminal point of {1,2}. Note
that 7 is the initial point and also the terminal point of the consecutive part {7}.
For k > 1, let

20 (k) ={A €2 : |g(A)|<k}.
Let
Ti(k) = {F(B) : B={B,}uev C 2{(k) for some finite set V} .

Note that 77 = J,~, 71(k) and T1(K') C Ti(k) if &' < k.

In Section 2, we showed that interval graphs are equivalent to intersection graph (The-
orem 2.8). In Section 3, we introduce the class of l-intersection graphs, 75 and define
the Ta-interval number, iz, (G). We determine all the graphs with i7;,(G) = 1 (Theorem
3.10). In Section 4, we showed if G is planar, then iz, (G) < 3 (Theorem 4.8). Finally, in
Section 5, we introduce the minimum size number and use it to characterize the triangle
free graphs (Theorem 5.5).

2. Intersection graph

Recall that we allow an interval to be of the form [a,a] = {a}. We shall show that if
G has a k-interval representation, i.e., G = D({Au}uev(a)) for some {A,}uevia)y € Pr,
then all the A, can be chosen to be singleton free (all intervals appearing in A, are not
singleton) (Lemma 2.2). In this section, we also will prove Theorem 2.8 which states that
a graph has a k-interval representation if and only if it is in 77 (k).

Lemma 2.1. Let Q) be the union of t intervals. If a ¢ Q, then there exists an € > 0 such
that

a—ea+€NQ=2a.



60 C. Y. KU AND B. WONG

Proof. Let Q = |J!_,[ci, di]. Since a ¢ [c;, d;], there exists an ¢; > 0 such that [a — €, a +
Ei] M [CZ‘, dl] = . Let € = minlgigt €. Then, [G, — 6,0 + 6] N Q = . D

Let A ={A,}uev C Pi. Note that for each u € V|
Au = [aula bul] ) [au27 buZ] U---u [auk’u7 buk’u]a

where k, < k and b,; < ayj41) for 1 < j < k, — 1. Suppose there exists a up € V
with ¢ = ayyj, = bugjo- Let @ be the union of all the intervals [ay;, b,;] for which ¢ ¢
[@uj, buj]. By Lemma 2.1, we can replace [y, bugjo] = {¢} in Ay, with [c — €, ¢+ €] and
[c—€ec+eNQ=2. Let

A;o :[aw)h bw)l] U---u [auo(]b*l)v buo(jofl)] U [C —€C+ E]U
[@uo (Go+1) s DuoGo+1)] U = U [Gughyy > Dok, -
Note that © (A) = © (A') where A" = {Au}uev\fuoy U {A,,}. Therefore, given an
k-interval graph ® ({A,}uev), by applying Lemma 2.1 repeatedly, we may obtain the

same graph © ({A! }uev) = ® ({Autuev) and each interval in A/, is not a singleton for all
u € V. Hence, we have proved the following lemma.

Lemma 2.2. Let © ({Au}uev) be a k-interval graph. There exists { Al }uev such that
(a) for allu eV, if A, € Py, then A, € Py,

(b) for all u € V, all intervals appearing in A, are not singleton,

(©) D ({A}uev) =D ({Autuev)-

Now, let V be a finite set and B = {B,}uey C 25(k). Then, |g(B,)|< k for all
uw € V. Let g(B,) = {Xu1,Xu2, -, Xur,}. Then, k, < k. For each i, let X,; =
{aui, i + 1, ..., ayi + sui - Now, for each u € V| set

Au = [aula (y1 + Sul] U [au2a (y2 + SUQ] U---u [aukua Ak, + Suku]-

Note that A, is a disjoint union of k, intervals and A, € Pj. Furthermore, A,NA, # @
if and only if B, N B, # @. This implies that D(A) = F(B) where A = {A,}.ev. The

following lemma then follows from Lemma 2.2.

Lemma 2.3. If G € Ti(k), then there exists A = {A,}uev(c) € Pr such that G = D(A).

Furthermore, all intervals appearing in each A, are not singleton.

The next two lemmas explain what will happen to ¢g(B) if an element is added or
removed from B.

Lemma 2.4. Let B € 2 be non-empty and c € N\ B. Then the followings hold:
(a) if ¢+ 1 is not the initial point of a consecutive part of g(B) and ¢ — 1 is not the
terminal point of a consecutive part of g(B), then |g(B U {c})|=|g(B)|+1,

(b) if either c+1 is the initial point of a consecutive part of g(B) or c—1 is the terminal
point of a consecutive part of g(B) but not both, then |g(B U {c})|= |g(B)l,
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(c) if ¢+ 1 is the initial point of a consecutive part of g(B) and ¢ — 1 is the terminal
point of a consecutive part of g(B), then |g(B U {c})|= |g(B)|-1.

Proof. (a) Note that {c} is a consecutive part of g(B U {c}) and each consecutive part
of g(B) is also a consecutive part of g(B U {c}). Hence, |g(B U {c})|= |g(B)|+1.

(b) Suppose ¢+ 1 is the initial point of a consecutive part of g(B) and ¢ — 1 is not the
terminal point of a consecutive part of g(B). This implies that ¢ — 1 ¢ B. Note that
if ¢ + 1 is the initial point of a consecutive part of g(B), say X, then X U {c} is also
a consecutive part of g(B U {c}) for ¢ — 1 ¢ B. Each consecutive part of g(B) that do
not contain ¢ + 1 is also a consecutive part of g(B U {c}). Hence, |g(B U{c})|= |g(B)|.
Similarly, if ¢ — 1 is the terminal point of a consecutive part of g(B) and ¢+ 1 is not the
initial point of a consecutive part of g(B), then |g(B U {c})|= |g(B)|.

(c) If ¢ + 1 is the initial point of a consecutive part of g(B), say Xi, and ¢ — 1 is the
terminal point of a consecutive part of g(B), say X», then X; U Xy U {c} is a consecutive
part of g(B U {c}). Each consecutive part of g(B) that do not contain ¢+ 1 or ¢ — 1 is
also a consecutive part of g(B U {c}). Hence, |g(B U {c})|= |g(B)|—-1. O

Lemma 2.5. Let B € 25 be non-empty and ¢ € B. Then the following hold:
(a) if ¢ is the initial point or the terminal point of a consecutive part of g(B), then

l9(B\ {c})|= l9(B)],
(b) if ¢ is a middle point of a consecutive part of g(B), then |g(B\ {c})|= |g(B)|+1.

Proof. (a) Suppose c is the initial point of a consecutive part of g(B), say X. Then
X = A{¢,c+1,...,¢ + m} for some non-negative integer m. Note that X \ {c} is a
consecutive part of g(B \ {c}). Each consecutive part of g(B) that do not contain c is
also a consecutive part of g(B\ {c}). Hence, |g(B \ {c})|= |g(B)|. Similarly, the same
conclusion holds if ¢ is the terminal point of a consecutive part of g(B).

(b) Let X be the consecutive part of g(B) that contains c. Since ¢ is a middle point

of X, we have X = {¢ —my,...,c—1,¢c,c+ 1,..., ¢+ my} for some positive integers
my, my. Note that {¢ —my,...,c— 1} and {c+ 1,...,¢+ my} are consecutive parts of
g(B\ {c}). Each consecutive part of g(B) that do not contain ¢ is also a consecutive part
of g(B\ {c}). Hence, |g(B\ {c})|=[g(B)|+1. O

For each B € 2, B # @ and any integer p, we set

B+p={b+p : be B}.

Lemma 2.6. Let By, By € 2 be non-empty and p be an integer. Then ByN By = & if and
only if (B1 +p) N (B2 +p) = &. Furthermore, if By N By # &, then (B, +p)N (B2 +p) =
(B1N By) +p.

Proof. Suppose By N By # &. Then, ((B1 N B2) +p) C (By +p) N (By + p). Let
y € (B1+p)N(Ba+p). Then, y = by+p = by+b for some by € By and by € By. This implies
that by = by € B1 N Bs. Hence, y € (B1NBs)+p and (By+p)N(B2+p) = (B1NBs) +p.
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If (B +p)N(Bs+p) # &, then by the previous paragraph, B; N By = ((B; +p) N
(Bs +p)) —p # @. This completes the proof of the lemma. O

Lemma 2.7. Let [a,b] be an interval in R and ¢ € R such that a < ¢ < b. If [z, 29] is
an interval in R such that [z1, 2] N [a,b] # @ and z; > ¢, then |21, z2) N [c,b] # @.

Proof. Since [z, 25]N[a, b] # @, thereis ay € [z, 25]Na, b]. This implies that y > z; > c.
Since y < b, we have y € [c,b]. Hence, y € [21,22] N [¢, b] and [z, z2] N [c, b] # 2. O

Given a graph G and a vertex u € V(G), the graph obtained from G by removing u
and all edges incident to it is denoted by G — u. If S C V(G), then G — S is the graph
obtained by removing all vertices in S and all edges incident to them from G. We write
G[S] to denote the induced subgraph of G' with vertex set S.

For each A C P and

A= [z, ] U w92 U+ U [T, Y,

where y; < z;4q for 1 <7 <m — 1, we set min A = x.
Theorem 2.8. A graph G has a k-interval representation if and only if G € Ti(k).

Proof. By Lemma 2.3, it is sufficient to show that if G = D (A) for some A = {A, }uev(a) C
P, then G € T1(k). Let us first introduce some notations. For each u € V(G), let t(A,)
be the number of disjoint intervals in A,. Since A, € Py, t(A,) < k for all u € V(G). We
shall prove the following statement.

Statement: Let G = D(A) for some A = {A,}uev) € Pr. If ¢ = min{min 4,
u € V(G)}, then there exists B = {B,}uev(e) C 25(k) such that G = F(B) € Ti(k),
lg(B.)|< t(A,) for all u € V(G) and 1 € B, for all v € V(G) satisfying min 4, = c.

We shall prove the statement by induction on T'= > ¢(A,). Note that T' > |V(G)|

ueV (G

and equality holds if and only if ¢(A,) = 1 for all wu. “

If T'= 1, then G consists of a single vertex, say ug. Set B,, = {1}. Then, the statement
holds. So, we may assume that 7" > 2. Assume that the statement holds for any graph

G/ = g({A{u}UEV(G’)) with {A;}uGV(G”) Q Pk satisfying Z t(A;) <T.
ueV(G)
For each u € V(G), let

Au - [xula yul] U [xu% yu2] U---u [xukuu yuku]y

where y,; < 1) for 1 < i <k, — 1. Then, t(A,) =k, <k and min A, = 2.
Let

W({Au}uGV(G’)) = U {xuh Yuly Tu2y Yu2s - - - 3 Tuky s yuku}
ueV(G)
If [W({Auluev(e)|= 1, then k, =1 and 2,1 = Y1 = c for all uw € V(G). This implies
that G = ©(A) is the complete graph K, where n = |V(G)|. Let B, = {1} for all u
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and B = {By}uev()- Then, B C 2{(1) and §(B) is the complete graph K,. Hence,
G =3B) € Ti(1), |9(B.)|=t(A,) = 1 for all u € V(G) and 1 € B, for all v satisfying
T, = C.

Suppose wy = |W({Au}uev(c))|> 1. We shall assume that the statement holds for
any graph G' = D({A, }uev(ey) with {4} }uevey € Pr satisfying > t(A],) =T and

ueV (G’

1 < [W({A, }ueve))|< wo. Note that ¢ = min{z,; : uve V(G)}. Lét Ll,ug, ..., U, be
the only vertices in V/(G) with x,,;; = c. By relabelling if necessary we may assume that
yu11 S yuzl S e S yu,-l-

Case 1. Suppose T,;1 = yy;1 for all 1 < 7 <p where 1 <p <7 and ¢ = ;1 < yyu;1 for
p+1<35<r.

Suppose 7 = p. We may assume that t(A4,,) = k,, = 1 for 1 < j < ¢ and t(A,;) =
ky >2forq+1<j<p Forg+1<j<p,let A;j = Ay, \ {c}. Then,

A;j = [xuj% y'uJQ] U [xuji}; ijB] U---u [xuj'kuj ) yujku].}y

and t( ;) = ku; — 1. For other u € V(G) \ {u1,uz, ..., u,}, we set A = A,. Now, let
({A }ueV ¢y). Note that G' is a subgraph of G, V(G') = V(G) \ {u1,us, ..., uq}

and > t(A,) =T —p < T. By induction, there exists B” = { B/ }.ev(a) € 2§ (k) such
uev (G

that G’ (: )S(B”) € Ti(k), |g(Bl)|< t(A]) for all u € V(G') and 1 € B) for all v satisfying
min A = ¢ where ¢ = min{min A!, : v € V(G")}. Now, we need to ‘add back’ vertices
U1, Us, - - ., uq t0 G' to become G. Note that for ¢+1 < j <p, |g(By,)|< ku, —1. Set B, =
B +1forallu € V(G'). Clearly, |g(B,)|= |g(B,)|. By Lemma 2.6, G' = F{ B, }uev(a))-
Now, we set B,; = {1} for 1 < j < g, B,, ={1}UB; for¢+1 <j<pand B, = B,
for other u in V(G) \ {u1,u,...,u,}. Then, |g(By,)|= t(Ay;) = 1 for 1 < j < gq. By
Lemma 2.4, |g(By,)|< [g(B,,)|[+1 < (ky; — 1) + 1 = t(A,,) for ¢+ 1 < j < p. For other
u € V(G)\ {ur,ua, ..., up}, |g(Bu)|= |9(B,)|< t(A4],) = t(A,). Now, 1 € B,, for all
1<j<p, B={B.}ueve C 2{(k) and G = F(B) € Ti(k). Hence, the statement holds
for the graph G.

Suppose r > p. By Lemma 2.1, there is an € > 0 such that [c—¢,c+¢]N A, = & for all
u € V(G)\ {ur,us,...,u.}. The € can be chosen so that ¢+ € <y, forp+1 <5 <.
Now, forp+1 <75 <, let

A;j = [C + €, yujl] U [quQa qu-Q] U [Iuj37 yujS] U---u [xu] qu ]

By relabelling if necessary, we may assume that t(A,;) = k,;, = 1 for 1 < j < ¢ and
t(Ay) = ky; > 2for g+ 1< j<p. Forqg+1<j<p,let A;j = Ay, \ {c}. Then,

A;j = [xUj27 yu]-Z] ) [xuj-?n qu-S] u---u [Iuj-k:uj ) yujkuj}a

and t(A], ) = ky; —1. Finally, for other u € V(G)\{u1, ua, ..., u, }, let A, = A,. Note that
t(A,) = t(A,) forallu € V(G)\{u1,ug, ..., u,}. Now, let G' = D({A}}uev(c)). Note that

G’ is a subgraph of G, V(G') = V(G) \ {u1,ug,...,u,} and > t(A)=T—p<T.
weV (a?)
By induction, there exists B” = {Bl}.evey C 2(k) such that G’ = F(B") € Ti(k),
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lg(B.)|< t(A,) for all w € V(G') and 1 € By for all v satisfying min A] = ¢ where
¢ = min{min 4, : w € V(G')}. Note that ¢ = c+e. Therefore, 1 € By for p+1 <
j < r. Now, we shall ‘add back’ vertices uy, us, ..., u, to G’ to become G. Note that for
q+1<j<p, [9(B;)< ky, — 1. Set B, = B, + 1 for all u € V(G'). Clearly, |g(B,)|=
l9(B,)|. By Lemma 2.6, G" = §({B, }uev(c)). Now, we set B,, = {1} for 1 < j < g,
B, = {1}UB,, for ¢+1 < j <rand B, = B, for other uin V(G)\{u1,us, ..., u,}. Then,
|9(Bu;)|= t(Ay;) =1 for 1 <j <gq. Since 1 € B; forp+1<j<rand B, =B, +1,
we have 2 € B, and 1 ¢ B, . By Lemma 2.4, |g(By,)|= [9(B;,)|< ku, = t(A, ) for
p+1<j <r. Again, by Lemma 2.4, [g(B,,)|= [9(B,,)|< (ky, — 1) + 1 = t(A,,) for
g+ 1< <p. Forother u € V(G)\ {ur,uz,...,ur}, lg(Bu)l= lg(BL)I< HAL) = £(A,).
Now, 1€ B, forall 1 < j <r, B={B,}uev() C 2y(k) and G —3( ) € Ti(k). Hence,
the statement holds.

Case 2. Suppose ¢ = Ty;1 < Yy,1 for 1 <7 <.

Assume that there is a vertex ug such that ¢ < x,, < y,,1 and z,, < x, for other
ue V(G)\ {ur,ug,...,u}. For 1 <j <r, let

A;j - [xu07 ijl] U [«Tuj27 yu]'Q] U [xujﬁa ij3] U---u [:Euj‘kuj ) y’u]'ku].}’

and for other u € V(G)\{u1, ua, ..., u, } let A}, = A,. By Lemma 2.7, G = D({A} }uev(a))-

Since t(A)) = t(A,) forallu € V(G), > t(A))= > t(A,) =T. On theother hand,
ueV(Q) ueV(G)

[W({A }uev(e))|= wo — 1 < wy. By induction, there exists B = {B,}uev(a) C 2§ (k) such
that G = §(B) € Ti(k), |9(B.)|< t(A,) for all uw € V(G) and 1 € B, for a]l v satisfying
min A = ¢ where ¢ = min{min A), : u € V(G)}. Note that ¢ = z,,. So, in particular,
1 € By, for all 1 < 7 < r. Hence, the statement holds.

Suppose for all u € V(G) \ {uy,uz,...,u}, Ty > Yuy1- For 1 < j <, let

A;j = [yulla yujl] U [Iujﬂayu]ﬂ] U [:L‘uj-?)a yuj-?)] U---u [xuj >yu7 ]

and for other v € V(G)\{u, u, ..., u, }let A}, = A,. By Lemma 2.7, G = D({A, }uev(e))-

Since t(A)) =t(A,) forallu € V(G), > t(A))= > t(A,) =T. On theother hand,
ueV(G) ueV(G)

W ({A }uevie))|= wo — 1 < wy. By induction, there exists B = {B,}uev(a) C 25 (k) such
that G = §(B) € Ti(k), |9(B.)|< t(A,) for all uw € V(G) and 1 € B, for all v satisfying
min A = ¢ where ¢ = min{min A/, : v € V(G)}. Note that ¢ = y,,1. So, in particular,
1 € By, for all 1 < 57 <r. Hence, the statement holds.

This completes the proof of the theorem. n

The Ti-interval number iz (G) is defined as
i.(G) =min{k e N : GeTi(k)}.
The following corollary is an immediate consequence of Theorem 2.8.

Corollary 2.9. i(G) =ir (G).
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3. 7Ty-interval number

Recall that the class of all the intersection graphs is denoted by 7;. In this section, we
will introduce the class of 1-intersection graphs, 75. Let V be a finite set. Recall that a
graph G € Ty if G = § ({Bu}uev) for some {B,}uevc) C 2l Here, u ~¢ v if and only
if B, N B, # @. There is no restriction on the number of elements in B, N B,. For the
class T3, we require that |B, N B,|< 1. Formally,

To={8(B) : B={Bu}uev €2y for some finite set V and
|B, N B,|< 1 forall u,v €V withu#v}.

For each positive integer k£ > 1, let

To(k) = {F(B) : B={B,}uev C 2 (k) for some finite set V and
|B,NB,|<1forall u,veV withu#uv}.

Note that Ty = (>, Ta(k) and Ta(k') C Ta(k) if k" < k. The following lemma follows
from definitions of 7; (k) and T3(k).

Lemma 3.1. For k> 1, To2(k) C T (k).
Lemma 3.2. G € T for any graph G.

Proof. For each wv in E(G), we assign a positive integer c,, to it. The assignment of
integers can be done so that ¢, # ¢, for distinct edges uv and u'v’. Note that c,, = ¢,y
for all u ~g v. Let By, = {cuw : v € Ng(u)} where Ng(u) is the neighbourhood of w.
Since all the ¢,,’s are distinct, we have B,yN B, = {cy. } forall v’ ~¢ v and B,NB, = &
for all u’ ¢ v'. Thus, G = F({By}uev(e)). Furthermore, |B,NB,|< 1 for all u,v € V(G)
implies that G € 75. H

The following corollary follows from Lemmas 3.1 and 3.2.
Corollary 3.3. 71 = 75.
The Ts-interval number iz, (G) is defined as
i,(G)=min{k e N : Ge Ty(k)}.
The following lemma follows from Lemma 3.1.
Lemma 3.4. i;; (G) < ig(G).
Note that in general, i, (G) # ir; (G). See the following example.

Example 3.5. Consider the graph G with the vertex set V' = {u,v,w,z}, and edges
given by uv, ux, vx, vw, wr. Let B, = {1}, B, = {1,2} = B, and B,, = {2}. Then,
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B={B.}.cv C2(1)and G = F(B) € Ti(1) (see Figure 1). Since each B., z € {u,v,z,w}
is a consecutive part, we have |g(B,)|= 1. Thus ir (G) = 1.

B, = {1.2} (v)

Fig. 1. The graph G as a graph in 77 and 73

The graph G can also be realized as a graph in 75. Let C, = {1}, C, = {1,2},
= {2,3} and C, = {1,3}. Then, |C,, NC,|< 1 for all 21,22 € V with z; # z.
Furthermore 9(Cu) = {Cu}, 9(Cy) = {C0}, 9(Cu) = {Cu} and g(Ca) = {{1},{3}}.
Since |g(C,)|= 2 and |g(C.)|=1 for all z € V' \ {z}, we have C = {C.}.cy C 2)'(2) and
G =3F(C) € T2(2) (see Figure 1). Thus, ir(G) < 2. We will show that i, (G) = 2.

Suppose iz, (G) = 1. Then, there exists {U.}.cy C 20(1) satisfying |U,, N U,,|< 1 for
all 21,29 € V with z; # 29 such that G = F({U.,}.ev). Note that |U,, NU,,|= 1 for all
21 ™G 22

Case 1. Suppose U, NU, = {a} = U, NU,. This implies that U, N U, = {a}. Let
U, U, = {b} and U, N U, = {c}. We may assume that ¢ > b. Since u is not adjacent
to w in G, we must have b,c # a. If ¢ = b, then ¢ € U, N U, = {a} and so ¢ = q, a
contradiction. Suppose ¢ > b. Assume that b > a. Since g(U,) has only one consecutive
part (i.e. |g(U)|=1), a,c € U, and ¢ > b > a, we must have b € U,. This implies that
beU,NU, ={a} and b = a, a contradiction. Assume that b < a. Suppose b < ¢ < a.
Since g(U,) has only one consecutive part and a,b € U,, we must have ¢ € U,. This
implies that ¢ € U, N U, = {a} and so ¢ = a, a contradiction. Suppose b < a < ¢. Since
g(Uy) has only one consecutive part and b, ¢ € U,, we must have a € U,. This implies
that u is adjacent to w in G, a contradiction.

Case 2. Suppose U, NU, = {a}, U, NU, = {b}, U, NU, = {c}, U, NU, = {d} and
U, NU, = {e}. We shall assume that a,b,c,d, e are distinct integers, otherwise, it will
go back to Case 1. Since g(U,) has only one consecutive part, U, = {p,p+1,...,p+ q}.
Note that b,¢,d € U, and a,e ¢ U,. We may assume that e > a. Now, a,e,c € U,,
b,d ¢ U, and g(U,) has only one consecutive part imply that a > p+ ¢ or e < p. Suppose
a>p+gq. Since c < p+qand U,NU, = {c}, c=p+q. Now, b ¢ U, implies that b < c.
We consider U,. Note that a,b € U, and g(U,) has only one consecutive part imply that
c € U,. Thus, c € U, NU, = {a} and then ¢ = a, a contradiction. Suppose e < p. Since
¢c>pand U,NU, = {c}, c = p. Now, d ¢ U, implies that d > ¢. We consider U,.
Note that d,e € U, and g(U,) has only one consecutive part imply that ¢ € U,. Thus,
ce U,NU, ={e} and so ¢ = e, a contradiction.

Hence, we conclude that iz, (G) = 2 and i (G) < i (G).

Now, we shall characterize graph G with i7;(G) = 1. Given any finite set V' and
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{Bu}uEV g 20N> let
{B }uGV U B

ueV

Lemma 3.6. Let G = F({Bu}uev(a)) for some {By}tuevc) C 2y. Then the following
statements hold:

(a) Let x be the smallest positive integer in L({By}uev(a)), P < x be a positive integer
and f: N — N be defined by f(a) =a—p+1 foralla € N. If C, = f(B,) =
{f(a) : a€ B} for allu € V(G), then G = F({Cu}uev(a)) and |g(Cy)|= |9(B.)]
and |C, N Cy|= |B, N By| for all u,v € V(G) with uw # v. In particular, there exists
{Culuevie) € 29 with G = F({Cutuev(c)) and 1 € L({Cu}luev(a))-

(b) Supposec,d € L({By}uev(a)) with c+1 < d and c+1,c+2,...,d—1 ¢ L{Bu}uev(a))-
Let f: N — N be defined by

a, forl1<a<d-1;
fla) =
a—d+c+1, for a>d.

If Cy = f(By) = {f(a) : a€ By} forallue V(G), then G = F{Cutuev(a)) and
c,c+1 € L({Cu}luev(e)). Furthermore, for all u,v € V(G) with u # v, |g(Cy)|=
9(Bu)| if {¢,d} € By and |g(Cu)|= 9(Bu)|=1 if {¢,d} € Bu.

(c) Suppose ¢ € By, for exactly one ug € V(G). Let Cy, = By, \ {c} and C, = B, for
all v € V(G) \ {c}. Then G = F({Culuev(e))-

Proof. (a) It follows from Lemma 2.6 by noting that C,, = B, — p + 1. Furthermore, if
9(By) ={X1,Xa,..., X}, then g(C,) ={X; —p+1,Xo—p+1,..., X,, —p+1}. Thus,
19(C)|= 19(Bu)l- By taking p = x, we see that 1 € L({Cy}uev(a))-

(b) Note that the restriction of f to {1,2,...,c}U(N\{1,2,...,d—1}) is injective. This
implies that f(B,)N f(B,) = f(B.NB,) for all u,v € V(G). Thus, |C,NC,|= \BuﬂBv].
Therefore, G = F({Cu}uev(e)) and ¢,c+1 € L({Cyu}uev(c))- Now, c+1,¢+2,...,d—1¢

L({Bu}uev(c)) imply that

(i) if d € B, for some u; € V(G), then d is the initial point of a consecutive part of

9(Bu,);

(ii) if ¢ € By, for some uy € V(G), then ¢ is the terminal initial point of a consecutive

part of g(B,,).
Therefore, for each u € V(G), either
(1) g(B,) ={X1,Xs,..., X} and ¢,d ¢ B, or

(2) g(By) ={X1, Xo, ..., Xiy, Xig+1, - - - » Xm}, ¢ ¢ By and d is the initial point in X 11,

or
(3) g(B.) = {X1,Xo,..., Xiy, Xig+1,-- -, Xm}, d ¢ B, and c is the terminal point in
Xy, Or

20
(4) g(B,) = {X1,Xo, ..., Xy, Xig+1, - - -» X}, ¢ is the terminal point in X;, and d is
the initial point in Xzo—i—l-
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If (1), (2) or (3) holds, then |¢(C,)|= |g(B.)|- If (4) holds, then |g(C,)|= |g(B,)|—1. In
fact,

g(Cu) = {Xl,XQ, e ,Xl'ofl, (X’Lo U XZ{DJrl

), X;

042t

Xoh

where X! = X; — d+ ¢+ 1. Hence, |g(C,)|< |g(By)| for all u € V(G).
(c) Since ¢ is not an element in B, N B, for all u,v € V(G) with u # v, we have
C,NC, = B,N B,. Hence, G = F({Cu}ucv(e))- O

Lemma 3.7. Let G = F({Bu}uev(a)) for some {B,}tuevic) C 2y. Then there ezists
{Culuevie) C 28 such that G = F({Cutluev(e)) and |g(Cy)|< |g(By)| and |C, N Cyl=
|B, N By| for all u,v € V(G) with u # v. Furthermore, L({Cy}uev () = {1,2,...,m}
and each i € {1,2,...,m} is contained in at least two C,,’s.

Proof. Suppose ¢ € B, for exactly one uy € V(G). By part (c) of Lemma 3.6, G =
S{Cutuev(e)) where Cyy = By, \ {c} and C,, = B, for all u € V(G)\ {c}. By Lemma 2.5,
|9(Cuo)|= 19(Bu,)|+1 if ¢ is a middle point of a consecutive part of g(By) and |g(Cly,)
|g(By, )|, otherwise. If |g(Cy,)|= |g(Buy,)|+1, then ¢ —1,¢+ 1 € C,,. By taking

a, for 1 <a<g;
a—1, fora >c+1,

in part (b) of Lemma 3.6, we can close the gap. In fact, if C! = f(C,) = {f(a) : a € C,}
for all v € V(G), then G = F({C} }uev(a)) and ¢,c+ 1 € L({C} }uev(c))- Furthermore,
for all u,v € V(G) with u # v, |g(C,)|= [9(Cy)|= |9(B.)| for u # ue and |g(C;,)|=
|g(Cup)|—1 = |g(By,)|. Similarly, we can close the gap for the case |g(Cly,)|= |9(Bu,)|-

If there is a gap like in the hypothesis of part (b) of Lemma 3.6, we can close the gap
like in the conclusion of part (b) the lemma. If 1 ¢ L({By}uev(c)), we can apply part (a)
of Lemma 3.6. Therefore, after finite number of steps, we will obtain {C, },ev(e) C 2§ for
which L({Cy}uev(e)) = {1,2,...,m} and other conclusions of the lemma also hold. [

Given a graph G, we shall label its edges with an element in N. If an edge wv is
labelled with a € N, we set E,, = {a}. Note that E,, = E,, as uv = vu is the same
edge. The set {Ey}uwgo is called an edge labelling of G. For each v € V(G), let
Ng(u) = {v € V(G) : v ~g u} be the neighbourhood of u and

C, = U E,..

vENG(u)

The edge labelling {Ey, }ugv 18 said to be T3-compatible if

E.., for all u ~g v;
C.NC, =

a, otherwise.

Lemma 3.8. Let G be a graph.
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(a) Suppose G = F({Butuev(a)) for some {Bu}luevc) C 2 and |B, N B,|< 1 for all
u,v € V(G) with u # v. Let By, = B, N B, for all u ~g v. Then, {Eyuy}ugo S @
To-compatible edge labelling of G.

(b) Suppose { Eyytumgo 15 a Ta-compatible edge labelling of G. If C,, = UveNg(u) E,, for
all w € V(G), then G = F({Cu}uev(c)) € Ta.

Proof. Note that F,, is an one element set for all u ~g v. Let C, = UveNg(u) E,,.
Since F,, C B, for all u ~g v, we have C,, C B,. Therefore, C,, N C, C B, N B, for all
u,v € V(G). This means if u =g v, then C, N C, = &. On the other hand, if u ~¢ v,
then £, = B,N B, # . Now E,, C C, and E,, = F,, C C, imply that C, NC, = E,.
Hence, {Eyy bu~go 18 To-compatible.

Suppose {Eyuy fu~go is To-compatible. Then {C,}uev(a) C 2 and |C, N C,|< 1 for all
u,v € V(G) with u # v. By Ta-compatibility, C,, N C, # @ if and only if u is adjacent to
v. Hence, G = §({Cu}uev(a)) € Ta- O

The following corollary is a consequence of Lemma 3.8.
Corollary 3.9. G € T; if and only if there exists a Ta-compatible edge labelling of G.

For 1 <i<mn,1<j<m,let H; and ();; be complete graphs. Let G’ be the union of
these complete graphs, i.e.,

Let z; € V(H;). Since V(H;) NV (Hy) = @ for i # i, we have z; # xy. For each
u € V(Qi;) add an edge x;u to the graph G’. For each v € V(H;;1) add an edge x;u to the
graph G’. Let G denotes the resulting graph. Note that G is connected, G[{z;} UV (Q;;)]
and G[{z;} UV (H;1)] are complete graphs. Furthermore,

E(G)=EG)U |J {zu : vevV(@)u |J {zu : veV(Hi)}
1<i<n, 1<i<n—1
1<j<m;

The class of graphs formed this way is denoted by H.
Theorem 3.10. Let G be a connected graph. Then, it,(G) =1 if and only if G € H.

Proof. Suppose G € H. Now, we shall construct a 75-compatible edge labelling for G.
(1) Label all edges in H; with 1.

(2) For 2 <i <mn, label all edges in H; with m; +mo + -+ +m;_1 + 4.

(3) For 1 <i < n—1, label all edges in {z;u : u € V(H;y1)} with mq +mg + -+ +

(4) For1 <i<mnand1<j<m,, label all edges in Q;; with mq+mo+---+m;_1+i+].



70 C. Y. KU AND B. WONG

(5) For 1 < i <nand 1 < j < m, label all edges in {z;u : u € V(Q;;)} with
my+mo+---+my_1+1+ 7.

For each u € V(G), let C, = UveNG(u) E.,. We shall show that {E,,}uwgw 18 Ta-
compatible. Suppose C,, N C,, # @ for some none adjacent vertices u;,v;. Let y €
Cy, NCy,. Then B, ., = E,,., = {y} for some vertices z; and z, such that u; ~¢ z; and
vy ~qg 2zo. If upz; is an edge in H;, then y = my + ms + -+ + m;_1 + i. Therefore, v;2,
is an edge in H; or it is an edge in {x;_ju : w € V(H;)}. In either case, u; is adjacent
to vy, a contradiction. If w12 is an edge in Q;j, then y = my +mo + -+ +m;_ + 1@ + J.
Therefore, vy 2, is an edge in @Q);; or it is an edge in {z;u : u € V(Q;;)}. In either case, u,
is adjacent to vy, a contradiction. Similarly, if u;2; is an edge in {z;u : uw € V(H;41)} or
it is an edge in {z;u : u € V(Q;;)}, we also will obtain the conclusion that u; is adjacent
to v1. Hence, C, N C, = @ for u not adjacent to v.

Suppose u is adjacent to v. Clearly, F,, C C, N C,. Suppose E,, C C, NC,. Let
y € (CunCy)\ Eyw. Then E,,, = E,,, = {y} for some vertices z; and 2 such that
u ~g 2 and v ~g z9. Let Ey, = {yo}. Then, y # yo. If uz is an edge in H;, then
y = mq +mo + -+ m;_1 + i. Therefore, vzy is an edge in H; or it is an edge in
{ric1z + 2z € V(H)}. If v e V(H;), then uwv is labelled with y. Thus, yo = vy, a
contradiction. So, v = x;_; and z» € V(H;). However, z;_; is adjacent to all vertices in
H;. By construction, x;_ju is labelled with y. This implies that y9 = y, a contradiction.
If uz is an edge in Q;;, then y = my +mg +--- +m,;_1 +i+ j. Therefore, vz, is an edge
in @Q;; or it is an edge in {z;z : 2z € V(Q;;)}. In either case, uv is labelled with y too,
a contradiction. Similarly, if uz; is an edge in {z;z : 2z € V(H;,1)} or it is an edge in
{z;z : 2 € V(Qi;)}, we also will obtain the conclusion that uv is labelled with y. Hence,
E,., = C,NC, for u adjacent to v.

We have shown that {E,,}u.0 1S To-compatible. By part (b) of Lemma 3.8, G =
S{Cutluev(e)). Now, forall 1 <i<nand1<j<my,

Cp, ={mi+mo+ - +mi_y+i,my+mo+-+m_1+i+1,...,

my 4 my 4 - My i+ my,my Fmg e sy my 4+ 1
Cy={mi+mo+---+m;_1+i}, for all w € H; \ {z;};
Co={mi+mo+---+mi1+i+j} for all v € Q5.

Hence, |g(Cy,)|=1 for all u € V(G) and i, (G) = 1.

Suppose i7;(G) = 1. Then there exists {By,}ueve) C 24(1) and |B, N B,|< 1 for all
u,v € V(G) with v # v such that G = §F({Bu}uev(e)). By Lemma 3.7, we may assume
that L({Bu}uev(e)) = {1,2,...,1} and each i € {1,2,...,(} is contained in at least two
B,’s. Let Y, ={u € V(G) : i€ B,} for 1 <i <. Note that H; = G[Y}] is a complete
graph. If G = Hy, then G € H. Suppose G # H;. Since G is connected, there is a
xy € V(Hy) with |B,,|> 2. Let B,, = {1,2,...,m; + 2}. Note that B, = {1} for other
u € V(Hy) \ {x1}, otherwise, we have |B, N B,,|> 2 or |g(B,)|> 2. For 1 < j < my,
set Q1 = G[Yj41 \ {z1}]. Let Hy = G[Y,42 \ {z1}]. If my + 2 = [, then we see that
G € H. Suppose [ > m; + 2. Since G is connected, there is a xo € V(Hz) with |B,,|> 2.
Let By, = {my + 2,my + 3,...,m; + mg + 3}. Note that B, = {m; + 2} for other
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u € V(Hy) \ {x2}, otherwise, we have |B, N B,,|> 2, |B, N By,|> 2 or |¢g(B,)|> 2. For
1 <j <my,set Qo = GYjymi+2\{22}]. Let Hy = G[Y, 1mor3\{z2}]. Tmyi+me+3 =1,
then we see that G € ‘H. If [ > mq + my + 3, then we continue this process. Eventually,
we will have G € H.

This completes the proof of the theorem. O

4. Planar graph

In this section, we will prove Theorem 4.8. We begin with the following lemmas.

Lemma 4.1. Suppose {Ey}uwgo 15 a Ta-compatible edge labelling of G. If E, ., =
Euyyu, = {c} and uy # ug, then uy is adjacent to uy and E,,,., = {c}.

Proof. For each u € V(G), let Cu = U, cnym) Buw- Now ¢ € Cy N Cy, implies that
Cu, NCy, # @. Thus, u; and uy are adjacent. By Tp-compatibility, {c} = C,, N C,, =
Eyiu,- O

Lemma 4.2. Suppose { Eyy }u~go 18 a Ta-compatible edge labelling of G. If H is a subgraph
of G, then {Eu }u~po s a Ta-compatible edge labelling of H.

Proof. For each u € V(G), let By = U,cnyu Buw- For each u € V(H), let C, =
UUGNH(U) E.,. Since u ~g v implies that u ~g v, C,, C B,. Therefore C,NC, C B, N B,
for all u,v € V(H) with u # v. So, if B, N B, = &, then C,, N C, = @.

Next, if u ~y v, then v ~5 v. This means B, N B, = E,,. Since u, v are vertices in H,
E., € C,NC,. Hence, C, N C, = Ey, and {Ey, }u~yyo is a To-compatible edge labelling
of H. O

Lemma 4.3. Let G' be a graph and ug, vy € V(G') such that uy # vy. Suppose
(a) G' = F{Bu}tuev(e)) for some {By}uevey C 28 and |B, N B,|< 1 for all u,v €
V(G") with u # v;
(b) ¢ € By, N By, and ¢ ¢ B, for all u € V(G") \ {uo,vo}.
Let G be a graph obtained from G' by deleting the edge ugvy. Then, there exists {Cy}uev(a) C
25 such that G = F({Culuev(@)): |Cu N Cyl|< 1 for all u,v € V(G) with u # v, |g(Cy)|=
|g(By)| for all uw € V(G).

Proof. Let D, = B, for all u € V(G), Dy, = By, \ {c} and D,, = B,, \ {¢}. Then,
D,ND, = B,NB, for all u,v € V(G) \ {ug,vo}. Let v & {ug,vo}. Clearly, D,, N D, C
By, N By. If ug %4y v, then ug % v and B,, N B, = &. This means D,, N D, = @.
If ug ~¢ v, then ug ~¢ v and B,, N B, = {d} for some d € N. Since d # ¢, we have
d € D,, = By, \ {c}. Hence, D,, N D, = {d}. In either case, D,, N D, = B,, N B,.
Similarly, D,, N D, = B,, N B, for v ¢ {ug,v}. Finally, we have D,, N D,, = &. Thus,
G = F({Du}uev(c)). Furthermore, [g(D,)|= |g(B,)| for all u € V(G) \ {uo,vo}. Let
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x € {ug,vo}. Note that if ¢ is the initial point or the terminal point of a consecutive part
of g(Bz), then |g(Dq)|= [g(Ba)].

Let {z,y} = {up,v0}. Suppose c is the initial point of a consecutive part of g(B,)
and ¢ is a middle point of a consecutive part of g(B,). Then, |¢(D,)|= |g9(B,)| and
lg(Dy)|= |g(By)|+1 and ¢ — 1,¢+ 1 € D,. By part (b) of Lemma 3.6, there exists
{Culueve) C 2§ such that G = F({Culuev(e) and |C, N Cy|< 1 for all u,v € V(G)
with u # v. Furthermore, |g(C,)|= |g(Du)|= |g(B.)| for all u € V(G) \ {y} and |g(C,)|=
19(Dy)—1 = lg(B,)].

Similarly, the same conclusions hold if

(i) ¢ is the terminal point of a consecutive part of g(B,) and ¢ is a middle point of a

consecutive part of g(B,); or

(ii) ¢ is a middle point of a consecutive part of g(B,) and c is a middle point of a
consecutive part of g(B,).
This completes the proof of the lemma. O

Lemma 4.4. Let G' be a graph and ug € V(G'). Let G be a graph obtained from G’ by
deleting the vertex ug and all edges in incident to it. Then,

in,(G) < in(G) <in(G) + 1.

Proof. Firstly, we will prove i7;(G) < i7;(G"). Let i7;(G') = k. Then G’ = F({Bu}uev(a))
for some { B, }uev(e) C 20 (k) and |B,NB,|< 1 forallu,v € V(G') with u # v. By Lemma
3.7, we may assume that L({B,}uev(ey) = {1,2,...,m} and each i € {1,2,...,m} is
contained in at least two B,’s. Let E,, = B, N B, for all u ~¢ v. By part (a) of Lemma
3.8, {Euv fu~gv is a Tr-compatible edge labelling of G'. Since E,, C B, for all u ~¢ v,
UUGNG/(U) E., € By. On the other hand, let y € B,. There is a v’ € V(G') with y € B,.
Therefore, u is adjacent to v and y € B, N B, = E,,. Hence, y € UUGNG,(U) FE,, and
By =Uyen,, () Euw- Note that [g(B,)|< k for all u € V(G).

Suppose ¢ € B,, N By, and ¢ ¢ B, for all u € V(G’) \ {ug,v0}. Let G’ be the graph
obtained from G’ by removing the edge ugvy forom G’. By Lemma 4.3, there exists
{Dy}uevie) C 24 such that G = F({Du}uev(c)), |Du N D,|< 1 for all u,v € V(G) with
u # v, |g(Dy)|=1g(By)| for all w € V(G). Thus, ir;(G) < ir(G’). We can apply Lemma,
1.3 again to remove an edge connecting a vertex in G to uy whenever condition (b) of
Lemma 1.3 is satisfied. Therefore, we may as well assume that condition (b) of Lemma
4.3 is not satisfied for the original graph G’. To be precise, let vy, vq,...,v; be the only
vertices in GG’ adjacent to ug. Then, for each i, there exists an edge uv’ in G’ such that
u'v' # ugv; and By = By,

By Lemma 4.2, { Eyp bu~go is @ To-compatible edge labelling of G. Note that vy, v, ..., v,
are vertices of G. Let Cy = U, e, (u) Buv- Then, Cy = By forallu € V(G)\{v1,ve,..., i}
and C,, C B,, for all 7. Therefore, |g(C,)|= |g(B.)| for all u € V(G)\ {v1,vq,...,u}. Let
ie{l,2,...,1l} be fixed and E,,, = {c}. Note that either C,, = B,, or C,, = B,, \ {c}.
We shall show that the latter cannot occur.

Recall that there exists an edge u'v" in G’ such that v'v" # ugv; and Eyy = Ey,,,. Note
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that ' and v’ cannot be both equal to ug. So, by Lemma 4.1, ug is adjacent to u’ or v'.
Suppose ug is adjacent to u'. If v’ = v;, then v’ # ug, for v/v" and ugv; are different edges.
So, ug is adjacent to v' and v' # v;. Similarly, if ug is adjacent to v' and v' = v;, we will
get ug is adjacent to v’ and u’ # v;. Therefore, we may as well assume that wug is adjacent
to v’ and u' # v;. This implies that v’ = v; for some j # i. So, Eyp, = {c} = Eyp,.
Again, by Lemma 4.1, v; is adjacent to v; and E,,,, = {c}. This implies that ¢ € C,, and
C,, = B,,. Hence, C,, = B,, for all i and |g(C,)|= |g(B.)| for all v € V(G). This means
in(G) <k =in(G).

Now, we shall prove i, (G") < i7(G) + 1. Let i7;(G) = k. Then, G = F({Bu}uev(e))
for some {B,}ueve) C 25(k) and |B, N B,|< 1 for all u,v € V(G) with u # v. Let
max L({Bu}uev(c)) = m. Then, x ¢ L({By}uev(q)) for any integer + > m + 1. Let
U1, V2, ..., be the only vertices in G’ adjacent to ug. Set Cy, = {m+1,m+2,..., m+l1},
Cy, = B,, U{m + i} for all i and C, = B, for all u € V(G’) \ {uo,v1,v2,...,v}. Then,
G' = F({Cu}luev(e)). By Lemma 2.1, |g(C,,)|< |g(By,)|+1 for all i. Clearly, |g(Cy,)|= 1
and |g(Cy)|< |g(By)] for other u € V(G') \ {ug, v1,vs,...,v}. Hence, i, (G') < k+1 =
i (G)+ 1. O

Lemma 4.5. Let {Eyy u~go be an edge labelling of G. Suppose that if ujvy, ugva, . . ., Uy U,
=By, = =E then

UmUm 7

are distinct edges in G with E,

1v1
(a) m=1, or
(b) m = 3 and the three edges u vy, ugve and uzvs form a triangle (e.g. uy = uy and
G{uy,v1,v2}] is a triangle).
Then, {Ewy bu~eo 18 T2-compatible.

Proof. Let C, = UveNc(u) Eu. Suppose u oy v. If C, NC, # @, then there exist
21,29 € V(G) and y € N such that E,,, = {y} = E,.,. By condition (b), the edges
uz; and vze are parts of the edges of a triangle. So, u is adjacent to v as uv must be
the remaining edge of the triangle. This contradicts the assumption u %, v. Hence,
cC.NC, =a.

Suppose u ~¢g v. Note that £, C C,NC,. If E,, € C, NC,, then there exist
21,29 € V(G) and y € N such that y ¢ E,, and E,,, = {y} = F,.,. By condition (b), the
edges uz; and vz, are parts of the edges of a triangle. So, uv must be the remaining edge
of the triangle. This implies that E,, = {y}, a contradiction. Hence, C,, N C, = E,, and

{Eus}u~ew 18 To-compatible. O

A triangulation is a planar graph for which every face is a triangle. Note that if a graph
is a triangulation, then there are exactly 3 vertices on the outer boundary of the planar
graph and the subgraph induced by the three vertices is a triangle. We shall call the the
outer boundary the outer triangle. All other triangles in the graph will be called inner
triangle. A triangle in a planar graph is said to be non-empty if its interior contains at
least one vertex. A 4-connected triangulation is a triangulation whose only non-empty
triangle is the outer triangle.

Let G be a 4-connected triangulation with at least 4 vertices. Let x,y, z be the vertices
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on the outer triangle Ay . Note that there is a unique vertex u, in the interior of Agy;
such that wu, is adjacent to y and 2. In fact, if there are more than one vertices in the
interior of A,y that are adjacent to y and z, then there is a non-empty inner triangle
in which yz is an edge of this triangle. We shall call the unique vertex wu, the vertex
opposing z. The vertex w, opposing y is defined to be the unique vertex in the interior
of Ayt that is adjacent to x and z. Finally, the vertex u, opposing z is defined similarly.
We need the following lemma (see also [10, Fig. 1] for an illustration).

Lemma 4.6. |11, Lemma 3.1] Let G be a 4-connected triangulation with outer triangle
Doy and V(Dow) = {z,y,2}. Let uy,u, and u, be the vertices opposing to x,y and z,
respectively. Then the inner edges of G can be partitioned into three forests Fy, I, F,
such that

(a) F, is a Hamiltonian path of G — {y, z} going from x to u,,

(b) F, is a spanning tree of G — {x, 2},

(c) F. is a spanning forest of G —{y} consisting of two trees, one containing x and one
containing z.
In particular, when G = Ky the complete graph with 4 vertices, then u, = u, = u,,
F, = G[{z,u,}] is just the path xzu,, F, = G[{y,u,}] is just the path yu, and F, =
G{z} UG[{z,u.}] is the union of two graphs, one with a single vertex x and the other
just the path zu,.

Remark 4.7. We note here that by conditions (b) and (c) of Lemma 4.6, zu, is an edge
of F, and zu, is an edge of F..

Theorem 4.8. If G is a planar graph, then ir,(G) < 3.

Proof. Firstly, we will construct a triangulation G’ in which G is a subgraph of G'. If G/
has an inner face which is not a triangle, then we put a vertex in the middle of the face
and add edges connecting all the vertices on the boundary of the face to this newly added
vertex. This process will partition this face into smaller faces in which each of the newly
faces is a triangle. If the outer face is not a triangle, then we add a vertex in the outer
face and add edges connecting all the vertices on the outer boundary of the graph to this
newly added vertex. Let G’ denote the resulting graph. It is not hard to see that G’ is a
triangulation. By Lemma 1.1, i7;(G) < ip(G’). Hence, we may as well assume that the
original graph G is a triangulation.

Now, {Eup}tu~ge Will be called a partial graph labelling of G if each E,, is an one
veNG(u) E..,. At the beginning all the E,,’s
and D,’s are empty set. We will add a label to an edge one step at a time. In the next
step, we will choose an unlabelled edge and label it. If the chosen edge is u vy, then E,,,,,

element set or an empty set. Let C, = D, U

will be changed from empty set to one element set. During this process, we might also
change the labels of the edges that are labelled earlier. This means if E,,,, = {c}, then
it may be changed to E,,,, = {d} for some d # c. So, {Eyu}u~gv and all the C,’s are
changing throughout the process. At the end of each step, we require that
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(1) {Euv}u~go satisfies the condition of Lemma 4.5,
(ii) |g(C,)|< 3 for all u € V(G),

(iii) if wyugusuy is an empty triangle and all the three edges are labelled, then either
Fyiuws = Fyjus = Fyyu, or there is an edge u; uj, such that Euiouj0 is unique, i.e.,
Euyy # Eu;uy, for all other edges uv € E(G) \ {ui,uj, }-
We also require conditions (iv) and (v) which we will state later. An element c is said to
be special in C, if it is the terminal point of a consecutive part of ¢(C,) and if ¢ € C,
for some v # u, then c is the initial point of a consecutive part of g(C,). An element c is
said to be extra special in C,, if it is the initial point of a consecutive part of ¢g(C,) and if
¢ € C, for some v # u, then c is the initial point of a consecutive part of g(C,). We are
ready to state conditions (iv) and (v):
(iv) for each u € V(G), if C, is non-empty, then it contains a special element,

(v) if ujuguguy is an empty triangle and E, ., = Eyus = Fuyus # 9, then there is a

vertex u;, such that C',, contains an extra special element.

At the end, when all the edges have been labelled, ie., E,, # @ for all u ~g v,
we see that {Ey,}uwge 18 a Te-compatible (Lemma 4.5). By part (b) of Lemma 3.8,
G = §({Cu}uev(e))- Thus, by condition (ii), i7(G) < 3. Conditions (iii), (iv) and (v)
are needed for the purpose of induction. We note here that D, could be empty set at the
end. The reason D, is not empty is because we need to have special and extra special
elements for conditions (iv) and (v).

We shall prove by induction on |V (G)| that there is a graph labelling { £\, } g0 0of G and
{Du}uev(c) that satisfy conditions (i), (ii), (iii), (iv) and (v). Since G is a triangulation,
V(G)|> 3.

Suppose |V (G)|= 3. Then, G is a triangle with vertices z,y,z. Now, let E,, = {1},
E,, = {2} and E,, = {3}. Then, C, = {1,3}, C, = {1,2} and C, = {2,3}. Note that
9(Cz) = {{1},{3}}, 9(C}) = {{1,2}} and ¢(C.) = {{2,3}}. Therefore, |g(C;)|= 2 and
lg(Cy)|= 1 = |g(C,)|. Next, zyzx is the only empty triangle and E,, is unique. Thus,
conditions (i), (ii) and (iii) are satisfied. Now, 1 is a special element in C,, 2 is a special
element in C, and 3 is a special element in C,. Hence, conditions (iii), (iv) and (v) are
satisfied. Here all the D,’s are empty set.

Suppose |V (G)[> 4. Assume that for any graph G’ with |V(G')|< |V (G)|, there exist
a graph labelling {Ey}u~y, o of G' and {D,}uev () that satisfy conditions (i), (ii), (iii),
(iv) and (v).

Let Ay = G[{x,y,z}] be a non-empty triangle in G with inclusion-minimal interior
among all non-empty triangles in G. Let S C V(G) be the set of all vertices in the
interior of A\g. By the choice of inclusion-minimality, G[S U {x,y, z}] is a 4-connected
triangulation. Let G’ = G — S. Then, G’ is a triangulation and |V (G')|< |[V(G)|. We
remark here that if G is 4-connected, then G’ = G[{x,y, z}] is the outer triangle of G.

By induction, there exist a graph labelling {Ey}u~g» of G' and {Dy}uev(c) that
satisfy conditions (i), (ii), (iii), (iv) and (v). For u ~¢g v but u %5 v, we set E,, = @.
Now, {Euptu~go 1S @ partial graph labelling of G. In fact, all edges are labelled except
those edges in the interior of Ay. We shall proceed to label those edges based on the
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decomposition of edges in Lemma 4.6. Let the inner edges of G; = G[S U {z,y, z}] be
partitioned into three forests F},, Fy, F, as in Lemma 4.6.

Now, zyzzx is an empty triangle in G’. By condition (iii), either all edges of Ay are
labelled with the same element or there is an uniquely labelled edge of Ay in G'. By
condition (v), if all edges are labelled with the same element, then C, has an extra special
element for some p € {z,y, z}. We distinguish these two cases. In fact, by relabelling if
necessary, we may assume that either

e F,. is unique in G, or

o b,y =L, =FE,, and C, contains an extra special element.

Case 1. E,, is unique in G’.

Case 1.1. Suppose |S|= 1. This means G[S U {z,y,2}] = K, and u, = uy, = u, = w.
Since y € V(G'), there is a special element, say dy in C,,. Now, change all the labels of the
labelled edges according to the following rules: if ¢ < dy, then ¢ remains the same; and if
¢ > dp, then c is changed to ¢+ 1. After that label the edge yw with dy, i.e., E,, = {do}.
When we change dy to dy + 1, the element dy was removed from C, however, after we
labelled the edge yw, dy is added back in C}. Furthermore, |g(C,)| remains the same
before and after the changes. In fact, if {a1,aq,...,a; = do} was a consecutive part of
g(C,) before the changes, then {a, as,...,a;, dy+ 1} is a consecutive part of g(C,) after
the changes. If X was a consecutive part of g(C,) before the changes and the terminal
point of X was smaller than a;, then X is a consecutive part of g(C,) after the changes.
If X was a consecutive part of g(C}) before the changes and the initial point of X was
greater than a; = dp, then X 41 is a consecutive part of g(C,) after the changes. The same
is true for other g(C,), u € V(G’) \ {y} because either dy ¢ C, or dy is an initial point of
a consecutive part of g(C,). Note that if b was a special element of C,, for some u € V(G)
and b < dy before the changes, then b is a special element of C, after the changes. Also, if
b was a special element of C,, for some u € V(G) and b > dy before the changes, then b+ 1
is a special element of C, after the changes. Similarly, if C, contained an extra special
element, then after the changes, it still contains an extra special element. Note that if
E.. = {ap} and ay < dy before the changes, then E,, = {ao} after the changes and it is
still unique, and if E,, = {ag} and ag > dy before the changes, then E,, = {ao + 1} after
the changes and it is still unique. We set E,, = F., = E,.. At the moment |g(Cy)|= 2.
Now, we choose an integer by € N such that by ¢ queE(G) E., and set D,, = {by}. Then,
|g(Cw)|< 3 and all other |g(C,)| remains the same. Note that by is both a special and an
extra special element in C\,. The empty triangles in G’ satisfy condition (iii). Now, there
are three empty triangles, zwzz, rywzr and yzwy in the interior of Ay. For the empty
triangle yzwy, E,, = {dp} is unique whereas for the empty triangle xywz, E,,, = {do} is
unique. For the triangle zwzx, E,, = E,, = E., and by is both a special and an extra
special element in C,,. Thus, conditions (iii) and (v) are satisfied. In fact, it is not hard
to see that conditions (i) to (v) are satisfied.

Case 1.2. Suppose |S|> 2. Choose a ng € N such that for all ¢ > no, ¢ € U,,,cp(gr) Luo-
In fact, we may choose ng to be an integer greater than all other integers in queE(G/) Ey,.
Now, F, is a Hamiltonian path of G; — {y, 2z} going from x to u,. Recall that zu,
is an edge in F, (Remark 1.7). Therefore, the Hamiltonian path is from z to w, and
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then from w, to u,. Let the path from u, = v; to u, = v, be vjv2...v,. Note that
S ={uy =v1,v9,...,0s =u,} and s > 2. Now, for 1 <i < s—1, weset E,,,,,, = {no+i}.
At this moment, conditions (i) to (v) are satisfied. In fact, |g(C,)|= 1 for all u € S and
lg(C,,)|< 3 for all w € V(G'). Furthermore, ng + i is a special element of C,, and ng + 1
is an extra special element of C,, = C,,,.

Now, we shall label the edges in F,,. We may consider y to be the root of the spanning
tree F,,. Now, let u € V(F,) \ {y} and w be the unique vertex adjacent to u on the path
from u to y. Suppose w = y. Since y € V(G’), there is a special element say dy in C),.
Now, change all the labels of the labelled edges according to the following rules: if ¢ < d,
then ¢ remains the same; and if ¢ > dy, then c is changed to c+1. After that label the edge
yu with dy, i.e., By, = {do}. When we change d to dy + 1, the element dy, was removed
from C,, however, after we labelled the edge yu, dy is added back in (. Furthermore,
|g(Cy)| remains the same before and after. Note that if b was a special element of C,
for some u € V(G) and b < dy before the changes, then b is also a special element of C,
after the changes. Also, if b is a special element of C, for some u € V(G) and b > dy
before the changes, then b+ 1 is also a special element of C, after the changes. Similarly,
if C, contained an extra special element before the changes, then after the changes, it
still contains an extra special element. It is not hard to see that conditions (i) to (v) are
satisfied.

Suppose w # y. Then, w € S. Note that C,, contains a special element, say d; (from
the labelling of the edges of the part of the Hamiltonian path F,, from u, to u,). Now,
change all the labels of the labelled edges according to the following rules: if ¢ < d;, then
¢ remains the same; and if ¢ > dy, then c is changed to ¢ + 1. After that label the edge
wu with d;. When we change d; to d; + 1, the element d; was removed from C,,, however,
after we labelled the edge wu, d; is added back in C,,. Furthermore, |g(C,,)| remains the
same before and after. Note that for each u € V(G), if C, contained an special element
before the changes, then after the changes, it still contains an special element. The same
is true for extra special element. We remark here that the special element and extra
special element in C,, could be the same at the beginning. In fact, let’s say d; is the
special element and extra special element in C,, . After the changes, d; + 1 becomes the
special element in C,, whereas d; becomes the extra special element. Again, conditions
(i) to (v) are satisfied.

Now, we shall label the edges in F,. Recall that F, consists of two trees, one containing
x and one containing z. We may consider x to be the root of the tree T}, in F), that contains
z. Now, let u € V(T,)\ {z} and w be the unique vertex adjacent to v on the path from u
to x. Suppose w = x. There is a special element say ds in C,. Now, change all the labels
of the labelled edges according to the following rules: if ¢ < ds, then ¢ remains the same;
and if ¢ > dy, then c is changed to ¢ + 1. After that label the edge xu with dy. When we
change dy to dy 4+ 1, the element dy was removed from C,, however, after we labelled the
edge zu, dy is added back in C,. Furthermore, |g(C,)| remains the same before and after.
Note that for each u € V(G), if C, contained an special element before the changes, then
after the changes, it still contains an special element. The same is true for extra special
element. It is not hard to see that conditions (i) to (v) are satisfied.
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Suppose w # x. Then, w € S. Note that C,, contains a special element, say d3 (from
the labelling of the edges of the part of the Hamiltonian path F,, from u, to u,). Now,
change all the labels of the labelled edges according to the following rules: if ¢ < d3, then
¢ remains the same; and if ¢ > ds, then ¢ is changed to ¢ + 1. After that label the edge
wu with d3. As before, we see that conditions (i) to (v) are satisfied.

We do the same for the tree T, in F, that contains z except that we do not label the
edge u,z. After we have done all the labelling except for the edges zu,, and zu,, conditions
(i) to (v) are satisfied. Now, only the edges zu, and zu, are not labelled. Now, we set
By = Epuy = B,y

Note that E,, is unique for all edges wv in the interior of Gy except for edges zz, xu,
and zw where E,, = E,, = E.,,. Recall that C,, contains a special and an extra
special element. Note that if u € S\ {u,}, then ¢g(C,) contains at most three consecutive
parts: one part arises from the labelling of edges of the Hamiltonian path F; one part
arises from the labelling of edges of the spanning tree [}, and one part arises from the
labelling of edges of the tree T, or T,. The labelling of edges of F, will contribute a
single element to g(C,). The same is true for labelling of edges of T, or T,. If v;v;11v; 12
is the part of the Hamiltonian path with v;41 = v and E,,.,,, = {c1}, Eopyivign = {2},
then {c1,c1 +1,...,c0} C ¢(Cy). If u = u, = vy, Eyy,, = {cs} and c3 is the extra
special element in C,,, then {cs,cs+1,...,c4} € g(Cy,) (it is possible that c3 = ¢4). The
labelling of edges of F, will contribute a single element to g(C,,) and the third element
is from the edges zu, and zu, (since Eeu, = Ezuy). It is not hard to see that conditions
(i) to (v) are satisfied.

Case 2. B,y = E,. = F,, and C, contains an extra special element.

Case 2.1. Suppose |S|= 1. This means G[S U {z,y, z}| = K4 and u, = u, = u,. Let
dy be the extra special element in C,. Now, change all the labels of the labelled edges
according to the following rules: if ¢ < dy, then ¢ remains the same; and if ¢ > dj, then
c is changed to ¢ + 1. After that label the edge zu, with dy, i.e., E,,, = {do}. It is not
hard to see that conditions (i) to (v) are satisfied.

Since y € V(G'), there is a special element, say d; in C,. Now, change all the labels
of the labelled edges according to the following rules: if ¢ < d;, then ¢ remains the same;
and if ¢ > dy, then ¢ is changed to ¢ + 1. After that label the edge yu, with dy, i.e.,
E,., = {di}. Again, conditions (i) to (v) are satisfied.

Since z € V(G'), there is a special element, say dy in C,. Now, change all the labels
of the labelled edges according to the following rules: if ¢ < ds, then ¢ remains the same;
and if ¢ > dy, then c is changed to ¢ + 1. After that label the edge zu, with ds, i.e.,
E.., = {d2}. Again, conditions (i) to (v) are satisfied.

Case 2.2. Suppose |S|> 2. Let dy be the extra special element in C,. Now, change
all the labels of the labelled edges according to the following rules: if ¢ < dy, then ¢
remains the same; and if ¢ > dy, then c¢ is changed to ¢ + s. Now, F), is a Hamiltonian
path of G; — {y, 2} going from z to u,. Recall that zu, is an edge in F, (Remark
1.7). Therefore, the Hamiltonian path is from x to u, and then from wu, to u,. Let the
Hamiltonian path in reverse direction from u, = vy to = vs11 be v1v9...vs11. Note that
S ={uy, =v1,v9,...,vs =uy} and s > 2. Now, for 1 <7 < s, weset By, , = {do+i—1}.
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Before the changes and the labelling of edges of the Hamiltonian path, dy was the initial
point of a consecutive part of of g(C,). After the changes and labelling of edges of
the Hamiltonian path, dy + s — 1 is added to ¢g(C,) (from E,,, = {dy + s —1}). So,
{dy +s—1,dy + s,...} is a consecutive part of g(C,) and |g(C,)| remains the same.
However, C, has no extra special element anymore. If b # dy was a special element of C,
and b < dy before the changes, then b is still a special element of C, after the changes.
If dy was also special in C, before the changes, then dy was the initial point and also
the terminal point of a consecutive part of g(C,). So, the consecutive part in C, that
contained dy before the changes was {dy} a set consists of one element. After the changes
and labelling of edges of the Hamiltonian path, {dy + s — 1,dy + s} is a consecutive part
of g(C;). Therefore, C, still contains a special element, which is dy + s.

Now, we shall label the edges in F},. We may consider y to be the root of the spanning
tree F,,. Now, let u € V(F,) \ {y} and w be the unique vertex adjacent to u on the path
from w to y. Suppose w = y. Since y € V(G'), there is a special element say d; in C,,.
Now, change all the labels of the labelled edges according to the following rules: if ¢ < dy,
then ¢ remains the same; and if ¢ > dy, then ¢ is changed to ¢ + 1. After that label the
edge yu with dy, i.e., E,, = {do}. It is not hard to see that conditions (i) to (v) are
satisfied.

Suppose w # y. Then, w € S. Note that C,, contains a special element, say dy (from
the labelling of the edges of the Hamiltonian path F, in reverse direction, from u, to z).
Now, change all the labels of the labelled edges according to the following rules: if ¢ < ds,
then c¢ remains the same; and if ¢ > ds, then ¢ is changed to ¢ + 1. After that label the
edge wu with dy. Again, conditions (i) to (v) are satisfied.

We shall label the edges in F, using similar process. Note that FE,, is unique for all
edges wov in the interior of G;. Furthermore, if u € S, then ¢g(C,) contains at most three
consecutive parts: one part arises from the labelling of edges of the Hamiltonian path F,
in reverse order; one part arises from the labelling of edges of the spanning tree F; and
one part arises from the labelling of edges of the tree T, or T.. It is not hard to see that
conditions (i) to (v) are satisfied.

This completes the proof of the theorem. n

The following corollary (which is Theorem 1.1) then follows from Corollary 2.9, Lemma
3.4 and Theorem 41.8.

Corollary 4.9. If G is planar, then i(G) < 3.

5. Minimum size number

By Lemmas 3.2 and 3.7, G = F({Bu}uev(e)) for some {B,}.evcy € 2i such that
L({Bu}uev(e)) = {1,2,...,m} and each i € {1,2,...,m} is contained in at least two
B,’s. This motivates us to consider the following two parameters:

mfﬁ(G) = min{|L({Bu}u€V(G))‘ G = 3({Bu}u€V(G)) for some {Bu}uev(G) g 210\1} )
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mr,(G) = min {|L({Bu}uev(g))‘ : G =F({Bu}uev()) forsome {B,}ucva) C 2§
and |B, N B,|<1 forall u,veV(G) with u#v}.

The two parameters mr, (G) and mz,(G) will be called minimum 7;-size number and
minimum 75-size number, respectively. The following lemma is obvious.

Lemma 5.1. mp(G) < mp(G).

We note here that in general mr, (G) # mz,(G). In fact, in Example 3.5, it can be seen
that m7 (G) = 2 and mp(G) = 3.

Lemma 5.2. The following statements are equivalent:
(a) G is a complete graph.

(b) mp(G) = 1.
(c) my(G) = 1.

Proof. ((a) = (b)) Suppose G is a complete graph. We set B, = {1} for all u € V(G).
Then, G = F({Bu}uev(e)) and |B, N B,|= 1 for all u,v € V(G) with u # v. Hence,
L({Bu}uev(c)) = {1} and m7,(G) = 1.

((b) = (c)) It follows from Lemma 5.1.

((c) = (a)) Since mz; (G) = 1, thereis a { By, }yev(q) C 20 such that G = F({Bu}tuev(a))
and B, = B, for all u,v € V(G). Therefore, G is a complete graph. O]

Lemma 5.3. m7,(G) < |E(G)|.

Proof. Label each of the edges of G with an element in N. All the edges are labelled
differently, i.e., B, # E.. for distinct edges uv and w'v'. By Lemma 4.5, { Eyp bumgo 1S To-
compatible. By part (b) of Lemma 3.8, G = §({Cu}uev(e)) € T2 where C,, = UveNG(u) E,,
for all u € V(G). Note that L({Cu}uev(c) = Uyego Puw- Hence, [L{Culuev(a))|=
|E(G)] and m7,(G) < [E(G)]. O

Lemma 5.4. If G is not Ks-free, then m7,(G) < |E(G)|-2.

Proof. If G is not Ks-free, then there are three vertices z, y, z such that G[{z,y, z}] = K3
is a triangle. Label the three edges with 1. Next, label the rest of the edges with different
elements in N\{1}, i.e., £, # Ey. for distinct edges uv and v'v" in E(G)\{xy, yz, zz}. By
Lemma 1.5, { Eyy }u~go 18 To-compatible. By part (b) of Lemma 3.8, G = F({Cy }uev(e)) €
T> where C, = UveNG(u) E,, for all v € V(G). Note that L({Cy}uev(a)) = UUNGU E..
So, [L({C, hevia)l= 1E(G)|—2 and ma(G) < |E(G)|—2. a

Theorem 5.5. The following statements are equivalent:
(a) G is Ks-free.
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Proof. ((a) = (b)) Suppose G is Ks-free. By Lemmas 5.1 and 5.3, mp (G) < |E(G)|.
Suppose m7;(G) < |E(G)|. Then, there exists a {B,}uev(e) C 2§ such that G =
F{Butuev(e)) and |L({Bu}uev(a))| = mn(G). If L({Bu}uev(c)) contains an element
c such that c is contained only in B,, for a particular vertex ug, then we set C,, =
By, \ {¢} and C, = B, for all u € V(G). Note that C, N C, = B, N B, for all
u,v € V(G) as ¢ ¢ B, for all other v € V(G) \ {up}. Therefore, G = F({Cu}uev(a))
and |L({Cu}uev(e))| < |L({Bu}uevic))| = mz(G), a contradiction. Hence, we may as-
sume that each ¢ € L({ B, }uev(q)) is contained in at least two different B,’s.

Let E,, = B, N B, for all u ~5 v. Note that |E,,| may be greater than 1. Let
¢ € L({Bu}uev(e))- There are distinct vertices u; and uy such that ¢ € B,, N B, =
Euyyuy- Thus, L{Bu}tuev (@) € Uymyo Buo- Clearly, U, ., Buw € L({Bu}uev(c)). Hence,
L({Bu}ueV(G)) = UuNG’U Eyy.

Suppose Ey, .y, N E,,., # 9 for some distinct edges uyv, and usvy. We may assume that
ui,v; and ug are distinct vertices. Let ¢ € By, N Eyye,. Then, ¢ € B,, N By, N B,,.
So, G[{u1,v1,us}] = K3, a contradiction. So, we may assume that F,, N E,., = & for
distinct edges uv and u'v’.

Now,

m (G) = |LU{Bu}uevy)| =

U Bul = Y 1Bul= [EG)]

u~GqU u~GqU
a contradiction. Hence, mr, (G) = |E(G)|.

((b) = (c)) It follows from Lemmas 5.1 and 5.3.

((c) = (d)) It follows from Lemma 5.4. O
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