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abstract

In this article, we obtain the determining number and the metric dimension of the zero-

divisor graph of the ring of integers modulo n and of non-Boolean semisimple rings. For

Boolean rings, an upper bound for these parameters is established. While the determining

number and metric dimension of Γ(Zn) are known in the literature, we provide an alter-

native derivation based on a structural decomposition of the graph via generalized join.

This approach o�ers a direct and uni�ed method to compute these parameters. Further,

we determine these parameters for joins of vertex-transitive graphs and investigate certain

questions concerning the relationship between determining number and metric dimension.
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1. Introduction

In 1988, the concept of zero-divisor graph of a commutative ring was introduced by Beck

[5] and rede�ned by Anderson and Livingston [2]. They established several important

structural properties of the zero-divisor graph of commutative rings. The term zero-

divisor graph was �rst used by Anderson and Livingston. Through the zero-divisor graph,

they investigated the interplay between the the structure of rings and the corresponding

graphs. Interestingly, one can �nd two non-isomorphic rings, which have the same zero-

divisor graph. Fundamental properties of the zero-divisor graph, such as whether it is

�nite, complete, bipartite, or a star graph, were studied by Anderson and Livingston

[2]. Akbari et al. [1], Belsho� and Chapman [7], and Smith [23] have established several
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important structural properties of zero-divisor graphs.

In 2006, Boutin [8] introduced the concept of determining number of a graph, and

in the same year, an equivalent graph parameter, namely the �xing number of a graph

was studied independently by Erwin and Harary [9]. In 1975, Slater [22] introduced the

concept of metric dimension of a graph and independently studied by Harary and Melter

[12] in 1976. It was Harary and Melter [12], who coined the term �metric dimension" for

the same. The metric dimension is also termed the distance-determining number as well

as the locating number of a graph. Throughout this article, the de�nition of zero-divisor

graph by Anderson and Livingston [2] is adopted.

The main object of this article is to study the interplay of ring-theoretic properties

of commutative rings R with graph-theoretic properties such as the determining number

and the metric dimension of the zero-divisor graph of R. The study of metric dimension

in zero-divisor graphs has already been studied by Pirzada et al. [16] and many results

have been proved in this direction. Apart from the usual approach, we are looking at the

problem of �nding metric dimension via its relationship with determining number. For

this, we represent the zero-divisor graph of di�erent classes of graphs as a generalized join

of certain graphs and utilize the structure to identify the determining number and hence

to �nd the metric dimension. In [16], Pirzada et al. determined the metric dimension of

the zero-divisor graph of the ring Zn when n = 2p or n = pk for a prime p. In this article,

the determining number of the zero-divisor graph of Zn is determined, for all integers n.

We note that the determining number and the metric dimension of the zero-divisor

graph Γ(Zn) have been previously obtained by Ou et al. [14] and, for the metric dimen-

sion, by Basak et al. [4]. The approach adopted in this paper is di�erent and is based on

expressing Γ(Zn) as a generalized join of graphs, which provides a structural and direct

derivation of these parameters. In Section 2, we discuss the same for semisimple commu-

tative rings and obtain certain interesting results regarding the �niteness of determining

number of zero-divisor graphs of an in�nite ring. In Section 4, we prove some miscel-

laneous results regarding the determining number of simple graphs, which are not the

zero-divisor graph of a commutative ring.

2. Preliminaries

In this article, we consider commutative rings R with unity 1 and use Z(R) and Ann(R)

to represent the set of all non-zero zero-divisors of R and the set of non-zero ideals with

non-zero annihilator, respectively. It is noted that in this article, neither the zero-ideal 0

nor the zero-element 0 are included in Ann(R) and Z(R), respectively. A commutative

ring R is Boolean if x2 = x for any x ∈ R. A commutative ring is Noetherian if it

satis�es the ascending chain condition of ideals. A prime ideal p of R is an associated

prime if p = ann(x) for some x ∈ R. The set of all associated primes ideals in R is

denoted Ass(R). In this article, by a ring, we mean a commutative ring unless otherwise

mentioned.

For an element a of a group G, ⟨a⟩ denotes the subgroup generated by a. For any

non-empty set X, SX denotes the group of all permutations of X, and Sn denotes the
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symmetric group on n symbols. For any �nite set X, |X| denotes the cardinality of X

and Xc represents the complement of the set X with respect to the appropriate superset

of X. We use [1, k] to denote the set {1, 2, · · · , k}. For any real number α, ⌊α⌋ denotes

the greatest integer function of α.

We now recall important de�nitions, notation, and terminology from graph theory. We

consider only simple undirected graphs. A graph Γ is an ordered pair (V (Γ), E(Γ)), where

the vertex set V (Γ) is non-empty and the edge set E(Γ) is a subset of the set of all two-

element subsets of V (Γ). For any vertex v of a graph Γ, NΓ(v) or shortly, N(v) is the

neighborhood of v in Γ, which is the set of all vertices adjacent to v in Γ, and degΓ(v)

or shortly, deg(v) is the degree of v in Γ and is equal to |NΓ(v)|. For any two distinct

vertices, u and v in Γ, the distance between u and v is the length of the shortest path

connecting u and v. A complete graph on n vertices is denoted by Kn, whereas an empty

graph on n vertices is denoted by Kn. If S is a subset of the vertex set of Γ, then the

subgraph induced by S, denoted by ⟨S⟩, is the subgraph of Γ with vertex set S and two

vertices u and v are adjacent in ⟨S⟩ if and only if u and v are adjacent in Γ. A subset S

of vertices of Γ is a clique of Γ if the subgraph ⟨S⟩ induced by S is a complete graph and

S is an independent set if the subgraph ⟨S⟩ of Γ induced by S is an empty graph. An

automorphism of a graph Γ is a bijection σ from the vertex set of Γ to itself in such a way

that u is adjacent to v in Γ if and only if σ(u) is adjacent to σ(v) in Γ. For any graph

Γ, Aut(Γ) stands for the group of all automorphisms of Γ. For a graph Γ, a non-empty

subset O of V (Γ) is said to be a vertex orbit of Γ if O = {σ(u) : σ ∈ Aut(Γ)} for some u in

V (Γ). A graph Γ is vertex-transitive if V (Γ) is the only vertex orbit of Γ. The stabilizer

of a vertex v of a graph Γ, is stab(v) = {σ ∈ Aut(Γ) : σ(v) = v}. The vertex stabilizer

of a set of vertices S of a graph Γ is stab(S) = {σ ∈ Aut(Γ) : σ(v) = v, ∀v ∈ S}. We

proceed to de�ne two important parameters, which we discuss in the main results.

De�nition 2.1. [8] Let Γ = (V (Γ), E(Γ)) be a graph. A subset S ⊆ V (Γ) is said to be

a determining set of Γ if whenever σ1, σ2 ∈ Aut(Γ) such that σ1(u) = σ2(u) for all u ∈ S,

then σ1(v) = σ2(v) for all v ∈ V (Γ). The determining number of a graph Γ is de�ned as

Det(Γ) = min
S⊂V (Γ)

{|S|: S is a determining set of Γ}.

For any graph Γ, it is obvious that V (Γ) is a determining set of Γ. Also any set of vertices

S with |S|= |V (Γ)|−1 is a determining set of Γ. Therefore 0 ≤ Det(Γ) ≤ |V (Γ)|−1.

The notion of �xing set and �xing number are analogous to the concept of determining

set and determining number.

De�nition 2.2. [9] A vertex v of a graph Γ is said to be �xed by an automorphism

σ ∈ Aut(Γ) if σ ∈ stab(v). A set, S of vertices of Γ is a �xing set of Γ if stab(S) is trivial,

and we say that S �xes Γ. The �xing number of Γ is

�x(Γ) = min
S⊂V (Γ)

{|S|: S is a �xing set of Γ}.

Gibbons and Laison [11] proved that the notions of determining set and the �xing set
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are equivalent.

Lemma 2.3. [11] A set of vertices is a �xing set if and only if it is a determining set.

Also, the metric dimension of a graph and the resolving number of a graph are equivalent

notions.

De�nition 2.4. [22] Let Γ = (V (Γ), E(Γ)) be a graph and W = {w1, . . . , wk} be an

ordered subset of V (Γ). Then for a vertex v of Γ, the metric representation of v with

respect to W is the k-vector DW (v) = (ζ1, ζ2, . . . , ζk), where ζi is the distance between v

and wi in Γ.

De�nition 2.5. [22] Let Γ be a graph. A set of vertices S is said to be a resolving set

or distance-determining set of Γ if every vertex of Γ is uniquely determined by the metric

representation of the vertices with respect to S, that is, DS(u) ̸= DS(v) for all u, v ∈ V (Γ)

with u ̸= v, where S is assumed to be ordered. The metric dimension of Γ is the minimum

cardinality of a resolving set of Γ, denoted by dimM(Γ).

Lemma 2.6. [8] If S ⊆ V (Γ) is a resolving set of a graph Γ, then S is a determining set

of Γ. In particular, Det(Γ) ≤ dimM(Γ).

We �rst discuss the determining number and the metric dimension of some important

graphs. For the complete graph Kn, any set S with |S|= n−1 is a determining set of Kn,

we have Det(Kn) = n − 1 = dimM(Kn). For a path Pn, a single pendant vertex of Pn

forms a determining set of Pn and therefore Det(Pn) = 1 = dimM(Pn). For a cycle Cn,

Det(Cn) = 2 = dimM(Cn), because any pair of two vertices in Cn form a determining set

and a resolving set.

In this article, the following graph operation namely, the generalized join of graphs [20]

is often used.

De�nition 2.7. [20] Let Γ be a given graph and {Λα}α∈V (Γ) be a collection of graphs

indexed V (Γ). Then the generalized join of Γ with {Λα}α∈V (Γ) is a graph Γ̃ with vertex

set V (Γ̃) = {(x, y) : x ∈ V (Γ) and y ∈ V (Λx)} and two vertices (x, y) and (x′, y′) are

adjacent if and only if either x is adjacent to x′ in E(Γ) and y is adjacent to y′ in E(Λx) or

x = x′ and y is adjacent to y′ in E(Λx). If Γ has m vertices, then Γ-join of the collection

{Λ1,Λ2, . . . ,Λm} is denoted by Γ[Λ1,Λ2, . . . ,Λm].

Example 2.8. The graph in Figure 1, illustrates the generalized join, that is, the P3-join

of {K4, K1, K2}.

In this article, we follow the de�nition of zero-divisor graph of a commutative ring by

Anderson and Livingston [2].

De�nition 2.9. [2] Let R be a ring. The zero-divisor graph Γ(R), of R, is a simple graph
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having the vertex set Z(R) and two distinct elements, x and y of Z(R) are adjacent if

and only if xy = 0.

9 4 9

6

3 8 10

Fig. 1. P3[K4,K1,K2]

The following result emphasizes, under what condition the zero-divisor graph of a ring,

is �nite.

Lemma 2.10. [10] For any ring R, Z(R) is �nite if and only if either R is �nite or is

an integral domain.

De�ne an equivalence relation ‘ ∼' on Z(R) in such a way that for any x, y ∈ Z(R),

we de�ne x ∼ y if and only if ann(x) = ann(y). With respect to this equivalence relation

‘ ∼', if RE denotes the set of all equivalence classes [x] in Z(R), then RE forms a partition

of Z(R).

De�nition 2.11. [24] For a ring, R the compressed zero-divisor graph of ΓE(R) of R

is a simple graph with the vertex set RE and two distinct vertices [x] and [y] of RE are

adjacent if and only if xy = 0. This equivalence relation forms the basis of the compressed

zero-divisor graph.

Another interesting graph structure associated with a ring is the annihilating ideal

graph.

De�nition 2.12. [6] Let R be a ring and Ann(R) be the set of ideals with a non-zero

annihilator. The annihilating-ideal graph ΓAnn(R) of R is the graph with the vertex set

Ann(R), and two distinct vertices I and J are adjacent if and only if IJ = ⟨0⟩.

There are several structural properties of the zero-divisor graph, the compressed zero-

divisor graph, and the annihilating ideal graph, that have been identi�ed by various

authors, who have proved many interesting relationship among these graphs [2, 24, 6, 21].

3. Determining number and metric dimension of Γ(Zn)

In this article, we analyze certain structural properties of the zero-divisor graph of Zn,

that helps to predict the determining number and the metric dimension of Γ(Zn). For

a positive integer n > 1, ϕ(n) denotes the Euler totient function of n. We use Υ(n) to

denote the set of all proper divisors of n and τ(n) denotes the number of proper divisors
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of n. Note that 1 and n are not included as the elements of Υ(n).

De�nition 3.1. Let n > 1 be any positive integer and let d be any divisor of n such

that 1 < d < n. We de�ne Ωd to be the set of all x ∈ Zn such that the greatest common

divisor of the corresponding integer x and n is d.

Remark 3.2. Since d ∈ Ωd, Ωd is always non-empty. Also, for any divisor d of n, Ωd is

a subset of Z(Zn) and moreover Ωd1 ∪ Ωd2 ∪ · · · ∪ Ωdτ(n)
= Z(Zn). If d and d′ are any

two distinct divisors of n, then Ωd ∩ Ωd′ = {}. In addition, if V = {Ωd: d ∈ Υ(n)}, then
V forms a partition of Z(Zn). For any divisor d of n, it can be veri�ed that Ωd = {du :

u is a unit in Zn}.

From the following lemmas, we can see that, the sets Ωd's guarantee to explore several

structural properties of the zero-divisor graph of Zn. First, we prove that the set Ωd is a

clique or an independent set in Γ(Zn), where d ∈ Υ(n).

Lemma 3.3. Suppose d is a divisor of n.

(i) If n divides d2, then Ωd is a clique in Γ(Zn) and if n is not a divisor of d2, then Ωd

is an independent set in Γ(Zn).

(ii) The number of elements in Ωd is ϕ(n
d
).

(iii) If x ∈ Ωd, then

degΓ(Zn)(x) =

{
d− 2 if n | d2,
d− 1 if n ∤ d2.

Proof. (i) If x, y ∈ Ωd, then there exist two units u, v ∈ Zn such that x = du and y = dv

and hence xy = d2uv, where uv is a unit in Zn. Thus x and y are adjacent in Γ(Zn) if

and only if n|d2.
(ii) One can see that Ωd is a collection of all generators of the additive subgroup ⟨d⟩ of

Zn and hence |Ωd| is the number of generators of ⟨d⟩. But ⟨d⟩ is isomorphic to Zn
d
and

we have |Ωd|= ϕ(n
d
).

(iii) If x ∈ Ωd, then x = du for some unit u in Zn. Now if y ∈ Ωm, where m ∈ Υ(n)

and m is a multiple of n
d
, then xy = 0. Suppose that xw = 0 for some w ∈ Ωk, where

k ∈ Υ(n). Then dk = 0 and hence k is a multiple of n
d
. If n ∤ d2, then by Lemma 3.3(ii),

we have

degΓ(Zn)(x) =
∑
n
d
|m

m∈Υ(n)

|Ωm|=
∑
n
d
|m

m∈Υ(n)

ϕ

(
n

m

)
=

∑
i|d
i̸=1

ϕ(i) = d− 1.

If n|d2, then d is a multiple of n
d
. Therefore, when the counting is done as above, x is be

included in the d − 1 number of adjacent vertices of the vertex x. Since the zero-divisor

graph has no loop, degΓ(Zn)(x) = d− 2.

We proceed to give an example, which illustrates all the statements of Lemma 3.3.
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Example 3.4. Consider the zero-divisor graph Γ(Z12).

2

4

8

10

3

6

9

Fig. 2. The zero-divisor graph of Z12

The set of all non-zero zero-divisors of Z12 is Z(Z12) = {2, 3, 4, 6, 8, 9, 10} and the proper
divisors of 12 are 2, 3, 4, 6, and the corresponding sets are

Ω2 = {2, 10}, Ω3 = {3, 9}, Ω4 = {4, 8}, Ω6 = {6}.

When the divisor d is 2 or 3 or 4, 12 does not divide d2 and hence Ωd is an independent

set in Γ(Z12). However, 12 divides 36 and hence Ω6 forms a clique in Γ(Z12).

We now verify the degree formula in Lemma 3.3(iii):

(i) If x ∈ Ω2, then d = 2 and 12 ∤ 4, and hence deg(x) = d − 1 = 1. Indeed, 2 is

adjacent only to 6, and thus deg(2) = 1.

(ii) If x ∈ Ω3, then d = 3 and 12 ∤ 9, and hence deg(x) = d − 1 = 2. Indeed, 3 is

adjacent to 4 and 8 and thus deg(3) = 2.

(iii) If x ∈ Ω4, then d = 4 and 12 ∤ 16, and hence deg(x) = d − 1 = 3. Indeed, 4 is

adjacent to 3, 6, and 9, and thus deg(4) = 3.

(iv) If x ∈ Ω6, then d = 6 and 12 | 36, hence deg(x) = d− 2 = 4. Indeed, 6 is adjacent

to 2, 4, 8, and 10, and thus deg(6) = 4.

Note that, if n is not a divisor of d2, then Ωd is an independent set of the zero-divisor

graph of the ring Zn.

Lemma 3.5. Let x and y be any two vertices in the zero-divisor graph of the ring R = Zn.

Then the degrees of x and y in Γ(R) are equal if and only if there exists d ∈ Υ(n) such

that x, y ∈ Ωd.

Proof. Let x, y ∈ Ωd. Then x = du and y = dv, for some units u and v in R. Therefore, for

any w ∈ Z(R), xw = 0 if and only if dw = 0 if and only if yw = 0. Therefore, ann(x) =

ann(y). By Lemma 3.3(i), if n|d2, then degΓ(R)(x) = |ann(x) \ {0, x, y}|= |ann(y) \
{0, x, y}|= degΓ(R)(y) and if n ∤ d2, then degΓ(R)(x) = |ann(x)|−2 = |ann(y)|−2 =

degΓ(R)(y). Conversely, if degΓ(R)(x) = degΓ(R)(y) for x ∈ Ωd1 and y ∈ Ωd2 , then by

Lemma 3.3(iii), either d1−1 = d2−1 or d1−1 = d2−2 and hence d1 = d2 or d2 = d1+1;
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but if d2 = d1 + 1, then n|(d1 + 1)2. On the other hand, we have d1|n, (d1 + 1)|n and

gcd(d1, d1+1) = 1 and hence d1(d1+1)|n. Consequently, d1|d1+1, which is a contradiction.

Therefore, d1 = d2.

An outline of the above argument also appears in [2]. Since ann(x) = ann(y) if and

only if x, y ∈ Ωd for some d ∈ Υ(n), the set V = {Ωd : d ∈ Υ(n)} is precisely the vertex

set of ΓE(Zn).

Lemma 3.6. For the ring R = Zn, ΓE(R) ∼= ΓAnn(R).

Proof. The proof follows from any isomorphism from V to Ann(Zn) that maps each Ωd

to ⟨d⟩.

The structure of the zero-divisor graph of Zn can be expressed as a generalized join of

elementary classes of graphs such as complete graphs and empty graphs. Note that all

the non-trivial ideals of Zn are principal and that ⟨x⟩⟨y⟩ = ⟨xy⟩, where x, y ∈ Zn. The

following lemma formalizes this.

Lemma 3.7. Let R = Zn. If Ann(R) = {⟨d1⟩, ⟨d2⟩, · · · , ⟨dτ(n)⟩}, where di's are divisors

of n, then Γ(R) is isomorphic to ΓAnn(R)[Λd1 ,Λd2 · · · ,Λdτ(n)
], where Λdi = Kϕ( n

di
) if n|d2i

and Λdi = Kϕ( n
di

) if n ∤ d2i .

Proof. If the vertex set of Λdi is {yji : j ∈ [1, ϕ( n
di
)]}, then de�ne the vertex set of

ΓAnn(R)[Λd1 , · · · ,Λdτ(n)
] to be

U =

τ(n)⋃
i=1

{(⟨di⟩, yji ) : y
j
i ∈ Λdi , i ∈ [1, τ(n)]}.

Consider a mapping ψ : V (Γ(R)) −→ U in such a way that, if xj is the j-th vertex in

Ωdi with respect to some order and if j ∈ [1, ϕ( n
di
)], then de�ne ψ(xj) = (⟨di⟩, yji ). We

claim that ψ is a graph isomorphism. Suppose x and y are adjacent in Γ(R). If both

x and y are in Ωdj , for some j, then d2i |n and Λdi
∼= Kϕ( n

di
) and hence by de�nition of

generalized join, ψ(x) will be adjacent to ψ(y). If x ∈ Ωdi and y ∈ Ωdj , where i ̸= j, then

n divides didj. Hence ⟨di⟩ and ⟨dj⟩ are adjacent in ΓAnn(R) and again by de�nition of

generalized join of graphs, ψ(x) is adjacent to ψ(y). This completes the proof.

Note that the above lemmas were proved in [19] with a di�erent approach.

Lemma 3.8. [2] If R = Zn, then

Aut(Γ(R)) =
∏

d∈Υ(n)

SΩd
∼=

∏
d∈Υ(n)

Sϕ(n
d
).

Lemma 3.9. [8] Let O1,O2, · · · ,Ok be the vertex orbits of a graph Γ and Λ1,Λ2, · · · ,
Λk respectively be their associatedinduced subgraphs in Γ. If S1, S2, · · · , Sk are the respec-

tive determining sets of Λ1,Λ2, · · · ,Λk, then
⋃k

i=1 Si is a determining set of the graph

Γ.
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The determining number and the metric dimension of the zero�divisor graph of Zn are

obtained.

Theorem 3.10. For the ring R = Zn, Det(Γ(R)) = n− ϕ(n)− τ(n)− 1.

Proof. The case n = 4 is immediate, since Γ(Z4) is a single vertex graph and hence

Det(Γ(R)) = 0, which agrees with the formula. For n ̸= 4, let Υ(n) = {d1, d2, · · · , dτ(n)}.
Suppose Λi is the subgraph of Γ(R) induced by Ωdi and Si is a minimum determining set

of Λi, that is, Det(Λi) = |Si|. By Lemma 3.3, each Λi is either a complete graph or an

empty graph. In both cases, Si contains all the elements of Ωdi , except for exactly one

vertex of it. Hence |Si|= |Ωdi |−1.

Suppose that S =
⋃τ(n)

i=1 Si. We �rst prove S is a determining set of Γ(R). Using Lemma

3.8, each Ωdi is a vertex orbit of Γ(R). Again, by Lemma 3.9, the union S of determining

sets from each orbit is a determining set of Γ(R). To prove minimality, let S ′ be a set of

vertices of Γ(R) with |S ′|< |S|. Then there exists a dj ∈ Υ(n) such that S ′ omits at least

two vertices x and y of Ωdj . Now, by Lemma 3.8, there exists a non-trivial automorphism

of Γ(R), which �xes all the vertices of S ′ other than x and y, and interchanges x and y.

Thus S ′ is not a �xing set of Γ(R) and hence by Lemma 2.3, S ′ is not a determining set

of Γ(R). Hence the number of elements in S is |Z(R)|−|Υ(n)|= n− ϕ(n)− τ(n)− 1.

Theorem 3.11. For the ring R = Zn, dimM(Γ(R)) = n− ϕ(n)− τ(n)− 1.

Proof. Let n = p2, where p is a prime. Then by Lemma 3.7, Γ(R) is a complete graph

on p− 1 vertices and hence dimM(Γ(R)) = p2 − (p2 − p)− 1− 1 = p− 2.

Suppose that n ̸= p2, for any prime p. By Proposition 2.6, dimM(Γ(R)) ≥ n− ϕ(n)−
τ(n)−1. For the reverse inequality, it is enough to prove that the determining set S de�ned

in the proof of Theorem 1, is a resolving set. We claim that DS(x) ̸= DS(y), whenever

x and y are any two vertices of Γ(R) that are not in S. By the de�nition of S, we can

�nd i ̸= j such that x ∈ Ωdi and y ∈ Ωdj . Then degΓ(R)(x) ̸= degΓ(R)(y). Without loss of

generality, we assume that degΓ(R)(x) > degΓ(R(y), then there exist a vertex w ∈ Z(R),

x ̸= w, and y ̸= w such that wx = 0 and wy ̸= 0. Let Ωd be the partite set containing w.

If |Ωd|̸= 1, then there exists w′ ∈ S ∩ Ωd such that d(x,w′) = 1 and d(y, w′) ̸= 1 and

hence DS(x) ̸= DS(y).

Now, if |Ωd|= 1, then by Lemma 3.3(ii), d = n
2
. Hence n must be even in this case and

thus 2 divides n and |Ω2|> 1. Therefore it is possible to choose w′ ∈ S ∩ Ω2 such that

d(x,w′) = 2 and d(y, w′) > 2. Thus DS(x) ̸= DS(y) and consequently, S is a resolving

set of Γ(R).

Remark 3.12. After completing this work, we became aware that the determining num-

ber and the metric dimension of the zero-divisor graph Γ(Zn) were obtained by Ou et al.

[14]. Further, we note that Theorem 2 was established earlier by Basak, Saha, and Tiwary

(2019) [4] by using a di�erent method. The proofs of the results in Theorems 1 and 2 were

obtained independently in this work. Although these results are not new, the approach
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adopted here is entirely di�erent and is based on expressing Γ(Zn) as a generalized join

of graphs, which leads to a direct derivation of these parameters. This viewpoint may

be useful in extending such results to broader classes of graphs arising from algebraic

structures.

The structural description of Γ(Zn) as a generalized join plays a key role in the above

derivations and o�ers a uni�ed framework for analyzing related graph parameters.

The apparent di�erence in the formula a+ 1 in [14] and a −1 in our expression is due

to a di�erence in convention. In this paper, trivial divisors are excluded from the divisor

set, whereas they are included in [14]. With consistent conventions, the expressions agree.

Now, the zero-divisor graph of Z315 is given in Figure 3. This graph has the determining

number 160 as well as the metric dimension 160. Note that the grey color connecting Ki

and Kj represents every vertex of Ki is adjacent to every vertex of Kj.

K24

K2

K6

K12K8

K4

K24 K36

K48

K6

Ω3

Ω35 Ω5Ω7

Ω21

Ω45

Ω15

Ω63

Ω9

Ω100

Fig. 3. The zero-divisor graph of the ring Z315

4. Determining number of zero-divisor graph of a semisimple

ring

In this section, the determining number and the metric dimension of the zero-divisor

graph of semisimple rings are discussed. We use the following notations and results for

the same.

De�nition 4.1. [3] LetR be a �nite ring, Then R is said to be semisimple if R is a direct

product of a �nite number of �nite �elds.

Therefore, whenever R is semisimple ring, then R ∼=
∏k

i=1 Fi, where all Fi's are �nite

�eld and k > 1.
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De�nition 4.2. [15] Let R ∼=
∏k

i=1 Fi. For any zero-divisor x = (x1, · · · , xk) of R, we
de�ne a non-empty subset Θx of [1, k] such that xi = 0, whenever i ∈ Θx. Equivalently,

Θx is the complement of the support of x.

For any ideal I =
∏k

i=1 Ii of R, we de�ne a non-empty subset ΘI of [1, k] such that

Ii = 0, whenever i ∈ ΘI . Also, we de�ne a subset I ′ = {x ∈ I : Θx = ΘI} of I.

Lemma 4.3. [15] Let R ∼=
∏k

i=1 Fi be a �nite semisimple ring with Ann(R) = {I1, I2, · · · ,
Im}, where m = 2k − 2 and k > 1. For all i ∈ [1,m], if Λi is a totally disconnected graph

on |I ′
i| vertices, then Γ(R) is isomorphic to ΓAnn(R)[Λ1,Λ2, · · · ,Λm].

Lemma 4.4. Let Γ ∼= Λ[Λ1, · · ·Λk], where Λ and Λi's are any graphs. Then Aut(Λi) ×
· · · × Aut(Λk) can be embedded in Aut(Γ).

Proof. Suppose that the vertex set of Λ is [1, k] and the vertex set of Γ is {(xi, yji ) : y
j
i ∈

V (Λi)}. Consider ψ : Aut(Λ1)×· · ·×Aut(Λk) −→ Aut(Γ) such that ψ(σ1, · · · , σk)(i, yji ) =
σi(y

j
i ). Now if ψ(σ ◦ ρ) = ψ(σ1 ◦ ρ1, · · · , σk ◦ ρk) = µ, then µ(i, yji ) = σi(ρi(y

j
i )). Therefore

ψ(σ ◦ ρ) = ψ(σ) ◦ ψ(ρ). Hence ψ is a homomorphism. Since each automorphism σi's is

one-one, we have ker(ψ) = ker(σ1)× · · · × ker(σk) = {e}. Hence ψ is an embedding.

Lemma 4.5. [15] Let R ∼=
∏k

i=1 Fi be a semisimple ring, Then ΓE(R) ∼= ΓAnn(R).

Theorem 4.6. Suppose R ∼=
∏k

i=1 Fi, where Fi is a �nite �eld and Fi ≇ Z2 for some i.

Then Det(Γ(R)) = |Z(R)|−2k + 2.

Proof. From Lemma 4.3, Γ(R) is the generalized join of a collection of complete graphs.

Let S be a subset of the vertex set of Γ(R) such that S contains all but one vertex

from each of the partite set I ′. Since there are 2k − 2 di�erent partite sets, we have

|S|= |Z(R)|−2k + 2. We claim that S is a minimum determining set of Γ(R). We show

that any automorphism �xing S must be the identity. Suppose ψ is an automorphism of

Γ(R) that �xes all the vertices of S and let x ∈ Sc be such that ψ(x) = y for some y ̸= x.

Also, assume that x is in I ′ of the partition.

Now, suppose |I ′|=1. Since there is at least one j such that Fj ̸∼= Z2, there exists w ∈ S

such that w is adjacent to x and w is not adjacent to y. Therefore ψ(x) is not adjacent

to w = ψ(w). Hence ψ is not an automorphism of Γ(R), which is a contradiction. Thus

ψ �xes all the vertices of Γ(R) and S is a determining set of Γ(R).

Similarly, if |I ′|> 1, by the procedure that S is de�ned we must have y ̸∈ I ′. Then there

exists a vertex w either in S or in I ′ of the partition with |I ′|= 1 such that w is adjacent

to x, but not to y in Γ(R). From above, every vertex in S and in I ′ of the partition

with |I ′|= 1 are �xed by ψ, therefore ψ(w) = w and hence ψ is not an automorphism.

Considering both the cases together, ψ(x) = x for all x ∈ V (Γ(R)). Therefore, S is a

determining set of Γ(R).

To prove minimality, suppose S1 is any subset of the vertex set of Γ(R) such that

|S1|< |Z(R)|−2k + 2, then there exist x, y ∈ Sc
1 such that, x, y ∈ J ′ for some ideal J of
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R. Then, by Theorem 4.4, there exists an automorphism of Γ(R), which �xes all vertices

in S ′; but maps x and y each other. Hence S1 is not a determining set of Γ(R).

The next two results give the determining number of the semisimple ring R ∼=
∏k

i=1 Fi,

where each Fi is a �nite �eld. The result appeared in [14]; however our approaches are

di�erent.

Theorem 4.7. Suppose R ∼=
∏k

i=1 Fi, where Fi is a �nite �eld and Fi ≇ Z2 for some i.

Then dimM(Γ(R)) = |Z(R)|−2k + 2.

Proof. Let S be the same as in the proof of Theorem 4.6; Since R is not a Boolean ring,

S is non-empty. It is enough to prove that, above determining set S is a resolving set

as well. Suppose, x, y are distinct vertices from Sc, using the de�nition of S we have

Θx ̸= Θy. Then it is possible to �nd a vertex w in S, which is adjacent to either x or y

but not both. For, if Θx ∩ Θy = ∅ , choose w such that, Θc
x ⊆ Θw and if Θx ∩ Θy ̸= ∅,

choose w such that, (Θx \ Θy)
c ⊆ Θw. Hence, the set S is a resolving set as well, and

dimM(R) = |Z(R)|−2k + 2.

Theorem 4.8. If R = Zn
2 , then Det(Γ(R)) <

n
2
+ 1, where n > 1.

Proof. First we consider the cases, when n = 2, 3 and 4 separately. If n = 2, then

Γ(R) ∼= K2 and hence Det(Γ(R) = 1.

Fig. 4. The zero-divisor graphs of the rings Z3
2 and Z4

2

For n = 3, we have Γ(R) ∼= K3 ⊙ K2, which is given in Figure 4. Clearly, {u1, u2} is

a minimum determining set of Γ(R) and hence the determining number of Γ(R) is 2. If

n = 4, then {v6, v10} is a minimum determining set of Γ(R) and thus the determining

number of Γ(R) is 2. If n ≥ 5, then consider the set U = {v ∈ R : |Θv|= 1}. Since every
vertex of Γ(R) is adjacent to at least one of the vertex in U , U itself is a determining set

of Γ(R). In addition, U is precisely the set of the central vertices of Γ(R).

For the rest of the proof, we consider two cases (i) n = 2t, t ≥ 3 and (ii) n = 2s +

1, s ≥ 2. Consider the portion of the graph Γ(Z2t
2 ), which is given in Figure 5. Let

U = {v1, v2, · · · , v2t} be the set of central vertices of Γ(Z2t
2 ). Then, choose the vertices

u1, u2, · · · , ut such that for each i ∈ [1, t], the vertex ui is adjacent to exactly three of the

central vertices v2i−1, v2i and v2i+1 as given in Figure 3. Note that it is considered v2k+1 is
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the same as that of v1. Let S = {u1, u2, · · ·ut} be set of the vertices of Γ(Z2k
2 ), as shown in

Figure 5. Suppose an automorphism of Γ(Z2k
2 ) �xes all of the vertices of S, then it forces

all the central vertices to be �xed. Hence S constitutes a determining set of Γ(Z2k
2 ).

Γ(Z2k
2 )

v1 v2
v3
v4

v5

v2i−1
v2i

v2i+1

v2k
v2k−1

u1

u2

ui

uk

Γ(Z2k+1
2 )

v1 v2
v3
v4
v5

v2k+1
v2k
v2k−1

u1

u2

uk

ui

v2i v2i−1

v2i+1

Fig. 5. A determining set S = {u1, u2, · · · , uk} in Γ(Zn
2 )

Similarly, for the case n = 2k + 1, Figure 5 illustrates a portion of Γ(Z2k+1
2 ). Choose

a set of vertices S = {u1, u2, · · · , uk} of Γ(R) as shown in Figure 4, with the property

that ui is adjacent to exactly three of the central vertices, namely v2i−1, v2i and v2i+1

for i = 1, 2, · · · , k. Then �xing all the vertices of S forces to �x all the central vertices

and hence �xes all the vertices of Γ(Z2k+1
2 ). By combining the above cases, we have

Det(Γ(Zn
2 )) = ⌊n

2
⌋ < n

2
+ 1, where n > 1.

One can conclude that if R is either Zn or any non-Boolean reduced ring, then the

determining number and metric dimension of Γ(R) are same. A natural question is

whether there exists a ring R for which the determining number and the metric dimension

of Γ(R) are not same. The question is answered in the a�rmative.

For the ring R = Z5
2, the determining number of Γ(R) is less than or equal to 2. How-

ever Raja et al. [18] proved that the metric dimension of Γ(R) is 5. Hence, Det(Γ(R)) ̸=
dimM(Γ(R)). The following problem remains open and presents several interesting av-

enues for future research

Problem 4.9. Characterize all rings R for which Det(Γ(R)) ̸= dimM(Γ(R)).

5. Size of the determining number

In this section, a comparison of the �niteness of the determining number of the zero-

divisor graph, with respect to the size of the ring, is analyzed. In 2014, Pirzada et al. [17]

proved that the metric dimension of the zero-divisor graph of an arbitrary commutative

ring is �nite if and only if the ring itself is �nite. In the case of determining number, a

detailed investigation is required.
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Problem 5.1. Does there exist an in�nite ring R, which is not an integral domain, such

that Det(Γ(R)) <∞?

To the best of our knowledge, this problem remains open.

In 2011, Spiro� and Wickam [24] associated the vertices of a compressed zero-divisor

graph and associated prime ideals of a Noetherian ring. In [24], there is a natural injective

map from Ass(R) to the vertex set of ΓE(R) which maps each annihilator of an element x

to the equivalence class [x], where [x] is the set of y in R such that ann(x) = ann(y). The

following theorem guarantees the size of the determining number of certain zero-divisor

graphs, is not �nite.

Theorem 5.2. Let R be any in�nite ring, which is not an integral domain. If ΓE(R) is

a �nite, then Det(Γ(R)) is not �nite.

Proof. If R is an in�nite ring and not an integral domain, then by Lemma 2.10, Z(R) is

also an in�nite set. If V (ΓE(R)) is a �nite graph, then at least one of the equivalence class

[x] contains an in�nite number of zero-divisors. Note that for any two distinct vertices u

and v in [x], N(u) \ {v} = N(v) \ {u} in Γ(R). Therefore, any determining set of ΓE(R)

includes all but one vertex from [x]. Thus, all but a �nite number of vertices of V (Γ(R))

are included in any of the determining sets of Γ(R). Hence, Det(Γ(R)) is not a �nite

number.

The converse of the above theorem need not be true. The determining number of the

zero-divisor graph of an in�nite ring R need not be �nite, even if ΓE(R) is not a �nite

graph. For example, consider R = Z2[x, y, z]/(x
2, y2) is an in�nite ring and ΓE(R) is

in�nite, but Det(Γ(R)) is not �nite.

Theorem 5.3. [13] Let R be a Noetherian ring and suppose all the equivalence classes

[x] with respect to the relation ∼ has �nite cardinality. Then R is a �nite ring.

The following theorem settles the above problem, when the ring is Noetherian and the

problem is still open for a non-Notherian ring.

Theorem 5.4. Let R be Noetherian. Then Det(Γ(R)) is �nite if and only if R is �nite.

Proof. By Theorem 5.3, if R is in�nite, then at least one of the equivalence class [x] has

in�nite elements. Therefore, any determining set of Γ(R) contains all but one vertex of

that class [x] and thus Det(Γ(R)) is not �nite.

The determining number of a graph is closely related to parameters that measure the

ability to distinguish vertices, such as the metric dimension, strong metric dimension,

and upper dimension. While the metric dimension is de�ned via resolving sets that

distinguish vertices by distances, the determining number is concerned with breaking

graph automorphisms. In general, these parameters capture di�erent structural aspects

of a graph: metric-type parameters depend on distance structure, whereas the determining
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number re�ects symmetry properties.

For zero-divisor graphs of rings, these parameters may exhibit signi�cantly di�erent

behaviour, as illustrated in this paper. Understanding the relationship between the deter-

mining number and other variants of metric dimension, such as strong metric dimension

and upper dimension, remains an interesting direction for further study.

6. Miscellaneous results

In this section, we discuss certain interesting results in connection with determining

number and metric dimension of general graphs. When we write Γ is isomorphic to

Λ[Λ1,Λ2, · · · ,Λk], we mean Λ is a �nite graph with the vertices 1, 2, · · · , k and Λ1,Λ2, · · · ,Λk

are �nite graphs. Also, if S is any subset of V (Λi), then we use S† to denote the corre-

sponding subset {(i, v) : v ∈ S} of V (Γ). We also note that the number of elements in S

and S† are the same.

Theorem 6.1. Let Γ ∼= Λ[Λ1,Λ2, · · · ,Λk], where Λ is any graph with the vertices 1, 2, · · · , k
and each Λi is either a complete graph or an empty graph and degΓ((i, u)) ̸= degΓ((j, v))

whenever i ̸= j. Then Det(Γ) = |V (Λ1)
†|+|V (Λ2)

†|+ · · ·+ |V (Λk)
†|−k.

Proof. As per the notation de�ned above, we have V (Γ) = ∪k
i=1V (Λi)

†. Clearly by the

hypothesis, {V (Λi)
†}ki=1 are the vertex orbits of Γ. Let S be a subset of V (Γ) such that

for each i, the cardinality of the set S ∩ V (Λi)
† is equal to one less than the cardinality

of the set V (Λi) that is, |S ∩ V (Λi)
†|= |V (Λi)|−1. Since |S ∩ V (Λi)

†|= |V (Λi)|−1, we

have S ∩ V (Λi) is a determining set of the subgraph of Γ induced by V (Λi)
†. Therefore

by Lemma 3.9, S = ∪k
i=1(S ∩V (Λi)

†) is a determining set of Γ. Now, we claim that S is a

minimum determining set of Γ. Let S ′ be any determining set of Γ with smaller cardinality

than S. Then there exists j ∈ [1, k] such that |V (Λj)
† \ S ′|≥ 2. Let (j, u) and (j, v) be

two vertices in V (Λj)
† \ S ′. Then by Theorem 4.4, there exists an automorphism, which

�xes all the vertices except (j, u) and (j, v). Thus S ′ is not a determining set of Γ and

hence S is a minimum determining set of Γ. Therefore Det(Γ) =

(
k∑

i=1

|V (Λi)|
)
− k

Theorem 6.2. Suppose that Γ ∼= Λ[Λ1,Λ2, · · · ,Λk], where Λ is any graph with the vertices

1, 2, · · · , k and each Λi is a vertex-transitive graph. Then Det(Γ) = Det(Λ1) +Det(Λ2) +

· · ·+Det(Λk).

Proof. Since Λi is a vertex-transitive graph, the set, V (Λi)
† = {(i, v) : v ∈ V (Λi)} will

be a vertex orbit of the graph Γ. Suppose Si is a minimum determining set of Λi, that

is, |Si|= Det(Λi). Then the set S†
i is a minimum determining set of the subgraph of Γ

induced by V (Λi)
†. Now using Lemma 3.9, S =

⋃k
i=1 S

†
i is a determining set of Γ.

To prove that S is a minimum determining set, assume that S ′ is a determining set of

Γ such that |S ′|< |S|. Then there exists a vertex j of Λ such that |V (Λj)
† ∩ S ′|< |S†

i |.
Then the corresponding set {v ∈ V (Λj) : (j, v) ∈ V (Λj)

† ∩ S ′} forms a determining set of
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Λi. This contradicts the fact Det(Λj) = |Sj|. Hence, Det(Γ) = |S|=
k∑

i=1

Det(Λi). We

know that Det(Γ) ≤ dimM(Γ), for any graph Γ. It is quite natural to ask how large this

di�erence is. In 2006, Boutin [8] posed the following problem.

Problem 6.3. [8] Can the di�erence between the determining number of a graph and the

size of a smallest resolving set of a graph be arbitrarily large?

v1 v2 v3 vkv0v−1v−2v−3v−k

w

u

Fig. 6. A graph Γ with Det(Γ) = 1 and dimM (Γ) is not �nite

Consider the in�nite graph Γ in Figure 6, The graph Γ has the automorphism group

isomorphic to C2, the cyclic group with two elements. Therefore, Det(Γ) = 1. Now, if

S is any resolving set of Γ with a �nite number of vertices, then one can �nd a positive

integer n such that vi /∈ S whenever |i|≥ n. Therefore, DS(v−k) = DS(vk) with k = n+1

and hence, S not a resolving set. Thus, dimM(Γ) can not be �nite. The above example

guarantees that the determining number of an in�nite graph can be �nite. One may think

that for an in�nite graph Γ, the �niteness of Aut(Γ) enforces the determining number of

Γ to be �nite.

Remark 6.4. We note that the above example provides an a�rmative answer to the

question of whether the di�erence between the determining number and the metric di-

mension can be arbitrarily large, in the case of in�nite graphs.

However, the problem posed by Boutin [8] concerns �nite graphs. In this context, the

question remains open, and it would be of interest to identify a class of �nite graphs

exhibiting such behaviour.

The following example illustrates that there may exist an in�nite graph with an in�nite

automorphism group having �nite determining number.

Consider an in�nite graph having vertex set N and E(Λ) = {(n, n + 1) : n ∈ N}.
Note that Λ does not have any non-trivial automorphism. Now we can take in�nitely

many copies of this graph, namely the graph Λ1 = (V1, E1) with V1 = N × N, E1 =
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{((i, j), (i, j+1)) : i, j ∈ N}. As we do not have any non-trivial automorphisms inside the

connected components, we have that the automorphisms are exactly the permutations that

permute the connected components while keeping each of these components unaltered, and

thus Aut(Λ1) ∼= SN.

Now, add the set of vertices V2 = {vσ : σ ∈ SN} and the set of edges E2 = {(vσ, (i, j)) :
vσ ∈ V2, j ≤ σ−1(i)} to the existing graph. Basically, what we do here is, add a new

vertex corresponding to each permutation on N, and for each such vertex vσ, we order

the connected components by σ(1), σ(2), · · · , and this vertex vσ is made adjacent to the

i−th components (after ordering with respect to σ) with i new edges, where the edges go

to the �rst i vertices in the component.

Again de�ne two sets V3 and E3, where V3 = {u, u′}, E3 = {(u, u′
)} ∪ {(u, v) : v ∈ V2}.

This creates a new vertex and is connected by an edge to all of the vσ's and then yet a

new vertex to connect to that vertex.

Finally, de�ne a graph Γ with the vertex set V = V1
⋃
V2

⋃
V3 and the edge set E =

E1

⋃
E2

⋃
E3. The above step by step construction of Γ is summarized below.

Stage Set of vertices Set of edges

I V1 = N× N E1 = {((i, j), (i, j + 1)) : i, j ∈ N}
II V1 ∪ V2, V2 = {vσ : σ ∈ SN} E1 ∪ E2, E2 = {(vσ, (i, j)) : vσ ∈ V2, j ≤ σ−1(i)}
III V1 ∪ V2 ∪ V3, V3 = {u, u′} E1 ∪ E2 ∪ E3, E3 = {(u, u′

)} ∪ {(u, v) : v ∈ V2}

Now, let ψ be an automorphism of Γ. Since u′ is the only vertex of degree 1, ψ(u
′
) = u

′
.

Also we must have ψ(u) = u. As N(u) = N(ψ(u)) = V2, we must have ψ(V2) = V2.

Consequently, w ∈ V2 implies ψ(w) ∈ V2 and therefore, w ∈ V1 if and only if ψ(w) ∈ V1.

Note that ψ again permutes the connected components in V1. On contrary, if ψ(i, 1) =

(i′, j) with j > 1, then ψ(i, 1) has two neighbors in V1. Therefore, (i, 1) must have 2

neighbors in V1, which is not true. Therefore, ψ(i, 1) = ψ(i′, 1) for some i′ ∈ N and it

easily follows by induction that ψ(i, j) = ψ(i′, j′) =⇒ j = j′. Hence every automorphism

of Γ permutes the connected components of V1. Thus the group of automorphisms of Γ

restricted to the domain V1 is isomorphic to SN.

Let σ ∈ SN, which maps Γi to Γσ(i), where Γi is a component of Λ1, which is a subgraph

of Γ by taking only the vertices {(i, j) : j ∈ N}, and ψ be an automorphism of Γ whose

restriction to V1 is σ.

We claim that Γ is unique. The number of edges from vρ of V2 to Γi must be the same

as the number of edges between ψ(vρ) and Γσ(i). Since there are ρ
−1(i) number of edges

from vσ to Γi, we have no choice, except to �x ψ(vρ) = vσ◦ρ.

Therefore, Aut(Γ) ∼= SN, and notice that the automorphism ψ corresponding to σ ∈
SN, maps vid to vσ. That is, every automorphism of Γ, can be represented uniquely

by a σ ∈ SN, and the vertex vid ∈ V2 ⊂ V has the unique image vσ. Thus, by the

de�nition of determining set, S = {vid} is a determining set of Γ. Therefore, a graph with

automorphism group of in�nite order, can have �nite determining number.

The following open problem will be an interesting one to work with.

Problem 6.5. Determine necessary conditions for an in�nite graph to have �nite deter-
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mining number.

7. Conclusion and scope

In this article, we adopt a di�erent approach to understanding the structure of zero-

divisor graphs and a larger Γ(Zn) is expressed as a generalized join of smaller ΓAnn(Zn)

with a collection of complete and empty graphs. By using this structural identi�cation,

the determining number and the metric dimension of the zero-divisor graph of the ring

Zn, is determined and found both to be equal. Further, the determining number and

metric dimension of the zero-divisor graph of �nite non-Boolean semisimple rings, and

Boolean rings are obtained. It is proved that there are rings, in which the determining

number and the metric dimension of corresponding zero-divisor graphs, are distinct. The

question: does there exist an in�nite zero-divisor graph with a �nite determining number?

is taken up and is partially settled for Noetherian rings. We emphasize problems related

to the determining number of general graphs. Moreover, we consider a problem posed

by Boutin [8] and provide an a�rmative answer in the setting of in�nite graphs. We

emphasize that our results provide an a�rmative answer to Boutin's question in the setting

of in�nite graphs, while the corresponding problem for �nite graphs remains open and is

of independent interest. In addition, we construct a graph with an in�nite automorphism

group having �nite determining number.
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