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ABSTRACT

For n > 1, let a, count the number of strings 8159283 ... S,, Where
(1) s1 =05 (ii) s; € {0,1,2}, for 2 < ¢ < n; and (iii) |s; — s;i—1| <1, for
2<i<n Thena; =1,a3 =2,a3 =5 a4 =12, and a5 = 29. In
general, for n > 3, a, = 2a,-1 + an—2, and a, equals P, the nth Pell
number.,

For these P, strings of length n, we count (i) the number of occur-
rences of each of the symbols 0,1,2; (ii) the number of times each of
the symbols 0, 1,2 occur in an even or odd position; (iii) the number of
levels, rises, and descents that occur within the strings; (iv) the num-
ber of runs that occur within the strings; (v) the sum of all the strings
considered as base 3 integers; (vi) the numbers of inversions and coin-
versions that occur within the strings; and, (vii) the sum of the major
indices for the strings.

1. Determining a,,.

For 1 < n < 4, we list the a,, strings s;sgs3. .. s, where (i) s1 =0,
(ii) s; € {0,1,2}, for 2 < i < n; and, |s; — si-1] <1, for2<i<n.
(n=1):0
{(n=2): 00, 01
(n=3) : 000, 001, 010, 011, 012
(n = 4) : 0000, 0001, 0010, 0011, 0012, 0100,
0101, 0110, 0111, 0112, 0121, 0122
This is comparable to an example provided to the Online Encyclo-

pedia of Integer Sequences [5] on June 2, 2004, by Herbert Kociemba.
However, the alphabet used there was {1,2,3} instead of {0,1,2}.
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To determine a general formula for ay,, in terms of n, we shall make
use of the following auxiliary variables: as, will count the strings of
length » that end with 0; o)) will count those strings of length n that
end with 1; and, af) will account for the strings of length n that end
with 2.

Then, for n > 3, we find that

ap =a® +a) 4 @

= 2a(0) + 3a(1) 1+ 2a£12_)_1,

where, for example, the coefficient 2 in front of a( )1 arises because
when a string of length » — 1 ends in a 0, then we can only append
another 0 or a 1 at the end of the string. Likewise, the coeflicient 2 in

front of a{® )1 arises here because we only append a 1 or another 2 at

the end of each of these strings. However, the coefficient for a( )1 is 3,

for here it is possible to append any of the symbols 0,1,2 at the end of
the strings of length n — 1. Consequently, we now realize the following,
which will prove useful throughout this material - namely, for n > 2,

1
a;) = Qp-—1-

This leads us to the following recurrence relation

an =209, + 30D, 4 2@

=2[0'(0)1 +a(1)1+a(2)1] + o)

=2an-1+ an-2.

(1)

Following the methods presented in Chapter 7 of [1] and Chapter
10 of [2], upon substituting Ar™ for a,, with A # 0 and 7 # 0, in the
above recurrence relation, we have
O = 20n-1 + Gn_g => Ar™ = 2Ar™""1 + A=
2 -2r—1=0=r=1+v2andr=1-V2

So 1+ v2 and 1— /2 are the characteristic roots for the recurrence
relation. These are generally designated by v = 14+v/2 and § = 1—+/2,
and, in the literature, v =1+ V2 is often referred to as the silver ratio.

Consequently, for n > 1,

ay, = 17" + c26™.

From the recurrence relation we can backtrack to derive the value
of ag as ag — 2a3 = 2 — 2 = 0. Then using the initial conditions ap = 0

and a; = 1, we learn t —-l——
>0, n that ¢; 7 and that ¢; = —cy, so for

1 1 'yn_(sn n__§n
) &™) = =2
=30 =55 v-4 2V2

Gy =

=Pn7

where P,, denotes the nth Pell number. [The expression L=3" is re-
ferred to as the Binet form for the nth Pell number.] ”
We mentioned earlier that for n > 2, asll) = ap_1. This is also true

for n = 1. To determine aif’), we now observe that

e® =0 +a® —a® 4o . s

0 _ O _p 7"“2 A e i

(
a, -2 = =
" y—6 22

The solution for this first-order nonhomogeneous recurrence relation

has the form a0 = ¢+ Av™ + Bé™, where the constant ¢ denotes
the homogeneous part of the solution and Ay™ + B§™ the particular

pz)r)t Upon substituting Ay™ for a( ) into the recurrence relation for
we find that Ay™” — Ay"~ ! = -7-7" ~2, from which it follows that

A= __ﬂﬁ A similar calculation provides B = 11—3[-
From 1= a(o) =c+ (——'tﬁ)'y+ (~—1:£)6 =c+3i(-14+2)+
$(-14+2)=c+1 3» We have ¢ = 1 and, consequently,

1 [-1+V2 —1-+2
o _ - -V n n

1 1
=§+Pn—§Qm n>1.

[Here Qn denotes the nth Pell-Lucas number, whose Binet form is given
by 5 (" + 5n) ]

(2) _ @ _ (1
L Lastly, we haluve an —Gn" —an’ = Pp—[3+Pa—1Qu]—P,_; =
5@n — Pno1 — 3.

We summarize the preceding in the following.
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Theorem 1. For n > 1,

1 1
a$10)=§'+Pn—§Qn
o) =a,_=Poy

1 1
a? =50~ Pr-1 -5

2. Determining the Numbers of 0’s, 1’s, and 2’s in the a,
Strings

2.1 For n > 1, let z, count the number of 0’s that occur in the
an (= P,) strings of length n. Then, for i = 0,1,2, let 282 count the
number of 0’s that occur in the asf ) strings of length n that end with <.
We observe that

1
Z,g, )= Zn—1

zg) = zs—)l + 2(2)1 and

-1

Z,(,O) =Zp-1— 27(21 + afzoll + ale—)l’

where the expression 2(2_)_1 in the third equation is due to the fact that 0
cannot occur in position n if 2 occurs in position n — 1. The remaining
terms in the third equation account for the 0 that can be appended to

each of the aff’l 4 strings of length n—1 that end in 0 and for the 0 that

can be appended to each of the as_)_l strings of length n — 1 that end
in 1. From these results we are led to

Zp = z,(LO) + zr(ll) + 27(12)

=Zp-1 — z,(f_’l + aﬁ?}l + alell + 2p-1+ z(l_)l + 21(12—)1

=2z, 1+ Zle—)l + af?_)l + aifll

,Yn—l —on—1 n—2 __ 5n-—2

1 | - Y
Zn-1+ 2 2+[+ WG 4(7 + M+ W

2

and this implies that the form of the solution is
2n = 1Y + 26" + A+ Bny" 4+ Cnd™.

To determine A we substitute z, = A into the recurrence relation
Zn = Zn_1+ #n—2 + 3 and find that A = —%. We then substitute
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#n = Bny™ into the recurrence relation 2, = 2z,_1+2p_2+ ﬁ-{y”‘l —
T+
B(2y+2) = ﬁ;’y -y 4+ #, and so B = /2. A comparable
calculation reveals that C = —Tlg\/i. Consequently, we now have

n—2

Since 4% = 2y + 1, this results in the equation

1 1 1
=" O -4 n_ "
Zn =C17Y +c2 + 16\/5727 1 \/éné .

Then from the initial conditions z; = 1 and 2p = 3, it follows that

a=%+ 3%@ and cp = § — 341?, and we have the following.

Theorem 2. For n > 1,

1 3v2) , (1 32 1 1 1
Zp = | = — —_ — LC AN, — no__ n
( )7 + (8 16 )‘5 PR TR A

8 16
1 3 1 1

For the z, zeros that occur among the a,, (= P,) strings of length
7, We now turn our attention to the number that occur in even po-
sitions and the number that occur in odd positions. For n > 1, we

let ze, count those zeros that occur in even positions among the a,

strings. Then for i = 0,1, 2, let. zeﬁf) count the number of zeros that
occur in even positions for the a,ff ) strings that end with ;. We find that

o 1
zen = 226231 + 3 1+ (-1)"] af?ll
1 1 n
+3ze,(,_)1 +3 1+ (-1 ]alell
+ 228,(12_)1,

where, for example, the term % [1 + (—1)"] aflo_)_ 1 accounts for the zeros
that are appended at the (even) nth position at the end of each of the
ag)zl strings of length n — 1 ending in 0.

Consequently,

1
zen, = 2ze,_1 + zef}ll + 5 1+ (-1)7] (a,(?z1 + afllll ,
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and, since ze,(.bl1 = ze,_2, this leads us to the recurrence relation

1
Zen =22en_1 +2n 2+ 5 [1+( )" (02, + a2,

=2zep_1 +2€pn_2+ = [1 +(-1)"] [ + P11 — EQ"'I + P, -2]

1
R
1 — 1 n2 n—2
Pn— Pn,-— —_— n—1 _ 5" 1 + = ,Y'n -4 )
1+ 2 2\/-(7 ) (

=> \ﬂ" 2y + )—7a"~2(6+ 1)

2 (%7) P (—5 ) = %( 1461 = Qnot.

1 1 1 n 1
zen, = 2zep-1 + Zep—2 + Z + ZQn-—l + Z(_l) + Z(—l)"Qn_l,

for which the solution has the form
en = 1" + 26" + A+ B(=1)" + Cny™ + Dné™ + E(—v)" + F(=6)".

To determine A, we substn:ute ze, = A mto the recurrence relation

= 2ze,_1+26n_9+3 2 and find that A = —4%. Tofind B we substitute
zen = B(~1)" into the relation ze, = 2zen_1 + zep_2 + 4( 1)™ and
learn that B = %. Upon substituting ze, = Cnvy™ into the relation
zen = 2zeq_1 + 2en_2 + 371, after dividing through by "%, we
arrive at the equation

So

Cny?=2C(n—1)y+C(n—2)+ -;-*y.

Comparing the constants on each side of this equation we have 0 =
—2Cy—-2C+ gl-'y, from which it follows that C = :,}2-\/5 Then a similar
calculation provides D = —315\5 Continuing, for the coeflicient E, we
substitute ze,, = E(—<v)" into the relation ze, = 2ze,_1 + zep_2 +
1( 1)?y"-1 or, ze, = 2ze,_1 + zepn_z — —( 'y)"‘l Dividing through
by (——'y)" =2, we arrive at Ey% = —2Ey + E + %, from which it follows
that E = 5. Finally, a similar calculation reveals that F' is also &= 35

From the initial conditions ze; = 0 and zes = 1, we learn that
o =-3+ 1—16\/5 and that ¢, = —z5 — 75v/2. Consequently,

11 n 11 -

sen = (‘§§+T6“/§)7 +(“ﬁ 16‘/5)“
1 1 1 1 1 n, 1 n
. —f_ 3 — n_____ «Z3 Py —_— ___‘6 .
8+8( 1) +32\/§n'y 32\/5715 +32( v) +32( )
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Simplifying the above leads to the following:

Theorem 3. For n > 1,

sen = 5 [(=1)" 1]+ = [(<1)" - 1@n+ 5(n+ 2P,

_ —% — § n §(n+ 2)Pn, n odd
3(n+2)P,, neven.

If we now let zo, count the number of zeros that occur among the
odd positions for the a, strings, since z,, = ze, + zoy, it follows that

20y = 2Zp, — Z€n

Q’n 1Pn+ nPn, n odd
+ 4Qn+ 5P, + snPn, n even.

2.2 Now we consider the case for the ones that appear among the
an strings. For n > 1, let w,, count the number of ones that appear
among the an (= P,) strings of length n. Then, for 7 = 0, 1,2, let w$
count the number of ones that occur in the ag) strings of length n that

end with <. We observe that
'w(l) =Wp_1+ a,(zl)

(2) —w(l_)1 + w,ff_zl, and

w® =g —u®
Then
wy, =w? +w® + w® = 2w, 1 + w(l) +a®
=2Wp—1 + Wp—g + aflll + a(l) =2wn_1 +wn_g+ P+ P,_

1
=2Wn—1 + Wn-2 + Qn_1 = 2w,y + Wr_g + 3 (v + 6"‘1) ,

and here the form of the solution is given as
W, = 1Y + 8™ + Any™ + Bné™.

Continuing as we did to determine the solution for z,, we find that
= —f while B = ——f Then from the initial conditions wy = 0

and wy; = 1, we learn that ¢; = ——\/— 2 and that cp = §f . This leads
to the following result.



Theorem 4. For n > 1,

1 1 1
Wy = — -51;\/57” + -8—\/56" + -8-\/§n7” - §\/§n5”

1 1 1
- _ = —nP, = =(n—1)P,.
2Pn+2nPn 2(n )

Table 1 provides the values of w, for 1 <n < 20.

n wy n W, n Wn n Wn,

1 0 6 175 11 28705 16 3531240
2 1 7 507 12 76230 17 9093512
3 5 8 1428 13 200766 18 23325785
4 18 9 3940 14 525083 19 59625981
5 58 10 10701 15 1365175 20 151947066

Table 1

The results in Table 1 suggest the following.

Theorem 5.
(a) For n > 1, w3, is divisible by 5.
(b) For n > 0, wap+1 is divisible by 3.
(c) For n > 0,wyn 2 and wyp3 are odd, and wgny4 and wy, 5 are
even.
Proof: (a) First we observe that for n > 1, P3, is divisible by 5.
This follows inductively since P3 = 5 and because P3n11) = Pani3 =
2P3nt2 + Panti = 2(2Psnt1 + P3n) + Pany1 = 5P3n41 + 2Psp.

(i) When n is odd, then 3n — 1 is even and %(?m — 1) is an integer.
Then since wg,, = -;—(n—- 1) P3,,, the result follows because 5 divides Ps,,.

(ii) Note that for n > 0,n and P, have the same parity. This follows
from the recursive definition Pp =0, P =1, and P, = 2P,y + P2,
for n > 2. So if n is even, then P, is even, and since 5 divides
Py, it follows that 10 divides Ps,, because gcd(2,5) = 1. Conse-
quently, P, = 10k, for some k € Z*. The result then follows as
wan = 3(3n — 1) B3, = §(3n — 1)(10k) = 5k(3n — 1).

(b) For n. > 0, want1 = 4((3n + 1) — 1)Pany1 = 1(3n)Panpr.

(i) If n is even, then n = 2k for some integer k > 0. Therefore,
Wenp1 = %(3)(2k)P3n+1 = 3kP3,+1, and the result follows.
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(ii) For the case where n is odd, n = 2k + 1 for some integer k > 0,
and W3n41 = %(3(2k -+ 1))P3.n+1 = 3kP3n+1 + %(3)P3n+1. Since n is
;dds, 3n + 1 is even and so is P3,41. Consequently, ws, 1 is divisible

y 3.
(c) Note that 2PaQp = 22=8 (§) (v +67) = Z2=8" _ p,,,. Also,
recall that P, is odd when n is odd, and that Q,, is odd for all n > 0.
(i) For n > 0,((2+4n) — 1) is odd and }Psni2 = 3 CP2ny1Q2nt1) =
f 2n§éQ2n+1 is also odd. Consequently, w4y, 12 = -% (2+4n) — 1) Pypyo
is odd.

(i) fgr n 2 0,Winss = 3((4n+3) — 1)Pany3 = (20 + 1)Pyy 43, which
1S odd.

(ill) Forn > 0, Whn+44 = -21-((4n+4)--1)P4n+4 = (4n+3)%—(2P2n+2Q2n+2) =
(4n +.3)P2n+2Q2n+2. The result follows because Py, 2 is even.

(1v? Fu.rlally, for n > 0, wyp45 = %((477, +5) = 1)Pyny5 = 2(n+ 1) Pypys,
which is even.

Now let we,, count the number of ones that occur in even positions
for the a, strings. As in the case for the zeros, for i = 1,2,3 let we,(f)
count the number of ones that occur in even positions for the aﬁf ) strings
that end with . We find that

1
wey, -_-:2we,(zol1 + 5 1+ (-1)"] afboll
1.
+3we7(zl—)1 +5 [1+(=1)7] 0(131
1
+27.ue,(:"21 +3 1+ (=17 a,(fll, where
1
wefllll =wey,_o + 3 [1 -+ (—1)"_1] aSZl
1
=we,_32 + -2- [1 + (—1)"—1] Ay
Consequently,
1 1
wen =2wen—1 + wep_g + 3 L+ (=1)"lan-1 + 3 L+ (=)™ aps
1 1
=2wen 1 + wey,.o + 3 [Pac1+ Pa_2) + -2-(-—1)n [Pr-1 — Pp_2)
1 1
=2wey,_1 + we,_o + Ean + §(~1)nQn—2

1
=2we,_1 + wen_2 + '2’Qn—1 + %(—1)"_2Qn—2-

If we now let sum,, equal the sum of the na,

' : entries in the
strings, then we arrive at the following result. o
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To determine A we substitute we, = Any™ into the recurrence relation

= 2wep_1 + wen—2 + 1" 1. This results in A(2y+2) = %'y from
whlch it follows that A = -\1%, and then a similar calculation yields that
B = —3[ Turning to C, we now substltute we,, = C(—y)™ into the
recurrence relation we,, = 2we,,_1 +we,_ 2+ L(—~)»=2. This results in
C? =—2C'y+C+4,a.ndsoC—— 16+16 2, and in a similar way we
learn that D = “TE" 16 12 Fmally, from the initial condltlons wey =0

and wey = 1, it follows that ¢y = \/— 2and 2 = 16 + 16 L++/2. This

leads to the following.

Theorem 6. For n > 1,

11 1 V2 V2
= | —— — — n ny Yo, — 2 psm
e (16 16‘/5)7 +(16+ ‘/_)5 16 " 16

1 1 n 1 n
+ (—1—6: + E‘@> (-7" + (—-ﬁ - E\/i) (—9)
L DR+ 2Qut F()Pa— (10

1(n—2)Po+ 3Qn, nodd
4nPn, n even.

If we now let wo,, count the number of ones that occur among the
odd positions for the a,, strings, since w,, = we,, + wo,, it follows that

WOy, = Wn — Wey,

_ {;i-(nPn —Qn), nodd

;i-(n —~2)P,, neven.

2.3 If we let ¢,, count the number of twos that appear among the a,,
strings of length n, then as z,, +w, +t,, = na,, this next result follows.

Theorem 7. Forn>1,

tn =nP, — zn — Wy

1 1 1
=npP, — <4 + Pn 7 + ZnP"> - §(n—1)Pn
1
~n-DP-Qut1).
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Here the form of the solution is given by
wen = 1Y + 20" + Any"™ + Bnd"™ + C(—v)" + D(-8)".
Corollary 8. Forn > 1,
UMy =wn + 2 = %(n 1)P +2 ( ) (7~ 1)Pn — Qn +1]

1
=(n—1)Py— 5(@n—1).

Now let te, count the number of times a two appears in an even
position among the a, strings. Then, as we did for ze,, and we,,, we
find that

te, =2te,_1 +te,_o+ % [ ;121 + a(2) ]
=2ten1 +ten-+ 7@t — 1+ 3(~1)" [Ques — 1
=2te,_1 +ten_a + % (4o - i—
— £ (D o) - 2y
So the form of the solution is given by
ten = 17" + 26" + A+ B(—1)" + Cny" + Dné™ + E(—~)" + F(=8)™.

As we have done previously, we determme that A = %, B = ——%, C =
%ﬁ,D =-LV2,E = &, and F = 35. Then from the initial con-
ditions te1 = 0 and tey = 0, we learn that ¢; = —3—2- - 16\/— and that
cp = 32 + 1% \/— Consequently, we arrive at the following result.

Theorem 9. For n > 1,

1 1 | 1 n 1
ten:'s'_g(—'l) _EQn’{"Tg(—l) Qn+'8'(n“2)Pn
_ %(n—2)Pn, n even
1 -1Q.+i(n—2)P,, nodd.

Note that for a string of length n there are | 3] even positions in
the string. Consequently, the preceding theorem can also be obtained
by observing that te, = [5lan — zen — we, = |_ | Pr — zep, — wey,.



If we now let to, count the number of twos that occur among the (¢) The proof here follows that given on P. 508 of the text by Thomas
odd positions for the a,, strings, since ¢, = te, + ton, it follows that Koshy [3].

n

={§(nPn—Qn), n odd S iPi=Pi +2P, +3Ps+ - +nP,

%(nPn —2Qn+2), neven. i+l
—ZP+ZP+ZP+ +ZP

2.4 In this final subsection we want to derive summation formulas P et e

for the number of zeros, ones, and twos that appear among all the
strings of length n for { < n < u. In order to do so, we need the results

in the following lemma. If we now let A, =37 | P;, then

Lemma 10. For n > 1, ZP+ZP+ZP+ +Zp
=2 i=n
) _An+(An—A)+ An—A)+ -+ (A4, —A,_
(@) ZP @ +1 (& Z Qi=FPpp—1 " s ) ( 1 1)
Lty =nAn“ZAi—n()(Qn+1“1) Z{Qﬁ_l_:_—_l
1 1 i=1 — 2
(c) Z iP;, = Qn+1 n+1+ 3 1 -
i==1 n 1
=5 @n1 1)~ 3 {Z Qit1 — (n— 1)}
Proof: n 1 !
n ’)’ gt 1 n n =5<Qn+1_1)—5[(Pn+1_1).-1_(n—1)]
a P = v & 1 1
(2) ; Z 2 2\/5 (; ; ) = ‘anH - §Pn+1 + >
N 7" 1 L) (=t 1 These results lead i
2\/_ 7 - results lead us to the following.
1 (’yn_*_l 6"+1 /3 Theorem 11. For | <i < u,
T 2v2 2
(a) Z z= (u +3)Qus1 — (+2)Qu+ Puys — B — 2(u~ 1+ 1)]
1 n+1 n+1 1 Qn+1 ~1 i=l
® Z w; = (u = 1)Qui1 — (1~ Q= (Puys — B)]
i=l
b i = ; = §) —1 = 1
(b) ZQ ZQ ~Qo= 2_3 (' + &) (@3 ti =5 (= DQui1 = (1 = 2)Qu — 3Puys + 3P+ 2w — 1+ 1)].
_l ’yn+1—1 sntl 1 —.1—}. ,Yn+1_.1_5n+1._1 =
T2 Ty -1 51 2 B vz |
1
=—— (4"t "t —1=P,y —1
2‘/5 (’7 ) +1
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Proof: We prove part (a). The proofs for parts (b) and (c) are similar.

Zz’ Z ( Qi+ - P ——-+—7,P>
i=l
= 211' [Putt — 1 = (Pa-1y41 — 1))
1
+2 [2@uis =1 = j@en = D] - =1 +D
1
[ Qui1l — 1 Pyy1+ -;- - (L——Q(z 141 — —-P(z 1+1 -+ 2)]

=P —P)+3 [(Qw ~Q)| - g=t+1)

»hh-d .hlo:»

1/u -1
+Z(§Q"+1_ 2

= % [(w+3)Qui1 — (| +2)Qu+ Puy1 — A —2(u~ 1 +1)]

1
Qi — "2"P'u+1 + EPz)

3. Levels, Rises, and Descents

3.1 For n > 1, let lev,, count the number of levels (00, 11,22) that
occur among the a, (= P,) strings of length n. We find, for example
that, levy = 0, levy = 1, levs = 4 (two in 000, one in 001, and one in 011),
levy = 15,and levs = 48. Then for ¢ € {0,1,2}, let lev(z) count the
number of levels that occur among the a,, strings that end with i. We
find for n > 2 that

lev, {le'u(o) +lev(1_) +a(03]

2 2
[le'v(o)l + le'v(l)l + lev(2)1 + afbl ] [levg_zl + le’ufl_)l + afll ]

=2lev,_.1 + an-1+ levf,l_)l,

M lev,_1+ o levy,—1 + ap—g. So

where levy, g =

lev, =2levp_1 +levy_g + an-1 +an-3
- -3 n—3
,Y'n,—l — & 1 ,Yn _§
=2lev,_1 + lev,—o + po + o

for which the solution has the form ¢;y™ + c28™ + Any™ + Bnd™.

To determine A we substitute lev, = Any™ into the relation lev, =

- —1_1
2zevn_1+zevn_2+2—}7§7"—l+5§57" 3 and find that A = 3 —~1+/2. Then

a simila.r calculation provides B = 2 + 1\/_ So lev,, = c1y™ + 6™ +

5 - 1 2) ny™ + ( 4ﬂ nd™. From the initial conditions lev; = 0

and levz = 1, we lea.rn that ¢; = ——% 4 2 and c3 = —5 — 1\/_

Consequently, we have the following result.

Theorem 12, For n > 1,
1 1 1 1
lev, ={ —=+ = n —_——
ev ( 2+4\/'2')7 +( 573 2)5"

+ (%— %\/5) " + (%+%\/2_) né™
=_Qn+Pn+nQn_nPnz(n'—l)(Qn"Pn)

Note that when n is odd, (n — 1) is even and both P, and Q,, are
odd. As a result le'vn is divisible by 4 for n odd.

3.2 For n > 1, now let rise,, count the number of rises (01 or 12)
that occur among the a,, strings of length n. We find, for example, that
risey = 0, riseg = 1, riseg = 5 (one in 001, one in 010, one in 011, and

two in 012), and riseqy = 16. Then for i € {0,1, 2}, let rise? count
the number of rises that occur among the a,, strings of length n. that
end with ¢. Similar to the way we dealt with the levels, we now find

that, for n > 2,

rise, = [mseill + 'rzse(l) ]

+ [rzseg_)_l + rzse( )

1+ 'rzse( )1 + a(o) ]

+ [rzse( )1 +mse$12_) + a(l) ]

=2rise,_1 + rzse(l) 1+ a(o) + a(l)
=2rise,_1 + rise, o + a( ) 2+ a(o) + a(l)

=2rise,_1 + rise, o + (-;— + P, o~ ~2-Qn_2>
2 + -1 ‘2‘Qn—1 + -2

which snnphﬁ% to rise, = 2rise,_1 + rise, 2+ 1+ 2P —2, since
Qr-1 — Pn—1 = P,,_3. So the form of the solution is

risen = ¢1Y" + c20™ + A + Bny™ 4+ Cné™.
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To determine A we substitute rise, = A into the relation rise, =
2rise,_1 + rise,—2 -+ 1 and find that 4 = ——%. Continuing for B, we
substitute rise,, = Bny" into the relation rise,, = 2rise,_1+rise,_o+

n—2 .
2 (727-2-), which reduces to 2By + 2B = 715, and so B = 'i’ + _‘11\/5

Then a comparable calculation yields C' = —% - -}iﬁ
From the initial conditions rise; = 0 and rises = 1, we learn that
o =1- ;1;-\/5 and c; = 1 + 31-\/5 Therefore,

. 1 1 n 1 1 1
=(>-= — 4= o — =
risen (4 8\/5)7 +<4+8x/5> i
1 1 1 1
e n - _ = 5"
+( 4+4\/§)n'y +( 1 4\/§)n ,
and this simplifies to the next result.

Theorem 13. For n > 1,

1 1 1 1 1
isen = =Qp — =P — = — =10, == (P,_ ey —1).
rise, 2Qn 2Pn 5 2nQ + nP, 3 (Pp—1+nQn-1 )

Now let dri, count the number of double rises - that is, the sub-
strings 012’ - that occur among the a,, strings of length n. We find,
for example, that dri; = 0, driz = 0, driz = 1, driy = 3, and dris = 9.
As we've done similarly in the past, for i € {0, 1,2}, we let dri® count
the number of double rises that occur for the a, strings that end with
1. In addition, now we’ll let a,(,m) count the number of strings of length
n that end with 01. Noting that al" = a2, and that dri%? = dri,_1,
we are led to

0)

dri, =2 dri,(, (2

1+3 drifllzl + ag’_{)l +2dri,
=2drin_y +dri® | + )

0)

n—2

=2driy,_1 +drip—2+a
1 1
=2drip_1+ drip—o + 5 + P2 — 5@7;—2«

Upon solving this recurrence relation, with the initial conditions
dri; = 0 and drig = 0, we reach the following result.

Theorem 14. For n > 1,
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3.3 At this point we consider the descents (10 or 21) that occur
among the a, strings of length n. If we let desc, count these length
two substrings, we now realize that since

descy, + lev, + rise, = (n — 1)ap,

upon simplifying, we obtain the next result.
Theorem 15. For n > 1,

desc,, = % (n—1)Qpn-1— P, +1].

Finally, we let ddesc,, count the number of double descents - that
is, the substrings 210’ - that occur among the a,, strings of length n.
We let ddesc®®) count the number of double descents that occur for the
ay, strings that end with i, for 1 € {0,1,2}. We also let & count
the number of strings of length n that end with 21, and note that
as,zl) = agll. This leads us to

ddesc,, = 2ddesc$?l) + af,"f)l +3 ddescsllll +2 ddescgzl
= 2ddesc,_1 + ddescSl 1+ aff_).z

1 1
= 2ddesc,_1 + ddescy, .o + EQn—Z —-P, 53— 5
With the initial conditions ddesc; = 0 and ddescy = 0, we find the
following solution for the above recurrence relation.

Theorem 16. For n > 1,

ddesc, = % [(8n — 5)Pn + (3 — 2r)Qn + 1].

4. Runs and Isolated Entries

4.1 For n > 1, let runs, count the number of runs that occur
among the a,, strings of length n. In general, a run is a consecutive list
of identical entries that are preceded and followed by different entries
or no entries at all. For example, runs; = 1 and runsy = 3. When
n = 3, there are 11 runs: one for 000; two for 001 - 00 and 1; three
for 010 - 0, 1, and 0; two for 011 - 0 and 11; and, three for 012 - 0,1,
and 2. Similar to what we’ve done previously, we let runsg ) count the
number of runs that occur for the strings of length » that end with an
i, for ¢ € {0,1,2}. We find that for n > 3,



TUNS, = [runs 1t runs(lll + affl ]

[runs 1+ runs( )1 + runs(z) 1+ afloll + a(z) ]
+ [runs( )1 +'runs( )1 +a (1) ]

=2runsp—1 + runs$: )1 + an-1+ a(l)

=2runs,_1 +runs,—2 + 051022 + a1(12_)_2 + an-1+ alell

=2runsy_1 + runs,_o+ P,_1+2P,.o — Pp_3.
So the form of the solution is given by
runs, = cyy" + ced” + Any"™ + Bné".

To determine A, we substitute runs,, = Any™ into the relation
TUNS, = 2TUNSp_1 + runsn__g + —\17-7"_1 + :%-7"”2 - —\17='y"‘3 This
simplifies to A(2y2 +2v) = 'y + 7'7 5 \/-2-, from which it follows
that A = —5 + %: A comparable calculation provides B = —"Z - ;é_Z
Then from the initial condltlons runsi = 1 and runse = 3 we find that
c = % —_ i—\/2_ and ¢ = - + 1\/_ 2. This now provides the following
result.

Theorem 17. For n > 1,

rUns, = ('1- - l\/5) Y+ (% + 211‘\/5) o

2 4

4.2 Now we turn our attention to isolated entries, or runs of
length 1. Here, for a specified entry z, where z € {0, 1,2}, there is no
occurrence of z to the left or right of the specified z. For example, for
the string 0012110 there are three isolated entries - namely, the first 1
(from the left), the 2 and the final 0.

For n > 1, let iso,, count the number of isolated entries (or runs of

length 1) that occur among the a, strings. Then let zso( ) count the
number of 1solated entries for the strings of length n ending with a 0.
We define iso$y? and isol similarly. When n = 3, for example, we find
that iso3 = 8, zso(o) =3, zso(l) =2, and zsog ) =3,

In addition, we now define a*? to be the number of strings of length
n which end with an isolated 0. Similarly, we define oY and a%? for
strings of length n ending with an isolated 1 or 2, respectively. Lastly,
we use " to count the number of strings of length n that end with
an isolated entry.

For n > 2,

Op1

180n = [zso(o) a0 +zso(1)1 +a(1) }
+ [i50®, +a®@, +iso®, — o) 4 iso®, 1 0@ ]

U1

+ {zso;_)l + a(lll -+ zso(2) af:_zi] 5

where
i 1
alio =a( ) (zl) — a(O) +a(2) o a(z2) - av(zl)l’ and
alie) _a(w) +a(1, D 402 = a(l) + 0(0)1 + af_)l + a(l)
=an-1 + as_)l = On-1+ Gn_2.
Consequently,

(1)

=21805,-1 + 130,(,1.)_1 —Gp-2—~an-3+20anp_2+ a( )1 + a(O)

=2is0,_1 + 71305,21 +Gn2—ap_3+ a,(-,,zll + aflozl,

180n, =2180,.1 +150,,” | — a( 9 1+ 2a(1)1 + a(2) + a(o)

and
isog) =1S0p-1 + Qp_1 — a(l)l —_ aff v

@M _ 0 0

=180p_1 + an—-1 — a, a, s.

Therefore,

180, = 218051 + (18052 + Gp_g — aflllz -~ a,(zo_);; - ;233
+an-2—ap.3+ a(z) 1+ a(o)
=2480p_1 + 180,_2 + (a Ji+ 0(0)1)
+(20n-2 — aly) — (an_s + a5 + a2,

=2180n_1+150p_2+ Qn_2+ (Poc2 + Qn-3) — (2P,_3 — P,_4).
Since P, — Pn-—l = Qn—l and Qn = 2Qn—1 + Qn_g,

for n >3, iso, =2isop_1 +is0n_2+4Q,_3

=21i80,_1 +1i80p_2+2(v" 3 + 5""3) ,



for which the form of the solution is ¢so,, = ¢19™+¢c26™+ Any™ + Bnd™.

To determine A we substitute iso,, = An~y™ into the relation ¢so,, =
24501 +i50n_2+24"3. This simplifies to Ay2+Ay—1 = 0 and leads
to A =-2+ %\/5 Then a similar calculation leads to B = —2 — %\/5
Using the initial conditions iso3 = 8 and iso4 = 22, we learn that
¢1 =3—2v2and ¢; = 3+2V2. [Note that the (same) values for ¢; and
cg are obtained if we use the initial conditions iso; = 2 and iso3 = 8.]
As a result we have the following.

Theorem 18.

is01 =1,

i80 = (3 ~2v2) 7" + (3+2v2) 5
+ <—~2 + -3—-2‘/—2) ny® + (——2 - §-—2\/——?—> né™

=6Q, — 8P, —4nQn + 6nP,, n>2.

Table 2 provides the values of iso,, and iso, (mod8) for 1 <n < 14,

n  iso, iso,{mod8) n  iso, 1sop,(mod8)
1 1 1 8 1318 6
2 2 2 9 3520 0
3 8 0 10 9314 2
4 22 6 11 24456 0
5 64 0 12 63798 6
6 178 2 13 165504 0
7 488 0 14 427282 2
Table 2

The results in Table 2 suggest the following.

Theorem 19.
(a) For n odd, n > 3, iso, = 0 (mod 8).
(b) For n even, n Z 0 mod 4, iso, = 2 (mod 8).
(c) For n even, n =0 mod 4, iso, = 6 (mod8).

In order to prove Theorem 19, we examine the results in the follow-
ing table.

n 6Qn(mod8) 4nQ,(mod8) 6nP,(mod8) iso,(mod8)
2 2 0 0 2
3 2 4 2 0
4 6 0 0 6
5 6 4 6 0
6 2 0 0 2
7 2 4 2 0
8 6 0 0 6
9 6 4 6 0
10 2 0 0 2
11 2 4 2 0
12 6 0 0 6
Table 3

Since iso, = 6Qy,, —8 P, —4nQ, +6nP, and 8 P,, = 0 (mod8), the
proof will follow by establishing the patterns suggested in columns 2, 3,
and 4 of Table 3. To do so, let us start by recalling that for all n, Q,
is odd, and n and P, have the same parity.

(Column 2): Assume the pattern in column 2 is valid for n =
2,3,4,...k — 1 and now consider n = k.

(i) If k is even and divisible by 4, then 6 Q;_; = 2 (mod8), 6Qx_g =
2(mod8), and 6 Qx = 12Qk—1 + 6 Qx_2 = 2(2) + 2 = 6 (mod 8).

(if) Now suppose that %k is even but not divisible by 4. Then
6Qk‘1 =6 (mod8) and 6Qr_o = 6 (mod8), 50 6Q; = 12 Qr-1 +
6 Qr—2 = 2(6) + 6 (mod 8) = 2 (mod 8).

(iii) Turning now to the case where & is odd, suppose that k = 4¢+41
for some positive integer ¢t. Then 6Qx_; = 6 (mod8) and 6 Qi_o =
2(mod8), s0 6 Qx = 12Qk_1 + Qr—2 = 2(6) + 2 (mod8) = 6 (mod8).

(iv) Finally, suppose k is odd and k = 4¢ — 1 for some positive
integer t. Then 6Qi—1 = 2(mod8) and 6Qx_2 = 6 (mod 8), and
6Qr=12Qk_ 1+ Qr_o = 2(2) +6 (modS) =2 (mod8)

This now establishes the pattern suggested in column 2.

(Column 3): When n is even, then n@Q, is even and 4nQ,
0(mod8). For n odd, nQ, is odd, since Q, is odd for all n >
So nQpn = 2m + 1 for some integer m > 0 and 4nQ, = 4(2m + 1)
4 (mod8). Consequently, the pattern suggested in column 3 continues
for all n > 2.

o=

(Column 4): (i) When n is even, then P, is also even, and 6 nP, =
0 (mod8).



(ii) When n is odd, we first observe that not only is P, odd, but
P, = 1(mod4). We see that this is true for P, =1, P3 = 5, P5 = 29,
and P; = 169. So assuming the result true for 1,3,5,...,n — 2, we

then find that P, =2 P,_1 + P,_2, where P,,_; is even. Consequently,
2P,-1 =0(mod4) and P, = 2P,_1 + P,—2 = 1 (mod4).

Now we consider two cases. (a) Suppose that n = 4r + 1, where
r>0. Then 6nP, =6(4r+1)(dM+1)=6(16rM+4M+4r+1)=
967rM +24(M + 1) + 6 = 6(mod8). (b) When n = 4r + 3, where
r >0, then 6nP, =6(4r+3)4M+1)=6(16rM+12M +4r+3) =
967rM +24(3M +r) + 18 = 2 (mod 8).

Adding across the rows for columns 2, 3, and 4 in Table 3, we now
find that the pattern suggested in column 5 continues for all » > 2, and
this establishes the results in Theorem 19.

5. The Sum of the a,, Strings Considered as Base 3 Integers

For n > 1, let wal, denote the sum of the a, strings considered
as base 3 integers. We find that wval; = 0 and val; = 1. For n = 3,
we have 0003 = 0, 0013 = 1, 0103 = 3, 0113 = 4, and 0123 = 5, so
val3 =04+ 14344 +5 =13. When n = 4, we find that valy = 104.

To determine a formula for val,, let us first introduce the following
auxiliary variables. Similar to what we've done in previous sections, for
1 €{0,1,2}, let vall? denote the sum of the a$? strings (that end in i)
considered as base 3 integers.

For n > 3, we find that

val, = [3 valsj)l + 3valfll_)1]
+ [3 't;czls)_)_1 + 3val,(,~1_)1 + 3val;2_)1 + ag)_)l + aff_)l + a(z_)l]

n-—1

+ [30all; +30al®, +2a2; +242,],

where, for example, the last bracketed sum accounts for when we ap-
pend a 2 to each of the strings of length n — 1 that end with a 1 or a 2.
This then leads us to

val, =2(3val,_1) + 3val,(11_21 + Qp_1 +2 alell +2 a,(fll
=6val,_1+3 (3 val,_o + an..z) +an_1+20ap-2
+2 (%an ~Pna— ';')
=6val,_1+9%val, 2+ 56,92+ FP,_1+ (Q'n.—l —2P,_9— 1)
=6val,_1+9%val, o +3P, s+ P, — 1,
since P, + Q-1 = Pn.

From the homogeneous recurrence relation val,, = 6val,,_1+9val,,_o
we obtain the characteristic equation 72 — 6 + 9 = 0 and the charac-
teristic roots r = 3+ 3v2 = 3(1 + \/5) =3yandr =3-3/2 =
3(1 — v/2) = 38. Therefore, the form of the solution is given as val,, =
c1(3+3V2)" + c2(83 — 3v2)" + A+ By" + Co™.

To determine the nonhomogeneous part of the solution, we first sub-
stitute val,, = A into the relation val,, = 6val,,_; + 9val,,_5 — 1. This

gives us the equation A = 6A+94— 1,50 A= &. To find B, we
substitute val,, = By™ into the relation val, = 6val,_1 + 9val,_3 +
%7"‘2 + 5557". This leads to B(y? — 6y — 9) = 5%5 + ﬁ{ﬁ and
B = —%\/5. Then a similar calculation provides C = %x/i So

n w1 1
valy, =c1(3+3\/§) +02(3—3\/§) +-1-Z+ (~§‘/§) Y+ <~;-\/§) .
From the initial conditions val; = 0 and valy = 1 it subsequently follows

that ¢; = —x + &2 and cp = — & — 2/2. This now provides the
following result.

Theorem 20. For n > 1,
valy = (— o= + =v3) 3+3V0)" + (-~ — 25) 3 3vB)"
: 28 56 T\ "2 " EV2) B-3v2)
1 1
+—+( x/§)7"+(-é-\/§)5"

14 "\"8
= (—% + %\/5) Bn"+ (~§1§ - iﬁ) (36)"

56
1 1 n (1 .
+ﬁ+(~§\/§>7 +(§\/§)6
1 1 1

_— S (an _3__ 7
= 143)Qn+14(3)Pn+1—4-—51r>n.

6. Inversions

In this and the next two sections we consider our alphabet {0, 1,2}
as totally ordered, with 0 < 1 < 2. Then given a string s;s,. .. Sn,
found among the a,, strings of length n, an inversion is said to occur
whenever s; > s; for 1 < i < j < n. If we let inv,, count the number
of inversions that occur among the a,, strings of length n, we find, for
example, that invy = 0, invy = 0. When n = 3 we have invg = 1 and
this accounts for the unique inversion 10 that occurs in the string 010.
For n = 4, we find that invy = 7: one inversion in 0010 - namely, 10;
two inversions in 0100 - one for the 1 in position 2 and the 0 in position



3, and the other for the 1 in position 2 and the 0 in position 4; one
inversion in 0101 - namely, 10; two inversions in 0110 - one for the 1 in
position 2 and the 0 in position 4, and the other for the 1 in position 3
and the 0 in position 4; and, finally, one in 0121 from the 2 in positon
3 and the 1 in position 4. We also find that invs = 36 and inve = 153.

In order to determine a formula for inv,, we once again use auxil-
iary variables and, for 7 € {0,1,2} we let inv,(,,i) count the number of

inversions that occur among the a( % strings that end with an i. Then
for n > 2, we find that

mu,, = [mv( ) + mv(l) + t(o)1 + 'w(o)l + tSll + 'wf,lll]

+ [invn—l +tn—l]

+ [imo® @ ]

1+ inv,

Here the first bracketed summand arises from when we append 0 to
strings of length n — 1 that end with a 0 or a 1. Within this summand,
the term w,(zl_)l, for example, accounts for all the 1’s that appear within
the a{t )1 strings that end with a 1. For each of these 1’s provides an
inversion with the 0 appended at position n. The last bracketed sum-
mand accounts for the inversions when we append 2 to the strings of
length n — 1 that end with a 1 or a 2. In this case no new inversions
arise.

In order to solve the above recurrence relation for inv,,, we will need
the following comments and two lemmas. Let us start by first observing
that

fL )1 =1NVp-2 + tn-2,

w(l) =Wp_1 + Qp-1, and
t(l) 1= tn—-2a

where w$? counts the number of 1’s that appear among the a,, strings
that end with a 1, and tf,lll counts the number of 2’s that appear among
the a,,_1 strings that end with a 1. To continue we need to determine
formulas for w1(10) and t(o) which we turn to next.

For w( ), we consider the following:

(0)

= wfl_)l + n-s + a2

0
O += [(n 2)—11 Py + Py

w(o) =w, 1 +an_1

(0) (n ~1)—— 5n-2)

2f (7
— (O 1 -2 1 -2 1

it 4f "2 s
The form of the solutlon for this first-order nonhomogeneous recurrence
relation is given by w® = c1+ A" + Bé™ + Cny™ + Dné™. To deter-
mine A and C, we substitute w(o) A~™ 4+ Cny™ into the recurrence
relation wi = w(o) i+ 7n7 - -7-7"'2 Upon d1v1d1ng through
by v*~2 we arrive at Ay? + Cny? = Avy+C(n-—1)y+ 7n —7- By
comparing constants and the coefficients on n we obtain the equations
Ay? = Ay —Cy — m and Cv? = C'y + -7- Solvmg these equations
simultaneously, we learn that A = —{-v2and C = -} + L \/_ Then a
similar calculation reveals that B = 2and D = —— + i \/— From
the initial condition wgo)
the following.

611—2

=0 we have ¢; = 0, and so now thlS leads to

Lemma 21. Forn>1,

o (L ny (1 n
w0 = (-552) 7+ (5572
11 . 11 .
+(—-§+§\/§)n'y +<—§—-8' 2)715
=%[(2n~—1)Pn—nQn].

Turning now to t( ) we have
1O =@
=t© 4 tn_

=@, 4 10— 9Py~ Quoa + 1]

(0) 1 1 1 -2 -2
=t et _ &
1+4+4n [2\/_( é )

gt o]
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and the solution for this first-order nonhomogeneous recurrence relation
is given by tg)) = ¢; + An + By™ + Cé™ + Dny™ + End™.

To determme A, we substitute t9 = An into the relation £3) =
t(o)1 + and obtain An = A(n — 1) + 4. From this we learn that
A= — Contmumg with B and D, we now substitute t0 = = By"+Dn~y™
into the relation t) = ¢, + —7-(n — 3)y"—2 — Ly"2. After divid-
ing through by 4™2, upon comparing coefficients on n, we find that
Dy? =Dy + 7- and so D = — 116 + 116\/- Comparing constants we
have By? = By—Dvy— -7- 8, from Wh.lch it follows that B = —— 2.
Then a similar calculation provides C = 2and E = — 116 2.
Finally, from the initial condition t§°) = 0, it follows that ¢ = 0 and
we arrive at the following result.

Lemma 22, Forn>1,
1 3 3
o=, 2 n 2 Josm
t, 4n 32\/5'7 + \/E
1 1 1 P
+ (——E+1-E\/§)n'y +(—-1-6———-\/—>
1 3
4

1

Returning to the recurrence relation for inv,,, we can now rewrite
that relation as follows:

Ny, = 20NV _1 + NVp—2 + tn—1 + 2% 2+ wn2+an_2+ w(0)1 + t(o)l
=2inun_1 + tnup_g + — [((n —1)—=1)Py — Qpn_1 + 1]
+2(3) (=2~ DPas = Qua + 1]+ (2= 2) ~ DPcs
+Pn 2+ - [P -1(2n = 3) — (n — 1)Qn_4]
+ = (n —1)~=P, 1~ —(n 1NQp-1+ i(n ~1)P,_;.

This then simplifies to
. . . 15
tnvy, = 2inv,_1 + inv,_g + (n - —8—) Po 1+ (n—2)P,

3n 1 n 1
+<——é-+ )Qn 1— Qn«2+z+§,

so the form of the solution is given by
invy, = c17" + 20" + (An + B) + (Cn? + Dn)y™ + (En? + Fn)é™.

To determine A and B, substltute tnvy, = An + B into the relation
invy, = 2inv,_1 + znvn__z + % + . Upon comparing coefficients on n,
we obtain A =34+ 1 I so A = —l On comparing constants we find
that B = —44 + 3B + , 80 B = —— . Continuing with C and D, we
substitute mvn = (Cn? + Dn)y™ 1nto the relation mvn 2z7wn_1 +
invn_z + 5a(n — PI 4 gla(n — 2972 4 L3 4 L)yt
—fy" ~2. Dividing through by y*~2 and then 31mphfy1ng, we find that
0= 2(-20n+C~ D)y +(~4Cn+4C~2D) + la(n— L)y + Fog(n—
2) + 2(— 3; + 8)7 - l. Comparing coefficients on n we learn that
0= —4Cy—4C+ 5757+7375_1%7 and C = 13:/2. When we compare
constants we have 0 = (2C —2D)~y+ (4C —2D) — %-'y— 715 +y—1
With C = \/5 it then follows that D = 112% \/_ A similar
calculation prov1des E= ——— 2and F = — 128 + 355 \/_ Finally, the

initial conditions inv; = 0 a.nd invy = 0 provide ¢y = 4- + 4—21536@ and

—1_ 4y7
C2 =4~ 556

We now reach the following result.

Theorem 23. Forn > 1,
, 1 41v2) . (1 412 1
’"””‘(Z+75%_)7 + (r 256 ) + (‘5“*5)

52 19 32
+[128 2+(_1_2§ 32) }7

5\/5 n
+[ SO i ( 2T ) }‘5
3 19 1
(-?:-2- 2_§ +64)P +(§ an)Qn_g(n+4)~

7. Coinversions

Given a string s1s3...s,, found among the a, strings of length
n, a coinversion occurs whenever s; < s; for 1 < ¢ < j < n. Now
if we let coinv, count the number of coinversions that occur among
the a, strings of length n, we find, for example, that coinv; = 0 and



coinvg = 1. When n = 3 we find that coinvs = 8: two coinversions in
001 - one for the 0 in position 1 and the 1 in position 3, and the other
for the 0 in position 2 and the 1 in position 3; one in 010, for the 0 in
position 1 and the 1 in position 2; two in 011 - one for the 0 in position
1 and the 1 in position 2, and the other for the 0 in position 1 and the 1
in position 3; and, three coinversions for 012 - one for the 0 in position
1 and the 1 in position 2, another for the 0 in position 1 and the 2 in
position 3, and a third for the 1 in position 2 and the 2 in position 3.
We also find that coinvy = 87 and coinvs = 143.

In order to determine a formula for coinv,, as we did for inv,,, we

now introduce the auxiliary variables comvn), for i € {0,1,2}, where

coinvy) counts the number of coinversions that that occur among the

aﬁl) strings that end with an ¢. As a result, for n > 2, we have

coinvy, = [co'm'v( ) + com'v(l) 1)

+ [coinvp_1 + 2p—1]

(1) 2

+ [coinv, 7y + coinv, ;| + 2 )

1) (2)

Satwy 2,7 +w(2)1]

Here, for example, the first bracketed summand arises when 0 is
appended to the strings of length n — 1, ending in 0 or 1. This results
in no new coinversions. The second bracketed summand arises when
we append 1 to each of the a,_ strings. Now a new coinversion arises

for each of the 2,_; 0’s that occur among these strings. The third

summand accounts for the coinversions that arise when 2 to appended
to each of the strings of length n — 1 that end with a 1 or a 2.
In order to determine a formula for coinv,, let us first observe that

comv,(l )1 = COtNVy—2 + Zpn—2,

w(l) =wWnp_1 +anp_y1, and
<D

Zpl1 =22

where w$ once again counts the number of 1’s that appear among
the a, strings that end with a 1 (as in the case for inversions in the

previous section), and z( ) 1 counts the number of 0’s that appear among
the a,_1 strings that end w1th a 1. To continue we need to determine
formulas for z(z) and w(2)

For z,(f), we consider the following:

o =, +z(2> el +Zn_2

1
Z(n + 1P,z

(2)1 + Qn-2 - 4

— (@ __l l n—2 n -2 n—2 n—2
=~ T O et )2 - 5

From this we see that the form of the solution for this first-order
nonhomogeneous recurrence relation is given by

2D = ¢ + An+ By" + C§" + Dny™ + End™.

To determme A we substitute z,(l) An into the relation z,(l) =
2;2_)1 — — and obtain An = A(n - 1) 4, so A = —%—. Continuing
for B and D, we now substitute 2{> = B~™ 4+ Dn~y™ into the relation

2P =23, + g2 +3 2(n-{— 1)y™~2. This results in By" + Dny" =
By* 1 4 D(n - 1)y n-i + Lym2 4 T(n + 1)y"~2.  After dividing
through by 'y"“ , When we compare coefﬁc1ents on n, we find that
D~y? = Dy + 7 and so D = 16 + 16 \/_ 2. Now upon comparing
constants we arrive at By? = By — D'y+ g+ 75, from which 1t follows
that B = \/— Then a similar calculation provides C = — 2 and

E = \/- 2. From the initial condition z( ) = 0 we learn that
O Consequently, we are now led to the following.

Lemma 24. Forn > 1,

2= ing Lvar - e

11 N
+(—E+R—s\/§)n’7 +( s R—s\/i)ms
1

1 1 1
=-In + -S-Pn - §nQn + ZnPn.

Turning now to w( ) » the number of 1’s that appear among the a(z)
strings of length n that end with a 2, we consider the following:

2
¢ ) +w(l) = ,(—,,2.21 + wWyp2 + ap_2

wi?, [(n 2) = 1]Pn g+ Pa_s

'w(2) =W,

(2)

=w, 1 += (n . 1)Pn—2 = 512_)1 + - 5n-—2)

\/—(n— 1)(

Consequently, the form of the solution for this first-order nonhomo-
geneous recurrence relation is given by

w1(l2) =c1 + AY" + B6™ + Cny™ + Dné™
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To determine A and C, we substitute 'wg) = Ay™ + Cny™ into the
relation wl® = wf:”’_)l + Z—\lﬁ(n — 1)4™~2%. After dividing through by
4"~2 we are left with Ay? + Cny? = Ay +C(n— 1)y + Z\l@n - ;&-2:.
At this point we compare the coefficients on n and the constants. This
leads to the equations Cy2 = Cy + 15'2‘ and Ay? = Ay — Cvy — ;175,
from which it follows that A = —t+/2 and C = —} + 1v2. Then
a comparable calculation provides B = fg\/ﬁ and D = —% — % 2.
Finally, the initial condition wf") = 0 implies that ¢; = 0, and so we
now have the following:

Lemma 25. Forn>1,

1 1 1 V2 1 V2
@) . = no n Sy ye n e N 5"
wy = 16\/57 +16\/§5 +( 8+8)n'y +(8 T "
1 1 1
=—an—'4'nQn+ -2—nP,,

Returning to the recurrence relation for coinv,,, we can now rewrite
the relation as follows:

COtNUy, = 2 COINVUp 1 + CONUp—.0 + 251+ 22p_2 + Wpneo + Gn_2

2,

= 2coinvy,_1 + coinv,_o

1 1
Z"I’ Z(’n'— 1)P -1

1,1

4 4
1

+ -é-[(n— 2) —1]Pp_2+ Pr2

1 3
+ ZQn—-l + ZP -1

1 3
+ 2[ZQn—2 + '4‘P —2 (n - 2)Pn~2]

1 1 1 1
- Z(n - 1) + §P -1 g(n - I)Qn—l + Z(n - 1)Pn_.1

1 1 1
- Z-Pn—l - Z(n —D@Qn-1 + E(n —1)P,_1.

This then simplities to

3
coinvy, =2 coinvp_1 + cotnv, g + (n — §) P, 1+nP,_,

5 3 1 1 1
+ (§ - §n) Qn-1+ §Qn—2 - (-2- + Zn) )

so the form of the solution is given by

cotnvy, = c1Y" + ¢26" + A+ Bn+ (Cn + Dn?)y™ + (En + Fn?)é".

To determine A and B we substitute coinv,, = A + Bn into the
relation coinv,, = 2 cotnv,_1+cotnv,_o— (% + %n) This results in A+
Bn=3A~4B+3Bn— %— 4ln. Comparing the coefficients on n we find
that B=3B— %. Comparing the constants we have A =3A4-—-4 B — %
From these two equations we learn that A = } and B = L. Continuing

with C and D, we substitute coinv, = Cny™ + Dn?~™ into the relation

cotnu, = 2cotnup_y + cotnu,_s + ('n, - -g—) (5-\172-) vl ﬁ;ny”‘z -+

3 (3 — 2n) y~14+ 1472, Upon dividing through by 4"~ this leads to
Cny?+Dn?y? = 2[C(n—1)y+D(n?~2n+1)y|+C(n—2)+ D(n2—4 n+
4)+ 5% (n— %) v+ -2—\175-71—{- 5 (8 — #n)+ 4. Comparing the coefficients
on n we find that Cy? =2C7—4D7+C—4D+5175fy+ 2—\175 - .
Comparing the constants provides 0 = —2Cy + 2Dy —2C +4D —
'1_5\757 + 1%7 + %. Solving these two equations simultaneously we arrive
at C = 355 + %\/2— and D = 33zv/2. Then a comparable calculation
vields E = 35 — £+2 and F = —5:v/2. Finally, from the initial
1 _ 47

conditions coinv; = 0 and coinvy = 1, we learn that ¢; = ~3— 2EgV2

and cg = —;11- + %\/Z This now leads us to the following:

Theorem 26. For n > 1,

. 1 47
cotnuy, = (—-— — —\/§> 4 (_l + ﬂ\/i) & 4 1 + .l.n

4 256 4 256 2 8
+ (l—g—g + ;32—\/5) ny™ + %g\/inzvn
+ (1_;8. - 532-\/5) ni" = /B
= % + %n - %Qn - an + %nQn + gnPn + %nan.

8. The Sum of the Major Indices

Following the development in Chapter 6 of [4], if s = sysps3... s, is
one of the a, strings of length n, the descent set of s, denoted Des(s),
is the set of all kK < n where sy > sgy1. So Des(s) is the set of all
positions in s, starting at the left, where a descent occurs. The magor
indez of s is the sum of the elements in Des(s).

For example, when n = 3, the only string where a descent occurs
is 010. This descent occurs in position 2, so in this case Des(010)={2}
and the major index of 010 is 2. For n = 4, the string 0010 has the
descent set {3} and its major index is 3. If n = 5, the string 01210
has descents at positions 3 and 4, so Des(01210) = {3,4} and its major
indexis 3+4 =17



Returning to the case of n = 4, there are five strings where descents
occur: (i) s; = 0010, where Des(s;) = {3} and the major index is
3; (ii) sz = 0100, where Des(s2) = {2} and the major index is 2;
(iii) s3 = 0101, where Des(s3) = {2} and the major index is 2; (iv)
s4 = 0110, where Des(s4) = {3} and the major index is 3; and, (v)
sg = 0121, where Des(ss) = {3} and the major index is 3. Therefore,
the sum of the major indices forn =4is34+2+2+3+3=13.

For n > 1, let sms,, denote the sum of the major indices for all of the
a,, strings of length n. We find that smi, =0, smiy = 0, smig = 2, and
smi4 = 13. Similar to what we've done previously, let smz% denote
the sum of the major indices for those of the a,, strings of length n that
end with a k, for k € {0,1, 2}.

For n > 2,

SMiy, = [smz 21+ (n— l)a( _)_1 + smz(o) 1]
+ [smip_y + (n — 1)a(2)1]

+ [smz(l)1 + smz(2)1],

where, for example, the first bracketed summand accounts for when we
append 0 to the a,,_; strings of length n — 1 that end with 2 0 or a 1.

The summand (n — 1)a (1 )1 counts each new descent at position n — 1

for each of the a( )1 strings.
Since smis) = smin_1 + (n— 1)a(2)1 and smil? = smz(l) +(n—

1)a,, (1) 21+ smzf,ll, we rewrite the above recurrence relation for smi,, as
SMip =28Min_1 + smz 1 +(n— l)an_1 +(n— 1)a(1)

=28min_y + smin_2+ (n— 2)a g+ (n— l)a 71+ (n—1a (1)1

. . 1
=28Min_1 + sSMip_g + (n—2) [ Qn-2—P,_3— 5]

+(n— 1) [ Qn-1— n—2"“'1'j| +(’n'—1)P -2
=2sMin_1 + smip_g2 ~ (n —2)Pp_3
+ -i;(n —2)Qn-2+ -;—(n ~1)Qn-1+ %(3 —2n).

Consequently, the form of the solution for this recurrence relation
is given as

sMiy = 17" + c26™ + A+ Bn 4+ Cny™ + Dnd™ + En®y™ + Fn?s™.

To determine A and B we substitute sm4,, = A+ Bn into the relation
smi, = 2smzn_1 + smin_g + 2(3 — 2n). This results in A + Bn =
3A-4B + + (3 B—1)n. Comparing the coefficients on n we find that
B=3B- 1 Comparing the constants yields 4 = 3 A—4B+3 3z Solving
these two equations simultaneously we have A = Z and B = — . Turning
now to C and E, we substitute smi,, = Cny™ + En?y™ into the relation

§Miy = 25Mipn_1+sMinp_2—(n—2) (m) 341 4(71—2)')1"‘2—}- 4—(n—
1)y™~1. After dividing through by =3 and then simplifying, we arrive
at 0 =2(—C ~2nE+ E)y? + (—2C — 4nE +4E)y — (n—2) ( ) +
F-Hry+(3-1H 72 Companng the coefficients on n we find that
0=—4Ey?>—4Ey— 575 + ¥ + 4. Comparing the constants we have
0=-2Cy?4+2Ey2-2Cvy+4 Efy+71- z Solving simultaneously,
these equations provide C = \/_ and E = —— + 1\/_ 2. Then a

similar calculation yields D = 8 +3 p! 2and F=-}- —\/_ Finally,
from the mltlal conditions smz1 = 0 and smiy = 0 we learn that
a=-$-%V2and oy = —%+ Lv/2. This now leads to our final result.

Theorem 27. For n > 1,

. 11 11 11
n=| == —=vV2]4" s L R T
il ( 878 )7+( s+s‘/§)5 titan

1 1 a1 1 )
<s“§ 2)nv +(§+§\/§)n5
11
+ <—§ + —x/é') nPy" + (——1- —~ l\/§> n?§"
1,
1

1 1
5 + (n —n—-1)P, ~——('n, —n+1)Qn.
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