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Abstract

A conjecture by Albertson states that if x(G) > n then or(G) >
cr(K,), where x(G) is the chromatic number of G and cr(G) is the
crossing number of G. This conjecture is true for n < 16, but it
is still open for n > 17. In this paper we consider the statements
corresponding to this conjecture where the crossing number of G
is replaced with the genus (G) (the minimum genus of the ori-
entable surface on which G is embeddable), the skewness u(G) (the
minimum number of edges whose removal makes G planar), and
the thickness (G) (the minimum number of planar subgraphs of G
whose union is G.)

1 Introduction

Throughout this paper, G = (V, E) denotes a connected simple graph
with vertex set V' = V(G) and edge set E = E(G). G is planar if it can
be embedded in the plane, i.e., it can be drawn on the plane such that
no edges cross each other. There are many relaxations of planarity, i.e.,
graph invariants that measure how close a graph is to a planar graph.
Examples of relaxations of planarity include: the crossing number cr(Q)
(the minimum number of edge crossings in any drawing of G in the plane),
the skewness u(G) (the minimum number of edges whose removal makes
the graph planar), the genus y(G) (the minimum genus of the orientable
surface on which G is embeddable), and the thickness 6(G) (the minimum
number of planar subgraphs of G whose union is G).

A conjecture by Albertson [1] states that if x(G) > n then er(G) >
er(K,), where x(G) is the chromatic number of G. The statement is
trivial when n < 4, and it is equivalent to the Four Color Theorem ([3],
[17]) when n = 5. Oporowski and Zhao [12] proved that every graph with
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crossing number at most two is 5-colorable, therefore the conjecture is true
when n = 6. Albertson, Cranston, and Fox [1] verified the conjecture for
7 < n < 12, and Barat and Toth [4] verified the conjecture for 13 < n < 16.
This conjecture is still open for n > 17.

In this paper we consider the statements corresponding to Albertson’s
Conjecture where the crossing number of G is replaced with the relaxations
of planarity u(G), ¥(G), and 8(G). In Sections 2 and 3 we show that the
corresponding statements are true for all positive integers n when the
crossing number of G is replaced with the genus or the skewness of G
respectively. In Section 4 we show that the corresponding statement is
true for infinitely many values of n, but not for all n, when the crossing
number of G is replaced with the thickness of G.

2 Genus and a Coloring Theorem

The genus «(G) of a simple graph G = (V, E) is the minimum genus of
the orientable surface on which G is embeddable. While determining the
genus of an arbitrary nonplanar graph is NP-complete [18], exact formulae
are known for several classes of graphs, including the complete graphs on
n vertices K,,:

Theorem 1 ([15]) v(K,) = [ﬁﬂi}'(z“—_ﬂ-l'

In this section we show that the statement obtained by replacing er(G)
with v(G) in Alberston’s Conjecture is true:

Theorem 2 Let G be any simple graph and let n be any positive integer.
If x(G) 2 n then v(G) > v(K,), where x(G) is the chromatic number
of G.

The proof is elementary and uses Heawood’s upper bound for the chro-
matic number of a graph embeddable on an orientable surface of a given
genus [5] and the Ringel-Youngs Theorem [15].

3 Skewness and a Coloring Theorem

The skewness u(G) of a simple graph G = (V, E) is the minimum number
of edges whose removal makes the graph planar. It is obvious that u(G) <
cr(G). However the skewness and the crossing number of a graph can differ
widely, since u(G) can be of size O(|V|?), while cr(G) can be as large as
O(|V|*). A general lower bound for the skewness of a graph is given by
the following:
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Figure 1: The Grotzsch graph has skewness 3 and crossing number 5.

Theorem 3 ([13]) If G = (V,E) is a connected simple graph with girth
g > 3 then:
g(|V|—2
) | 2 O .
wG) > |E| o
Equality holds if and only if G has a spanning planar subgraph that is
face-regular of degree g.

It is easy to use Theorem 3 to show that Petersen’s Graph has skewness
and crossing number 2, while Heawood'’s Graph has skewness and crossing
number 3. It is less obvious to show that Grétzsch’s Graph (Figure 1)
has skewness 3 and crossing number 5 (for more information see [13]).
However, an exact formula for the skewness of an arbitrary nonplanar
graph is unknown:

Theorem 4 ([10}) Determining the skewness of an arbitrary nonplanar
graph is NP-complete.

Exact formulae are known for several classes of graphs, including the
complete graphs on n vertices K, and the complete bipartite graphs on
m + n vertices K, ,:

Theorem 5 ([9]) If K,, and K,,,, are the complete graph on n vertices
and the complete bipartite graph on m + n vertices respectively, then:

1. u(K,) = {n=8n-9

2
2. W(Kmpn) =mn—2(m+n)+4
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In this section we show that the statement that is obtained from Al-
bertson’s Conjecture by replacing cr(G) with u(G) is true for all positive
integers n. Here is our main result:

Theorem 6 Let G be any simple graph and let n be any positive integer.
If x(G) > n then u(G) > u(K,), where x(G) is the chromatic number
of G.

This statement is equivalent with the fact that among all graphs re-
quiring n colors, the complete graph on n vertices K, is the one with the
smallest skewness. The statement is trivial for positive integers n < 4, it
is equivalent to the Four Color Theorem when n = 5, and it is equivalent
to a generalization of the Five Color Theorem by Kainen [8] when n = 6.
When n > 7, we provide a proof by induction on |V (G)| using the following
lemma:

Lemma 7 Let G be any simple graph and let n > 7 be a positive integer.
If u(G) < u(Ky,), then G has a vertex v such that deg(v) < n— 1.

Proof. We can assume that |V(G)| > n. By combining Theorem 3 for
g = 3 with Theorem 5 we obtain:

|E(G)| = 3(IV(G)] - 2) < p(G) < p(Kn) = (n—3)(n—4)/2

Through some algebraic manipulations we can derive that:

> [deg(v) = (n—1)] < (n—T)(n— |V(G)]) £ 0

vEV{G)

Therefore deg{v) < n — 1 for some v € V(G). O

4 Thickness and a Coloring Theorem

The thickness 8(G) of a simple graph G = (V| E) is the minimum number
of planar subgraphs of G whose union is G. Determining the thickness
of an arbitrary nonplanar graph is NP-hard [11]. However exact formulae
are known for several classes of graphs, including the complete graphs on
n vertices K,:

Theorem 8 ([2]) The thickness of the complete graph K, satisfies:

o) = |22

except when n =9 or 10 for which the thickness is 3.
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In this section we consider the statement that corresponds to Albert-
son’s Conjecture when cr(G) is replaced with #(G). Is it true that if
X(G) Z n then 6(G) > 6(K,.)? The statement is trivially true for positive
integers n < 4. Since Kj is biplanar, this statement is equivalent to the
Four Color Theorem when n = 5. Since K§, K7 and K3 are biplanar, this
statement is also true when 6 < n < 8. However, the statement is false
when n = 9. The Sulanke’s Graph K;; — C5 is a counterexample, since it
is 9-critical and biplanar. This result was proved by Sulanke and reported
by Gardner in [6]. Determining the truth value of this statement when
n = 10, 11, or 12 is equivalent to Ringel’s famous Earth-Moon problem:
what is the largest chromatic number of any thickness 2 graph? When
n > 13, our main result in this section states that the statement is true
for infinitely values of n:

Theorem 9 Let G be any simple graph and let n > 13 be a positive integer
such that n =1, 2,3, or 4 (mod 6).

If x(G) = n then 8(G) > 8(K,,), where x(G) is the chromatic number
of G.

The proof follows from Theorem 8 and a result from [7] which states
that the largest chromatic number for a thickness— graph is in the set
{6t —2,6t— 1,6t} when ¢ > 3. It is still open whether the statement from
Theorem 9 is true when n = 0 or 5 (mod 6).
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