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Abstract

One of the routing paradigms on interconnection networks is as
follows: given a source node and m destination nodes, find disjoint
paths from the source to the destination nodes. If we impose the
condition that these paths be the shortest ones, this problem becomes
harder and more interesting because such shortest and disjoint paths
do not always exist. This problem has been studied previously for
@n, the hypercube of dimension n, when m = n and a necessary
and sufficient condition has been found for these paths to exist. In
this paper, we review the previous work for the hypercube and then
consider the problem in the more general case for arbitrary m, where
1 £m < 2" —1 in an n-cube by designing routing algorithms that
always finds disjoint and shortest paths for a maximum subset of the
destination nodes for which such paths exist. The size of such a set
is no more than n, the degree of the Q,,.
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1 Introduction

One of several well-known disjoint path paradigms [1, 3, 16] for any inter-
connection network is as follows: given a source node and m destination
(or target) nodes, find m disjoint paths from the source to each target node
(node-to-set). Other paradigms include node-to-node and set-to-set. There
are large amount of work done on many well-known interconnection net-
works for various paradigms that are too numerous to list, among them,
vast number of publications in the literature are devoted to various routing
algorithms on the hypercube alone. This specific node-to-set routing prob-
lem has also been studied extensively for the hypercube in, for example,
[7, 10, 11], to list just a few. Algorithms for this routing are shown to be
useful in designing efficient and fault tolerant routings for the corresponding
network [3].

The hypercube is perhaps one of the best known interconnection net-
works [12, 17]. An n-dimensional hypercube @,, has 2™ nodes 0, 1, 2, ...,
2" — 1 where (u,v) is an edge if u’s and v’s binary representations dif-
fer in exactly one position, i.e., 4 = Up_1Up_2. .. U UU_] ... wug and
V= Up—1Un—2 - Ui p1UsUi—1 "~ U1%g, 0 < i < n—1. Fig. 1 shows a 3-cube

Q3.
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Figure 1: A 3-Cube.

For any two nodes u and v in a hypercube, the shortest path between
u and v has a length of H(u,v) where H(u,v) is the Hamming distance
between u and v, namely, the number of bits in which u and v differ.
Please note that we also use H(u) to represent the Hamming weight of u,
the number of 1’s in u’s binary representation.

In this paper, we study a special version of this disjoint path problem for
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the hypercube: given a fixed node (source) and m other nodes (destination
or target nodes) in a hypercube of dimension n, find shortest and disjoint
paths for a maximum subset of the target nodes from the source node where
two paths are disjoint if they do not share any node except the source node,
and a path between nodes u and v is the shortest if and only if the length
of the path is the Hamming distance between u and ». Of course, none of
these paths should intersect any of the remaining target nodes. Because of
the symmetry, without loss of generality, from now on, we assume that the
source is the node 0 = 0™. Therefore, the shortest distance between a node
u to the source node is simply the Hamming weight of w.

To the best of our knowledge, [14] and [6] are two of the earliest works
on this subject for the case when m = n. Most of the routing algorithms
for the hypercube find disjoint paths from 0 to n target nodes in an n-cube
with N = 2™ nodes whose lengths are bounded but are not necessarily the
shortest. For example, it is shown in [15] that there exist n disjoint paths
in an n~cube such that all paths have lengths no longer than n+ 1 while in
[14], it is shown that n disjoint paths exist such that at most one path has
length n+1 and all other paths have length no more than n. Please refer to
[4] for the general problem of finding the Rabin Number of interconnection
networks. Also note that some routing algorithms may find the disjoint
paths that are shortest possible for the set of target nodes but not the
shortest.

For the traditional routing problem between a source and a set of target
nodes, on any interconnection network, when we impose the condition that
these disjoint paths be the shortest, it is clear that such paths do not always
exist for all target nodes. For example, on an n-cube, if m > n, then there
can exist disjoint and shortest paths from the source node to at most n
of the target nodes. because the degree of any node in an n-cube is n.
Even when m = n, such paths do not always exist. See Fig. 2. Fig. 3
gives an example where such paths do exist. A necessary and sufficient
condition was presented for such paths (disjoint and shortest) to exist for
a set of n target nodes in [14]. This condition was later generalized in [6].
In addition, an O(n*) = O(log? N) routing algorithm was given to find
n disjoint shortest paths in cases they do exist. An O(n?) algorithm was
given later in [2].

In the next section, we review the work done for the case when m = n
that includes a necessary and sufficient condition for these paths to exist and
the O(n®) routing algorithm that finds such paths should they exist. We
then study the problem of the general case for arbitrary m target nodes in
Section 3 where we first find the cardinality of a maximum subset of target
nodes to which there exist disjoint and shortest paths from the source node,
we then derive approaches that will find shortest and disjoint paths from
the source node to this set of target nodes.
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Figure 2: No Disjoint and Shortest Paths.

2 Node-to-Set Disjoint Shortest Paths Rout-
ing When m = n, A Review

In this section, we assume that m = n. Before we present our routing
algorithm, we briefly describe the following result given in [14, 6]:

Given n non-zero distinct target nodes uy, us, ..., un in a hypercube of
dimension n with N = 2™ nodes, there exist n disjoint shortest paths from
node 0 to them if and only if for any 1 < k < n—1, at most k nodes in the
set of target nodes all have 0 at the same n — k coordinates.

Although the proof was somewhat involved, simply stated, this condition
says that such paths exist if and only if no k-subcube containing the node
0 contains more than k target nodes. For example, in Fig. 2, a 2-cube
containing the node 0 also contains three target nodes, thus there do exist
three disjoint and shortest paths for all three target nodes, while no such a
k-cube, 1 < k < 2, exists in Fig. 3. _

We can state this condition yet another way that is crucial to developing
an efficient routing algorithm as follows.

Assume that the n target nodes’ binary representations are

U11U12.-- Uln,
U21U22... U2n,

UnlUn2---Unn-

The binary representations of the n nodes can be viewed as the adjacency
matrix of a bipartite graph and the condition that for any 1 < k < n -1,

178



110 1m

100 101
N
oy
010 o1
d
000 001

Figure 3: Disjoint and Shortest Paths.

at most k nodes in the set of target nodes all have 0 at the same n —
k coordinates means that Hall’s condition [8] is satisfied, i.e., n disjoint
shortest paths exist if and only if there exists a permutation iyip---i,
of symbols from {1,2,--,n} such that uy; = ugi, = -+ = up,4, = 1,
namely, there is a 1 on each row and each column in the adjacency matrix.
This is a direct result of Corollary 1 [6]. In other words, there exists a
perfect matching for the bipartite graph or, equivalently, there is an optimal
solution with cost n to the corresponding classic assignment problem [13]
represented by the cost matrix which is the set of binary representations
(note that to view the problem as an assignment problem, all 0 entries
should be changed to a fixed value greater than 1). This description of
the necessary and sufficient condition plays a critical role in our routing
algorithm.

For example, for the following four nodes represented as a 4 x 4 cost
matrix

0110
1 0 0 0O
0 I 1 1
1 0 0 1
it represents a bipartite graph G = ({A, B,C, D, a,b,c,d}, {(4,b), (4,¢),

(B,a), (C,b), (C,¢), (C,d), (D,a), (D,d)}). One possible assignment is

01 @ o
@ 0 0 o
0o ® 1 1
1 0 0 @



where the assignment solution is circled. This particular assignment is
equivalent to a perfect matching of {(4, ¢), (B, a), (C, ), (D, d)}. Note that
the solution to the assignment problem (and thus the perfect matching
problem) is not unique.

Finding a maximum (perfect) matching for a bipartite graph with 2n
vertices can be done in O(n®?) [5, 9]. Once a maximum matching of size n
is found, we can proceed to develop an algorithm that finds these n disjoint
and shortest paths. An O(n?) is first given in [6]. It is then improved to
O(n®) in [2].

3 Node-to-Set Disjoint Shortest Paths Rout-
ing for Arbitrary m Nodes

Given m target nodes in @,,, the bipartite graph mentioned in Section 2 can
be generalized and constructed as follows. For each node u; = w12 - - - Uin,
it corresponds to a set U;. If u;; = 1, then j € U;. For example, for u =
11010 € @5, U = {1, 2,4} because u has 1’s in dimensions 1, 2, and 4. Now
we have a bipartite graph G = (V;, V3, E) where V; = {U;,Uz,---, U},
Vo ={1,2,---,n}, and (U;, ) € E if j € U;. For the target nodes 100, 010,
110, and 111 in @3, the corresponding bipartite graph is given in Fig. 4.

{1
{2}
1.2

{1,2,3}
Figure 4: A Bipartite Graph for Four Target Nodes in Q3.

We claim that given m target nodes in an n-cube, the number of nodes
that have disjoint and shortest paths to the source node without intersecting
any other target nodes is the size of a maximum matching of the bipartite
graph as constructed above from the target nodes. The proof is given by
our routing algorithms below which actually find these paths.

Clearly, even though m is an arbitrary integer less than 27, the maximum
possible such paths is n, the degree of the n-cube. If the number of such
paths is k and k < n, there are k nodes in V] that are part of this maximum
matching. If we ignore all other nodes, then clearly, we can find k disjoint
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and shortest paths from these k nodes to 0™ using the routing algorithm
from [2]. However, when other m — k nodes are present, these paths may
intersect some of these remaining m — k nodes. So all we need to do is to
devise a way to find these k paths without intersecting any of the target
nodes. We consider two approaches

Our first approach is obtained by modifying the algorithm given in [2].
We will first describe that algorithm here. We then show how to use this
algorithm to obtain disjoint and shortest paths for a maximum subset of
the m target nodes.

We will first describe a key step in our routing algorithm. This step is
based on the following observation:

Given n non-zero nodes satisfying the necessary and sufficient condition
for n disjoint shortest paths to exist,

U = UPU2-- Ul
U = U ULR... U,
Up = UpilUn2...Unn,

then for any node u;, we can find u; such that H (u; @ u;) = 1, that is,
H(u;) = H(u;) — 1 and (u;,w;) is an edge in the hypercube. Furthermore,
if H(u;) > 1, ie., u; s 0, then nodes uy, us, ..., uj_1, u;, Uigl, -y Uy Still
satisfy the necessary and sufficient condition.

We call the process to find such an u; from u; a reduction. We now show
how a reduction can be performed.

We assume that an aforementioned assignment has been found.

For node u;, for each 1 other than the 1 in the assignment solution,
remove it and see whether the resulting u; is not equal to any of the other
n — 1 nodes. If such a 1 exists, remove it and we have found our u,.
Otherwise (removing any such a 1 results in a node equal to u; for some j
€ {1,2,--,n} —{4}), the situation can be illustrated below when removing
the bold 1 will result in »; becoming u;:

uy

u2
uj ujluj21-+0or.®a«o1...ujn

U u_‘fl“j?"'l"’l"'@"'ﬂjﬂ
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U

Note that because the n target nodes satisfy the necessary and sufficient
condition, there have to be two indices [ and s (I # s) such that

Ujl = Ujg = Ujl = Ujg = 1

and uj and u;, are part of the assignment. We can get a new assignment
by switching the two (I)’s while keeping the remaining assignment intact as
follows:

U1

u2

Un

Also note that because the nodes do satisfy the necessary and sufficient
condition for disjoint shortest paths to exist and crossing any 1 in u; other
than 1 results in another target node, we know for sure that removing the
1 will generate a node that is different from any other target node. More
precisely, let v = vjvy - - - v, be the node such that v and u; only differ at
position r, namely, vy = us for k # r, u;r = 1, and v, = 0. Let P =
{p€{1,2,---,n} ~{ r}Husp = 1}, ie., the collection of positions except at
the position r where u; takes a 1. By assumption, for every p € P, there
is a target node u such that u = u;, except that u has a 0 at position
p- Hence, the assignment as guaranteed by the sufficient and necessary
condition must include a position p’ € P — {p}, where u has a 1 at position
p'. Since every such a position p corresponds to such a u, every position in
P is included in the aforementioned assignment for |P| such nodes.

Now consider v. For all positions ¢ ¢ P, including position , v has a 0 at
position q. Therefore, no such position ¢ may be included in the assignment
for v. Furthermore, by the definition of such an assignment, no position
p € P, at which position v has a 1, can be included in the assignment for
v, either. Thus, none of the 1’s in v can be “circled”, a contradiction to
the assumption that “an assignment has been found.” Hence, v is indeed
different from any other target node.

Now we can remove the 1 (in bold) formerly as part of the assignment
in u; to get u; and clearly, the new set of nodes still satisfy the necessary
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and sufficient condition as an assignment still exists, H(u; ® u;) = 1, and
subsequently, H{(u;) = H(u;) - 1.

We now discuss how to perform the above reduction and its time com-
plexity.

Before the reduction, the following pre-processing is done:

1. Convert the n binary representations into integers, also compute the
Hamming weights of all target nodes. Both sequences are then sorted.

2. Find an assignment (perfect matching).

Step 1 takes O(n? + nlogn) = O(n?) time while Step 2 takes O(n®/2)
time. Note that both steps are done only once at the very beginning of the
entire routing algorithm. '

Note that in order to reduce a node u;, if we delete 1’s that are not in the
assignment solution, in the order from the most significant position to the
least significant position, we will get a sorted sequence of numbers. This
observation leads to an O(n) reduction:

If deleting a 1 results in a number » that is not equal to any of the
remaining n — 1 target nodes (O(1) time), delete this 1, the new value v is
inserted into the list of sorted targets (O(n) time). Similarly, the Hamming
weight of the new node is also computed in constant time since it is H{u;)
- 1 and inserted to a sorted list of Hamming weights.

For example, for the cost matrix

1.:'-1.‘1 0 1 CD
ug:0 0 O 1
uz:1 @O 0 1
u4:® 0 1 0

and we want to reduce u;. The sorted sequence of target nodes is 3, 10,
(11,) 13. Crossing out the first 1 results in 3; Crossing out the second 1
results in 9. So we delete the second 1 and insert 9 into the sorted sequence
of target nodes.

On the other hand, if no matter which 1 is deleted, the resulting node
becomes one of the remaining target nodes, as illustrated in the two cases
below where node u; is to be reduced, then we can simply find any one of
the remaining target nodes and perform the reduction (by switching the 1’s
in the assignment first) and the updating mentioned above. The time for
this operation is also O(n).

up:1 1 (D
up:0 @ 1
u3:® 0 1
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up:1 0 @ 1
w:0 0 1 @
ug:1 @ 0 1
uy:@® 0 1 0

Therefore, a node reduction can be done in O(n) time.
We can now state the routing algorithm as follows:

1. while there exist nodes whose Hamming weights are all greater than 1,
select one node w such that H(w) = max{H (u) > 1}; (The Hamming
u

weights of nodes can be computed at the beginning of the algorithm
and updated after each reduction so that this step takes O(n) time)

2. perform a reduction as described above.

The routing algorithm is to simply apply the reduction O(n?) times, as
there are O(n?) 1’s in the n target nodes, until they are reduced to an
assignment solution, namely, the n neighbours of the node 0.

As for the total time ¢(n) of the routing algorithm for an n-cube, we need
O(n?) time to convert the n nodes to integer values, O(nlog n) time to sort
them, O(n%/?) to find a perfect matching to get an assignment (these two
steps need to be done only once), and perform the Ogn)-time reduction
O(n?) times, resulting in a total time of O(n3) = O(log® N).

Note that from the algorithm we always pick a node with the largest
Hamming weight to reduce at any time. This is important in order to
avoid routing conflict as described below.

where H(u) = 3 and H(v) = 4 and 1 indicates that the 1 was previously
deleted from u. If u is reduced first, we would have such a situation as
described above. Then when v is reduced, the leftmost 1 is tried first and it
is found that the resulting node is different from any of the other node, so
that 1 is incorrectly removed, while in fact, the resulting node is actually
u.

The proof that the paths so obtained are disjoint is thus clear: if after a
reduction, the resulting node becomes a node that is reduced earlier, then
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it means that a node with smaller Hamming weight is reduced earlier, a

contradiction.
Similarly, the paths found are the shortest since for each node, a 1 is
removed each time. |
We end this section by an example. Given n = 5 nodes as follows:
wyy:® 1 0 0 0
w:0 1 @O 0 0
wg:1 @O 1 0 O
us:0 0 0 @O 1
us 0 0 1 1 @

with assignment solution circled. Since H(ug) = 3, we do the reduction on
ug. We first try the first 1 (from the left) and the resulting node is us. We
then try the third 1 and the resulting node is u;. We then switch the two
1’s in the assignment solution in u; and u3 and remove the second 1 in ug

to get:
w:1 @© 0 0 0
ugio 1 @ 0 0
uz3:@® 0 1 0 O
ug:0 0 0 @ 1
us:0 0 1 1 @

The next node to reduce is us. When the third 1 is removed, the resulting
node becomes u4. So we remove the fourth 1 to obtain

Uy - 1 Cl) 0 0 0
w:0 1 @O 0 0
us: D 0 1 0 0
ug:0 0 0 @ 1
us 0 0 1 0 C_[)
The next five reductions are straightforward and will end up with:
wy - 0 @ 0 0 0
u:0 0 @O 0 0
uz: @O 0 0 0 0
Ugq 0 0 0 @ 0
us:0 0 0 0 (@
The five disjoint shortest paths are:
11000 — 01000 — 00000
01100 — 00100 — 00000
11100 — 10100 — 10000 — 00000
00011 — 00010 — 00000
00111 — 00101 — 00001 — 00000
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When we have m target nodes, we can use the routing algorithm de-
scribed above to find disjoint and shortest paths to the source node for a
maximum subset of the target nodes. Let G be the bipartite graph con-
structed from the target nodes and k the size of a maximum matching.
Then we know that the maximum number of target nodes that can have
disjoint and shortest paths to the source node is at most k, where k < n, as
each edge in the matching corresponds to a neighbor of the source node 0™.
As mentioned earlier, if we only consider the target nodes in the match-
ing alone while ignoring all other target nodes, the routing algorithm just
described can be used directly to find these k paths. Since we have to
consider all target nodes and no path should intersect any target node, we
need to modify the routing algorithm: we proceed as normal until removing
a 1 from a target node » in the matching results in another target node v
that is not in the matching. In this case, all we need to do is to replace u
with v and put v in the set of target nodes in the matching. The number
of disjoint and shortest paths remains unchanged. It is trivial to see that
paths found will not intersect any target nodes.

It is now apparent that in order to avoid intersections, thus making sure
the paths are disjoint, another approach is to simply find a minimum weight
matching in the bipartite graph, where weights are assigned as follows: all
the edges from a target node u have a weight of H(u). The weighted
bipartite graph of Fig. 4 is shown in Fig. 5. Once a matching is found, we
can throw away the nodes and edges not in the matching and proceed with
the standard routing algorithm from [2].

i
{21

{1,2}

{1,2,3}
Figure 5: A Weighted Bipartite Graph.

For the first approach, the running time depends on m. If m = O(n),
then the time will be O(n?), the same as in the case considered in [2]. If
m > n, then instead of searching the entire list of target nodes, thus re-
quiring O(m) for a row reduction, and a total time of O(n*m), we can do
a binary search, resulting in a running time of O(nlogm) for the row re-
duction, and a total time of O(n®logm). For the second approach, finding
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a minimum weight matching takes O(|E|,/]V]) = O(mn+/m) time, assum-
ing m = }(n), and O(n5/2) otherwise, as there are O(m + n) nodes and
O(mn) edges in the bipartite graph. But once a minimum weight matching
is found, the size of the matching is no more than n, the routing can be
completed in O(n?) time.

4 Conclusion

We studied the problem of, given a set of m target nodes and one source
node, finding a maximum subset of target nodes to which disjoint and
shortest paths from a source node in a hypercube of dimension n. This
problem has been studied previously for the special case where m = n and
a necessary and sufficient condition was found for n disjoint and shortest
paths to exist. Subsequently, a routing algorithm was presented to find
these paths should they exist. Our problem is more general in that m is
arbitrary. As a result, we are able to find the maximum possible number
of target nodes for which disjoint and shortest paths exist between them
and the source node and together with an algorithm that actually finds the
paths for these target nodes. All the algorithms have a running time of
polynomials in m and n. We note that if m = Q(n), then a trivial lower
bound to our routing problem of finding disjoint shortest paths in an n-
cube is Q(n?) as there are n paths each of length O(n) (Indeed, if we drop
the condition that the disjoint paths be the shortest, then n-disjoint paths
can be found in the optimal O(n?) time [7]).
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