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ABSTRACT. Given a graph &, we are interested in finding disjoint
paths for a given set of distinet pairs of vertices. In 2017, we for-
mally defined a new parameter, the pansophy of G, in the context of
the disjoint path problem. In this paper, we construct a method to
determine the pansophy of any complete bipartite graph, and then
generalize the method to compute the pansophy any complete mul-
tipartite graph. We close with future research directions.
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1. MOTIVATION

In the study of interconnection networks, we are interested the simulta-
neous routing of disjoint paths in a graph, as this avoids queuing and leads
to faster processing. Much research has been done, particularly for Cayley
graphs, on the k—Disjoint Path Problem: given k pairs of vertices (sy,%),
(s2,%2),. - .,(8k, tr), do there exist disjoint paths in the graph for each pair of
vertices? If we can find disjoint paths for any collection of k pairs of vertices,
then G satisfies the k-Disjoint Path Property. See [1], [2], [4], [5], [6].

For the benefit of those writing algorithms for routing communications
within networks, we would like a way of measuring how well a routing
algorithm performs. The k-disjoint path property guarantees k paths for
any choice of vertex pairs, but more than k will often be possible. For a
given assignment of vertex pairs, the maximal routing volume is defined
as the largest number of disjoint paths possible.

In the beginning, 2017, Boats and Kikas defined pansophy as the ex-
pected value for maximal routing value in a graph, which means that the
pansophy of a graph is the best possible performance or any any routing
algorithm. [3] This makes it an ideal measuring stick for evaluating algo-
rithms, but this requires us to calculate the pansophy of a graph, or at
least well approximate it. For this reason, we are motivated to explore the
pansophies of entire classes of graphs. In this paper, we will construct a
means of calculating the pansophy of any complete multipartite graph.
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2. DEFINITIONS

Let G be a graph, and let = f_iﬂ;—}ﬂj, the maximum possible number of
paths which could be simultaneously routed in G. We define the pansophy
of G, ¥(G), as the expected number of simultaneously routed disjoint paths,
given foreknowledge of upcoming pairs of vertices; we derive a formula for
computing ¥(G) as follows.

In [3] we derive the following. Let p; be the probability that 7 randomly
assigned terminal pairs (s1,%1), ...,(s:,%;) can be disjointly routed. The
probability ¢(i) that a random assignment of (s1,%1), ..., (sq,%n) can have
¢ paths routed disjointly, but not < + 1, is ¢(z) = p; — ps41. Then

Q o 0
VG) =) idli)=) ilpr—pir1)=...= ) pi.
=1 i=1 i=1

A demonstration: in calculating the pansophy of K 4, we quickly see
that p; = 1 (because the graph is connected) and p3 = 0 (because any path
must use at least one vertex from each partition), so ps is where the effort
lies.

D, \./D,

For p2, notice that the only two cases where we can’t connect two paths is
if the two vertices in D; are the pair (sy,#;) or the pair (s3, t3). In the former
case, the first path leaves a remaining graph that is three disconnected
vertices; the latter case leaves a remaining graph isomorphic to Ps, but the
first path must use one of the (sg,?3) pair, eliminating the possibility of a
second path.

Each of these cases happens with a Ii-g probability.

Thus pp=1-2(fg) = 1, and so ¥(Kq) =1+ B +0=2 . O

Computing the pansophy of a graph, in general, is very difficult. Some
clases of graphs, however, lend themselves to more eficient analysis. A
class of graphs I is pansophical if, for any G € T, the pansophy ¥(G) is
computable in polynomial time:

(1) by explicit formula involving the graphs’ parameters as variables;
(2) by iterative algorithm, based on some of the graph’s parameters.




In this paper, we will demonstrate that the class of multipartite graphs is
pansophical by iterative algorithm. We begin my proving bipartite graphs
are pansophical, and then generalize the result for multipartite graphs.

3. ORIGINAL APPROACH FOR BIPARTITE GRAPHS

Let a complete bipartite graph K,,,, ,,, be given, and let its two partitions
be labeled Dy and D3, with my = |D1| and mg = | D3| respectively. Define
M =3%".m; = my + ma. We begin the algorithmic approach to finding its
pansophy with two base cases.

First, if either partition has zero vertices, then the graph has no edges
and the pansophy is trivially zero. Second, if the partitions are non-empty
but one of them has only one vertex, then the graph is a star graph, and the
pansophy must be one, because the first path must use the center vertex
and disconect every remaining vertex in the graph. Therefore,

‘I‘(Ku,m?) = ‘P(Kml,ﬂ) = 0 cmd 'I'{Kl,mg) = ‘I’(Kml,l) == 1 .

Suppose now that m; > 2 and my > 2, and let vertices s; and ¢; in
K, ,m, be given. Consider the shortest path which can be routed between
them. If s; and ¢; are in different partitions, then they are adjacent, and
the shortest path is the edge connecting them. On the other hand, if they
are in the same partition, then the shortest path involves a "jaunt.”

Definition Given s; and ¢; both in the same subgraph, a jaunt from s; to
t; is a two-edge path whose intermediate vertex is external to the subgraph.

For s; and t; in opposite partitions, we remove these vertices and all
edges adjacent them, leaving a remainder graph isomorphic to K, —1,mq—1-
This happens with probability:

2Cmy,1Cmy1 _ __ 2mymg
Cum2 MM 1)
If s; and ¢; are in the same partition, say D;, we remove these two

vertices plus one vertex in Dy, and all edges adjacent to them, leaving a re-
mainder graph isomorphic to K, ~2 m,—1. This happens with probability:

C 1
}\1,1=P(31,t1€D1)=*c%"::...= %ﬁ,‘j—ﬁ)— .

Lastly, if s; and ¢; are in the second partition D5, then we remove these
vertices plus one vertex in D, and all edges adjacent them, leaving a re-
mainder graph isomorphic to K, 1 m,—2. This happens with probability:

A1,2 = P(s1,t adjacent) =

A2.2=P(sl,s,em)=-cﬁf=...=%.

Using these probabilities, we can construct a recursion formula which
derives W(Kpm, m,) from smaller graphs of the same class. Its pansophy



is 1, for the initial path we can construct, plus a weighted average of the
pansophies of the possible remainder graphs:

2mim
‘F(Kmhmz) = L —._.M(A; _21). ‘F(Kml—l,mzwl}
mi(my—1) ma(mg — 1)
+ MM —1) V(Km, —2,m;—1) + W‘“ 1 I A gD i

And it would seem we have a recursive formula for the pansophies of any
bipartite graph, building steadily up from our base cases. But the algorithm
above returns ¥(Kz4) = 2, when we saw earlier the correct result is 2.
It turns out there is one slight flaw that has been overlooked, and which
we must address.

What went wrong? The algorithm missed the drop of 1= for the case
where D consists of exactly s, and t5, so that creating the first path leaves
a connected remainder graph, but must burn the second path in routing
the first one! To correct the formula, we must consider a new parameter.

4. JAUNTING TO FREE VERTICES

Definition For a given (s;, #;) assignment within a graph G, a free vertex
is one whose path can no longer be connected, and hence it is freely available
for use in connecting other paths with no risk of lowering the maximal
routing volume.

For example, in any graph with an odd number of vertices, given any
assignment of pairs (sy,t1),..., (sq,tq), there will be an odd vertex, say
8q+1, Which has no mate. It can be part of no path, and hence is a free
vertex from the beginning.

Later on, after some paths have been routed, those paths may have used
vertices which are starts or finishes for paths of a higher index. The mates
of those used vertices become free vertices, for their assigned paths have
been ”burned” in the process of connecting earlier paths.

Definition - The state of the bipartite graph Ko, m, is denoted Kz
where z refers to the number of free vertices available.

For example, the initial state of Ky 4 is in fact K. 2 4, since the third path
can never be routed, making sz and ¢35 free vertices from the start.

What if we need an intermediate vertex to route s* to t*, but there are
no free vertices? Then we must burn a possible path of higher index. To
maximize routing volume, we choose the vertex with the highest index -
this naturally creates a ” jaunting list” of vertices, which initially looks like:

1,172

Sar1 mta s to1 = 8q_1 > ... >ty > 8 >t > 5

We remove vertices from the list as they are used, and always select the
available vertex of highest (leftmost) preference.




Let s* and t* be in the same partition D;, with |D;| = m; > 2. To route
this path, we must jaunt to the opposite partition. The effect this has on
the pansophy of the remainder graph depends on whether we need to burn
a later path in the process, and that depends on whether any free vertices
are in the opposite partition. We define the following probability which will
help us determine whether a free vertex is available for us to jaunt through,
or whether we must burn one or more later paths to create one.

The probability that the first J vertices in the current jaunting list are
also in D; is:

[ 0 ; tfmi=2 or J>m;—2,
651_}:4 1 ; ifJJ=0;
L %’i‘-%{ s if0< < my—2.

5. ALGORITHM FOR PANSOPHY OF BIPARTITE GRAPHS

Beginning with the example of K2 ,, the probability Az > that both s,
and t; are in Ds is associated with a remainder graph K o after that path
is routed by jaunting to a vertex in Dy, but that is a not sufficient analysis.

We must consider the two possible states of that remainder graph, K} 2
and K3} 1,2- The former is the case where a free vertex (or both) is in Dy,
so that the number of free vertices decreases by one and no later paths
must be burned. The latter state is the case where neither free vertex was
available for a jaunt, as both were in Ds, and so a later path (the second)
must be burned, creating two new free vertices but then using one of them,
which is why the number of free variables increases to three.

V(KZ,) = 1 + A3 ¥(Ki3)
+ A1 B(KY 3)
+ Az2 [ (1 —d222) W(K],) + 822 U(K3,) |

= 1 5(1)
{0)
15E(1 - E) 1) +( )(0)]

—_ -
= 1+&+0+E =28

And the correct answer emerges. Note that the dz2 probabiliy that a
later path needed burning was as far as we had to take it, since the small size
of the graph guaranteed that one burnt path would be enough to produce
a free vertex.

When we deal with larger graphs, we have to take in to account the
possibility that more than one path might need to be burnt. The good



news is that a given partition D; is limited in size, and there are only so
many places for vertices on the jaunting list to hide. A free vertex outside
of D; must be found after burning at most ¢; = [245/=1] paths. Summing
over the possibilities, we arrive at the corrected algorithm formula:

UV Kpymy) = 1+ A2 WKLy naes)
+ A (L= 81,0) UK, 1)
+ T5Ly (O1,a42j-2 — 8,0425) WKL )]
+ Ag2 [(1—02,0) W(K;, 2 1m_2)

+ T2 G2,0425-2 = Sa,042) VETHTL )]

The base cases need alteration as well, as they must take into account
the parameter of free vertices. We observe that no paths can be routed if
all remaining vertices are free, nor if all but one are free. To the previous
base cases, we append:

YK, m,) = UK 0,) =0

6. GENERALIZATION TO MULTIPARTITE GRAPHS

Nearly everything in the derivation of the complete bipartite graph algo-
rithm applies to complete multipartite graphs. The only difference is that,
when completing a path requires a jaunt, there may be choice of which par-
tition to jaunt to, depending on how many free vertices there are, and where
they are. The computation of the probablities for the various contingen-
cies amount to standard combinatorial calculations, but the organization
of these contingencies will require considerable care.

Let G be a multipartite graph, and let G;,  , denote the state of the
remainder graph of G which has J free vertices and where a vertex has
been removed from partition D,, for each ¢ = 1,...,n. With this notation,
we can rewrite the bipartite formula into a multipartite formula, except
that the asterisk seen in the last term refers to a partition index that is
undetermined:

¥GEN) =1 + %, Dorgs Mk T(GYL)
+ Ef)"i,i. { {1 5:£ J) 'I'(Ggi*

+ E::—"I (é‘i,J—|—2j—2 _6;“]_‘_23) lII(Gi;';‘2J 1) } ]




The asterisk refers to the fact that there will sometimes be a choice from
which partition the free vertex is chosen; the pansophy 'IF(G;f If’ =LYideiK
weighted average of all possible remainder pansophies "I'(G;f;tgj “HVEk#4.

We will list these remainder pansophies in descending order. Define 7
to be the permutation of K = {1,2,...,k} that maps ¢ to k, and maps
all other i € K to the order in which its corresponding remainder graph
appears. In other words,

k : a=3%
(@) =< b ; W(Giip) is the atl highest pansophy
of all possible remainder graphs

The k — 1 possible remainder graphs would then be listed, in descending
order, as follows:

V(G iro)) 2 ¥(Giinc@) 2 - 2 YUG, i 26(k-1))

When considering which partition to use, we first try all free vertices. If
all of them are in D;, and thus ineligible, we burn a late (s;, ¢;) pair and try
again with these two new vertices. We burn as many paths as are necessary
until we find a free vertex that works. If at any point we have more than
one that works, we take the one for which the remainder graph will have
the best pansophy.

T — M-L eligible vertices, M=Zml.

6. De
n;(1) x;(2) 7 (k-1)
‘Di Ranked in order of best remainder pansophy

Define g (L, h, 77 (a)) to be the probability that, in G, given L vertices
in D; which are ineligible for consideration (because they are s*, t*, or free
vertices that are unusable), and h free vertices that are eligible, that there



is an eligible free vertex in Dy (a), but not in any partition which yields a
better remainder graph pansophy.

For example, if we want to route from s* to ¢* with both in D;, and
we have J free vertices randomly distributed through the rest of G, then
L = 2 because only s* and t* are used or ineligible, and h = J because all
of the J free vertices are eligible for consideration. We would denote with
g7 (2, J,n¢ (a)) the probability that the best available choice of partition to
jaunt to is the one with the ath best remainder graph.

Now suppose none of the J free vertices worked, because they were all
also in D; (depicted by f’s in the above diagram). In this case, L = 2+ J,
and after we burn a late (s;,¢;) pair to create two new eligible vertices, we
say h = 2. At this point, the probability that the best available choice of
partition is the ath is denoted g& (2 + J, 2,78 (a)).

The values of these probabilities are computed combinatorially; they are
simply the probabilities of h eligible vertices being in decreasing sizes of
graphs as we first eliminate the best partition choice, then the second best,
et cetera. If we define s(t) = wal ™G (4) tO be the number of vertices in
the best ¢ partitions, then the formulas are:

Cnm—_s(1)- ;
gf(Lahs#?(lj)-—“l“ w 3

For2<b<k-—1, g?(L, A, ﬂ?(b)) i GM-:{E)*L.B;”(E‘B:--a[b—ﬂ—L_g_k :

In the multipartite pansophy algorithm, these probabilities generalize the
d; .y terms. Since 1 — §; ; is the probability that a free vertex is available
for immediate jaunting without the need to burn a late pair, we have:

k—1
D 9@l @)=1-8.

a=1

Simillarly, since §; s is the probability that we are required to burn at least
one pair, but we must eventually find a good jaunting partition by burning
enough pairs (up to a maximum of ¢;), we have:

T —1
Z [ZQ?(J'!‘:?J,ZJ?(G)) = 6&,.}' .

=1 La=1

Infusing these summations with the appropriate remainder graph panso-
phies, we arrive at the general formula or the pansophy of a multipartite
graph G, calculated from the known pansophies of smaller multipartite

graphs:




¥GE) = 1 + 2 Poi Mk W(GY)
+ T { 2001 682, 9,78(e) WG 0s ()

+ Lie Yoot 65 (J+23,2,78(a) WG, T50) -

7. FuTURE DIRECTIONS

‘We will soon be engaging in undergraduate research by having a talented
student encode the above algorithm, likely in C++ or Python, to compute
the pansophies for a large library of complete multipartite graphs. As the
formula is very complicated, it will be in our interest to try to find a more
reasonable formula, if possible — something much simpler which closely
approximates the results above.

It is likely (though not well explored yet) that the pansophy of a dense
graph is "close” to that of a graph which differs by only a few edges. For
the routing algorithms at use in those communication networks which are
"close” to being multiparatite, having a reasonable approximation formula
for the pansophy of multipartite graphs would be beneficial in measuring
algorithm efficiency.

Finally, we will continue to explore different classes of graphs, and par-
ticularly we will focus on Cayley graphs which have been recommended by
past Disjoint Path Problem research. The goal is to prove them pansophi-
cal, or at least to find tight bounds on their pansophies.
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