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Abstract: Steinhaus graphs are a small (there are 2"~! of them on n
vertices) but interesting family of graphs. They have been studied for
over forty years and it has been shown that almost all graphs have certain
properties if and only if almost all Steinhaus graphs have these properties.
In this paper we find and count all the complements of Steinhaus graphs
that are claw-free.

Section 1: Introduction and History

Steinhaus in [21] posed as his first unsolved problem the following (which
has been changed to the notation of this paper): given a string of Os and 1s,
create a new string by adding adjacent entries mod 2. In Figure 1 (ignoring
the underlined 0s), the initial string is 0101, adding the adjacent entries
we get the string 111, then 00 and finally 0. Steinhaus asked if there were
strings so that the resulting triangle would have an equal number of 0s and
1s, as does the string 0101. Harborth [16] answered this question by giving
strings that would give such balanced triangles. This problem has been
generalized with still open questions, see for example [9].

Molluzzo [20] recognized that a triangle of Os and 1s could easily be
the adjacency matrix of a graph. In his paper, Molluzzo actually studied
the complements of what are now known as Steinhaus graphs and some of
his questions are also still open. For the basics on Steinhaus graphs see [13]
and there is more on the compelements of Steinahus graphs in [12].

Why study these graphs? The main reason is that they are interesting,
but it is also the case, as Brand and others in [3], [4], [5] showed, that
almost all Steinhaus graphs have the first-order property P if and only if
almost all graphs have property P. This also applies to the complements
of Steinhaus graphs. It was first shown that almost all Steinhaus graphs
have diameter 2, see [1], 2], and [6]. Also, every graph with n vertices is
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isomorphic to an induced subgraph of a Steinhaus graph with (7) vertices,
see [7] and [10]. Thus in some sense, the structure of Steinhaus graphs and
their complements mirrors that of all graphs.

Since every line graph is claw-free, it is natural to think of claw-free
graphs as a generalization of line graphs, but claw-free graphs are interesting
without considering line graphs. For example, claw-free connected graphs
of even order have perfect matchings, there are polynomial time algorithms
for finding maximum independent sets in claw-free graphs, and the claw-free
perfect graphs have been characterized. For a survey on claw-free graphs,
see [15]. What is of interest to us in this paper is that the complement of
any triangle-free graph is claw-free.

Our purpose is to classify the generating strings of claw-free Steinhaus
complements. In Section 2, we give definitions and notation. In Section 3
we discuss bipartite Steinhaus graphs since their complements are claw-free
and in the next section we state the two main theorems of this paper: one
on the generating strings of the claw-free complements and the other on
how many of the strings there are. Section 5 has the background theorems
that we need and the next three sections are the classification for claw-free
strings with exactly two 1s, three 1s, and four 1s. The last section is a
discussion of the bounds on the number of claw-free complements.

Section 2: Definitions and Notation

Definition 1. Let T =ag, ...ag,-1 be an (n — 1)-long string of 0s and
I’s. The Steinhaus graph generated by T has as its adjacency matrix the
Steinhaus matriz A = [a; ;] where

0, fO0<i=j<n-—1I;
o (@io1j-1+ai—1j)mod 2, fO0O<i<j<n-—1;
@j iy f0<j<i<n-1

The addition in the third part of the case statement is the Steinhaus prop-
erty which is the same as the recursion for Pascal’s Triangle mod 2. Given
the entries a; ;11 for 0 < i < n, the same matrix can be generated using
the Steinhaus property and this string is called the diagonal generator of
the matrix and graph. In Figure 1 the diagonal generator is 0100. {Unless
otherwise noted, all our generators are diagonal generators.)

00101 2 0 4 2
0 111 g N
0 00 30 1 2
Q

Complement Graph Claw: [1:2,3,4]
Figure 1, Complement generated by 0100, the Steinhaus graph, and the claw in the
Steinhaus graph.




Note that the generating string is (n — 1)-long and the corresponding
graph has n vertices. We always display the Steinhaus matrix but use 1s for
adjacencies in the Steinhaus graph and Os for adjacencies in the Steinhaus
complement. The diagonal Os of the matrices are always underlined. Also,
the reverse of a diagonal generator generates a graph isomorphic to the
graph generated by the original string. In Figure 1, the diagonal generator
0010 generates the same graph where the labels 0 and 4 and the labels 1
and 3 are switched.

Notation 1. We let lg(n) = logy(n) and for a positive integer k, A\ =
llgk]|, but we often use A = |lg(n — 1)|. Also vy is the smallest index larger
than 1 in the binary expansion of k = 1, ... for which 7, =1 or vy is 2
more than the largest power of 2 dividing |k/4|. Hence k = 2"*(2q+ 1) +r
where q is a non-negative integer and 0 < r < 4.

Notation 2. We always write the binary expansion of n—1 asby,,_, ...bg
and we use the following two particular indices in this expansion. If k =
min{i : b; = 1}, then w = max{2,k+1}. Ifj = min {{An—1}U{i : b; = 0} },
then ¢ = max{2,;7 + 1}.

Notation 3. Two other notational shortcuts that we use are that instgarg
of saying we are using the Steinhaus property, we denote it as ;1,41 =
ai,j+as;41. Also, when we use = alone, it will mean equivalence modulo 2.

Notation 4. We use the Kronecker delta function in two ways. First, 8,
is 1 if a = b and 0 otherwise. Second, &, is 1 if n is a power of two and is
0 otherwise.

Definition 2. The claw is the complete bipartite graph K 3, see Figure 1.
A graph is claw-free if it has no induced claw. A leaf of the claw is one
of the vertices of degree 1 and the root of the claw is the vertex of degree
3. The claw with root u and leaves z, y, and z is denoted [u : z,¥,2]. In
Figure 1, the complement is claw-free but the graph has the claw [1 : 2,3, 4].

Notation 5. To show that [u : z,y,2| is a claw in the complement of a
Steinhaus graph with adjacency matrix A = [a; ;], we need to show that
Guz = Quy = Gy, =0 and a; y = @, ; = a, . = 1. In proofs, (i) will be to
show ayz = 0, (if) ayy = 0, (ifi) auz =0, (iv) azy = 1, (v) az . = 1, and
(V‘i) Gy x = 1.

Definition 3. A string that generates a complement that is claw-free is

called claw-free and we also say that a string that generates a complement
with a claw has a claw.

Observation 1. Any substring of a claw-free string is a claw-free string.
If a substring of a string has a claw, then the string has a claw.



Observation 2. A complete induced subgraph of a graph can have at
most one leaf in a claw and possibly the center of the claw. If a graph has
two induced subgraphs that are both complete and the vertices of these
subgraphs partition the vertices of the graph into two subsets, then the
graph is claw-free.

Why are we not studying claw-free Steinhaus graphs? The answer is
that there are only two for n > 9. Hence, unless stated otherwise, after our
discussion of bipartite Steinhaus graphs, all graphs are the complements of
Steinhaus graphs.

Observation 3. For n > 9, all Steinhaus graphs have claws except for
those generated by the diagonal generators 071, generating the graph with
no edges on n vertices, and 1", generating the path on n vertices. There
are six claw-free graphs on 4 vertices, seven on 4 vertices, eight on 6 vertices,
five on 7 vertices, and three on 8 vertices.

Let P be the property that a graph is claw-free or that it is bipartite.
If a Steinhaus graph or complement does not have property P, then adding
a 0 or 1 to the end of its generating string results in a graph that also does
not have property P. Thinking of Steinhaus graphs as a tree with the child
of a node as the generating string with a 0 or 1 appended, then searching
for a graph with property P is a search through this tree. For example, the
children of 0101 would be 01010 and 01011. Since there are not many of
either type of graphs with property P, the tree prunes quickly. One of the
first author’s students found all the claw-free complements with n vertices
for 1 < n < 288. This paper is the result of using that data.

Section 3: Bipartite Steinhaus graphs

Bipartite Steinhaus graphs have been much studied, see [8], [11], [14], [17],
and [18]. While there are many results on bipartite Steinhaus graphs, we
need just two. In [11] it was shown that

Theorem 4. A Steinhaus graph is bipartite if and only if it has no trian-
gles. Hence, the complement of a bipartite Steinhaus graph is claw-free.

From [8] and [14] we have the following two theorems and since these
are generators of the Steinhaus graph, adjacencies are indicated by 1s.

Theorem 5. The diagonal generators of the bipartite Steinhaus graphs
are

(a) Any substring of (102" 1), These include the strings with no Is,
exactly one 1, and the string of all Is.

(b) Any substring containing exactly two ones of 07102™(24+1)~110% where
l<m,0<r<2™0<s<2m and 0 < q. Also, the following are
bipartite: 10"21 for any n > 3, 01041 and 10"—410 for n odd, and
01510 for n even.




Theorem 6. The number of strings that generate bipartite Steinhaus
graphs is 2n — 2+ b(n) (1)
where b(n) is the number of generators in item (b) above. Also, b(rn) is a

diatomic sequence satisfying the recursion in (2). The initial conditions for
b(n) are b(2) = 0, b(3) =0 and for n. > 1,

b(2n) =b(n) +b(n+1) and b(2n+1)=2b(n+ 1)+ L. (2)
There are exact formulas for b(n) and tight upper and lower bounds, all

given in [8]. The bounds are

L O 3

with equality on the left only for n = 4(4™ + 2) and on the right only for
n=2"41.
Section 4: Generators of Claw-free Complements

In this section we state the two main theorems of this paper. In both of
these we use Notation 1 and 2.

Theorem 7. The claw-free strings are those that are bipartite and the
following (and the reverse of each string):

Two 1s
d. 07110°, min{r,s} > 0
2. 1027-210°, 1 <m,0< s
22. 1027 (20tD)-210% 1 <« m,0<s5< 2™, 0< g
8. 0100100 and 0010010, n = 8
2s. For n =0 (mod 4), 10410, 010"~*1, and for n odd, 0107510
Three 1s
3i. 1027-2102"CatD-2] 2 < m<pu<v,, 0<gq
3i. 10272102 (etD-11 2 < m< u<uy,, 0< g
3. 102"-3110°,0< s5,2<m
31. 1027(2+1D-3110°, 2 < m, 0< 5 < 2™~ 1,0 < ¢
32. 10774+ D-2110°, 2<m, 0<s<2m—1,0<¢q
3s. Not otherwise listed above: 10"~411, 1107—41
Four 1s
4s. 1107511
4. 102721102721, n=2mt1 4 1
4. 1027-3110?"Rat1)-31 2 < m < u < vpyy,0< ¢
4. 10°7-21102"R4+)-31 2 < m< pu< 1y, 0< g




Theorem 8. For n > 2 vertices, n — 1 = by...by in binary, and X\ =
llg(n — 1) |, the number of claw-free complements, c(n), is given by
c(n) = cy(n) + ca(n) + c2(n) + o22(n) + c8(n) + o25(n) + c3i(n) + c3(n)
+ c31(n) + cs2(n) + c3s(n) + c4s(n) + ca(n)

where ¢;(n) is the number of bipartite strings and the function is 0 below
its indicated bounds:

e(n) =2 —2+b(n), n>1; can)=n—-2, n>3;
A1

ca(n) = rnez — 2, 0> 6; caz(m) =2 b, n>14;
k=w

1, n=13(mod4), n>T,;

2, n=0(mod4), n>8§;
%(n} =2 aﬂ,ﬂvr Qg(ﬂ) =

c3(n) =22 -2, n 25 el = {g i 0,3(mod 4), n27;
A=1 i her wise;
k=¢ k=w

cas(n) =1, n>86;

vy, — 2 - 38, n=0(mod 4), n > 8;
c3i(n) =< 20n—2—20,_1, n=1(med 4),n > 9;

0, otherwise.

n — 2 — 20y, n =0 (mod 4), n > 8;
Wnt1 —2—3py1, n=3(med4),n>T;
0, otherwise.

Proof: For ¢;(n), see (1). The formula for ¢4(n) is found in Proposition 16.
Theorem 24 gives the proof for ca(n) and ox(n). For cg(n) and cg.(n)), see
Lemma 20 and Lemma 25 respectively. The proof of the formula for e3;(n)
is in Theorem 27. For e3,(n) and c3(n), the proofs are in Theorem 28. Lem-
ma 30 gives the proof for e¢31(n) and Lemma 29 has the proof for cs3(n).
In Lemma 31 we show that 1107511 is claw-free which is the only string
with exactly four 1s that is not in a class and so c4e(n) = 1. Finally, we
verify c4(n) in Theorem 33. |}

To simplify this, note that A\, g + A,,—; = 2\, — 26, — §,_; and so
02(’3)"}‘03(“) = 4A, ~ 4 — 40, — 20,,_;. (4)

Since by is always 1, S8 b =1+ Y2~ by unless n — 1 = 2™ in which
case both sums are 0. Hence

A A—1
Ebkzl—én—l'f‘zbk and so
k=w

k=w = (5)

co2(n) + cag(n) = 2(1 — 6p-1) +4 Y by

k=w




Using (1), (4), and (5), and combining all the case statements gives
Corollary 9. Forn > 9,

S : |
o(n) =3n—5+b(n) +4r +4) bk+2z by
k=w
4vy, — 96, n = 0 (mod 4}, (6)
+ 2vp — 1 —b56,_1, n = 1 (mod 4);
0, n = 2 (mod 4);

2n41+1—30,11, n=3(mod 4).

To illustrate the above, here are the strings for n = 8 and the category

to which each belongs. In Figure 2 we give the values needed to compute
the result from Corollary 9 for ¢(n), b(r), the two sums, and the values in
the case statement, called p(n).
n = 8: Bipartite: 0000000, 0000001, 0000010, 0000100, 0001000, 0010000, 0100000,
1000000, 0101010, 1010101, 1000100, 0100010, 00100010, 1111111, counted by b(8)
1000001. Counted by c4(8): 0000011, 0000110, 0001100, 0011000, 0110000, 1100000;
c2(8): 1001000, 0001001; cg(8): 0100100, 0010010; cz,(8): 1000010, 0100001; ca; (8);
1001001; c3(8): 1011000, 0001011; caz(8): 1001100, 0011001; c34(8): 1100001, 1000011;
ca(8): 1001101, 1011001; c44(8): 1100011.

For 1 < n <4, we have c(n) = 2"~! and b(n) =

n 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
c(n) 14 21 20 37 37 38 46 52 54 57 B7 74 71 69 76 81 82 85 06 103 100
b{n) 1 6 11 8 1 1 t 3 2 3 4 7 4 3 2 3 2 3 4 7

eza(r)y 0 0 0 0 O 0 0 0 0 1 1 1 © O O O O 1 1 1 0
gesi(n) 0 0 0 0 0 o0 0 0 t 1 1 O O O O O 1 1 1 0 1
p(n) 3 0 0 5 8 3 0 6 7 2 0 5 & 3 0 7T 12 5

Figure 2. Table for values from Corollary 9

Section 5: Proofs Techniques

The main result we need other than facts about Steinhaus graphs is the
following (for a proof of this and many other interesting facts on binomial
coefficients, see [19]).

Theorem 10. Lucas’ Theorem: If the binary expansion of m = 7. .. 7
(r for top) and the binary expansion of k = ;... 3 (B for bottom), then

(%)= ﬁ (ﬁ,) S

Corollary 11. Note that (7) is even if and only if there is an ¢ such that
7i =0 and B; = 1. So if m is even and k is odd, then (7) =0. f m =0
(mod 4) and k # 0 (mod 4), then () = 0. Also, the binary expansion of
2—2™(2¢+1) ends with m 0s and the binary expansion of 2¢—2™(2¢+1)—1
ends with m 1s and with ,, = 0.



In the matrices in Figure 3, note that there is a column of 1s and
a row of 1s that meet at the diagonal. By the Steinhaus property, this
means that the entries to the right of the column of 1s and above the row
of 1s are elements of Pascal’s Triangle mod 2. These are outlined with a
box in Figure 3. In Theorem 13, we give the precise entries. If there is a
string of Os in the diagonal generator, then the corresponding vertices of the
complement induce a complete graph. Finally, as can be seen in Figure 6, if
1071 is a substring of a diagonal generator, then the corresponding vertices
induce K5 U K,-;4. We state this as
Observation 12. If a,4;,4441 =0 for 0 < i < s, then in the complement
the vertices {'l",f‘ +1,...7 +3} induce Kg-l.-]_. If'a‘r,r+l = Q5941 = 1 and
a1 = 0 forr < i < s, then the vertices r and s induce K. and the vertices
between r and s induce K,_, and all these vertices induce Ko U K,_,.

0 011111101110 011111100111
1 coo0o0oo0o0f[1100|1 000000[1T0100
2 00000[101 01 0000011110
3 0000[1 11 1|1 0000|1000 1
4 000100 0|0 00011001
5 00/110 0|0 0010101
6 ol1 01 0|0 ol1 1111
7 01110 00000
8 0001 0000
9 00 1 000
10 01 00
11 0 0

Figure 3. Steinhaus matrices generated by 105110?1 (left) and 10310¢ (right).

The following is straightforward to prove, but is surprisingly useful in
our proofs,
Theorem 13. In the upper triangular part of a Steinhaus matrix, if there
are u and v such that ay_;, = 1 for 1 < i < k, @y (k+1)y = 0, and
Ayutj = 1 for 1 < j < h, then for these values of i and j and £ =
1+ max{|lg(k)], |lg(h)|}, we have

o JO S S
Qu—iyotj = ( 4 ) and @y (ky1) i =1+ ( p ) (7)

Proof: First, £ is chosen to be large enough so that the entries of the
matrix in row u to the right of column v are the entries of row 2¢ — 1 of
Pascal’s Triangle mod 2 and are all 1s. Column v from rows (u — k) to row

u are the coefficients (23‘ 5) =1 for 1 < ¢ < k. Since the Steinhaus property
is the recursion for the binomial coefficients, we have the result on the left
of (7).

If Gy (k+1),04+5 = 1, then Ay—(k+1),0 = ( , but since Bu— (k+1),u+4j
=0, in the matrix the 1s are switched to Os and the 0s to 1s giving us the
result on the right of (7). |

2¢ m?-k)




In Figure 3, the matrices are generated by 107110%1 and 10"10* where
r = 5 and so in the matrix on the left « = v = 7 and on the right, u = 6
and v = 7. The generic graph for 10710° is shown in Figure 4 and for the
matrix on the right in Figure 3, K.,y = {1,...,6} and K,; = {7,...,11}.

Corollary 14. In particular, for the string 10"10° we have u = r + 1
and v = r + 2. (See the graph shown on the left in Figure 4.) Also,

N ey o
agi =1for0<i<r+2 a0,42 =0, and agry24j =1+ ( P ) and

Arpl—in—1 = (2‘—;-{). Note also that ary144r4+145 = 0 for positive i and
j. The only possible claws have the form [u : 0,d,v] where u and v are in
Kip1={r+2,...,.n—1} anddisin K, 1 = {1 1)

Corollary 15. In particular, for the string 107110° we have u = v = r+2.
(See the graph on the left of Figure 10.) Also, ap; = 1 for0 < i <r+2,
a0,r42 =0, o ry245 =1+ ( ";"3) and ary2_sn1 = (> 7). Note also
thataw =0for0<i<j<r+2andr+2<i<j <nandthat vertex
r + 2 is only adjacent to vertex 0. The only possible claws have the form
[u. 0,d,v] where u and v are in Ko41 = {r+3,...,n—1} and d is in
K11 ={1,...r 4 1}. (The generic graph is on the left in Figure 10.)

10710*

Section 6: Two 1s

All strings having no 1s or exactly one 1 are bipartite and hence claw-free.
We carefully examine the claw-free strings with exactly two ones as we use
these results in the subsequent sections.

Proposition 16. The string0"110° forn =r+s+3 withr > 0 and s > 0
generates a claw-free graph. There are c4(n) = n — 2 of these strings.

Proof: This graphis K4 = {0,...7}, K,11 = {r+2,...n— 1} and the
isolated vertex {r + 1}. Hence the graph is claw-free. See the matrix on
the left of Figure 3 but ignore the first row and last column. ||

The only other claw-free strings containing exactly two 1s must be of
the form 0°10710® with r > 0. We show if r = 3 (mod 4), then the string is
bipartite and that s and ¢+ must be small.

Lemma 17. The string 02" —1102" (2¢+1)-1102" -1 j5 bipartite and hence
claw-free. The string 102" @a+D-1102" has the claw [r+3:0,3,n~—1]
where r = 2™(2¢+ 1) — 1 and n = 2™t (g + 1) + 2.

61



Proof: If r = 3 (mod 4), then r = 2™(2¢+1)~1 for m > 1. By Theorem 5,
if s and ¢ are less than 2™, then the string is bipartite. If s or ¢ is 2™ or
larger, then the string has a claw. To prove this, we only need show that
1027 (2a+1)-1102™ has the claw [r+3 : 0,3,n—1] where n = 2™+1(g+1)+2.

We use Notation 5 as a guide, Corollary 11 and Corollary 14. Here
u=r4+landv=r4+2 (i) agrpa =1+ _"_) =1+ 1 = 0 since
the top is odd. (ii) ag,4+3 = (2£+1"") = () since the top is even and the

1
bottom is odd. (iii) Since r +3 > r + 1, @ry3n—-1 = 0. (iv) Since r > 3,

ag,3 = 1. (V) Ay n-1 = 1+ ( _T_Q) =1+ (Qf_gmé?f-'_l)-l) =14+0=1

since 7, = 0 and B, = 1. (vi) a3 n—1 (2'9_7-+1) (2‘ 2"‘{2q+1)+2) =1

since 7, = B = 1. l

O, aN. &1,

n—1
10m—31 omﬂ“s 10, 010™—>10,
7. even n odd
Figure 5.

In the next three lemmas we take care of the special cases. In Lem-
ma 20, we show that there are two sporadic strings for n = 8 that are not
substrings of any claw-free strings.

Lemma 18. The string 010%—510 is claw-free. As substrings, both 10"~410
and 010"~*1 are claw-free.

Proof: The graph generated by 10”31 is shown on the left in Figure 5,
but this is always bipartite. By Observation 2, the graph in the middle of
Figure 5 is claw-free. In the graph on the right of Figure 5, we have for odd
n, vertices 0 and n — 1 are adjacent to the same vertices in K ;. (Note
that this means that the Steinhaus graph has the triangles {0, k,n — 2} for
any 1 < k < n— 2 and so is not bipartite.) The matrix for 010*10 is on the
left in Figure 6. |}

0 001010110 010101000
1 01111101 0111110]0
2 000O0O0 1|1 00000O0T1|0
3 0000 1]0 0000 1[1
4 000 1|1 000 1|0
5 00 1|0 00 1|1
6 011 0 1|0
7 00 0|1
8 0 0

Figure 6. Matrices for 010410 and 110411



Lemma 19. Any string containing 10100 or 00101 generates a complement
with a claw. Note also that by Lemma 17, 01010 is claw-free, but bipartite.

Proof: The graphs generated by these strings are given in Figure 7 on the
right where the labelling is from 10100. A claw is [4:0,1,5]. §

0 001 11 0

1 c 1 0 0 91 0—74—&
2 010

3 0 1 4

4 0 0111, claw is [1: 0, 3,4] 10100, claw is [4: 0,1, 5)

Figure 7.

Lemma 20. Both the strings 0100100 and 0010010 are claw-free. The
string 01001000 has the claw [8 : 0,2, 5], the string 00100100 has the claw
[8 : 0,3,6], the string 01001001 has the claw [1 : 0,5,8], and the string
00100101 has a claw by Lemma 19. Hence cg(n) = 20, 5.

Proof: The graphs generated by these strings are in Figure 8 where the
labelling for 0010010 is from 0100100. |

5 3 2 7
0 8 /
\pe4
9 1 T 6 4 8
00100100 01001001

Figure 8. Graphs for Lemma 20

In the next theorem we show that 107100 has a claw for » = 0,1
(mod 4) and that 0107100 has a claw if » = 2 (mod 4).

Theorem 21. The string 0°10"100 with n — 1 = r + 4 +t has the claw

(a) [n-1:0,3,n—-2] if r=4dq, i =0,
(b) [P—-2:0,1,n—-1] if r=4dg+1, ey,
(¢) [5:0,4,n~1] if r=2"(2¢4+1)—-2, t=1, m>1, ¢>0,

where (c) has the exception when m = 2 and ¢ = 0 (see Lemma 20).
Proof: For cases (a) and (b), we have K,y = {1,...,r + 1}, since 5 = 2,
Kop1={n—-3,n—2,n—1}, and n =r +5. Again we use Theorem 13 (in
particular Corollary 14) and note that v = r + 1 and v = » + 2. For (a),
f

n—1=0(mod4). (i) agp-1 =1+ ( '“1_4"""”) =1+ 1 = 0 since
i 9 = 2 (mod 4) and so 1y = 3 = 1. (ii) a3 n—1 = (2 S (,»Tg)) =0
since 2 + 1 —r = 1 (mod 4) and so has 7, = 0 while 8; = 1. (iu) Since
r+3>r+1, a,.+3 rpd = Gpodgag = 0. (iv) Sitce r'> 4, a3 = 1.
(V) agn_2 = 1+( _’"'2) = 140 = 1 since the top is even and the bottom
is odd. (vi) agpn-2 = (2£+11"") = 1 since the top is odd.



Since the proof of (b) is similar to (a), we omit it and go to the proof
of (¢). For (¢),r =2"(2¢g+ 1) —2> 6, n =r + 6, and from Corollary 14,
u=r+2=n—4and v =r+3=n-3 Thus (i), (ii), and (iv):
ags = ags = 0 and agy = 1. (iii) Since 5 = u — (n — 9), we have

LT T O £ am+1 .

G5,n—1 = Q(n—4)—(n—9),(n—3)+2 = (2 12(11 g}) = (2 A 2 7+%) = 0 since
m=0and 5 =1.

(v) From Figure 6 and noting that n— 3 is the penultimate column for
our current matrix, aj n—3 = 0. Since ag even = 1 and n—4 is even, ag n—4 =
1. Hence ap 3 sg. Gon-4+81n-3=1 Next,a1, 2=1+ (21'_;‘“) =

14 0 = 1 since the top is even and the bottom is odd. Thus ag n—2 Sg'

-3+ 8n-2=1+1=0. Finally, a1 =1+ (Q&;J"") =140=1

S.P.
since 71 = 0 but By = 1. Therefore apn—1 = dop-2+a1n-1=0+1=1.

("U’i) Aqn—1 = (22-1-2(“_3)) = (2‘&—2“:-1‘?-'_3) =1 for T = ,61 = | I

By Lemmas 17-20, we can now assume that ¢ = 0. This is because if
t = s = 1, then the string is claw-free, but if both s and ¢ are positive and
one of them is larger than 1, then either the string or its reverse has a claw
(excepting the bipartite strings). We now consider our last case: r = 2
(mod 4).
Theorem 22. Form > 1 and ¢ > 0, both the strings 102" (24+1)-210° and
0°10%7 Ra+1)-21 are claw-free where if ¢ > 0, then 0 < s < 2™ and if ¢ = 0,
then s > 0.
Proof: Since r = 2™(2¢+ 1) — 2, by Corollary 14, the only possible claws
have one leaf 0, the root u and one leaf v with r 4+ 2 < u,v < n— 1 and the
last leaf 1 < d < r+ 1. We need to know the adjacencies of 0 which are

1, O0<k<r+1
a{],k= 0, k=’f'+2

1 2p (23—2?";(2(!1'])) k = + 2 +j

Note (ge_ﬂm,@qm) =1 only if j = 0 (mod 2™). So if s < 2™, then there

is no claw. If ¢ = 0, then (2£'j2m) = 1 if and only if j = k- 2™. Since

£_ 3 £ 4 . . .
Qr—i,-2m = (kzmirig) = ((1_11)2,1) and since ¢ < r = 2™ — 2, the binary

expansion of i + 1 has it left-most 1 before the m'® position and hence the
binary expansion of 2¢ —1—i is all 1s from at least the m'? position leftward.
Therefore a,_; k9= = 1 and this string is claw-free because whatever is
adjacent to 0 cannot be adjacent to anything in the K,yy. [

To conclude our classification of the strings with exactly two 1s, we
need the following but since the proof is similar to that of Theorem 21 (a),
we omit it.



Lemma 23. Ifr =2™(2¢+1)—2form > 1, ¢ > 0, and s > 2™, then the
string 10"10° has the claw [n —1:0,2™ +1,r + 3.

Theorem 24. The number of strings of the form 10%" (2¢+1)-210¢ and
0°102" 2a+1)-21 where m > 1 and ¢ > 0 and where if ¢ > 0, then 0 < s <
2™ (ega(n)) and if ¢ =0, then s > 0 (co(n)) is

ca(n) =2(M—2—1), ¢=0;

Ap—i=1
coa(n) = 2- Z b, gq>0.

=ut

Proof: If g=0,thenn—1=2"+sform > 1 and s > 1. Thus there is a
claw-free string if and only if n — 1 < 2™ + 1 for m > 1. Thus the number
of strings of the form 102" ~210° for s > 1 is

5+ alm) = llgln ~2)] ~ 1.

We must also count the reverse of these. If ¢ > 0, then 2™ > s > 1 and
there is a string if and only if

n—1=2+(2m(2q+ 1)—-2)+s=2m(2q+1)+s.

Since 2™ > s> 1,

3+-2-3-;;52q+1+%522:}-<2q+2. (8)
Let n—1 =by...by. If by, = 0, then Z=L is an even number with remainder
bm—1-..bp (in binary) and hence this inequality cannot be satisfied. Thus
the inequality can only be satisfied if b,, = 1 for m > 1. But if ; = 0
for ¢ < m, then %= = 2¢ + 1 which contradicts the left side of (8). Using
Notation 2, we have that the number of solutions (in m, n, and ¢) for (8)
is the numbers of 1s in the binary expansion of n — 1 starting at the first 1

from the right (larger than 1) and not including by, _, and hence
A—1
1 b A
5 " oz2(n) = ;k’ =S
0, otherwise. [ |

Lemma 25. The non-bipartite claw-free strings with exactly two 1s that
have not yet been counted are substrings of 010710, There are cp,(n) =
(2,1,0,1) of these where the 0 < i < 4 entry of the 4-tuple is for n = 1
(mod 4).



Proof: For substrings containing two 1s of 010”10 that we have yet to
count, if » = 3 (mod 4), then these are bipartite. If r = 1 (mod 4), then
only 010710 is not bipartite. If » = 2 (mod 4), then both 010”1 and 10710
are counted by Theorem 24. If = 0 (mod 4), then all have triangles but
are claw-free.

If n = 0 (mod 4), then both 010"~*1 and 10"~10 have not yet been
counted. If n = 1 (mod 4), then only 0107510 has not yet been counted. If
n = 2 (mod 4), then all three strings have been counted. If n = 3 (mod 4),
then only 010" 210 has not yet been counted. [

Section 7: Three 1s

Lemma 26. The string 10710°1 is claw-free if and only if both the strings
10710% and 0"10°1 are claw-free.

Proof: If 10710°1 is claw-free, then since both 10710° and 10°10™ are sub-
strings of 1071071, then both 10"10° and 10*10" are claw-free.

Suppose that both 10710 and 10°10" are claw-free. The graph gen-
erated by the string 10710°1 is shown on the right of Figure 4 (where the
dotted line indicates that the vertices 0 and » — 1 may or may not be ad-
jacent) and its matrix is on the left of Figure 9 (ignoring the right-most
column). This graph is obtained easily since it contains the graph gener-
ated by both 10710* and 10°10". Thus the only possible claws are of the
form [d : e,u,n — 1] or [u : 0,d,v] where d,e € K,;y = {1,...,r+ 1} and
u,v € Kgyy = {r+2,...,n—2}. The former claw is in the graph generated
by 10710°, an impossibility, and the latter is in the graph generated by
10°10", another impossibility. Therefore 10710°1 is claw-free. |}

Theorem 27. A non-bipartite string of the form 0"10°10*10* with s and
t positive is claw-free if and only if r = u = 0 and s = 2™ — 2 for some
m > 2 and t = 2*(2k+ 1) — ¢ where ¢ is either 1 or 2 with2 < m < v, — 6y,
or the reverse of such a string. Also, the number of such strings is

2vy, — 2 — 36,, n = 0 (mod 4},
cgi(n) = ¢ 2(bn —1—38,-1), n=1(mod 4), (9)
0, otherwise

Proof: From Lemma 26, 10°10%1 is claw-free only if both 10°10* and 10t10°
are claw-free. We now proceed to eliminate values for s and ¢.

By Theorem 21, part (a), if s = 0 (mod 4), then 10°100 has a claw and
sot=1. Since s > 4, by Lemma 19, 1010° has a claw. Therefore neither s
nor t is congruent to 0 mod 4.

By Theorem 21, part (b), if s = 1 (mod 4), then 10°100 has a claw and
sot=1. If s > 1, then by Lemma 19, 1010° has a claw. Hence s =t =1
and thus » < 1 and » < 1. Hence the string is bipartite. Therefore s # 1
(meod 4) and so s and ¢ must be equivalent to 2 or 3 modulo 4.




We first consider s = 2 (mod 4) and we write s = 2™(2¢+ 1) — 2 where
m > 2 and ¢ > 0. By Theorem 21, part (3), 010" 29+1)-2100 has a claw
unless ¢ = 0 and m = 2. By Lemma 20, 01001000, 00100100, and 01001001
have claws. Hence, if s = 2 (mod 4), then r = 0. Likewise, if ¢ = 2 (mod 4),
then » = 0.

If both s and ¢ are congruent to 2 mod 4, then the string must have
the form 10%7 24t1)-2102"(2+4+1)~2] where m > 2 and p > 2. If both ¢ > 0
and £ > 0, then using Lemma 23 at the second and fourth less-than’s,

2™ < 2™(2q+1) —2 < 2 < 24 (2 + 1) — 2 < 2™, (10)

which is a contradiction. If ¢ = 0 and k > 0, then 2™ — 2 <« 2# and so
m < u. If K = 0, then without loss of generality, we assume m < u. Thus
if 5,t = 2 (mod 4), we let m < u. Note also that since 2™ — 2 > 2, The-
orem 21, part (c) guarantees that the string has a claw if either » or u is
positive.

© 0111011111 0010101001
1 000110000 011111101
2 00101000 00000GO0T1S1
3 0111100 0000O0T10
4 000010 000011
5 000 11 00010
6 0010 0011
7 01 1 010
8 0 0 01
9 0 0

Figure 9. Steinhaus matrices generated by 1021010 and 010511.

Suppose ¢ = 3 (mod 4) and we let ¢t = 2%(2x + 1) — 1. We show that
the only such strings are for s = 2™ — 2 and 2 < m < u. If ¢ > 0, then by
Lemma 23, (10) holds if the last —2 is replaced by —1. Thus g = 0. Since
t > 3, by the above, r = 0.

Is it possible for u to be positive in such a claw-free string? The answer
is no as the string 102" ~2102"(2++1-110 has the claw [2™ : 0,2™ +1,n—1]
where n — 1 =1+ 2™ 4 2#(2k 4 1). This is proven in Lemma 36.

Finally, suppose s = ¢t = 3(mod 4). Let s = 2™(2¢ + 1) — 1 and
t=2"(2k+1)— 1. By Lemma 17, 5 < 2% — 1 and ¢ < 2™ — 1 and hence

2" —1<2™2q+1)—1< W 1< 222+ 1) -1 < 2™ 1.
Thus 2# = 2™ and ¢ = x = 0. Hence this is a bipartite string. Therefore
the only non-bipartite claw-free strings of the form 0710410*10% are 10°10%1

where one of s or ¢ is 2™ — 2 and the other is congruent to either 2 or 3
mod 4.
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To count the non-bipartite, claw-free strings in this theorem, we first
consider those of the form 1027 =210%"(+1)-2]  Here n = 2™ +2¢(2x+1) =
0(mod 4) and 2 < m < pu (if k = 0, we choose m < ). The string can be
a palindrome if x = 0 and m = x in which case n = 2™*1, If m < pu, then
n=2"(2#""(2k+1)+1) and so m = v,. If m = p, then n = 2" (k+1)
and so m < vy,. If n = 2=, then m must be less than v, in order to have
astring. Thus 2 <m < v, —§,,.

Conversely, suppose n =0 (mod 4), 2 < m < v, — §,, and n > 8. We
need to show that 102" -210"~2-2"1 is claw-free. Note n —2 — 2™ = 2
(mod 4) and we write n — 2 — 2™ = 2¥(2k + 1) =2 >0 and so p > 1. If
# = 0, then we are done. If £ > 0 and m > p, then n = 2#(2™# 4 2k + 1)
and so p = v, > m, a contradiction. Thus we have a claw-free string and
hence there are two strings for each m with 2 < m < v, unless n = 2¥»
in which case the string is the palindrome, 1{]2"“:ﬁ1 =2102"""'~21, Therefore
csi(n) = 2(vp — 1) — 38, when n = 0 (mod 4).

For strings of the form 1027 ~2102"(%+1)~1] we have n = 1 (mod 4)
and the proof that there are 2(1, — 1 —§,,_1) of these is similar to what we
have just done and we omit it.

The only other strings with exactly three ones that are non-bipartite
and claw-free have the form 071071107 or the reverse.

Theorem 28. All strings of the form 10”11 are claw-free (Lemma 31) and
there are only two of these not counted below for n = 0,3 (mod 4). The
only strings of the form 10"110° for s > 0 that are claw-free have r = 1,2
(mod 4). If r = 2 (mod 4), then writing r = 2"™(2¢ + 1) — 2 with m > 1
we have 0 < s < 2™ — 1 (esa(n)). If r = 2™ — 3, then s can be any non-
negative integer (c3g(n)). If r = 2(2¢+ 1) — 3 form > 1 and ¢ > 0, then
0 <s<2™—1 (c31(n)). For all these strings,

An—l )‘ﬂ—l
caa(n) =2) b, cs(n)=2\lgn—1)]—2, ca(n)=2 > b
k=w k=

Proof: From Lemmas 35 and 37, all strings containing 0111 or 010711 have
a claw. Thus we need only consider strings of the form 107110° (or the
reverse of such a string). From the matrix on the left in Figure 3 (ignoring
the right-most column), it is easy to see that the graph of 107110° must be
as pictured on the left in Figure 10. Note that the only possible claws are
of the form [u:0,d,v] where 1 <d<r+1andr+3<wu,v<n-—1. Also,
n=r+s+42>r+4.

We consider the strings 10"110° where r = 2™(2¢ + 1) — 2 for m > 2,
g2 0,and 0 < s < 2™ — 1. To have a claw we must have two vertices
u (the center of the claw) and v such that r +3 < u,v < r + s + 3 and
v is not adjacent to 0. So if v = r 4+ 2+ j where j < 2™, ap 24 =




T
@@ TIQ

107110°

1071101

Figure 10.

1+ (Qf"'gm(?””""l). Since 2¢ — 1 has a binary expansion of all 1s and
subtracting 2™(2¢ + 1) from this leaves the right-most m 1s as is and since
the binary expansion of 7 only has non-zero digits in the right-most m
positions, ap, = 1+ 1 = 0. Hence all the vertices larger than r + 2 are
adjacent to 0 and therefore there is no claw. To count these, see Lemma 29.

We next show the strings 10"110° where r = 2™(2¢+ 1) — 3 for m > 2,
g>0,and 0 < s < 2™ — 1 are claw-free. We need to compute ag ,y24;-
Note that 2 — » — 3 = 2¢ — 2™(2¢ + 1) which has a binary expansion
of m right-most 0s. Also,n—1 =2"(2¢+1)+s > r+ 2+ 7 and so
<22+ 1)+s5-r—2=854+3-2=54+1<2"~-14+1=2"
So the binary expansion of 7 has a 1 in the right-most m bits. Therefore
ag,ri2+; = 1+ (gc'w.@q*‘”) = 140 =1 and the graph cannot have a claw.
To count these, see Lemma 30.

All strings of the form 107110° where r =2 —3form > 2and 0 < s
are claw-free. To have a claw in such a string, there must be two vertices u
(the center of the claw) and v such that r +3 < u,v < r+s+3 and v is not
adjacent to 0. We now show that 0 is only adjacent to r+2 and hence there

is no claw. We compute agr424; = 1+ (2*’—;—3) =14 fgc"{gn_; _3}_3) =

1+ (%) =1+0=1since 0 < j < 2°.

To count these strings, note n —1 = 3 + (2™ — 3) 4+ s where s > 0.
Thus n —1 > 2™ where m > 1. Hence 1 < m < |lg(n —1)]. We double
this to count the reverse of each string.

Finally, for 10711, we have n = r (mod 4) and so these strings are not
counted when n = 0,3 (mod 4). Hence

& i 2, n=0,3(mod 4);
V9710, n=1,2(mod 4). |

Lemma 29. The number of strings of length n of the form 107110° where
r=2"2¢+1)~2form>2,¢q>0,and 0 < s < 2™ — 1 is twice the
following where A = |lg(n — 1)]:

A
1 b < A:
3052 = ;k’ “=N =)+ 1=

0, otherwise

1
2



Proof: Notethatn—1=2"(2¢+1)—-2+s5+3 andsince0 < s < 2™ -1,
we have 0 < n—2 —2™(2¢+ 1) < 2™ — 1. Adding 1+ 2"(2g + 1) to each
part of the inequality and then dividing by 2™ gives

L 1 n—1
— < — L ——< 2 ; 11
Ubom M2k o0 & ook 242 (11)
Note that this inequality is almost (8) except that there is a 1 in the left-
most part. Hence it has the same solution as (8) except that the sum
extends to A and the only time the sum is empty is when n — 1 is a power
of two. |}

Lemma 30. For n > 12, the number of claw-free strings of the form
1027 (2a+1)-3110% for m > 1,¢>0,and 0 < s < 2™ — 1 is

Lo

1 by L&A

> enn(n) = ,; ki & (12)
0, otherwise.

Proof: Note that n — 1 — 2™(2¢ 4 1) = s and so
0<n—1-2"(2¢+1) < 2™ —1.

This inequality is equivalent to

]

352q+15¥"27<2q+2—2im. (13)
As we did for (8), this has a solution if and only if b,, = 1, but for the right-
hand inequality to be true, if b,, = 1, then there must be a 0 in the binary
expansion of n — 1 to the right of m. The 3 means that m < A. Hence
the number of solutions (in m, n, and ¢) for (13) is twice the expression in

(12). 1
Section 8: Four 1s

Lemma 31. The string 1107511 generates a claw-free graph. Hence
both the strings 110"~*1 and 10"~*11 generate claw-free graphs. Also,
&galnf= 1.

Proof: As can be seen from the matrix on the right in Figure 6, if n is odd,
then the graph is as the right-most graph in Figure 5 except the vertices
1 and n — 2 are switched. If n is even, then vertices 1 and n — 2 are a
component. In neither case does the graph have a claw. ||

Lemma 32. If 10710°10%1 is claw-free for positive r, s, and t, then the
string is bipartite.



Proof: We have shown that any string with the following substrings have
claws:

(a) 10100, (b) 0102244100, (c) 00100100, and (d) 102" —2102"@e+1)-11p,
Note that if any of r, s, or ¢ is 1, then by (a), the others must be 1. Hence
this is a bipartite string (see Lemma 19). So we assume that r, s, and t are
larger than 1. If s = 2 (mod 4), then by (b) or (c), the string has a claw.
Thus by Theorem 27, s = 3 (mod 4). If either r or ¢ is 2™ — 2, then by (d),
the string has a claw. Again by Theorem 27, all three of r, s, and ¢t must
be of the form 2™ — 1 and so the string is bipartite (from Theorem 5). §i

Theorem 33. The only claw-free strings with exactly four ones are the
bipartite strings with exactly four 1s, 110511, 102" ~2110%" ~21 form > 1,
1027-81102" 4t 1-3] for 2 < m < p<uvptrandg>0,and for2 <m <
p < v, and g > 0, 1027 -21102"(24+1)-31 | For these strings

2v, — 2 — 26, n = 0 (mod 4);
_ ) 2n41 —2-38,41, n=3(mod 4);
ca(n) = Op_1, n = 1 (mod 4); 14
0, otherwise.

Proof: By Lemma 35, there can be three consecutive 1s in a claw-free
string with exactly four 1s if and only if the string is 1111. If there are no
two adjacent 1s in the string, then by Lemma 32, the string is bipartite.
Note that 010711 and 1107110 have claws, Lemmas 37 and 39. The only
possible claw-free strings with four 1s with two 1s adjacent are of the form
107110°1. By Theorem 28 the string 107110° for s > 0 is claw-free only if
r,s = 1,2 (mod 4). We write r = 2™(2g+ 1) —mand s = 2*(2x + 1) — ¢
where 7 and € are 2 or 3 and both m and u are greater than 1. But not all
strings with r and s of this type are claw-free. In what follows we assume
the string 10"110°1 is claw-free and note that n — 1 = r + s + 4.

Assume first that 7 = € = 2. By Theorem 28, 10"110®* must have
8 < 2™ —1 and likewise 10°110" must have r < 2* — 1. Thus

2M—2<2™(2¢+1) - 2=r<2 -2<2*25+1)-2=5<2™ -2,
Hencer =sand g=xk=0andsor =5=2" -2 Thusn—1=2m+ So
if n =2Mm+1 4 1 with m > 1, then 102" ~21102"-21 is a possible claw-free
string.

Next suppose m = 2 and € = 3. Again, s < 2™ — 1. If & > 1, then by
Theorem 28, r» < 2# — 1. Hence
<226+ 1) —-3=8s<2M-2<2™(29+1)—2=r < 2% -2,

a contradiction. Thus k =0 and r = 2™(2¢+ 1) — 2 and s = 2# — 3.
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The final case is # = € = 3. If ¢ and & are both positive, then by
Theorem 28, r < 2¥ — 1 and s < 2™ — 1. Thus

M <2 +1)-3=5<2m-1<2™(2+1)—3=r< 21,

a contradiction. Therefore at least one of g or « is 0. The claw-free strings
containing exactly four 1s with adjacent 1s must be of the following types:

102772110721 or 10%" 31107+ (15)

where 7 =2 or r =3 and m > 1 and g > 1 or the reverse of the second
string.

We now show that the strings in (15) are claw-free. The matrix for the
string 107110°1 is shown in Figure 3 on the left and the resulting graph is
on the right in Figure 10 where vertices 0 and n — 1 may or may not be
adjacent. Since neither 0, r+2, or n —1 can be the root of a claw, the only
possible claw in the graph is either [d : n—1,e,u] or [u : 0, d, v] where d and
earein K,y = {1,...,r+1} anduand vare in Kgyy = {r+3,...,n—1}.
In the first case, the claw would be in the graph generated by 07110°1 but
for the parameters in (15), these are all claw-free. In the second case, the
claw would be in the graph generated by 107110° which is also claw-free.
Therefore these graphs are claw-free.

Since n—1=r+s5+4 and r and s are only 1 or 2 modulo 4, n cannot
be congruent to 2 modulo 4. As shown above, if r = s = 2 (mod 4), then
n — 1 must be a power of two which gives us the third line in (14).

Let r =2 —3 and s =2#(2k+1)—2. Since 2™ -3 =r < 2 — 1, we
have m < u. Now

n=r+s+5=(2"-3)+ (2*(2x+1) ~2) + 5 =27 (2*"™(2x + 1) + 1).

Ifm < p, then m=uy,. Tm =y, then m < 1,. If n = 2, then m < v,
So there are at most 2(v,, — 1 — §,,) of these strings where » = 0 (mod 4).

Conversely, assume 2 < m < v, — §,, where n = 0 (mod 4). Consider
the string 102" 2110"~2-2"1. Note that n — 2 — 2™ = 2 (mod 4). If n =
2"~ (2¢+1),then n—2—-2" = 2"~ (2¢+1)—-2—-2" > 0if ¢ > 0 and if ¢ = 0,
then m < v,. Son—2-2™ > 0. Let n—2—-2™ = 2¥(2x+1)—2 for u > 1 and
k > 0. Suppose u < m. Hence n =2M 4 2H(26+ 1) =2 (2™ " 4+ (2 +1))
and so p = v, 2 m > p, a contradiction. Thus 2 < p < m. This gives the
first line of in (14).

Ifr =2™ — 3 and s = 2#(2x + 1) — 3, then the argument proceeds
similarly to the previous. In this case, the string 1027 ~31102" 31 is a
palindrome which only occurs for n = 2™+t! — 1 and so §,4; must be
subtracted giving us the second line of (14). |}



Theorem 34. The only claw-free strings with more than four 1s are bi-
partite.

Proof: There are no non-bipartite claw-free strings with exactly four 1s
for which a 0 or a 1 can be appended and still be claw-free. Therefore, the
only claw-free strings with more than four 1s are bipartite. ||

Section 9: With claws
In this section we give proofs that certain strings have claws.

Lemma 35. Any string containing 0111 or 1110 generates a complement
with a claw.

Proof: As seen in Figure 7, the claw in the complement is [1:0,3,4]. |

Lemma 36. For 2 < m < u and & > 1, the string 102" —2102"(@r+1)~119
has the claw [2™ : 0,2™ 4+ 1,n — 1] where n — 1 = 1 + 2™ + 2#(2x + 1).
Proof: (i) and (ii) aggm = 0 and agm am; = 0 by Corollary 14 with
u = 2" —1 and v = 2™ (see the matrix on the left of Figure 9 where
m=pu=2). (iv) agomy1 =1+ (2‘"12'“) = 1 4 0 = 1 since the top is even
and the bottom is odd.

Using Figure 9, we now let u = n — 3 and v = n — 2. (iii) agm n—y =
OB (n—3—27) 2t = (2.:_1_{71434"\)) = 0 since the top is even and the

H L3NS AT
bottom is odd. {V) aampin—1 = On_3—_(n—4-2m) n-241 = (2 ! ("1 =2 ])

= 1 since the top is odd and the bottom is 1.
(vi) We need agp -1 = 1. Using the notation from the previous para-
graph, we know agm_1,-2 = 0 and agm_1 n-1 = Gn_8_(n—2-2m),n—241 =

14 (3~17(=2-2™)) = 1 {1 = 0 since the top is odd and the bottom is 1.
Next we consider the matrix with entries a’ i.; Where the only change is that
instead of agm_1,n-2 =agm_1,n—1 =0, We let ahm_;,, o= ahm_;, ;=1
Note that this just changes the last two columns of the matrix in Fig-
ure 9. In this situation, we again let v = 2™ — 1 and v = 2™. Thus
@1 = Gy @m_pygminotoamy = L+ PO =141 =0
since the top is even and the bottom is odd. By the Steinhaus property,
a2m —1—in-2 = 1 + Qgm_y_; oo for 0 < ¢ < 2™,

3.P.

— r _ 5.P.

agm 1 -1 = (1+85m_g 5 o) +(14a9m_g 1 1) = Qom_g p0H0om_gpy =
) S.P.

Am_g -1 Once again, agm_3n—1 = @gm_3n-2+ Ggm_gn-1 = (1 +

S.P. .
Uym_3p2)+ Qm_gn_1 = 1+ ahm_g,_;. Inductively,

I L .

& ) . n %m—l—i,ﬂ-—l‘ 2 Oddj
2m—l—din—-1 = {oe ! .

Ghm_1.4n_1s ©EVED.

Thus agn—1 = ap,,_; = 1. Therefore there is a claw. ||



