C4+-FACE-MAGIC TORUS LABELINGS ON C4 x Cy

STEPHEN J. CURRAN AND RICHARD M. LOW

ABSTRACT. For a toroidal graph & = (V, E) embedded in the torus,
let F((G) denocte the set of faces of G. Then, G is called a C),-face-
magic torus graph if there exists a bijection f : V(G) — {1,2,...,
|V(G){} such that for any F € F(G) with F = C,,, the sum of all
the vertex labelings along C, is a constant S. Let z, = f(v) for
all v € V(G). We call {z, : v € V(G)} a C,-face magic torus
labeling on G. We say that a C4-face-magic torus labeling {z; ;} on
C2n X Cpn is antipodal balanced if z;; + Titn,j4n = 35, for all
(1,7) € V(Con x C2n). We determine all antipodal balanced Cy-face-
magic torus labelings on C3 x C4 up to symmetries on a torus.

1. INTRODUCTION

Graph labelings form an important part of graph theory. First formally
introduced in the 1970s by Kotzig and Rosa [8], this area of research has
been the subject matter for many papers in the mathematical literature.
Certain types of graph labelings have applications to graph decomposition
problems, radar pulse code designs, X-ray crystallography and communi-
cation network models. The interested reader is directed to J.A. Gallian’s
comprehensive dynamic survey on graph labelings [5].

For concepts and notation not explicitly defined in this paper, the reader
can refer to [3]. All graphs in this paper are simple and connected.

The focus of this paper is motivated by a magic labeling of type (a, b, c),
introduced by Lih [9]. Subsequent papers on (a, b, ¢)-type magic labelings
are found in [1, 2, 6, 7]. For a planar graph G = (V, E) embedded in R?, let
F(G) denote the set of faces of G. Then, G is called a C,,-face-magic graph
if there exists a bijection f : V(G) — {1,2,...,|V(G)|} such that for any
F € F(G) with F = C,,, the sum of all the vertex labelings along C,, is a
constant S. Here, the constant S is called a Cy-face-magic value of G. For
a toroidal graph G = (V, E)) embedded in the torus, let F(G) denote the set
of faces of G. Then, G is called a C,,-face-magic torus graph if there exists
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a bijection f: V(G) = {1,2,...,|V(G)|} such that for any F € F(G) with
F = C,, the sum of all the vertex labelings along C,, is a constant S.

In this paper, we study Cjy-face-magic torus labelings on Cs, X Cay,. In
the manuscript [4], the authors investigate further results on Cy-face-magic
torus labelings on Cy,,, x Ca,,.

2. PRELIMINARIES

We begin by showing that any Cy-face-magic labeling on Py, x Po, yields
a Cy-face-magic torus labeling on Cy,, x Cay,.

Lemma 1. Let n be a positive integer. A Cy-face-magic labeling on Pan X
Py, always yields a Cy-face-magic labeling on Cay, X Cop with its natural
embedding on the torus.

Proof. Let x;; be the Cy-face-magic labeling on vertex (4,7), for ¢ =
1,2,...,2n and j = 1,2,...,2n. Let S be the Cy-face-magic value on
Pzn. X Pgn. Then we have Li,j + Tit1,5 + T 541 -+ Litl, 541 = S, for all
i=1,2,...,2n—1and j=1,2,...,2n — 1. We observe that

i n
2
n“S = E E (22i-1,25-1 + T2i2j—1 + T2i—1,25 + X24,25)
=1 j=1

4n®
= Z-i == %(47;2}(4112 + 1).
i=1

Thus, S = 2(41’52 -+ 1). Since Zij + Tij+1 + Tig1j + Titl,i41 = S oo
Tigy1,; + Tito,j + Tip1541 + Lipeji1, We have x;; + 25511 = iy +
Z;42,j+1- An induction argument shows that x;; + i ;11 = Tijok,; +
Tipok,j+1. SINCe Tiyok ;i + Tif2k,j+1 + Tit2k41,y + Tit2kt1,j+41 = S, We
have z;; + ;541 + Tiyok41,; + Titoe41,j+41 = S. A similar argument
shows that x;; + Tiy1,5 + Tijs2e41 + Tig1,542¢41 = S. This, in turn,
vields z; ; + Zijok41,5 + Tiji2e+1 + Tipoki1,j42¢41 = S. Hence, we have
Ty + L1541+ Tong + Tom g1 = S, forall j =1,2,...,2n— 1. Similarly, we
have z;1 + Zit1,1 + Tion + Tip12n = S, for all 1 = 1,2, ... ,2n — 1. Lastly,
we have zy 1| + %251 + Z1,2n + ZT2n,2n = 5. Therefore, the Cy-face-magic
labeling on Py, x P», yields a Cy-face-magic labeling on Cy, x Cy, with
its natural embedding on the torus. O

Definition 2. We say that the Cj-face-magic torus labeling {z;; : ¢ =
1,2,...,2n and 7 = 1,2,...,2n} on Cs, x Cy, is antipodal balanced if
Tij+Tignjin = éS = 4n?+1, for all integers 7 and j such that 1 <¢ < 2n
and 1 <7< 2n.

Remark 3. We give a brief explanation for the term antipodal balanced.
On the n-sphere S C R™t1, the antipodal map p : S — S™ is given
by p(x) = —x. Similarly, on the torus 72 = S! x S € C? = R*, we



define the antipodal map p : 7% — T? by p(e®1, €9?) = —(e1,¢i%2) =
(€011 i0247))  Thys an antipodal balanced Cy-face-magic torus label
on Cy, X Cy, is one in which the sum of the labels on a vertex and its
antipodal vertex is constant for all vertices in Cy,, x Cy,.

Lemma 4. Let n be a positive integer. Let {z;; : 1,5 = 1,2,...,2n} be
an antipodal balanced Cy-face-magic torus labeling on Cay, x Ca,. For all
integers ¢ such that 1 <1i < n, we define

di = Titn-1)4+1,in+1 — T(i=1)(n—1)+1,6—1)nt+1-
Then for all integers i and j such that 1 <i < n and 1 < j < 2n, we have

Tin-1)+1in+] = T(-1)(n-1)+1,G-Dn+s + (=171
Proof. By the definition of d;, we have

Ti(n—1)+1,in4+1 = T(i=1)(rn-1)+1,(i—1)nt1 + di-

We apply an induction argument involving the value 5. Thus we assume
that

(1) i(n-1)41,inti—1 = F(i=1)(n—1)41,(i-ntj—1 + (—1) di.
Since the labeling is antipodal balanced, we have

(2) Ti(n—1)+42,in4j—-1 = %S— T(i—1)(n—1)4+1,(i—1)n4j—1, and
(3 Titn—1)42ints = 35 — Z(i-1)(n—1)+1,(i-1)n+4>

where S = 2(4n® + 1) is the Cy-face-magic value of {z; ;}. Since {z;,} is a
Cy-face-magic torus labeling on Cp,, % Ca,, we have
@)
Titn—1)+1,in+j—1 T Tifn—1)+1,intj T Titn-1)42,in+j-1 T Titn—1)42,in4+j = S.
When we substitute the expressions from equations (1), (2) and (3) into
equation (4), we obtain

Ti(n-1)+Lints = T(i-1)(n-1+1,G-Dntj + (1) d;.
This completes the proof. O

We investigate how the conditions of Lemma 4 apply to the case Cy, x
Cayn, where n is even.

Lemma 5. Let n be a positive even integer. Let {x;;:1,j =1,2,...,2n}
be an antipodal balanced Cy-face-magic torus labeling on Cs, X Ca,,. For
all integers i such that 1 < i < n, we define

di = Ti(n—1)41,int1 — T(i=1)(n—1)41,G~1)n+1-

Then, by Lemma 4, for all integers i and j such that 1 < i < n and
1 <7< 2n, we have

Tifn—1)+1,in+j = L(i—1)(n—1)+1,(i-1)n+j T+ (‘H‘Hldi-
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Also, for all integers i and j such thatn +1<i<2n and1 < j < 2n, we
have

Li(n—-1)+1ints = T(i-1)(n-1)+1,(~nti + (—1) din.
For all integers j such that 1 < j < n, we define

d} = Tjn41,j(n-1)+1 = TG=1)n41,(—1)(n-1)+1-
Then for all integers ¢ and j such that 1 <i < 2n and 1 < j < n, we have

Tinti,j(n—1)+1 = L(G-)n+i,(j-1)(n-1)+1 + (—l]in}.

Also, for all integers i and j such that 1 <i<2n andn+1<j < 2n, we
have

Tinti,jin-1)+1 = T(i-1)n+4i,(i-1)(n=1)+1 T (_l)id}—n‘
Proof. By Lemma 4, for all integers ¢ and j such that 1 < i < n and
1 < j < 2n, we have
(5) Tifn—1)41,inti = T(-1)n-1)+1,6-)nts + (—1F ;.

Since the indices in+j and (i —1)n+j are reduced modulo 2n, equation (5)
holds for all integers j. Let i be an integer such that n+ 1 < i < 2n. We
replace ¢ with i — n and j with n + j in equation (5) to obtain

f+1
T(i—n)(n—1)4+1,(i-n)nintj = Z(i—n—1)(n—1)+1,(i—n—1Intn+tj +(_1)“+J+ di—n.

This reduces to

(6)  Zitn-1)4n+1,(4 D 4i = F-)(n-DtntLinti T (1) din.
Since {z; ;} is antipodal balanced, we have

Q) Zi(n—1)4n+1,(i+1)n+j = %5 = Ti(n—1)+1,in+j, and

(8) T(i-1)(n—1)+ntl,intj = %3 = T(i—-1)}(n—1)+1,(i-1)ntj>

When we substitute the expressions in equations (7) and (8) into equa-
tion (6), we have, for all integers ¢ and j such that n+1 < i < 2n and
1<j< 2n,

9 Ti(n—1)+1ints = T(im1)(n-1)+1,i—D)nti + (—1) dip.

When we interchange the roles of ¢ and 7 in the previous argument, when
1<i<2nand1<j<n, we have

Tjntijn-1)+1 = T(G-DatriG-1)n-1)+1 + (=1)d};
and when 1 < i< 2nand n+1 < j € 2n, we have

Tintij(n=1)+1 = T(j-Dn+i,(j-1)(n-1)+1 T {_l}i }—n‘
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3. RESULTS ON Cj x C4

We first investigate the Cj-face-magic torus labelings on Cy x C4. We
begin with the following definition.

Definition 6. Let n be a positive integer Let {z; ; : 4,7 = 1,2,...,2n} bea
Cy4-face-magic torus labeling on C5,, x Cy,,. We say that the Cy-face-magic
labeling {x; ;} on Cy, x Cg, is torus symmetric if all row sums, column
sums, and diagonal sums have a constant value §’. Le., the sums

2n

R,;-_-Z:c,;,ﬁ.s" foralli=1,2...,2n
i=1
2n

Ci=Y my=5 forall j =1,2,...,2n
i=1
2n

Dj=2z£rg+j=5" fOl'&Hj:l,2,...,2ﬂ, and
t=1
2n

fo=zx¢,j_i=3‘ for all j =1,2,...,2n.
i=1

are constant.

Notation 7. Let {z;; :4,7 =1,2,...,2n} be a Cy-face-magic torus label-
ing on Uy, x Co,. For all integers 7 and j, we define

Bij = 2ij + Zij12 + Tivzj + Tirzje2.

In Lemma 8, we show that a Cy-face-magic torus labeling on C4 x Cy, in
which each 2 by 2 block sum value B; ; has the Cy-face-magic value 8, is
equivalent to a torus symmetric Cy-face-magic torus labeling on C4 x Cj.

Lemma 8. Consider the system of linear equations z; j + Ti+1,j + i j+1 -+
Titt,j+1 = 34 (§1), for alli = 1,2,3 and j = 1,2,3 for a Cy-face-maygic
labeling on Py x Py. Let (S2) be the system (S1) together with the equations
By =z11+@3+as1+ 233 =234, By =12+ T14+ 232+ 234 = 34,
and By = Z3) + T23 + T4,1 + Ta3 = 34. If the labeling {z;;} satisfies
system (52), then {z;;} is torus symmetric. Also, let (S38) be the system
(S1) together with the equations By = 11+ T2+ T13+214=34, C) =
T11+221+231+x41 = 34, and Dy = z1 1+ x22+ 233+ 24,4 = 34. Then,
(S2) is equivalent to (S3).

Proof. First, we show that system S3 yields a torus symmetric labeling
on Cy x C4. For convenience, let S = 34 be the Cy-face-magic value of
{z;;}. Observe that the equations Ti1 + Zi2 + Tip1,1 + Tipr,2 = S and
Z;3 + Ti 4+ Tit1,3 + Tit+1,4 = S produces the equation



(Tig + Zi2 + Ti3 +Ti4) + (Tigrg + Zipr,2 + Tip1,3 + Tipr,a) = 25

Thus if
Ri=zx;1+Zi2+ i3+ ;4 =S5,
then
Ri = Tip1,0 +Tip1,2+ Tip13 + Tip1,4 = S.
Since
Ri=zi1+z12+c13+214=S5,
we have

(10) Ri=z;1+xip+2s3+1;4=35, fori=1,2,3 and 4.
Similarly, we have
(11) Ci=x1j+T2;+T3;+x4; =25, for j=1,2,3 and 4.
Consider the diagonal sums
Dj =y j i1+ T2 j42 + T3 j43 + Ta,j44, for 5 =1,2,3 and 4.
Then,
D; +2Dj41 + Djsz = (21,542 + %1543 + 2,5 + Z2,541)

+ (#2543 + 22,5 + 23,543 + 23,5)

+ (23,; + 23,541 + T4j + Ta,541)

+ (4541 + Ta, 542 + @1 541 + T j42) =4S,
Thus

D;+2Dj1+ Djyg =485 =Dy +2Djy0 + Djys
implies that
Dj+ Dj41 = Djya+ Djys.

Since
Dj+ Djt1+ Dji2+ Djys = 45,
we have
Dj + Dj.|_1 b
Since
Dy=z1+222+ 233 +244=S5,
we have

(12) Dj=z1,541 + 22542 + 2343 + 2444 = S, for j =1,2,3 and 4.

Let
Py= Ty4+x23+232+ 241:




Observe that
Di+ Dy = (z1,3 + 1,4 + 23 + 72,4)
+ (z31 + 239+ 24,1 +242) = 25.
Since Dy = S, we have
Di=mz4+T23+x32+747=35.
An argument similar to the one for equation (12), shows that
(18) D=4+ T3 41+ Taji2+ 21 j4a =S, for j=1,2,3, and 4.

Second, we show that we can obtain system (S2) from system (S3). We
observe that

65=R;+ Riy2+Cj+Cijya+Dj_;+ Dj_iyo

4 4
= 2(Tij + i g2 + Tisag + Tir2,542) + (Z Z -’ci,f)

=1 gl
— QBilj +48.
Hence,
{14) B{jj =T+ Tij42 + Tipa,j + Tig2,j+2 = S, fori,7=1and 2.

Third, we show that we can obtain system (S3) from system (S2). We
have the equations

B; j = @; j4%; jrot+Tipe j+Tipe j2 = S, for (4,7) = (1,1), (1,2) and (2,1).
Since

4 4
35+ Bya=DB11+By2+B21+ B2 = (Z Z.’Bg,j) =45,
i=1 =1

we have
Bo2=2Zp2+ T4+ Ta2+244=S.
Since
48 = E E (mi,j + i1+ iy, + $i+1,j+l)
i=1,4 j=1,3
=Rs4+2R; + Rs = 2R, + Bg 4 +BZ,2 =2R; + 25,
we have

4
R]_ - Z:E]_,j = 5.
j=1

A similar argument using the expression Cy + 2C) + C; yields the equation

4
Cl = ZI,"I = 5,

i=1
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Since
4
49 = Z (a:,:,,: + Zi 41 + Zipr,i + I£+1,af+1)

i=1

= D3+ 2D4+ Dy = 2D4+ B2 + Ba1 = 2D, + 285,

we have

O

Definition 9. Consider the natural embedding of Cy,, x Cy,, on the torus.
We say that two torus symmetric Cy-face-magic torus labelings {z; ;} and
{z(; 5} on Capn x Cyy, are torus equivalent if there is a homeomorphism of
the torus ¢ : T? —s T? that induces a graph isomorphism on C3, X Cap
such that the first Cy-face-magic torus labeling {z(; ;)} on Ca, x C2, is
mapped to the second Cy4-face-magic torus labeling {xii,j)} on Coy, X Coy,.
That is, we have w;{id) = T(;,5), for all (%, 7) € V(Can x Con).

Theorem 10. There are three distinct torus inequivalent torus symmeiric
Cy-face-magic torus labelings on Cy x Cy. These three distinct torus in-
equivalent torus symmetric Cy-face-magic torus labelings on Cy x Cy are
given below:

1] 813112
11| 2] 7
1|5 |16| 9
15| 10| 8| 6

TABLE 1. Torus symmetric Cs-face-magic torus labeling
A on C4 x C4, with Cy-face-magic value 34.

1] 8111]14
2]18| 2| 7
6| 3|16] 9
1510 5 | 4

TABLE 2. Torus symmetric Cy-face-magic torus labeling
B on C4 x Cy, with Cy-face-magic value 34.




1[12] 714
8§ 18] 2 | 11
10| 8 | 16| 5
15| 6| 9| 4

TABLE 3. Torus symmetric C4-face-magic torus labeling
C on C4 x C4, with Cy-face-magic value 34.

Remark 11. We observe that the vertex labeled 1 in each of the three Cy-
face-magic torus labelings on Cy x Cj in the previous theorem are adjacent
to the vertices with the labelings 8, 12, 14 and 15. What distinguishes
the three torus inequivalent labelings on Cy x Cj is determined by which
vertex labeling occurs opposite from the vertex labeled 8 with respect to
the vertex labeled 1. In labeling A, the vertex labeled 12 is opposite the
vertex labeled 8 with respect to the vertex labeled 1. In labeling B, the
vertex labeled 14 is opposite the vertex labeled 8 with respect to the vertex
labeled 1. In labeling C, the vertex labeled 15 is opposite the vertex labeled
8 with respect to the vertex labeled 1.

Remark 12. The 16 C4 face sums of one of the Cy-face-magic torus la-
belings on Cy x Cy4 are the 4 row sums and 4 column sums of the other
two Cy-face-magic torus labelings on Cy x Cy4. For example, the 16 Cy face
sums of labeling A are the 4 row sums and 4 column sums of labelings B
and C.

In Lemma 13, we show that every torus symmetric Cy-face-magic torus
labeling on C4 x C4 is antipodal balanced.

Lemma 13. Let {x;;} be a torus symmetric Cy-face-magic torus labeling
on Cy X Cy. Then, for all i and j, we have z;; + Ziy2,+2 = 17 where
the indices are taken modulo 4. That is, the labeling {z;;} is antipodal
balanced.

Proof. Consider the sum
28=D;_; + D;+j
= (:ri-,,- + Tipri01 + Tirz, 542 + Titd,543)

+ (245 + Zirt448 + Tip2,j+2 + Tirsj41)
= 2(2i; + Zir2,542) + Bir,j41 = 2@ij + Tiya542) + 5.

Thus, Ti,j + Tit2i42 = %S = 17. (]

When we specialize Lemma 5 to the case when n = 2, we have the
following corollary.



Corollary 14. Let {z; ;} be a torus symmetric Cs-face-magic torus labeling
on Cy x Cy. Let di = Tip1,2i41 — Ti2i-1, for i = 1 and 2. Also, let
djy2 = d; = T2j11,j41 — T2j—1,5, for 5 =1 and 2. Then for all integers 1
and j, when 1 <i <2 and 1 < j <4, we have

(15) Tig1,2i4+i = Tizi-245 + (1) d;,
and when 3 <i<4 and 1 < j <4, we have
(16) Tip1,2i45 = Bi2i-245 + (1) di2.

Furthermore, for all integers i and j, when 1 <1< 4 and1 < j <2, we
have

i+1d

(17) Tojpi 541 = T2j—2+is + (—1)" " djto
and when 1 <1< 4 and 3 < 7 <4, we have
(18) L2541 = T2-244,5 + (—1)°d;.

By relabeling the indices in each of the equations in Corollary 14, we
obtain the following corollary.

Corollary 15. Let {x; ;} be a torus symmetric Cy-face-magic torus labeling
on Cy >< 6'4 Let di = Ziy1,2¢41 — Ti26-1, for i = 1 and 2. Also, let

djy2 = d; = Tj41,541 — T25-1,5, for 5 =1 and 2. Then for all integers i
and j, when1<i<2and 1< j <4, we have

(19) Tip1 j+e = Tij + (—=1)7d;,
and when 3<i<4 and 1 < j <4, we have
(20) Tip1,542 = i + (1) di_2.

Furthermore, for all integers i and j, when 1 < i< 4 andl1l <j <2, we
have

(21) Titz,541 = Tij + (—1)djy0
and when 1 <1< 4 and 3 < j < 4, we have
(22) Tiy2,j41 = Tij + (—1)'d;.

Proof. By replacing j with j —2i+ 2 in equations (15) and (16), we obtain
equations (19) and (20). Also, by replacing i with ¢+ — 2j + 2 in equations
(17) and (18), we obtain equations (21) and (22). O

Lemma 16. Let {z; ;} be a torus symmetric Cy-face-magic torus labeling
onCyx Cy. Letd; = Ti41,2i+1 — Ti2i-1; fori=1 and 2, and let dj.:,.z =
dj = Tojp1,j41 — T2j-1,5, for § = 1 and 2. Then each value z;; can be
expressed in terms of Ty 1, and d;, for i = 1,2, 3,4, as rendered in Table 4.



T Tig=2Z11+d | Tz =21+ ds [ Z14a=21) + 44
+dg + ds +da +dp + dy

To1 =211 +dy [Tep=xz11+de | Tog =211 +d1 | T2a =211+ d2
+ds + dy +dy +ds

Z3) =T11+d1 | Zz2=x13+d3 | Z3z=x11+d) | T3a=1x1,1+dy

+ds +dz + ds + dy

Ta1=T1n+d2 [Ty2=21+di | Tas =211+ de (Ta4a=T11+ dy

+ds + dy +dy +dg

TABLE 4. Cy-face-magic torus labeling involving the dif-
ferences dy, ds, ds and d4 on C4 x Cy.

Proof. We first verify the formulas in Table 4 for the values Z1.2, €13, and
z1,4. By equation (19), we have z23 = #11 + d; and z3; = 23 + da.
Thus, T3,1 = T1,1 +dy + dg BY equation (21), we have T2 =31+ dg,
x32 = 211 +ds, and x13 = T3 + dy. By equation (22), we have x5 =
T1,4 — d4. Since x12 = x3; + ds and z3; = x4 + di + d2, we have
Zy2 = x11 + dy + dg + d3. Since 1,3 = T3,2 + dg and T3 = T11 + dsz, we
have T3 =x13+ds+ dy. Since T14 =231+ ds and T3l = Ty11+ dy +da,
we have 14 = x131 + di + d2 + ds. From equations (19) and (20), we
can generate the other formulas for #;; in Table 4. This completes the
proof. a

Notation 17. Let V' = {{1,16},{2,15}, {3, 14}, {4, 13}, {5,12}, {6, 11},
{7,10},{8,9}}. Let d be an integer such that —8 < d < 8. We define a
symmetric relation ~4 on V' by {y1,ya} ~a {21,272} if and only if either
y1=z+dand y; = 20 —d, or y; = zy —d and y2 = 2o +d. By Lemma 13,
we have V' = {{mi,j}$i+2,j+2} = Fo s 3,4 and j‘ ==y 2}

Lemma 18. Let {x;;} be a torus symmetric Cy-face-magic torus labeling
on Cq x Cy. Let d; = T441,2i41 — Ti2i—1, fori =1 and 2, and let djpo =
d; = Z9j41,541 — Taj—14, for § = 1 and 2. Then for all integers 1 and j
such that 1 < i< 2 and 1 < j < 4, we have

{zijsZivejre} ~a {Tig1,j42, Tira ).
Also, for all integers i and j such that 1 <i<4 and 1 < j <2, we have

{2i5 Tiv2,542} ~appn (Tir2,541, %o 543}

Proof. By equation (19), we have ;11,542 = i ; + (—1)7t1d;. When we
replace ¢ with i + 2 and j with j + 2 in equation (20), we have z;;3; =
Tiy2,j+2 + (—1)7d;. Thus, {z;;,Ziy2 542} ~a, {Tit1,j42> Tira s}

By equation (21), we have =42 ;41 = z;; + (—1)"'d; 2. When we
replace ¢ with i + 2 and j with j + 2 in equation (22), we have Tij43 =
Tiv2,+2 + (—1)'djye. Thus, {2, Tis2 42} ~a;00 {Tivejrr, Tijis). O
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Notation 19. Let {z;;} be a torus symmetric Cy-face-magic torus label-
ing on Cy x Cy. Let d; = xip1.2i41 — Ti,2i-1, for 2 = 1 and 2, and let
djy2 = d; = ZTaj41,541 — Tzj-1,5, for j = 1 and 2. By Lemma 18, we have
{Zi g Tiva, 42} ~a, {Tit1,542, Tiys,j} Fori=1,2and j=1,2,3,4, let

Ai.j = {Ii..fs mi+2j+2=¢i+l,j+2;$i+3,j} and

4
Vi= U Ay j.
i=1
Also, by Lemma 18, we have {$;1j,$5+2’j+2} ~d;yz {xi+2,j+1= x;dw}. For
i=1,2,3,4and j=1,2, let

A}+2.£ = {wi,ja Lit2,5+2 376+2,j—|—1;~'17i,j+3} and

4
i !
Vite = U Ajios

i=1

By Lemma 13, V; =V’ fori = 1,2, 3,4.

Notation 20. We observe that {1,16} ~; {2, 15}, {3,14} ~; {4,13},
{5,12} ~¢ {6,11} and {7,10} ~y {8,9}. Let By = {1,16,2, 15}, By =
{3,14,4,13}, By 3 = {5,12,6,11} and B4 = {7,10,8,9}. Also, we ob-
serve that {1,16} ~go {3,14}, {2,15} ~o {4,13}, {5,12} ~o {7, 10} and
{6? 11} ~o {8,9}. Let By; = {1, 16,3,14}, By 2 = 12,15,4,13}, Bss =
{5,12,7,10} and By 4 = {6,11,8,9}. Next, we observe that {1,16} ~4
{5,12}, {2,15} ~4 {6,11}, {3,14} ~4 {7,10} and {4, 13} ~4 {8, 9}. Let
B3 = {1, 16,5,12}, B4 2 = {2, 15,6,11}, Bys = {3,14,7, 10} and Bg4 =
{4,13,8,9}. Lastly, we observe that {1,16} ~g {8,9}, {2,15} ~g {7, 10},
{3,14} ~g {6,11} and {4,13} ~g {5,12}. Let Bg; = {1,16,8,9}, Bg2 =
{2,15,7,10}, Bg 3 = {3,14,6,11} and Bg 4 = {4, 13,5, 12}.

Lemma 21. Let {z;;} be a torus symmetric Cy-face-magic torus labeling
on Cy x Cy. Let d; = Ti41,2i4+1 — Ti2i-1, fori =1 and 2 and let dj+2 =
dg = 32j+1,j+1 e mgj_l'j, fOT J = 1 and 2. Let A{,j and A;‘+2,£ be d&ﬁﬂ&d
as in Notation 19. Then, fori =1, 2, 8 and 4, we have d; € {£1, £2, £4,
+8}. Furthermore, we have {A;; : j =1,2,3,4} = {Bjq,,; : § = 1,2, 3,4},
fori=1,2, and {A;;:i=1,2,3,4} = {Bjg,::1=1,2,3,4}, forj=3,4.

.PY‘OOf B}' Lemma 13, the set {{itg'j,w,r+2‘j+2} A 1, 2, 3,4 and J‘ = 1, 2} is
the set Vi= {{1& 16}: {2: 15}1 {39 14}: {45 13}1 {51 12}: {61 11}? {7: 10}1 {8? 9}}
Let d be an integer. We define a symmetric relation ~4 on the set V' by
{y1,y2} ~d {31,22} if and only if either y; = z; +d and y2 = 29 — d, or
y1 = zy—d and y; = 2o+d. Let Gy be the graph with vertex set V' and edge
set with an edge from {y1,y2} to {21, 22} if and only if {y1,y2} ~a {21, 22}
By Lemma 18, for ¢ = 1 or 2, we have {z;;,Zit2;+2} ~d; {Zi+1,542
Ziy3,5}, for j = 1,2, 3,4. Thus, these four relations yield a perfect matching
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{1,16} {2,158} {3,14} {4,13} (5,12} {e6,11} {7,10} {8,9}

FIGURE 1. Graph G has a perfect matching.

® 2 B 3 ® e e e
{1,16} {3,14} {5,12} {7,10} {8,9} {6,11} {4,13} {2,15}

FiGURE 2. Graph G2 has a perfect matching.

@ @ ———0 @ & O
{2,15} {512} {8,9} {6,11} {3,14} {1,16} {4,13} {7,10}

FI1GURE 3. Graph G3 has no perfect matching.

® ® ® o @ @ ® ®
{1,16} {5,12} {8,9} {4,13} {2,15} {6,11} (7,10} {3,14}

FiGURE 4. Graph G4 has a perfect matching.

on Gy, with vertex set V; = V'. However, by Lemma 18, for 5 = 3 or 4, we
have {:r,-h,-,a:t-w,ﬁg} My {m§+2'j+1,$§,j+3}, for i = 1,2,3, 4. Thus, these
four relations yield a perfect matching on G4, with vertex set V; = V. In
all cases, there exists {y1,y2} € V' such that {8,9} ~a, {y1,¥2}. Thus, we
have either 1 <8+ d; <16 or 1 < 8 — d; < 16. Hence, —8 < d; < 8. Since
G_4, = Gg4,, we need only consider the values where 1 < d; < 8. In Figures
1 through 8, we observe that the only graphs with a perfect matching are
the graphs Gy, G2, G4 and Gs.

Therefore, either d; = +1, +2, +4 or +8. We prove the lemma for the
value d; when ¢ = 1 or 2. The proof of the lemma for the value d;, when
i = 3 or 4, is made by replacing the sets A; ;, for j = 1,2, 3,4, with the
sets A; ;, for j = 1,2,3,4, (see Notation 19) in the remainder of the proof
of this lemma.

Let d; = *1. Since the only perfect matching in the graph Gy = G_;
is given by the relations {1,16} ~; {2,15}, {3,14} ~; {4,13}, {5,12} ~4
{6,11} and {7,10} ~; {8,9} (see Figure 1), the sets A; j, for j = 1,2,3,4,
are a permutation on the sets By ;, for y = 1,2, 3,4.
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{2,15) {7,10} {512} {3,14} {8,9} {4,138} {1,16} {6,11}

FiGURE 5. Graph G5 has no perfect matching.

® @- @ @ o = o
{1,16} {7,10} {4,13} {2,15} {8,9} {3,14} {5,12} {6,11}

FicUrE 6. Graph Gg has no perfect matching.

*o—=o ® oo e e 4(::)
{1,16} {8,9} {2,15} (3,14} {7,10} {4,13} {6,11} {512}

FIGURE 7. Graph G7 has no perfect matching.

e - @ e e o o —e
{1,16} {8,9} {2,185} {7,10} {3,14} {6,11} {4,13} {5,12}

FIGURE 8. Graph Gg has a perfect matching.

Let d; = +2. Since the only perfect matching in the graph G; = G_»
is given by the relations {1,16} ~o {3,14}, {2,15} ~o {4,13}, {5,12} ~o
{7,10} and {6,11} ~o {8,9} (see Figure 2), the sets A, ;, for 7 =1,2,3,4,
are a permutation on the sets By ;, for j =1,2,3,4.

Let d; = +4. Since the only perfect matching in the graph G4 = G_4
is given by the relations {1, 16} ~4 {5,12}, {2,15} ~4 {6,11}, {3,14} ~4
{7,10} and {4,13} ~4 {8, 9} (see Figure 4), the sets A, ;, for j = 1,2,3,4,
are a permutation on the sets By ;, for j = 1,2, 3,4.

Let d; = +8. Since the only perfect matching in the graph Gg = G_3
is given by the relations {1,16} ~g {8,9}, {2,15} ~s {7,10}, {3,14} ~s
{6,11} and {4, 13} ~g {5, 12} (see Figure 8), the sets A; ;, for j = 1,2, 3,4,
are a permutation on the sets Bs ;, for j = 1,2, 3,4. (0

Notation 22. We consider several symmetries of the torus that result in
graph automorphisms on C4 x Cy4. Let (i, j) be a vertex on Cy x C4 where
we take the values of i and j, modulo 4. Let T, ) be the translation given
by T(as) (3,7} = (¢ +a,j +b). Let R; be the graph automorphism given by



Ry(i,7) = (j,i). This graph automorphism is induced by the homeomor-
phism on the torus that interchanges the longitudinal cycles with the merid-
ional cycles. Let Ra be the graph automorphism given by Rz(i,7) = (2, 7)
if 7 is odd and Ry(3, j) = (3, 7+ 2) if 7 is even. This graph automorphism is
induced by the homeomorphism on the torus that reflects the torus across
the plane intersecting the cycles with vertices (i, 7) where j is odd. Let
R3 be the graph automorphism given by Rs(i,j) = (3,7) if ¢ is odd and
R3(i,j) = (3,7 + 2) if i is even. This graph automorphism is induced by
the homeomorphism on the torus that reflects the torus across the plane
intersecting the cycles with vertices (i, j) where 7 is odd.

Lemma 23. Let {z; ;} be a torus symmetric Cy-face-magic torus labeling
on Cy x Cyq. Then it 1s torus equivalent to a torus symmetric Cy-face-magic
torus labeling {x; ;} on C4q x Cy such that x4 1 = 1 and either

(1) (d11d2$d31 d‘l) - {1=2$4} 8)?
(2) {dly d‘}h d31 d‘l) = (1'4? 2? 8): or
(3) (d1!d2!d3! d’#) e (11 8,2, 4)'

Proof. Suppose z;, = 1. Then apply the translation T{;_, ;-3 so that
x1,1 = 1. See Notation 22. By Lemma 21, d; € {£1,%2,+4, %8} for i = 1,
2, 3 and 4. By Lemma 16, we have x33 = z1; + di, 43 = ®1,1 + da,
T32 =11+ dg, and T34 =Ty + dy. Thus d; € {1,2, 4, 8} ford=1,2,8
and 4. Also, d; # dj, for all ¢ # j. Thus (d;,ds, d3,d4) is a permutation on
the set {1,2,4,8}. If 1 € {ds,d4}, we apply the graph automorphism R so
that 1 € {d;,dy}. If dy = 1, we apply the graph automorphism R so that
dy = 1. If d3 > d4, we apply the graph automorphism R3 so that ds < dy.
The result follows. O

We complete the proof of Theorem 10 below.

Proof. By Lemma 23, we may assume that z; ; = 1 and either (dy, do, d3, ds)
== (13 2,4, 8)1 (dlidb ds, dy) = (la 4,2, 8): or (dlv d2& d3-.~ d4) = {11 8,2, 4): The
choice 1,1 = 1 and (dy, d, d3, d4) = (1, 2, 4, 8) produces Table 1, the choice
z1,1 = 1 and (dy,dz, d3,ds) = (1,4,2,8) produces Table 2, and the choice
21,1 = 1 and (dy, dg,d3,d4) = (1, 8,2, 4) produces Table 3. O

Remark 24. We can view the three Cy-face-magic torus labelings on Cy x
Cy4 in Theorem 10 as one common phenomenon. Label the vertices of
C4 x Cy4 with the elements from the set {0,1}* so that the labelings on
each Cy face adds to (2,2,2,2). This labeling is given in Table 5. Then the
corresponding Cy-face-magic torus labeling on C4 x Cy in Theorem 10 is
given by z; ; = x1,1+a1d1 +a2dz2+asda+asdg where z; | = 1, (a3, a2, a3, ay)
is the labeling on vertex (i, 7) in Cyx Cy4 given by Table 5, and (dy, dz, ds, ds)
is one of the three choices of either (1,2, 4, 8), (1,4,2,8) or (1,8,2,4).



(0,0,0,0)

(1,1,1,0)

(0,0,1,1)

(1,1,0,1)

{1,011}

(0,1,0,1)

(1,0,0,0)

(0,1,1,0)

(1,1,0,0)

(0,0,1,0)

0l 1

(0,0,0,1)

(0,1,1,1)

(1? 0? 03 1)

(0,1,0,0)

(1,0,1,0)

TABLE 5. C4-face-magic torus labeling with elements from
{'U, 1}4 on 04 x 04.
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