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Abstract

Let D be a digraph on n vertices. A cycle, C, in D is said to be
l-extendable if there is a cycle, C’, in D such that the vertex set of C’
contains the vertex set of C and €’ contains exactly one additional
vertex. A digraph is l-cycle-extendable if every non Hamiltonian
cycle is l-extendable. A cycle, C, in D is said to be 2-extendable
if there is a cycle, €', in D such that the vertex set of C’ contains
the vertex set of C' and C’ contains exactly two additional vertices.
A digraph is 2-cycle-extendable if every cycle on at most n — 2 ver-
tices is 2-extendable. A digraph is 1,2-cycle-extendable if every non
Hamiltonian cycle is either 1-extendable or 2-extendable. It has been
previously shown that not all strong tournaments (orientations of a
complete undirected graph) are 1-extendable, but are 2-extendable.
The structure of all non 1-extendable tournaments is shown as a type
of block Kroneker product of 1-extendable subtournaments.

1 Introduction.

Let Q be a set and “4” be a binary operation (addition) on Q. Then (Q, +)
is a monoid if (Q,+) is an algebraic system such that Q is closed under
+, + is associative ((a + b) + ¢ = a + (b +¢)) and + has an identity, O
(O+a=a+0=a). If (Q,+) is commutative, that is a + b = b+ a, then
we say that (Q,+) is a commutative or an Abelian monoid.

If S is a set and “4” and “#” are binary operations such that:
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1. (S§.4) is an Abelian monoid with identity 0,
2. (S, ) is a monoid with identity 1,
3. forae8S, 0xa=ax0=0and

4. multiplication distributes over addition, that is for a,b,¢c € S,
ax(b+c)=axbt+axcand (b+c)xa=bxa +c*a

then (S,+,«) is a semiring. Note that in this article, all semirings have a
multiplicative identity, which is not a usual requirement.

A semiring, S, is said to be antinegative if for a,b € S, a + b = 0 implies
that a = b = 0. A semiring we are particularly interested in is the binary
Boolean semiring, {0, 1} with addition and multiplication the same as for
reals except that 1 +1=1

Let M, .(S) denote the set of all m x n matrices with entries from the
semiring S. We let J,,, ,, denote the m x n matrix of all ones, O,, , denote
the m x n matrix of all zeros, and I,, the identity matrix of order n. If
m = n we shorten the notation to M,(S),J, and O,. If the order of a
matrix is obvious from the context we write J, O, I. If X is an m X n matrix
then we let X* denote the transpose of X.

Definition 1.1 Let My, Ma,---, M), and N be matrices of order ny,ns,
++,ng and k respectively with entries in the semiring 8. Define the block
Kroneker product (My, Mg, -, M) RN = M to be the k x k block matriz
whose (i,1) block entry 1s M; and for ¢ # j whose (i,7) block entry is
ngdjm’nj.

By considering the adjacency matrix of a graph we can state the above
definition for directed graphs:

Definition 1.2 Let Gy, Gg, - --, Gx and H be directed graphs of orders
ny,ng, -, ne and k respectively. . Define the block Kroneker product
(G1,G2, - ,Gi) R H = H to be the directed graph whose adjacency matriz
is (A(G1), A(Ga), -, A(G)) R A(H).

Example 1.1 Let S = R be the real numbers and consider the matrices
M, of order 3, My of order 2, Ms of order 1, and My of order 2. Let
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Some routinely verified facts about the block Kroneker product are:

1. (K1,Ka, -, Kg) BNy + (L1, Lo, -+, Lg) ® Ny = ((Ky + Ly), (K2 +
L), -, (K + Li)) B (Ny + Na);

2. [(KhKE'J'“sz)ENT e (KiﬁKéarKﬁ)ENtﬁ

If Nis ak x k matrix and M is £ x £ then MR N is the (k- £) x (k- £)
matrix (M, M, - .-, M)BN where there are k matrices M in (M, M, ---, M).

2 Matrix Results

Recall that M is a tournament matrix if and only if M is a (0,1) matrix
such thah M + M* = J\ I.

Theorem 2.1 [f M;,i = 1,---,k and N are tournament matrices then
(My, My, -, M) ® N is a tournament matriz.

Proof.  Suppose that M;,i = 1,.-+,k and N are tournament matrices.
then M; is a (0, 1) matrix such that M; + M! = J\I,and N+ Nt = J\ L.
Now,

'(MLM?}'“?MJG)EN+[(MIBM2:”':MIC)ENF
— (Mlsti“°3Mk}EN+(MS$M2t$“':M:;)ENt
= (M3 + M), (M + M3),-- -, (My + M})) R (N + N*)

=({(J\ND,(J\I),---,(J\D))RJI\D)=J\ L
That is, since each of the matrices are (0, 1)-matrices, (M, Ms, - - -, My )®N
is a tournament matrix. ®

Theorem 2.2 Let S be an antinegative semiring, ny,ng, - ng be arbi-
trary positie integers, and My, My, -, My be arbitrary square matrices



of order ny,ng, - - - ng with entries in 8. If N 13 an irreducible matriz then
(My,Maz,---, M) RN is irreducible.

Proof. It is a routine check to see that if N is irreducible then the block
matrix whose (%, 7) entry is n; jJy,, n, for i # j is irreducible. Further if S is
antinegative and N is irreducible, then N + X is irreducible for any matrix
of the same order as N. [ |

Theorem 2.3 Let m and g be positive integers, M;,i = 1,-.-,k be (0,1)-
matrices all of order m and 0 < € < m. If all row sums of every M;,i =
1.+, k equal £ and N is a (0,1)-matriz such that all the row sums of N
are equal to q, then all row sums of (My, M3, -, M) ® N = M are equal
to £+ gm.

Proof. Every row sum of each row in the matrix M corresponding to a row
in the #** block is the sum of the row sum of a row in M; plus the number
of nonzero columns of N times the order of M; that is every row of M has
row sum (r1(M1) + (ny - r1(N))) = £+ gm. . o

3 Graph results

The above theorems can be restated for directed graphs by considering the
adjacency matrix of the graph:

Theorem 3.1 If G;,¢ = 1,---,k and H are tournaments then (G1,Ga2,
-+, Gp)B H =T is a tournament.

Theorem 3.2 If Gi,i = 1,---,k are any digraphs and H is strongly con-
nected, then (G1,G2, -+ ,Gy) B H is strongly connected.

Theorem 3.3 If the digraphs G;,i = 1,---,k are all regular digraphs of
the same order and H is a regular digraph then (G1,Ga,---,Gr) R H = is
a regular digraph.

Definition 3.1 Let G be a graph on n vertices and let D be a directed
graph on n vertices. Let § C {1,2,---,n}. A cycle, C, of length k in G
(D) is S-extendable if there is an i € S such that the k vertices on C
together with i vertices not on C induce a graph (digraph) which contains
a cycle of length k + %, i.e., which induces a Hamiltonian graph (digraph).
A graph, G (digraph, D), is S-cycle-extendable if every cycle in G (D) is
S-extendable.




Figure 1: 9 vertex example..

The usual concept of “cycle extendability” is just the case § = {1}. The
standing conjecture of Hendry is that every chordal Hamiltonian graph is
{1}-cycle-extendable. The case for directed graphs is quite different.

Example 3.1 (See Figure 1.) Let D be the digraph on 9 vertices, vy, vo,
-++,vg such that vy,vs,vs (indicated by “A”) induces a $-cycle, vy, vs, vg
(indicated by “B”) induces a 3-cycle, vy, vg, vy (indicated by “C”) induces
a 3-cycle, and there is an arc from each vertex of A to each vertex of B, an
arc from each vertez of B to each vertez of C, and an arc from each vertex
of C' to each vertex of A. Then the $-cycle on vy, vy, v3 cannot be extended
to a 4-cycle containing vy, vz,vs, but every cycle in D is {1, 2}-extendable.

Let G and H be disjoint sets of vertices of a digraph K. We shall use
the notation G = H to indicate that the arc set of K contains every arc of
the form (g, h) where g is any vertex in G and h is any vertex in H. That
is, {(g,h) | g € G,h € H} C A(K).

Note a digraph consisting of an isolated vertex may be considered a
strong (regular) tournament.

Lemma 3.1 Let T be a strong tournament. If H; and Hy are 1-extendable

strong subtournaments whose longest cycles are not 1-extendable in T, then
either Hy = Hy or Hy = H;.



Proof. Let T be a strong tournament, and let H; and Hp be strong
subtournaments. If H; and H, are both graphs on a single vertex, then
since T is a tournament, either H; = Hs or Ho = H;. Thus, assume that
H, is not a single vertex. Since Hj is a strong tournament, there is a cycle
containing every vertex in Ho.

If H; and H; are l-extendable subtournaments whose longest cycles
are not l-extendable in T, then by Moon, [4], the vertex set of T can
be partitioned into three sets, V(H;), X and Y such that H; = X, and
Y = H;. Now suppose that V(H2) N X # @ and V(H2)NY # @. Then
there are vertices u and v on a longest cycle in H; that are adjacent on
that cycle with v — v with « € Y and v € X. But then if that longest
cycleisa —+b— .-+ = u— v — .-+ = z then for any vertex h € V(H),

a—+b—.---2>u—+h-—-3v— .- — zis a l-extension of that long cycle in
T, a contradiction. Thus, either V(H3) C X or V(H3) C Y. We now have
that either Hy = Hs or H; = H;. 5]

Theorem 3.4 T is a strong tournament if and only if there exist strong
1-extendable subtournaments Sy, Ss,---,5k and T such that

T = (S1,S2, -+, Sk)RT.

Proof. If T is l-extendable, then for k = 1,5y = T and T a digraph
consisting of an isolated vertex, T = $; B T".

Now, suppose that T is not l-extendable. Let C = {C},C3,---,C¢} be
a set of vertex disjoint cycles (of length at least 3) in T such that

1. each Cj is not 1-extendable in T; and
2. < (V(T)\ {V(Cy)U---UV(C¢)}) > has no l-extendable cycle.

Let V(T)\ {V(Cﬂ U.--uU V(C.e)} = {‘Ul, L ,‘UJ;}. Let §; =< C; >,1=
11"'93 and S€+i =< v >, § = 1,,3 Let k = €+'j Note that Si,
i =1, --,k, is a strong subtournament since S; is induced by the set of
vertices on a cycle or is an isolated vertex.

By Lemma 3.1, given any 1 < 4,7 < k, i # j either S; = S5; or §; =
S;. Define T = (V, A) where V = {uy,---,ux} and (us,u;) € A if and
only if S; = S;. Then T is a tournament. Now, (Sy,Ss,--,8k) BT is
a tournament, and all arcs in (S1,S2,+-,5) X T are ares in T. Thus
T= (SI:SQ:-'“:SE)ET‘

The converse follows from Theorems 3.1 and 3.2. [ |
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