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ABSTRACT. A set S C V is a dominating set of G if every vertex
in V — S is adjacent to at least one vertex in S. The domination
number ¥(G) of G equals the minimum cardinality of a dominating
set S in G; we say that such a set S is a y-sel, A generalization
of this is partial domination which was introduced in 2017 by Case,
Hedetniemi, Laskar, and Lipman [3, 2] . In partial domination a
set S is a p-dominating set if it dominates a proportion p of the
vertices in V. The p-domination number v,(G) is the minimum
cardinality of a p-dominating set in G. In this paper, we investigate
further properties of partial dominating sets, particularly ones related
to graph products and locating partial dominating sets. We also
introduce the concept of a p-influencing set as the union of all p-
dominating sets for a fixed p and investigate some of its properties.
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1. INTRODUCTION

Let G = (V,E) be a graph with vertex set V = {v;,vs,...,v,} and
order n = |V|. The open neighborhood of a vertex v is the set N(v) :=
{u|wuv € E} of vertices u that are adjacent to v; the closed neighborhood
of v is N[v] := N(v)} U {v}. A set § CV is a dominating set of G if every
vertex in V — § is adjacent to at least one vertex in S, or equivalently,
if N[S] := U,es Nlu] = V. The domination number v(G) of G equals
the minimum cardinality of a dominating set S in G; we say that such a
set 5 is a y-set. Domination has been a well studied area for many years
(1, 4,789

For any graph G = (V, E) and proportion p € [0,1], aset S C Vis a
p-dominating set if

|V [S)
v 2P
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The p-domination number ,(G) equals the minimum cardinality of a p-
dominating set in G. Partial domination was first introduced by Case,
Hedetniemi, Laskar, and Lipman [3, 2] in 2017. Around the same time, in
an independent work of Das the same concept was introduced [6, 5].

As noted in [3], a yp-set is not in general related to a +y-set. In particular,
a 7-set does not necessarily contain a +,-set. Equivalently, a v,-set cannot
necessarily be extended to a «-set. To see this, it is helpful to revisit the
subdivided star graph in Figure 1, where the y-set denoted by triangles is
disjoint from 7, /o-set consisting of just the square vertex.

FIGURE 1. The ~-set denoted by triangles is disjoint from
the 7y, /2-set consisting of just the square vertex.

Organization of the paper. In section 2 we generalize Vizing’s con-
jecture about domination in graph products to the setting of partial dom-
ination and prove some special cases. In Section 3 we investigate some
results related to finding a partial dominating set in a graph. In Section 4
we introduce p-influencing sets and consider some properties and examples.

2. GRAPH PRODUCTS

We investigate properties of partial dominating sets related to graph
products. In 1986, Vadim G. Vizing conjectured that for domination

v(GOH) > v(G)y(H).
Here we conjecture that
Yo(GOH) > v, (G)vp(H).
We will primarily be interested in the case when p = 1/2.
Proposition 2.1. For paths P,, and Py, withn > m > 2
Y1/2(PmOPn) > v1/2(Prm)v1/2(Pn)-
Proof. The claim follows directly from Theorem 2.8 in [2], which says
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(1) 71/2(Pn) = [n/6],
(2) for m = 2, 71/2(P2[:|Pﬂ) e I-n/4-]s
(8) for m > 3, v1/2(Pm0F,) = [mn/10].

N

Note that if 4,(G) = yp(H) = 1, then the conjecture holds trivially (e.g.,
if G and H are both complete graphs).

Proposition 2.2. For complete graphs, K, and K,

m+n— v‘mﬁ-i—nfl

Y1/2(Km0OKR) = [ 5

Proof. We consider choosing vertices for a v /o-set S. Say the first vertex
added to S is v = (v, v’). Note that v dominates exactly m+n—1 vertices.
If m+n—12>mn/2, we are done. If not, we must add another vertex u
to S. Note we essentially have three options here:

(1) Ug = ('U,’U,’) (2) by = (ua vl) (3) g = (uaul)

where u # v and u’ # v'. In the first case, vo dominates exactly m — 1
vertices not already dominated by S. In the second case v; dominates n— 1
such vertices, and in the last case vo dominates m + n — 3 such vertices.

Now in general, when adding the next vertex to S, it is helpful to consider
which copies of K,,, and K,, the vertex is coming from relative to the last
vertex chosen. We have these three options: (1) choose the same K,, but
a different K, (2) choose a different K,, but the same K,, (3) choose a
different K, and K,,. In general option (3) is optimal, followed by option
(1), then option (2). When option (3) is used every time in such a way that
each vertex added to S comes from a copy of K,, and K, not previously
used, then the kth vertex dominates m + n — 2k 4- 1 vertices not already
dominated by S. We claim this is the optimal strategy in choosing vertices
for a 7, /9-set. We refer to it as *

To see this, consider alternative choice of vertices, where we execute
option (2) optimally £ times, and then execute option (3) optimally until
we have a 1/2-dominating set. We refer to this as * * . Now compare
the number of vertices dominated by * and *x at each step. There is no
difference for the first vertex. For the second, *# is dominates n — 2 fewer
than . In general, for the kth vertex added in ** with 2 < k < € + 1,
** dominates (k — 1)(n — k) fewer vertices than *. So at step £+ 1, #x
dominates £(n — £ — 1) fewer vertices than . Now for each vertex added
after step £+ 1, x* dominates ¢ more vertices than *. Thus, it will take *x*
(n~£€—1)+4 1+ £ = n steps to dominate the same number of vertices as
*. However, x will have produced a 1/2-dominating set well before the nth
step. Using a similar argument, we can show that any choice of vertices
different than x will be suboptimal.
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Now the cardinality of the v, /o-set found by * is

k
mn
i o {0 e LYY 55 e
min{k | ;(m+n (2t —1)) > 5 }
But note that Z:;l (m +n— (2i — 1)) = k(m+n)—k?. So the inequality
to solve is mn

k(m+n)—k22 ?'

which has minimum positive integer solution

k= [m+n—-\/m§+n§]
) .

Proposition 2.3. For a path P, and complete graph K,,,

mn
Y1/2(Pa0Kpm) = {m] :
Proof. The maximum degree of a vertex in P,00K,, is m + 2. Consider
the set of vertices S of maximum cardinality such that each vertex in S
dominates exactly m + 2 vertices, and no two vertices in S dominate the
same vertex. The cardinality of S is [252] . Now write n = 2k (n = 2k—1)
for even (odd) n and k € N. Note that in either case

n—2
224y

That is S has cardinality k — 1.
Now suppose (m + 2)(k — 1) > mn/2. Then either S or a subset of S is
a 74 /2-set, and

/2 PallK ) = [ﬂm’"—_’l’jﬁ] |

On the other hand, suppose (m + 2)(k — 1) < mn/2. Then neither S
nor any subset of S is a vy /p-set. However, we may add a vertex v to .S so
S U {v} dominates at least k copies of K. That is, S U {v} is a 1 /2-set.
Moreover, we have

mn

2
k(m+2) > 5

>(k—1)(m+2) = k= {5(_”—:":"_—2)}

Proposition 2.4. Let G be a graph of order n,
11/2(GOP2) > 71 /2(G).
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Proof. Let S be a 71 /2(GOP;)-set. Now think of GOIP; as two copies of G,
say Gi1 and Go. Then since |N[S]| > n, we have WLOG that |[N[S]|N G| >
n/2. Denote S N G; as S;. Now consider the vertex set

§'=81U{v | ve N[S}nGi}.

Then S’ dominates at least half of G, and |S'| <| 8.
Thus, given a -y /2(GOP;)-set, we can find a vertex set of G of size at
most 71 /2(GLP,) which dominates 1/2 of G. So 1/2(GOP;) > v1,2(G). O

Proposition 2.5. If v, 2(G) = 1, then

Y1/2(GOP) > 41 /2(Prm).

Proof. Let |V(G)| = n. Since ) 2(G) = 1, there exists some v € V(G) such
that [N[v]| > [2]. Now at best, [N[v]| = n, in which case, max{|N[v]| :
v € V(GOP,,)} = n+ 2. Thus we have

Y1/2(GOP,) > [nn:_nz-l = [%1--] > [%-' = 71/2(Prm)-

Proposition 2.6. If v, /2(G) = 2, then
Y1/2(GOPm) > 21 /2(Pnm).

Proof. Let |[V(G)| = n. Since v, /2(G) = 2, then max{|N[v]| : v € V(G)} <
[$1 — 1. Therefore, max{[Nv]| : v € V(GOPn,)} <[ 21+ 1.
Thus we have

m,2(GOP,) > [ml = {m]

Now, since v;,2(G) = 2, we must have n > 7. Thus 7, ,2(GOP,,) >
[0.7m].
Now say m = 6a + b. Then

m a b=0
Y1/2(Pm) = [_G_-I = {a+1 b0

Thus for all m > 2,
71/2(GDPm) > [0.7m] = [4.2a + 0.76] > 2(a+1) > 2’)@/2 (P

Proposition 2.7. If y1/2(G) = 3, then
71/2(GOFP) > 3v1/2(Pr)-
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Proof. Let |V (G)| = n. Since 71 /2(G) = 3, we must have n > 13. Moreover,
we have max{|N[v]| : v € V(G)} < [%] — 3. Thus, max{|N[t]| : v €
V(GOP,)} < [3] - 1.

Therefore we have

. mn
71/2(GDPm) > [' ([‘n'l _1)—l [n-—l] 2 m.
Now say m = 6a + b. Then

m a b=0
M/2(Pm) = [-51 = {a+1 b£0°

Thus for m > 3,
’}'1/2(GDPm) >m==6a+b>3(a+ 1) > 3’71/2(Pm).
Lastly, when m = 2, we have

v1/2(GORy) > [ [ 4

—%—T:-I] = 3= 3v,2(P2).

3. LOCATING PARTIAL DOMINATING SETS IN GRAPHS

When we look a graph we want some tools (theorems and/or algorithms)
that will help us locate a partial dominating set or elements of a partial
dominating set. A <, set does not have to be unique; and for many ap-
plications having anyone of them would work. The first intuitive idea in
looking for a partial dominating set is to consider vertices with high de-
grees. The following several results will explore what can and cannot be
achieved following this idea.

Lemma 3.1. For any p € [0,1], if a vertez v € G has the highest degree,
then there is a vyp-set that contains at least one of the following:

1) v,

2) a neighbor of v, i.e. an element of N(v),

3) a distance two neighbor of v, i.e. an element of N(N[v]).

Proof. Suppose none of these vertices is in any vp set. Let v € G be a
vertex of highest degree. If S C G is a p-dominating set of G, consider any
s € §. The degree of s is less than or equal to the degree of v. So the set

§'={v}uU(S\ {s})
dominates at least as many vertices as S. Thus, S’ is a p-dominating set
that contains v. g

Now we illustrate with some examples that in the preceding theorem, it
may be the case that 2) or 3) hold and not 1).
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Example 3.2. Let p = 8/9 consider the graph in Figure 2. The set of
boxed vertices is the only p—~dominating set. This shows that the highest
degree vertex may not be in any of the p-dominating sets of the graph but
that instead some of its distance 2 neighbors are.

-

FIGURE 2. The highest degree vertex v (triangle) is not in
any -yg/o-set; rather the distance 2 neighbors of v (rectan-
gles) form the only ~g o-set.

Example 3.3. Let p = 7/9 and consider the graph in Figure 3. The
triangle vertex, v, is a maximum degree vertex in the graph. Any two
vertices chosen from N(v) form a +y7/9-set. Thus it may be that a highest
degree vertex is not in any p-dominating set, but that instead some its
neighbors are.

-
O

FIGURE 3. A highest degree vertex v (triangle) is not in
any <r/g-set; rather from the neighbors of v, any two to-
gether form a 77 /9-set.

Q

Lemma 3.4. Let p € [0,1] be fized. If v € V has highest degree and v is
not in any p-dominating set, then |S N N[N[v]]| > 2 for every vp-set S.

189



Proof. Prove by contradiction; suppose |S' N N[N[v]]| < 2 for some 7y,-set
S. In the case {S N N[N[v]]| = 0, we can swap any s € S with v to make a
p-dominating set since v has highest degree and none of its neighbors would
be dominated. This contradicts v not being in any p-dominating set.

In the case |[SN N[N[v]]| = 1, suppose {u} = SN N[N[v]]. In the case
u € N(v), we can swap u and v and still have a p-dominating set. In the
case u € N(N(v)), we can again swap « and v and still have a p-dominating
set. In either case this again contradicts v not being in any p-dominating
set. O

These results and examples together show that being greedy for the
highest degree vertices does not work by itself in finding you elements from
a p-dominating set, but that this greedy mindset can get you looking in the
right area of the graph. Observe that neither of graphs in Figures 2 or 3
were trees. The graph if Figure 4 also shows that in a tree, a highest degree
vertex need not be in a p-dominating set.

FIGURE 4. A highest degree vertex v (triangle) is not in
any g/ 1-set; rather two of its neighbors (rectangles) form

a 7yg/11-set.

4. p-INFLUENCING SET

Now we introduce a related definition by considering the union of all
p-dominating sets of a graph. We will call this union the influencing set.

Definition 4.1. Let p € [0,1] be fixed. The union of all ~,-sets of G is
called the p—influencing set of G.

Note that there are n = |V| interesting proportions p that can be con-
sidered for a graph

1/n,2/n,3/n,...,1.

Also we’ve allowed p = 0, but here the p-dominating set is just 3. For the
smallest of these above p = 1/n the p-influencing set is all of V.
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Lemma 4.2. Let p = 1/n, then the p-influencing set of G is all of V. If
G 1is a connected graph and p = 2/n, then the p-influencing set of G is all
of V.

Proof. For the first, every individual vertex in V is a 1/n-dominating set.
Thus the union of all 1/n-dominating sets contains every vertex in V.

For the second, every individual vertex in V is a 2/n-dominating set,
since it dominates itself and at least one neighbor. Thus the union of all
2/n~dominating sets is all of V. O

This lemma can be generalized further as follows.

Lemma 4.3. Let §(G) be the smallest degree of any vertez in G. If p <
55_(%11_, then the p-influencing set of G is all of V.

Proof. Every vertex is a ﬂ%& dominating set, thus the ﬂ%&—l-inﬂuencing
set is all of G. O

As we see above, for the smaller interesting proportions the p-influencing
set is as large as possible. One might ask if the other p-influencing sets have
any containment properties as the proportion increases or decreases, or if
the size of p-influencing set only decreases as p increases. In general, this
does not happen. Considering the graph in Figure 2, one can see that as p
runs from 1/9 to 1 the p—influencing sets change from all the vertices down
to one vertex and then back to all the vertices. Also in this example the
intersection of all the p-influencing sets with p > 0 is 0.

Lemma 4.4. Let A(G) be the highest degree of any vertex in G. Ifp =

é-(%u, then the p-influencing set is made up of exactly those vertices in
G with degree equal to A(G).

Proof. When p = ﬂ%ﬁ—i, each vertex of degree A(G) is a p-dominating
set. Furthermore, there are no p-dominating sets with more than one ver-
tex, since they would not be of minimum size. Thus, the p-influencing set
consists exactly of the degree A(G) vertices. O

The previous results gave the p-influencing sets of any graph for a fixed p.
We now find all p-influencing sets for two common graphs, namely complete
bipartite graphs and paths.

Proposition 4.5. Consider the complete bipartite graph K, n = (Vi, V3, E)
with [Vi| = m, |Va| = n, and m > n. The p-influencing sets of K, , are

e VIiUVe for0<p< ﬁ-ﬂ% and p > %ﬁ-

o V; for 22 < p < mil

- min
Moreover, if m = n, then the p—influencing set of K, n is Vi UV, for all
p>0.
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Proof. Suppose m > n. If 0 < p < 2tL then any vertex of Ky, , is a v,-

m+n’
set. Thus the p-influencing set is Vi U V5. If p > ﬁi‘%, then {vy,v2} where

vy € V; and v € V3, is a y,-set. Thus the p-influencing set is V) U V5.
Lastly, if 242 < p < 2L, then any single vertex from V; is a v,-set, and
no vertex from V) can be in a «y,-set.

The argument is similar when m = n. |

Corollary 4.6. Consider the complete bipartite graph K, , = (V1, V2, E)
with |Vy| = m, |Va| = n, and m > n. The intersection of all the p-influencing
sets (p > 0) of Km n is Va. Moreover, if m = n, the intersection is V; U V3.

For the following proposition and corollary, we consider a path P,, where
the vertices are labeled v;, ¢ € {1,2,...,n} with vy, v, as leaves and N (v;) =
{vi—1,vi41} fori € {2,3,...,n— 1}.

Proposition 4.7. Consider a path P, with the vertices labeled as described
above. The p-influencing sets of P,, are given below. Note k is a nonnegative
integer chosen so that 0 < p < 1 unless otherwise stated.
(1) For n=0 mod 3
o V(P,) ifp= 3%;"-1- or p = g%tg_
. {7-)25”3,* .. avn—l} ifp= %‘E <1
] {'vg,vs,'vg, .o .,’v,-,,_l} 'ifp = 1
(2) Forn=1 mod 3
o V(P,) ifp= %L or p= Shi2
o {vo,v3,...,v, 1} ifp= % and 3k #£n — 1
. V(Pn) \{2)1,’04,‘!)7,...,’07;} zfp == &;_;'l‘
(8) Forn=2 mod 3
e V(P,) ifp= %"—1 orp= -3-"5}3 €1
o {vg,v3,...,0h-1} ifp= %
o V(P,)\ {vs,v6,v9,...,0p-2} ifp=1

Proof. Suppose n =0 mod 3. Partition V(P,,) into three sets
V'l == {vla Vg, .. "vn—-2}a IVZ = {‘U?,US, cee avn—-l}y V-3 = {'03, V6, - .- s'vn}-

Now consider p = 3&tL or p = 2642 Then ,(P,) = k41, and any k + 1
vertices of V4, V3, or V3 comprise a v,-set.

Now consider p = %’f- < 1. Then vp(P,) = k, and any k vertices of

Vi\{v1}, V2 or V3\ {v,} comprises a ,-set.
Lastly, if p = 1, then v1(P,,) = %, and V3 is the only ~;-st.
Suppose n =1 mod 3. Partition V(P,) into three sets

i = {vly V4, .- . .,'Un}, Vo= {vz’v5’- . a'vn—Q}a‘ffi = {0337-’61 s !vn—1}~
Note that [Vi| = 251 + 1, [V,| = |V3| = 251,
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Now consider p = 3L or p = 3842 then ~,(P,) = k+ 1. Now if p < 1,
s0 k < 23l, then any k + 1 vertices of V;, V3, or V3 comprise a 7,-set. If
p=1,s0 k=21 then Vj, V2 U {v,}, and V3 U {v1} are ~;(P,)-sets.

Now if p = %-:f- and 3k#n—1,80k< ﬁ;—l Then v,(P,) = k, and any
k vertices from Vj \ {vy,v,}, V3, or V3 comprise a ~,-set.

Lastly, if p = 2=1, then v,(P,) = 25%. Then note that V; and V3 are

n

the only ~,(P,)-sets.

Suppose n» = 2 mod 3. Partition V(P,) into three sets

W= {'U]_, Udy ooy ’Un—l}a Vo = {’02,'05, s 5'Un,}, “/3 = {’U3,'U6, s 1”11.—2}'
Note that |V}| = |V, = E%l, and |V3| = 2-5‘—2

Now consider p = 3£t or p = 2k42 < 1, 50 k < 252, Then 7,(B,) =

k +1 and any k 4 1 vertices from V;, V3, or V3 comprise a 7,-set.

Now if p = %{E, so k < 13‘—-2-, then ~,(P,) = k. Any k vertices from

Vi\ v, Va\ vn, or V3 will be a Yp-set.
Lastly, if p = 1, then v1(P,) = 2}!. Note that V; and V; are the only
71 ( Py, )-sets. O

Corollary 4.8. The intersection of all p-influencing sets (p > 0) for a path
P, is

(1) {v243e/0 < k < 252} if n =0 mod 3

(2) {vo43k,v3136[0 <k < 252} ifn=1 mod 3

(3) {vitak,va435]0 <k < 252,0< 5 < 252} ifn =2 mod 3.
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