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Abstract

Our research studies the expected survival time in a novel problem posted
on a question-and-answer website. There are n people in a line at positions
1,2,...,n. For each round, we randomly select a person at position k, where k
is odd, to leave the line, and shift the person at each position i such that ¢ > k
to position 7 — 1. We continue to select people until there is only one person left,
who then becomes the winner. We are interested in which initial position has
the largest expected number of turns to stay in the line before being selected,
which we refer to as “expected survival time.” In this paper, we use a recursive
approach to solve for exact values of the expected survival time. We have proved
the exact formula of the expected survival time of the first and the last position
as well. We will also present our work on the expected survival time of the other
positions, 2, 3, 4, ... from an asymptotic perspective.

1 Introduction

This article addresses a problem originally posted by ChengYiYi [2] on the Chi-
nese Question-and-Answer website Zhihu. There are n people in a line at po-
sitions 1,2,...,n. For each round, we randomly select a person at position k,
where k is odd, to leave the line, and shift the person at each position % such
that ¢ > k to position i — 1. We continue to select people until there is only one
person left, who then becomes the winner. The question is, which initial position
is the most favorable? In this paper, we will answer the question based on the
expected number of turns to stay in the line before being selected and forced to
quit the game, which we refer to as ezpected survival time. Of course, the initial
position that has the longest expected survival time would be the most favor-
able. A companion paper by Shu, Ou and Wierman studies the same problem,
but will give a different answer based on the probability to survive all rounds of
elimination and win the game eventually.

The problem studied in this paper resembles the famous Josephus Problem
(1). In the Josephus problem, some players stand in a circle and one is chosen
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randomly to be the starting point. For each round, in a specified direction, we
skip a certain number of people and execute the next. The procedure is repeated
until only one person remains, and is then freed. Mathematicians and computer
scientists studying the Josephus problem are interested in which position in the
initial circle can avoid execution, given the total number of players, the direction,
the starting point and the number of people to skip in each round. Both the
Josephus problem and our problem are variations of the counting-out games,
in which players are eliminated one-by-one until there is only one person left.
However, our problem is different in that people stand in a line instead of a circle,
and the elimination process is probabilistic rather than deterministic.

As mentioned previously, this problem was posted on the Chinese Question-
and-Answer website Zhihu. The original problem was only concerned with the
special case where the total number of people in the line initially is 600. Viewed
more than 600,000 times and followed by 3,184 users on the website, the question
has drawn a great deal of attention during the past two years. There are 123
answers to the question, but most of them are completely based on computer
simulations and include work only about the winning probability rather than
the expected survival time of each person. XieZhuoFan [3] has given the exact
values of the winning probability and the expected survival time when n = 600
using recursive calculation methods, but no analytical solution is provided. In
this article, we will assume the total number of people in the line initially is 2, an
arbitrary positive integer, and present our results obtained numerically as well
as analytically. The generalized problem is also posted on Quora [4].

For notational convenience, the person initially standing at the k-th position
is referred to as “Person k,” 1 < k < n. If Person k gets shifted, we still refer to
this person as Person k, but at the (k — 1)-th position.

The paper is structured as follows:

In section 2, recursive equations are constructed, then the exact values of the
expected survival time for each person are determined recursively.

In section 3, the expected survival time of Person 1 is calculated exactly as
a function of n.

Lower bounds and upper bounds for the expected survival time of Person
2 are provided in section 4. An asymptotic approach is also introduced in this
section.

The expected survival time of Persons 3 and 4 are calculated asymptotically
in section 5. The method explained in this section may be used to calculate the
asymptotic survival time for other persons (5, 6 and so on) as well.

Section 6 gives an exact formula of the expected survival time of Person n
(the last person), which is proved by induction.

Section 7 is a brief summary of our results. We conclude the paper with
section 8, which mentions the future direction of this research and some open
questions.
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2 Recursive Methods and Calculations

Let E.(k) denote the expected survival time of Person k in a queue of n people.
In this paper, we define “survival time” to be the number of rounds a person
survives in the game, excluding the first round. That is to say, if Person k gets
eliminated in the first round, then the survival time is 0. If s/he becomes the
winner, then the survival time is n — 1.

To start with, we solve the base cases when n is small.

If n = 1, we only have one person in the line initially, so s/he wins the game
in the first round. Therefore, F1(1) = 0.

If n = 2, Person 1 will be eliminated in the first round because s/he is the
only odd-indexed person, so Ez(1) = 0. Person 2 will be the only person in the
second round, and the game terminates. Thus, E(2) = 1.

We will now introduce the idea of the recursion. Assume that a person
survives the first round of the game, then in the next round this person either
gets shifted to the previous position (if someone in front of this person gets
selected) or remains at the same position (if someone behind this person gets
selected). If the person is selected in the first round, then the survival time is
0 by our definition, and will not contribute to the calculation of the expected
survival time. In the next round, the game of n people reduces to a smaller game
with n — 1 people initially.

Take n = 3 as an example. We will calculate the expected survival time of
Person 1 first. Person 1 will never be shifted. Therefore, if Person 1 survives the
first round of selection, then it must be the case that Person 3 is selected in the
first round with probability 3 and that Person 1 remains at the first position in
the next round. Starting from the second round, Person 1 will be a new “Person
1”7 in the 2-people game, and is expected to survive for E2(1) = 0 rounds in the
new game. Thus, the expected survival time of Person 1 when n = 3 can be
calculated as follows:

E3(1) = P(remain at position 1) - (1 4+ E2(1))

1
_5.(]_.*.0)
1

(3%

We now consider Person 2 when n = 3. If Person 1 is selected in the first
round with probability %, then Person 2 will be shifted and become “Person
17 in the new game of 2 people. If Person 3 is selected in the first round with
probability %, then Person 2 will remain at the same position and still be “Person
2" in the new game of 2 people. Thus, E3(2) can be calculated as follows:

Ej3(2) = P(shifted to position 1) - (1 + E2(1))
+ P(remain at position 2) - (1 + E2(2))

1 1

3
5
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If not selected, Person 3 will be shifted (with probability ) and become
“Person 2” in the reduced 2-people game because s/he is already the last person
in the line. S/he will never remain at the same position. Then, we have the
following:

E3(3) = P(shifted to position 2) - (1 + F2(2))
1
=3 (14+1)
= 1.

Using the idea above, we can construct the following recursive equation based
on the first-step decomposition:

E, (k) = P(shifted to position (k — 1)) - E(survival time | shifted)
+ P(remain at position k) - E(survival time | remain)
= P(shifted to position (k — 1)) - (1 + En-1(k — 1))
+ P(remain at position k) - (1 4+ En-1(k)).

The two probabilities in the recursion can be expressed as a function of n» and
k. Given that there are n people in the line, [§] people are odd-indexed. Also,
[%£51] odd-indexed people stand in front of Person k. If Person k is shifted, then
an odd-indexed person in front must be selected, thus:

[554
[51
Similarly, if Person k remains at the same position in the next round, then
an odd-indexed person standing behind Person k must be selected in this round.

There are [ ] odd-indexed people among the first k people. Therefore, there are
(rz1-1%1 ) odd-indexed people standing behind Person k. Thus, we have:

AR CIRC ]
E3 Bl

Using the above formulae of probabilities, the general recursive relation be-
comes:

P(shifted to position (k — 1)) =

P(remain at position k) =

En(k) = P(shifted to position (k — 1)) - (1 + En—1(k — 1))+
P(remain at position k) - (1 4+ E,_1(k))

k—1
- [I, ]](1+E,,._1(k 1)) + (1- ; ]I) (1 4+ En_1(k)).

Since we have already solved the base cases, we may use the above recursion
to calculate the expectations bottom-up and solve for E,(k) for any n and k.
Up to n = 9, using the recursion method, we have obtained the following table
of results. Person 1 is abbreviated as P1, and the numbers are rounded to two
decimal places.
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[n[P1 [P2 [P3 [P4 [P5 [P6 |P7 | P8 | P9 |
V |

0 1.00
0.50 | 1.50 | 1.00
0.75| 2.00 | 1.25| 2.00
17| 258 1.75| 2.50 | 2.00
1.44) 3.11) 2.11| 3.00| 2.33] 3.00
1.83 | 3.69 | 2.58 | 3.56 | 2.83 | 3.50 | 3.00
2.13| 4.23| 2.97| 4.07 | 3.24 | 4.00 | 3.38 | 4.00
2.50 | 4.81 | 3.43| 4.63 | 3.72 | 4.54 | 3.88 | 4.50 | 4.00

W00~ | OY | W N
—
oy
=J

Table 1: Expected survival time of each person for n =
S - |

It is instructive to plot the expected survival time versus the initial position
index for different n. Figure 1 shows a plot when n varies from 2 (the bottom
line) to 20 (the top line).

_Expected Survivat Time vs. Total Numbarnt’ People

B

iﬂ EA i '

£

34
1 4 7 0 13 16 19
Torat Number of People

Figure 1: Expected survival time of each person for n =
2,...,20. For odd-indexed positions, the expected survival
time increases. For even-indexed positions, the expected
survival time decreases. The peak occurs at position 2.

XieZhuoFan (3] on Zhihu claims that the expected survival time is increasing
with respect to the initial position index for odd-indexed people and decreasing
with respect to the initial position index for even-indexed people. He also believes
that Person 1 has the shortest expected survival time, approximately 37 and that
Person 2 has the longest expected survival time, approximately -g-n, although no
proof is provided.
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We will prove that En(1) = in and E.(2) = 3n asymptotically when n is
sufficiently large in section 3 and 4. Based on our recursive calculations and
plots, XieZhuoFan’s first claim also appears to be true. In section 5, we will
introduce a method to calculate the asymptotic expected survival time of any
person, which may be used to prove XieZhuoFan’s first claim.

3 The Expected Survival Time of Person 1

Although we can determine the expected survival time numerically from the
bottom-up recursion, it would be useful to obtain a solution analytically without
calculating all the expectations for each Person k and for each n.

If n is odd, then the expected survival time can be calculated exactly for
Person 1. Let n be the initial number of people in the line and m be the initial
number of odd-indexed people, so we have m = [2] = 2 and n = 2m — 1.
Let T be the survival time of Person 1. We will calculate the probability mass
function of T.

If there are n people, [3] of them are at odd-indexed positions. If T' = 0,
Person 1 should be selected out of the [2] people in the first round. Then,

P(T = 0) = P(Person 1 selected in the 1st round) = e o o

31 m
If the survival time is ¢ where ¢ > 0, then Person 1 should have survived the
first ¢ rounds but get selected in the (¢ + 1)-th round. The probabilities of T
being 1,2 and 3 are calculated respectively as follows:

P(T = 1) = P(selected in the 2nd round, survive the 1st round)
1 1
= Tazi3 (1 - T)
[#==] 31

_ 1 m—1
T m—-1 m

1

m—

It

P(T = 2) = P(selected in the 3nd round, survive the first 2 rounds)

~ren (- ar) (- 7m)

1 m—1 m— 2
m—1 m m—1

_1/{m-2
T m\m-—1/"



P(T = 3) = P(selected in the 4th round, survive the first 3 rounds)

-y () (- ) (- 7o)
- () (=) (2=5)
.1t

m m

Having recognized the pattern of cancellation of factors in the calculations,
we can generalize the formula of the probability mass function of even T (T = 2i)
and odd T' (T = 2i + 1).

When T is even,

P(T = 2i) = P(selected in the (2i + 1)th round, not the first (2:) rounds)
== (%) (32D (33D -
(7)) (Fn) (5557

_ (m—1)(m—i)*lm— (i +1)]
(m — i) (m)(m — 1)2(m — 3)

_(m—i-1)
T m(m—1)

__}_ m—1—4
T m m—1 '

When T is odd,

P(T = 2i +1) = P(selected in (2 + 2)th round, not in first (2i + 1) rounds)
_51_(1__3:_) O
ey \' 7)o\
_ 1 m—-1\ fm—-2\ /m-2
m—t—1 m m—-1/\m-1/""

m —(i+1) - (i4+1)
(=558 (2ald)
. (m=-1m-GE+1)°
T (m—i—1)(m)(m — 1)2
_om—i—1
T m(m —1)

___}_ m—1-—1
" m\ m-1 /)
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Using the probability mass function, we can compute E[T], the expected sur-
vival time of Person 1:

BT =Y t-P(T = 1)

1=0

m~—1 me1

=2 P(T=2)+ Y (2i+1)- P(T=2i+1)

=0 =

2l (L meded)  BF Lo
=;2z-(;"_mfl_)+;(2z+1).(;n_,ﬁ)
m~—1

1 el
_m§(21+2z+1)_mrr

1 = :
=E§(4z+1)(1_m_1)

m—1

. : 442 i
_Eiz‘—;ﬂ(%-{—l_m—l-m_l)

m—1 me—1 o
_1[, . B g wd
—-m[;zi—m m—1§’ m—11.=01]

_ 1 4 (m-1)m)2m—-1) m

_m[Qm(m 1)+m_m-1 : _2
2 1

_2,_5

=3 -

We then replace m by 231, because n = 2m — 1 by assumption, to obtain

E,,(1)=Em=§-("“2*‘1) _§= %n—% L i 5 is odd,

We do not need to re-do all the calculations above if we want to compute the
expected survival time when 7 is even. Instead, we use the recursive equation
we constructed in section 2 as well as the formula of the odd case to solve for
the expected survival time:

E.(1) = P(remain at position 1) - (En—1(1) +1)
1 1 1
- (1-75) (3o-0-5+1)

= -l—n—l——L if n is even
137 2 3T ’
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When n is sufficiently large, the consta.nt and the term 3— are negligible.
Therefore, the expected survival time is approxnnately 3n if n is sufficiently
large.

4 The Expected Survival Time of Person 2

Lower and Upper Bounds

In section 3, we have computed the expected surviva.l time of Person 1:
En(1) = 3n — 3 for odd n, and En(1) = in — 1 — & for even n. Then,
we have the mequa.hty that 3n —~ 1 < En(1) < in for all n. We will use this
inequality, which gives an upper bound and a lower bound for E,(1), to calculate
the bounds for the expected survival time of Person 2.

We first calculate the upper bound of E,(2). We break into cases based on
the round in which Person 2 gets shifted. The probability that Person 2 gets
shifted in round k is the same as the probability that Person 1 gets eliminated
in round k. This is also equal to the probability that Person 1 survives for time
t=k—1.

Because Person 2 is standing at an even position, s/he will not be eliminated
in the game until shifting to the first position. If Person 2 gets shifted to the first
position in round k, then s/he will become the new “Person 1” in the reduced
game of n — k people. Thus, we have;

n-—1
En(2) = ) P(Person 2 shifted in round k) - (En—k(1) + k)

k=1
n-1

= Z P(Person 1 eliminated in round k) - (E,-x(1) + k)
k=1
n—-2

= Z P(T =t) - (Ep—+1y(1) + (t + 1))
t==Q

n~—2 n-2 n—2

=) P(T =1 Bn-t-1())+ Y _P(T=1)-t+ 3 P(T =1).
t=0 t=0 t=0

The expression for E,(2) includes three terms. The second term is the ex-
pected survival time of Person 1. If we apply the upper bound, then the term
E""2 P(T =t)-t = E,(1) < 3n. The third term is the summation of the
probabilities for all of the poseuble T values in the support, so the term equals 1.
Finally, in order to compute the first term, we replace E,_¢-1(1) by the upper
bound, £(n —t - 1).

In the calculations below, we have — 3 Z“”2 P(T =t)-t = —~3En(1), and
because of the minus sign, we will need to apply a lower bound instead of the
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upper bound for E,(1), Therefore, we have

n=-2

Y P(T =t) Ent1(1)

t=0

n-~-2
<Y PT=t) 3n~t-1)
t=0

3
|
[N

n--2 n—2

=Y BT «»t)——ZP(T-_t) t-——ZP(T-—t)
t=0 t=0
1 1/(1 1
& L = | o = =
=3"73\3" l) 3
_2,
= on.
Adding all three terms, we get:
n—2 n—2 n—2
En(2) = ):p(:r_t) Eni1(1)+ ) _P(T=1t) t+ZP(T——t)
t=0
2 1
& = e
_9n+3n+1
5
=3 + 1.

Thus, we obtain ($n + 1) as an upper bound for E,(2).
In a similar fashion, we may calculate a lower bound of E,(2).

En(2) = ZT-_: P(player 1 eliminated in round k) - (E,,—x(1) + k)
k=1
n—2
=3 P(T =1)- (Baegiray(1) + (¢ +1))
t=0
n-2 n—2
- ZP(T—t) En-t-1(1) +ZP(T-t) t+3 P(T=t)
=0
n—2
> ZP(T:t)- (E(n-—t—-l) —1) + (%n—l) +1
n—2 n—? n—2
=3n ZP(T—t)--ZP(T_t) t_-ZP(T_t)—Hln
1 1 1 1 1
> -én-——é (gn) —§—~1+§n
5,4
9 3

Thus, we obtain (n — %) as a lower bound for E,(2).



Asymptotic Approach

If n is sufficiently large, then we can ignore the lower-order terms in E,(1).
In this case, Person 1 is expected to survive for time E[T] = in.

Let the survival time of Person 2 be denoted by T5. Still, let T denote the
survival time of Person 1. We apply the law of total expectation, conditioning
on the time when Person 2 gets shifted (denoted by Tynis:) to compute E[T3].
Person 2 getting shifted is equivalent to Person 1 getting selected, so we have:

Tonipe =T,

1
E[Tahift] = E[T] ~ §n

If Tsnige is known, then after Person 2 is shifted and becomes “Person 1,” the
game will be reduced to a smaller game with (n — T, s,) people. In the reduced
game, Person 2, who moves to the first position, will be expected to survive for
time %(n — Tahigt) approximately. Therefore, we have:

E[T;) = E[E(T2|Tonist))
~ E[Tshise + %(n — Tsnige)]
= E[Tshigst] + %n - %E[Tshz‘ft]
o= %E[Tahiff] + %n
(ot

n.

~

Olor Wi

The expected survival time of Person 2 is En(2) ~ $n from an asymptotic
perspective.

5 The Expected Survival Time of Persons 3
and 4

In this section, we will discuss the method to compute the asymptotic expected
survival time of Persons 3 and 4. In principle, the method can be applied to
compute the asymptotic expected survival time of an arbitrary person as well.

Person 3

We consider the third person. Instead of conditioning on the shift time as we
did for Person 2, we condition on the time until Person 3 is shifted or selected.
We denote this time by T,s. Also, we define I to be the indicator such that:

_J1, if Person 3 is shifted first,
- 0, if Person 3 is selected first.
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We denote the survival time of Person 3 by T3. If T}, is known, the survival
time before Person 3 gets shifted or selected is of course T,,. If Person 3 is shifted,
then s/he will become “Person 2” in the new game of (n — T,s) people and is
expected to survive for time §(n — Ti,) after the shift. If Person 3 is selected,
then s/he will leave the queue and the survival time after the selection is 0.
Thus, using the indicator notation, Person 3 can survive for time I - 2(n — Ts,)
on average after the shift or selection. Then the expected survival time of Person
3 is:

E.(3) = E[T3]
= E[E(TiilTaa)]

~ E[Tys +1- -g—(n ~T,)].

However, I is independent of T,,. Knowing the time it takes until Person 3
is shifted or selected does not provide us with any information about whether
the person is indeed shifted first or selected first. Besides, T, is just the time
until Person 1 or 3 gets selected, because Person 3 will shift if and only if Person
1 gets selected.

In each round, the probability that Person 1 is selected is the same as the
probability that Person 3 is selected, both being the reciprocal of the number
of odd-indexed people in that round. Therefore, given that Person 3 is either
shifted or selected, with probability % s/he is shifted first (and Person 1 being
selected first), and with probability % s/he is selected first. Then, the expected

value of I is 1 1 )
E[I]=§-1+-2-'0=§.
Because of the independence,

En(3) = E[T” +1I- g(n — Tss)]
= B[Tu] + BB - T

= B[Zu] + 15(n - EIT..)

5
= Sn+ SE[T)

We now are interested in E[T,], the expected time until Person 1 or 3 gets
selected. To start with, assume n is odd, and n = 2m—1, so that m is the number
of odd-indexed people initially. We calculate the probability mass function of T,
using the same approach as in section 3. In order to recognize the pattern, we
perform more calculations, but for the sake of brevity, only the first few example
calculations are included:

P(Tss = 0) = P(either Person 1 or 3 selected in the 1st round)

SARENT I
—
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P(T,s; = 1) = P(Person 1 or 3 eliminated in the 2nd round,
~ both survive the 1st round)

B r"—;ﬂ (1‘%)
2

m—1 (mn:z)
2(m — 2)
(m—-1m’

it

P(Tys = 2) = P(Person 1 or 3 eliminated in the 3rd round,
both survive the first 2 rounds)

=r_n'“:__].(1"'f'a;‘T]) (1—%)
(== (=)

2(m —3)(m —2)

(m—1)(m — )m’

il

P(Tss = 3) = P(Person 1 or 3 eliminated in the 4th round,
both survive the first 3 rounds)

= réﬂ (1'” rr—;]) (1“ rﬂ-j-ﬂ) (I‘T%T)
- r e e (Y
_ 2(m—3)(m -3)

(m—1)(m—-1)m’

b

P(Tss = 4) = P(Person 1 or 3 eliminated in the 5th round,
both survive the first 4 rounds)

- 4';‘1 (l‘rﬂ—ff—ﬁ)(l‘ ;ﬁ)(l‘r&;])(““r%)
=met (rms) kmer) (220 (220)
_ 2(m —4)(m —3)(m —3)

(m —2)(m ~1)(m—1)m’

After simplification, the generalized formulae of the probability mass func-
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tions of even T' (T = 24) and odd T (T = 2i + 1) are,

P(T,, = 2i) = P(Person 1 or 3 eliminated in the (2i+1)th round,

both survive the first 2i rounds)

_2(m—(i+2))(m— (E+ 1)) m— (i+1))

- (m—2)(m - 1)(m - 1)m

_2m—i-2(m—i—1)}(m—i—1)

- (m —2)(m — 1)(m — 1)m

_2m—i-2)(m—i—1)?

T (m—2)(m-1)(m—1)m’

P(T,s = 2i+ 1) = P(Person 1 or 3 eliminated in the (2i+2)th round,
both survive the first (2i+1) rounds)
_ 2Am— (i+2))(m — (i +2))(m— (i+1))
(m —2)(m — 1)(m — 1)m
_2m-i—-2)(m—i—2)(m—i—1)
. (m-—-2)(m—1)(m —1)m
_ 2m—-i-2)*(m—i-1)
T (m=2)(m-1)(m—-1)m’

Using the probability mass function above, we can compute the expected
time until Person 1 or 3 gets selected:

E[T.,) = it . P(Tsy =1)

t=0
m-1 m--1

= 2 -P(To=2)+ Y (2i+1) P(Teo = 2i +1)
i=0 i=0

R [(2Am—i=2)(m—i—1)?
= ; 2 - ((m—2)(m— )(m — 1)m)

fimcgll 2(m —i—-2)*(m—i—1)
2,(i+1): (<m— 2)(m —1)(m — 1)m)

_Xrg i (m—i—2)(m — i~ 1)? " Y i (m— i - 2)2(m —i— 1)

=0

(m—2)(m —1)2m (m —2)(m —~1)2m
= e 2)(:71, Ty (%ms N §m4 +3m” §m2 g %m)
= 2)(1];7, “1em (%ms - %m4 ¥ %ms - 1767’”2 e %m)
= m— 2)(; “1)?m (%mb - §m4 * 1?7’”3 - %mz + %’0 '

If we ignore the lower order terms, and do not distinguish between m — 1 and
m, then the expected time until Person 1 or 3 gets selected will be asymptotically



23 - 2m® = Zm. Since m = 2} ~ 2, the expected time E[T,,] ~ in when n is
sufficiently large. Using this result, we can compute the expected survival time
of Person 3:

3
E"—(3) SE[Tss]
5 13 /1
BT 1B (3 )
=19
T 45

Person 4 .

The case of Person 4 is similar to the case of Person 2. We condition on the
shift time Tspis: of Person 4 again because s/he will not be selected until being
shifted to the third position. However, Tspis: of Person 4 is the time until Person
1 or 3 gets eliminated. Thus,

Tshift = Tas,

1
E[Tshift] = E[Tss] ~ g'n
Let T denote the survival time of Person 4, we have

E, (4) =F [T4]
= E[E(T4|Tsnist))]

19
~ E[Tonise + —('"' = Tanife))

19
T + _E[Tshtft]

19 26 (1
AT (En)
_la

= 225"

Other Persons

The calculation methods explained above can be adapted to compute the
expected survival time of Person 5, 6, 7, ..

For odd-indexed persons, as we have seen in the case of Person 3, the asymp-
totic expectation of survival time only depends on the expected value of the
indicator I and the expected time until the person gets shifted or selected. The
expected value of the indicator is the probability that the indicator takes the
value of 1, which is the same as the probability that the person is shifted (i.e.
any person m front is selected) before selected. For Person k, where k is odd,
there are £1 odd-indexed people in front of Person k. Therefore, the probabxl-

ity that Person k is shifted before selected is -&-— %=1 Thus, E[I] = &4 =h
The expected time until Person k gets shifted or selected may be calculated by
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computing the probability mass function. In the previous part of this section
and section 3, we have used the probability mass function to obtain the result
that when k = 1, the expected time is approximately %-n, and that when k = 3,
the expected time is approximately in.

For even-index persons, such as Person 2 or 4, we only need to calculate the
expected time until the person gets shifted to obtain the expected survival time.
The expected time until Person k shifts, where k is even, is the same as the the
expected time until Person (k — 1) gets shifted or selected. As mentioned above,
the expected time until Person (k — 1) gets shifted or selected, where k — 1 is
odd, may be calculated using the probability mass function.

6 The Expected Survival Time of Person n

From Table 1 in section 2, we observe that the expected survival time of the last
person (Person n) is: 0,1, 1, 2, 2, 3, 3, etc. Based on this observation, we claim
that E.(n) = |2 ]. A proof using mathematical induction follows.

Lemma: The expected survival time of Person n is:
n
En(n) = 3.
Proof: We prove the formula above by induction.

Base Cases: By Table 1 in section 2, we have E;1(1) = | 3] = 0, E2(2) =
[2] =1, and E3(3) = |2] = 1. Thus the formula is correct for the base cases.

Inducnon Hypothesm We assume that the formula is correct for 1,2, 3,.

Inductive Step: Now we show that the formula is correct for n 4 1. There
are two cases: n is odd, n + 1 is even; or n is even, n + 1 is odd. From section
2, we know the recursive equation below holds:

E.+1(k) = P(shifted to position k — 1) - (En(k — 1) +1).
We will use the above equation when k = n + 1. That is,
Eny1(n + 1) = P(shifted to position n) - (En(n) 4+ 1).
Case (1): If n is odd, n+ 1 is even, then Person (n+ 1) will shift to position
n with probability one because s/he is even-indexed in the first round and thus

safe. By hypothesis, E,(n) = [ %], so

En41(n + 1) = P(shifted to position n) - (En(n) + 1)
= E.(n)+1

=51+1
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Case (2): If n is even, n + 1 is odd, so Person (n + 1) will be selected in the
first round with probabﬂity@, because s/he is one of the [ 23] odd-indexed

people in the line. Thus, s/he will shift to position n in the next round with

probability (1 - @T) We have
E.41(n + 1) = P(shifted to position n) - (E.(n) + 1)
1 n .
(1 - T;_ZET) (I'EJ + 1) by hypothesis
2 ) n+2

1-n+2 2

It
3

n + 1
= I
In either case, the claim holds true for n + 1.
Therefore, by mathematical induction, the formula E,(n) = |2] is correct
for any positive integer n.

7 Conclusion

In summary, this paper introduces a recursive approach to solve for exact values
of the expected survival time, proves the exact formula of the expected survival
time of Person 1 and Person n, a.nd shows that the asymptotic expected survival
time of Person 1, 2, 3 and 4 are 3n, In, 12n and Lin respectively. The method
in section 5 may be adapted to calcula.te the expected survival time of the other

persons as well.

8 Future Research

As mentioned in section 5, the expected survival time can be solved asymptoti-
cally if we can compute the expected time until Person k gets shifted or selected
for all k. This quantity is just the expected time until Person 1,3,...,k gets
selected if k is odd, and is the expected time until Person 1,3, ..., (k — 1) gets
selected if k is even. In previous sections, we used the probablhty mass function
to obtain the expected time until Person 1 is selected (=~ #n) and the expected
time until Person 1 or 3 is selected (~ {n). However, the computational dif-
ficulty greatly increases if we consider the expected time until more people get
shifted. By observing the exact values of expectation obta,med by recursion, we
comecture that the expected time until selection is -.;n for Person 1, 3 and 5,
and in for Person 1, 3, 5 and 7, etc. In the future, we will try to prove this
conaecture without the cumbersome calculations.
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