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Abstract questionnaires and FS-decision digraphs
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abstract

A questionnaire is a sequence of multiple choice questions aiming to collect data on a
population. We de�ne an abstract questionnaire as an ordered pair (N,M), where N is a
positive integer and M = (m0,m1, . . . ,mN−1) is an N -tuple of positive integers, with mi,
for i ∈ ZN , as the number of possible answers to question i. An abstract questionnaire may
be endowed with a skip-list (which tells us which questions to skip based on the sequence of
answers to the earlier questions) and a �ag-set (which tells us which sequences of answers
are of special interest). An FS-decision tree is a decision tree of an abstract questionnaire
that also incorporates the information contained in the skip-list and �ag-set. The main
objective of this paper is to represent the abstract questionnaire using a directed graph,
which we call an FS-decision digraph, that contains the full information of an FS-decision
tree, but is in general much more concise. We present an algorithm for constructing a fully
reduced FS-decision digraph, and develop the theory that supports it. In addition, we
show how to generate all possible orderings of the questions in an abstract questionnaire
that respect a given precedence relation.

Keywords: survey, questionnaire, abstract questionnaire, decision tree, FS-decision tree,
FS-decision digraph
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1. Introduction

A questionnaire, from the perspective of this paper, is a sequence of multiple choice
questions aiming to collect data on a population. A well-designed questionnaire maximizes
the response rate while minimizing the response burden, resulting in the collection of
good quality data with minimum bias. The process of designing an e�ective questionnaire
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typically relies on its content (that is, the actual questions and possible responses). In this
paper, however, the focus is on abstract questionnaires; that is, we shall not be concerned
with the content. Moreover, our main focus will be not the design of the questionnaire
itself, but rather on how to represent it by a graph in a way that is as simple and concise
as possible, yet retains full information on the questionnaire.
The idea to represent a questionnaire by a graph is not new. In the literature, we

�nd two basic approaches to this task: �ow charts (see, for example, [1, 2, 5, 6, 7, 8, 9,
10]) and decision trees (see [4]). A �ow chart (called survey chart in [8]) is a directed
graph whose vertices are essentially the questions (each question corresponding to a single
vertex, possibly with some additional vertices representing additional controls), and whose
arcs (directed edges) represent responses that lead from one question to another. Each
arc is labeled with the corresponding response, and is sometimes additionally assigned
other parameters (for example, probability of the response), depending on the purpose of
the graph model. In a decision tree, however, each question corresponds to a level, and
thus may be represented by many vertices, each corresponding to a di�erent sequence of
responses to the previous questions. The edges from a given vertex to its children in the
tree represent the possible responses to the question. The ordering of the children at each
vertex uniquely identi�es the responses, so no additional labels on the edges are necessary.
In this paper, we start by modelling a questionnaire with a decision tree, and then

condense it into a so-called decision digraph, which retains full information contained in
the decision tree. Decision digraphs are a novel way to represent a questionnaire, and can
be considered a compromise between decision trees and �ow charts: they are potentially
much smaller than decision trees, but a lot simpler than �ow charts since they do not
require any labels on the arcs. Additionally, we endow an abstract questionnaire with a
�ag-set, which tells us which sequences of answers are of special interest, and a skip-list,
which tells us which questions are to be skipped based on the sequence of answers to the
earlier questions. As far as we can tell, �agging has not previously been considered in
the literature, while skipping has been treated only with the knowledge of the content
of the questionnaire (see [3]). When �agging and skipping are taken into account, we
talk of FS-decision trees and FS-decision digraphs. We point out that in both of these
representations, the order of the questions is �xed; that is, the order in which the questions
are asked does not depend on the sequence of responses to the previous questions. An
algorithm for generating all possible orderings of the questions in an abstract questionnaire
that satis�es a given precedence relation is discussed in Section 3.
This paper is organized as follows. In Section 2 we give the prerequisites on graphs

and relations. After a brief discussion of the ordering of questions in Section 3, we move
on to the main topic, representing the �ow of a questionnaire by a graph, presented in
Section 4. In Subsection 4.1, we introduce �ag-sets, skip-lists, and FS-decision trees, and
present an algorithm for constructing an FS-decision tree of an abstract questionnaire.
Vertex equivalence in an FS-decision tree, and FS-decision digraphs are discussed in Sub-
section 4.2; here, we also present an algorithm that constructs an FS-decision digraph,
and prove a theorem that shows that the resulting digraph is fully reduced (that is, as
small as possible). In the last subsection we talk about how to generate a skip-list and
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a compatible �ag-set that can serve as inputs for our algorithm from a more intuitively
constructed pre-skip-list and pre-�ag-set. Finally, in Section 5 we give an example of a
simple concrete questionnaire to illustrate the contributions of Sections 3 and 4.

2. Prerequisites

An abstract questionnaire is an ordered pair (N,M), where N is a positive integer, and
M = (m0,m1, . . . ,mN−1) is an N -tuple of positive integers. An abstract questionnaire
(N,M) models a questionnaire with N questions (labelled 0, 1, . . . , N − 1) such that
question i has mi possible answers. We denote the set of possible answers to question i by
Ai; usually, we assume that Ai = Zmi

. An abstract questionnaire (N,M) is called binary

if M = (2, 2, . . . , 2); that is, if every question has exactly two answers.

2.1. Graphs, trees, and digraphs

A graph G is an ordered triple (V,E, ψ), where V is a non-empty �nite set, E is a �nite
set disjoint from V , and ψ is a function assigning to each element of E an unordered pair
of elements of V . Sets V and E are the vertex set and edge set, respectively, of the graph
G, and ψ is its incidence function. The elements of V and E are called the vertices and
edges of G, respectively. Vertices u and v in G are said to be adjacent or neighbours if
ψ(e) = {u, v} for some e ∈ E.
In the de�nition of a graph, the incidence function may be omitted and edges may

be identi�ed with unordered pairs of vertices if there is no ambiguity. We then write
e = {u, v}, or shortly e = uv, instead of ψ(e) = {u, v}.
A graph G′ = (V ′, E ′, ψ′) is a subgraph of a graph G = (V,E, ψ) if V ′ ⊆ V , E ′ ⊆ E,

and ψ′ is the restriction of ψ to E ′. If G′ = (V ′, E ′, ψ′) is a subgraph of G = (V,E, ψ)

such that E ′ = {e ∈ E : ψ(e) = {u, v}, u, v ∈ V ′}, then G′ is the subgraph of G induced

by V ′, and we write G′ = G[V ′].
A (v0, vk)-path (of length k) in a graph G = (V,E) is a sequence v0e1v1e2v2 . . . vk−1ekvk,

where v0, . . . , vk are distinct vertices of G; e1, . . . , ek are edges of G, and ei = vi−1vi for
all i = 1, . . . , k.
A cycle (of length k) in a graph G = (V,E) is a sequence v0e1v1e2v2 . . . vk−1ekvk, where

v0, . . . , vk−1 are distinct vertices of G while vk = v0; e1, . . . , ek are distinct edges of G, and
ei = vi−1vi for all i = 1, . . . , k.
A graph G = (V,E) is said to be connected if for all u, v ∈ V , there exists a (u, v)-path

in G. The distance dist(u, v) between vertices u and v in a connected graph G is the
length of a shortest (u, v)-path in G.
A connected graph with no cycles is called a tree. A rooted tree is a tree with a

distinguished vertex called the root. If T is a rooted tree with root r, and v is any vertex
of T , then the unique (r, v)-path in T de�nes a sense of direction (away from the root).
The vertices of T on this unique (r, v)-path, excluding v, are called the ancestors of v, and
the neighbours of v not on this path are called the children of v. A vertex is a descendant
of v if v is its ancestor. A rooted tree is said to be ordered if the set of children at each
vertex is ordered. If T is a rooted tree and v ∈ V (T ), then the subtree of T rooted at
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v is the subgraph of T induced by the subset of vertices that contains v and all of its
descendants.
A directed graph (shortly digraph) D is an ordered triple (V,A, ψ), where V is a non-

empty �nite set, A is a �nite set disjoint from V , and ψ is a function assigning to each
element of A an ordered pair of elements of V . Sets V and A are the vertex set and arc

set, respectively, of the digraph D, and ψ is its incidence function. The elements of V and
A are called the vertices and arcs of D, respectively. Again, the incidence function may
be omitted if there is no ambiguity, and we write a = (u, v) instead of ψ(a) = (u, v). If
u, v ∈ V are such that (u, v) ∈ A, then u is an in-neighbour of v, and v is an out-neighbour

of u. Distinct arcs a1, a2 ∈ A are said to be parallel if ψ(a1) = ψ(a2).
A subdigraph and vertex-set induced subdigraph of a digraph are de�ned analogously to

graphs.
A directed cycle of length k in a digraphD = (V,A) is a sequence v0a1v1a2v2 . . . vk−1akvk,

where v0, . . . , vk−1 are distinct vertices of D while vk = v0; a1, . . . , ak are arcs of D, and
ai = (vi−1, vi) for all i = 1, . . . , k. A directed cycle of length one corresponds to an arc of
the form (v, v), which is called a directed loop.

2.2. Relations, transitive closure, partial orders, and total orders

A binary relation on a �nite set S is any subset of S × S; that is, a set of ordered pairs
of elements from S. A binary relation R on a set S is said to be re�exive if (a, a) ∈ R

for all a ∈ S; irre�exive if (a, a) ̸∈ R for all a ∈ S; antisymmetric if (a, b), (b, a) ∈ R

implies a = b, for all a, b ∈ S; and transitive if (a, b), (b, c) ∈ R implies (a, c) ∈ R, for all
a, b, c ∈ S. Elements a, b ∈ S are said to be comparable with respect to R if (a, b) ∈ R or
(b, a) ∈ R.
If R and R′ are two binary relations on a set S, and R ⊆ R′, then R′ is said to extend

R.
The transitive closure (re�exive closure, resp.) of a binary relation R on a set S is a

minimal binary relation on the set S that is transitive (re�exive, resp.) and extends R.
A binary relation that is re�exive, antisymmetric, and transitive is called a partial

order. A minimal element in a partial order R on the set S is an element m ∈ S such
that (x,m) ∈ R implies x = m, for all x ∈ S.
If R is a partial order on a set S, and every pair of elements a, b ∈ S are comparable

with respect to R, then R is called a total order. It is well-known that every partial order
has a total order that extends it.
A binary relation R on a set S is equivalent to the digraph (S,R), which has no parallel

arcs; conversely, a digraph with no parallel arcs can be viewed as a binary relation. Hence
the terms de�ned in Section 2.1 for digraphs (for example, directed cycle) apply to binary
relations as well.

3. Ordering questions in a questionnaire

In this section, we describe a procedure for constructing all possible orderings of the
questions in a questionnaire. Such orderings will be �xed; that is, independent from



abstract questionnaires and fs-decision digraphs 55

the responder and independent from the responses to any previous questions. We will,
however, assume that these orderings respect a given precedence relation. In other words,
our input will be a binary relation R on the set of questions ZN such that (a, b) ∈ R

if question a must be asked before question b. Note that we may assume that R is
irre�exive. Our procedure is based on two well-known algorithms: the Roy-Warshall
Algorithm for constructing the transitive closure of a binary relation, and Topological
Sorting for constructing a total order that extends a given partial order.
The following observation will allow us to determine whether the input precedence

relation is admissible (that is, extendible to a total order) or not.

Lemma 3.1. Let R be an irre�exive binary relation on a set S, and R∗ its transitive

closure. Then the following are equivalent.

(i) R has no directed cycles.

(ii) R∗ has no directed loops.

(iii) R∗ has no directed cycles.

(iv) There exists a total order extending R.

Proof. (i) ⇒ (ii): This is obvious.
(ii) ⇒ (iii): This is obvious.
(iii) ⇒ (iv): Assume R∗ has no directed cycles, and let R∗ be the re�exive closure of

R∗. Then R∗ is re�exive by de�nition, and transitive since R∗ is transitive. We claim
R∗ is antisymmetric. Take any a, b ∈ S such that (a, b), (b, a) ∈ R∗. If a ̸= b, then
(a, b), (b, a) ∈ R∗, and by transitivity, we have (a, a) ∈ R∗ � a contradiction since R∗ has
no directed cycles. Hence the implication (a, b), (b, a) ∈ R∗ ⇒ a = b holds for all a, b ∈ S.
We conclude that R∗ is a partial order, and hence there exists a total order T extending

R∗. Since R∗ extends R, we have that T is a total order extending R.
(iv) ⇒ (i): If T is a total order extending R, then T has no directed cycles of length at

least 2, and hence R has no directed cycles of length at least 2. Since R is irre�exive, it
also has no directed cycles of length 1.

Note that in all of our algorithms, (ordered) lists are denoted using square brackets,
and concatenation of lists is denoted with a plus sign; that is, [x1, . . . , xn]+ [y1, . . . , ym] =

[x1, . . . , xn, y1, . . . , ym].

Algorithm 3.2. Constructing all possible orderings of the questions in a questionnaire
procedure Orderings(N,R)
# Input: N is the number of questions, R is an irre�exive binary relation (set of ordered

pairs) on ZN .

# Output: a list T of all possible total orders on ZN that extend R.

R∗ := transitive closure of R # use the Roy-Warshall Algorithm

if R∗ has a directed loop then return None
else # construct the list T of all total orders

R := re�exive closure of R∗

S := ZN # the underlying set
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L := [ ] # current total order

T := [ ]

TotalOrder(S,R, L, T )

return T

procedure TotalOrder(S,R, L, T )

# Input: S is the underlying set, R is a partial order (set of ordered pairs) on S, L is the

current total order we are constructing, T is the list of total orders constructed so far.

# Output: the list T of all possible total orders on S that extend R.

if S = ∅ then T = T + [L] # total order L is complete; add it to list T
else

M := the set of minimal elements of the partial order (S,R)
for m ∈M do

L′ := L+ [m]

S ′ := S − {m}
R′ := R ∩ (S ′ × S ′)

TotalOrder(S ′, R′, L′, T )

4. Representing the �ow of a questionnaire by a graph

In this section, we aim to represent the �ow of a questionnaire by a graph. We shall start
with the well-known decision tree representation, then introduce the FS-decision tree, that
is, a more compact version of the decision tree that also encodes information on special
answer sequences, and �nally describe an FS-decision digraph, a much more compact
graph that nevertheless contains the full information on the questionnaire. Throughout
this section, we shall assume that the order of the questions has been �xed; that is,
question 0 is asked �rst, then question 1, and so on until question N − 1. An additional
question N , with no answers, will represent the end.
Throughout this section, we shall assume that we have an abstract questionnaire Q =

(N,M), and that Ai = Zmi
the set of possible answers to question i. In addition, for all

i ∈ ZN , we de�ne A∗
i = Ai ∪ {∗}. The symbol ∗ will represent all possible answers, and

hence may correspond to a skipped question.

De�nition 4.1. Let k and ℓ be integers, 0 ≤ k ≤ ℓ ≤ N − 1. A (k, ℓ)-answer string for
an abstract questionnaire Q = (N,M) is an element of A∗

k × A∗
k+1 × . . . × A∗

ℓ ; that is, a
string of the form akak+1 . . . aℓ, where ai ∈ A∗

i for all i = k, k + 1, . . . , ℓ.
An answer string for Q is either the empty string, denoted ϵ, or a (k, ℓ)-answer string

for 0 ≤ k ≤ ℓ ≤ N − 1.

The concatenation of strings a and b will be denoted ab. If a is a (k, ℓ)-answer string
and b is an (ℓ + 1, ℓ′)-answer string, for some 0 ≤ k ≤ ℓ < ℓ′ ≤ N − 1, then ab is a
(k, ℓ′)-answer string.
We now formally de�ne a decision tree for an abstract questionnaire Q = (N,M), as
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well as an assignment of questions and answer strings to its vertices.

De�nition 4.2. A decision tree T for the abstract questionnaire Q = (N,M) is an
ordered rooted tree with V (T ) = Zn, where n = 1 +

∑N−1
i=0 m0m1 . . .mi. We de�ne the

edge set of T , together with the question assignment κ : V (T ) → ZN+1 and answer string

assignment α : V (T ) → {ϵ} ∪
⋃N−1

i=0 A0 × A1 × . . .× Ai recursively as follows.
(i) Vertex 0 is the root of T , and κ(0) = 0 and α(0) = ϵ.
(ii) A vertex u with κ(u) = q has mq children if q < N , and has no children if q = N .
(iii) If u is a vertex with κ(u) = q and c is the j-th child of vertex u (for j ∈ Zmq), then

κ(c) = κ(u) + 1 and α(c) = α(u)j.

Observe that a vertex u with κ(u) = q is at distance q from the root, and its answer
string α(u) is a (0, q − 1)-answer string.
The decision tree of an abstract questionnaire is easily constructed using a Breadth-

First-Search algorithm; see Algorithm 4.10 with F = ∅ and S = (∅, . . . , ∅).

4.1. FS-decision trees

In this section, we shall upgrade our decision tree for an abstract questionnaire in two
ways. First, we are going to skip all unnecessary vertices; these are vertices corresponding
to answer strings that we do not want to be included in the questionnaire. Second, we
are going to �ag all those vertices whose answer strings are of special interest (possibly
contradictory, but should not be excluded). The latter feature, of course, has no e�ect
on the structure of the tree. We call the resulting tree an FS-decision tree of the abstract
questionnaire.
To that end, we make two additional assumptions on the input. First, we assume that

we have, for each question q ≥ 1, a set Sq of (0, q− 1)-answer strings. The answer strings
in Sq represent sequences of answers to questions 0 to q − 1 for which question q should
be skipped. The list (S0, S1, . . . , SN) will be called a skip-list (see De�nition 4.4 below).
Second, we assume that we are given a set of answer strings that are of special interest
(contradictory or in any other way signi�cant so that we wish to keep track of them); we
call this set a �ag-set (see De�nition 4.3 below). We will then �ag every vertex of the
tree whose answer string is of special interest. The restrictions imposed on a skip-list in
De�nition 4.4 will ensure that an FS-decision tree has a unique skip-list, and the additional
assumption of compatibility that we impose on a �ag-set later on (see De�nition 4.8) will
guarantee uniqueness of the �ag-set. Both of these properties will consequently improve
the e�ciency of our algorithm for constructing an FS-decision digraph in Section 4.2.
We formally de�ne a �ag-set and a skip-list as follows.

De�nition 4.3. A �ag-set for the abstract questionnaire Q = (N,M) is a set F of
(0, N − 1)-answer strings. A (0, k)-answer string a0 . . . ak of Q is said to be �agged with
respect to the �ag-set F if for some i, 0 ≤ i ≤ k, the (0, N−1)-answer string a0 . . . ai∗. . . ∗
is in F .
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De�nition 4.4. A skip-list for the abstract questionnaire Q = (N,M) is an (N+1)-tuple
S = (S0, S1, . . . , SN) such that the following hold.
(i) S0 = ∅ = SN .
(ii) For each q, 1 ≤ q ≤ N , we have that Sq is a set of (0, q − 1)-answer strings.
(iii) For each q, 1 ≤ q ≤ N , and each (0, q − 1)-answer string a:
• if a ∈ Sq, then for all j ∈ Amq , we have that aj ̸∈ Sq+1 and for all b ∈ A∗

mq+1
×. . .×A∗

mk
,

q + 1 ≤ k ≤ N − 1, the (0, k)-answer string ajb is not in Sk+1; and
• if a ̸∈ Sq, then a∗ ̸∈ Sq+1 and for all b ∈ A∗

mq+1
× . . .× A∗

mk
, q + 1 ≤ k ≤ N − 1, the

(0, k)-answer string a ∗ b is not in Sk+1.

Note that Requirement (iii) in De�nition 4.4 will ensure that the set Sq contains pre-
cisely those (0, q − 1)-answer strings that correspond to the skipped vertices of the FS-
decision tree (see De�nition 4.5 below).
We are now ready to de�ne an FS-decision tree.

De�nition 4.5. An FS-decision tree T for the abstract questionnaire Q = (N,M) with
a �ag-set F and skip-list S = (S0, . . . , SN) is an ordered rooted tree with V (T ) = Zn, for
some integer n ≤ 1 +

∑N−1
i=0 m0m1 . . .mi. We de�ne the edge set of T , together with the

(i) subset U of skipped vertices,
(ii) question assignment κ : V (T ) → ZN+1 and
(iii) answer string assignment α : V (T ) → {ϵ} ∪

⋃N−1
i=0 A∗

0 × A∗
1 × . . .× A∗

i

recursively as follows.
(i) Vertex 0 is the root, κ(0) = 0 and α(0) = ϵ.
(ii) If u is a vertex with κ(u) = q ≤ N , then u ∈ U if and only if α(u) ∈ Sq. (iii) If u is

a vertex with κ(u) = q < N , then
• if u ∈ U , then u has exactly one child, say c, and κ(c) = q + 1 and α(c) = α(u)∗;
• if u ̸∈ U , then u has exactly mq children, and for each j ∈ Aq, the j-th child, say c,

satis�es κ(c) = q + 1 and α(c) = α(u)j.
(iii) A vertex u with κ(u) = N has no children.
In addition, we de�ne the �ag function φ : V (T ) → Z2 as follows: for all v ∈ V (T ),

we have φ(v) = 1 (and we say that v is �agged with respect to F ) if and only if α(v) is
�agged with respect to F .

From the above de�nition, it is clear that the skip-list of an abstract questionnaire
Q = (N,M) uniquely de�nes its FS-decision tree.
In Lemma 4.7 below, we show the converse to this statement: namely, that each FS-

decision tree arises from a unique skip-list. In the proof, we shall use the following lemma.

Lemma 4.6. Let Q = (N,M) be an abstract questionnaire with a skip-list S = (S0, . . . , SN),

and T its FS-decision tree with answer string assignment α. For 0 ≤ k ≤ N−1, let a be a

(0, k)-answer string such that a ∈ Sk+1. Then there exists u ∈ V (T ) such that α(u) = a.

Proof. Let a = a0 . . . ak, and let i, for 0 ≤ i ≤ k, be the largest index such that there
exists v ∈ V (T ) with α(v) = a0 . . . ai. Suppose i < k. Then there is no vertex in T with
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answer string a0 . . . aiai+1. Suppose �rst that ai+1 ̸= ∗. Then, by De�nition 4.5, we know
that v ∈ U and α(v) ∈ Si+1, and by requirement (iii) of De�nition 4.4, we have that
a = α(v)ai+1 . . . ak ̸∈ Sk+1, which is a contradiction. Hence ai+1 = ∗, and since there is
no vertex in T with answer string a0 . . . aiai+1, De�nition 4.5 tells us that v ̸∈ U . Hence
α(v) ̸∈ Si+1, and it follows that a = α(v) ∗ ai+2 . . . ak ̸∈ Sk+1, again a contradiction.
We conclude that i = k, and hence there exists u ∈ V (T ) such that α(u) = a.

Lemma 4.7. Let Q = (N,M) be an abstract questionnaire with a skip-list S = (S0, . . . , SN),

and T its FS-decision tree. If T is also an FS-decision tree for Q with skip-list S ′ =

(S ′
0, . . . , S

′
N), then S = S ′.

Proof. Let U , κ, and α be the set of skipped vertices, question assignment, and answer
string assignment, respectively, for the FS-decision tree T . Observe that, by De�nition 4.5,
a vertex v ∈ V (T ) is in U if and only if α(v) ∈ Sκ(v)+1, and also if and only if α(v) ∈ S ′

κ(v)+1.
Clearly, S0 = S ′

0 and SN = S ′
N by de�nition. We show that Sk+1 = S ′

k+1 for all
k = 0, . . . , N − 2. Take any k ∈ {0, . . . , N − 2}, and suppose S ′

k+1 ̸= Sk+1. Then, without
loss of generality, there exists a (0, k)-answer string a = a0 . . . ak such that a ∈ S ′

k+1−Sk+1.
Since a ∈ S ′

k+1, by Lemma 4.6, there is a vertex u ∈ V (T ) such that α(u) = a. However,
by the �rst observation of this proof, we know u ∈ U , and hence a ∈ Sk+1, a contradiction.
We conclude that S ′

k+1 = Sk+1.

From De�nition 4.5, it is also clear that the �ag function of an S-decision tree is uniquely
determined by the �ag-set. For the converse to hold, an additional condition on the �ag-
set � namely, compatibility with the skip-list, to be de�ned below � is required.

De�nition 4.8. Let F be a �ag-set of an abstract questionnaire Q = (N,M) with skip-
list S = (S0, . . . , SN). Then F is said to be compatible with S if for each f ∈ F there
exists ℓ ∈ {0, . . . , N − 1} such that the following hold:
(i) f = f0 . . . fℓ ∗ . . . ∗;
(ii) for all i ∈ {0, . . . , ℓ}, we have

f0 . . . fi−1 ∈ Si ⇐⇒ fi = ∗;

(iii) if fℓ ̸= ∗, then for some j ∈ Aℓ, the (0, N − 1)-answer string f0 . . . fℓ−1j ∗ . . . ∗ is
not in F ; and
(iv) for all i ∈ {0, . . . , ℓ− 1}, we have that the (0, N − 1)-answer string f0 . . . fi ∗ . . . ∗

is not in F .

Note that for i = 0, Statement (ii) says that ϵ ∈ S0 ⇐⇒ f0 = ∗, in other words, that
f0 ̸= ∗.
The following lemma will explain the signi�cance of the parameter ℓ in De�nition 4.8.

Lemma 4.9. Let F be a �ag-set and S = (S0, . . . , SN) a skip-list of an abstract question-

naire Q = (N,M), and assume that F is compatible with S. Take any (0, N − 1)-answer
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string f0 . . . fℓ ∗ . . . ∗ ∈ F , where ℓ satis�es the conditions in De�nition 4.8. Then the

following hold.

(a) For all i ∈ {0, . . . , ℓ}, there exists v ∈ V (T ) such that α(v) = f0 . . . fi.

(b) Let v ∈ V (T ) be such that α(v) = f0 . . . fℓ. Then v is �agged, every descendant of

v is �agged, and every ancestor of v is not �agged.

Proof. (a) We prove this statement by induction on i. Since ϵ ̸∈ S0, by De�nition 4.5,
the root vertex has m0 children, with answer strings 0, . . . ,m0 − 1. Furthermore, by
De�nition 4.8, we know that f0 ̸= ∗. Hence indeed, there is a vertex with answer string
f0.
Suppose the claim holds for some i, 0 ≤ i < ℓ. Let v ∈ V (T ) be such that α(v) =

f0 . . . fi. By De�nition 4.5, if f0 . . . fi ∈ Si+1, then v has a child with answer string
f0 . . . fi∗, and by De�nition 4.8, we know that fi+1 = ∗. If, however, f0 . . . fi ̸∈ Si+1, then
by De�nition 4.5, vertex v has a child with answer string f0 . . . fij for all j ∈ Ai+1, and
by De�nition 4.8, we know that fi+1 ̸= ∗. In both cases, we conclude that v has a child
with answer string f0 . . . fifi+1.
The claim then follows by induction.
(b) Note that v exists by Statement (a). Let u be any ancestor of v. Then α(u) =

f0 . . . fi for some i < ℓ, and by De�nition 4.8, we know that the (0, N − 1)-answer string
f0 . . . fj ∗ . . . ∗ is not in F for all j < ℓ. Hence by De�nition 4.3, vertex u is not �agged.
Let u be a vertex of T that is either v itself or a descendant of v. Then α(u) =

f0 . . . fℓfℓ+1 . . . fk for some k, ℓ ≤ k ≤ N − 1, and fℓ+1 . . . fk ∈ A∗
ℓ+1 × . . .× A∗

k. Then by
De�nition 4.3, since f0 . . . fℓ ∗ . . . ∗ ∈ F , we know that u is �agged.

We are now ready to outline our algorithm for constructing an FS-decision tree of a an
abstract questionnaire.

Algorithm 4.10. Constructing an FS-decision tree of an abstract questionnaire
procedure FS-tree(N,M, F,S)
# Input: abstract questionnaire (N,M) with �ag-set F and skip-list S = (S0, . . . , SN).

# Output: FS-decision tree T for (N,M) with the subset of skipped vertices U , question

assignment κ, answer string assignment α, and �ag function φ.

# The vertices of T are labelled 0, 1, 2, . . ..

# Out(u) is the list of children of vertex u.

U := ∅
κ(0) := 0

α(0) := ϵ

φ(0) := 0

L := [0] # BFS queue of unprocessed vertices

c := 0 # last vertex label used

while L ̸= [ ] do

u := �rst vertex in L
remove u from L

q := κ(u)
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Out(u) := [ ]

if q < N then

if u ∈ U then A = {∗}
else A = Zmq

for all aq ∈ A do

c := c+ 1

κ(c) = q + 1

α(c) = α(u)aq
Out(u) :=Out(u) + [c]

if α(c) ∈ Sκ(c) then U := U ∪ {c} # c is a skipped vertex

if �agged(α(c), F ) = 1 then φ(c) := 1

else φ(c) := 0

L := L+ [c]

return c, Out, U , κ, α, φ # V (T ) = {0, 1, . . . , c}

procedure �agged(a0 . . . ak, F )
# Input: a (0, k)-answer string a0 . . . ak, �ag-set F .

# Output: 1 if a0 . . . ak is �agged; 0 otherwise.

Ans:= 0

for i := 0 to k

if the (0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F

then

Ans:= 1

break

return Ans

4.2. FS-decision digraphs

It may happen � and very frequently it does � that one subtree of an FS-decision tree
looks just like another subtree, except for the initial substring of all corresponding answer
strings. In this case, it is advantageous to merge these two subtrees and thus reduce the
size of the graph. There are two things to be careful about. First, we do not wish to lose
any information; to that end, we replace the answer string of each vertex with the set of
answer strings of all vertices it represents. Second, the resulting graph will no longer be
a tree. However, if we imagine our FS-decision tree as a digraph with all edges directed
away from the root, then our merged graph retains this sense of direction away from the
root; even though it may not be acyclic, it does not have any directed cycles. (In fact,
every cycle decomposes into two paths of the same length directed in opposite ways.)
This sense of direction is, of course, the �ow of the questionnaire.

4.2.1. Vertex equivalence and FS-decision digraphs. The following de�nition will make
the idea of similar subtrees precise.

De�nition 4.11. Let Q = (N,M) be an abstract questionnaire with �ag-set F and skip-
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list S, and let T be the FS-decision tree for Q, with question assignment κ and answer
string assignment α. Let v and w be two vertices of T , and Tv and Tw the subtrees of T
rooted at v and w, respectively. Furthermore, assume κ(v) = κ(w) = k.
Then vertices v and w are said to be equivalent in T if there exists a bijection Φ :

V (Tv) → V (Tw) such that for each u ∈ V (Tv),
(a) if α(u) = α(v)x, where x = ϵ or x is a (k, κ(u)− 1)-answer string, then α(Φ(u)) =

α(w)x; and
(b) α(u) is �agged ⇐⇒ α(Φ(u)) is �agged.

The following properties of the mapping Φ from De�nition 4.11 are easy to see.

Lemma 4.12. Let Q = (N,M) be an abstract questionnaire with �ag-set F and skip-list

S, and let T be the FS-decision tree for Q, with the set of skipped vertices U , question

assignment κ, and answer string assignment α. Let v and w be two vertices of T , and Tv
and Tw the subtrees of T rooted at v and w, respectively. Furthermore, let κ(v) = κ(w) =

k, and let Φ : V (Tv) → V (Tw) be a bijection satisfying Property (a) from De�nition 4.11.

Then:

(i) Φ(v) = w;

(ii) for all u ∈ V (Tv), we have κ(Φ(u)) = κ(u);

(iii) Φ is unique;

(iv) Φ is an isomorphism from Tv to Tw; and

(v) for all u ∈ V (Tv), if mκ(u) ≥ 2, then u ∈ U if and only if Φ(u) ∈ U .

Proof. (i) Since T has a unique vertex with answer string α(w), this statement follows
from Property (a) in De�nition 4.11, with x = ϵ.
(ii) Let u ∈ V (Tv). Since, by assumption, κ(v) = κ(w), by Property (a), the answer

strings of u and Φ(u) are of the same length. Hence κ(u) = κ(Φ(u)).
(iii) Since no two distinct vertices in an FS-decision tree have the same answer string,

this statement follows directly from Property (a).
(iv) By (i) and Property (a), the bijection Φ maps v to w, and for any u ∈ V (Tv), it

maps the children of vertex u to the children of vertex Φ(u). Hence Φ is an isomorphism
from Tv to Tw.
(v) Take any u ∈ V (Tv), let ℓ = κ(u), and assume mℓ ≥ 2. If u ∈ U , then α(u) ∈ Sℓ

and ℓ ≤ N − 1. By De�nition 4.5, vertex u has exactly one child, and since Φ is an
isomorphism from Tv to Tw that maps the root of Tv to the root of Tw, it also maps the
children of u to the children of Φ(u). It follows that Φ(u) has exactly one child, and since
κ(Φ(u)) = ℓ and mℓ ≥ 2, it follows that Φ(u) ∈ U .
Since Φ−1 is an isomorphism from Tw to Tv that satis�es Property (a) from De�ni-

tion 4.11, the converse follows by symmetry.

In other words, vertices v and w of an FS-decision tree are equivalent if there exists an
isomorphism from Tv to Tw that preserves the �agging property as well as preserves each
answer string minus the initial substring α(v).
A digraph resulting from merging some of the pairs of equivalent vertices will be called
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an FS-decision digraph of the abstract questionnaire; see De�nition 4.16 below. Any
FS-decision digraph is an ordered levelled digraph, in the following sense.

De�nition 4.13. An ordered levelled digraph is a digraph D = (V,A) together with
(a) an ordering of the set of out-neighbours of each vertex, and
(b) a level function κ : V → N assigning to each vertex v its level κ(v) so that
(i) there exists at least one vertex v such that κ(v) = 0, and
(ii) if (v, u) ∈ A, then κ(u) = κ(v) + 1.

Note that an ordered rooted tree can be viewed as an ordered levelled digraph with κ
being the distance from the root, all arcs being directed away from the root, and each set
of out-neighbours ordered as the corresponding set of children in the tree. The analogue
of a subtree rooted at a vertex v in a rooted tree is the subdigraph rooted at v, de�ned
below. It is easy to see that, as stated in the subsequent lemma, a subdigraph rooted at
v of an ordered levelled digraph is itself an ordered levelled digraph.

De�nition 4.14. Let D = (V,A) be an ordered levelled digraph with level function κ,

and v ∈ V . The subdigraph of D rooted at v is the induced digraph Dv = D[V ′] where

V ′ = {u ∈ V : there exists a directed (v, u)− path in D}.

Lemma 4.15. Let D = (V,A) be an ordered levelled digraph with level function κ, and

v ∈ V . Using the same ordering of the set of out-neighbours at each vertex, the subdigraph

of D rooted at v is an ordered levelled digraph with level function κv = κ− κ(v).

We are now ready to de�ne an FS-decision digraph of an abstract questionnaire. Note
that the arc set of an ordered levelled digraph, as well as the ordering of the out-neighbours
of each vertex, is fully de�ned by giving an (ordered) list of out-neighbours, to be denoted
Out(v), for each vertex v. Note that Out(v) may contain repeated elements.

De�nition 4.16. Let Q = (N,M) be an abstract questionnaire with �ag-set F and skip-
list S, and let T be the FS-decision tree for Q, with set of skipped vertices U , question
assignment κ, answer string assignment α, and �ag function φ.
The FS-decision digraph DT corresponding to T is the orientation of T with all arcs

directed away from the root. More precisely, DT is an ordered levelled digraph with level
function κ, and the ordering of the set of out-neighbours of each vertex inherited from T .
The answer-string assignment A for DT is de�ned as A(v) = {α(v)} for all v ∈ V (T ).
The set of skipped vertices and �ag function are inherited from T .
An FS-decision digraph for Q is de�ned recursively as follows: it is either the FS-

decision digraph DT corresponding to T , or is obtained from any FS-decision digraph D
via the operation merge(v, w), where v and w are vertices of D equivalent in T . The
operation merge(v, w) is de�ned as follows:
(a) delete the subdigraph Dw of D rooted at w;
(b) for each in-neighbour p of w, replace each occurrence of w in Out(p) with v;
(c) for each u ∈ V (Dv), if z is the corresponding vertex in Dw (that is, z = Φ(u)
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where Φ : Tv → Tw is the unique isomorphism satisfying De�nition 4.11), then adjoin the
elements of A(z) to A(u);
(e) delete all z ∈ V (Dw) from U ;
(f) restrict κ and φ to V (D)− V (Dw).
An FS-decision digraph for Q is said to be fully reduced if it contains no pair of distinct

vertices that are equivalent in T .

In other words, DT is the FS-decision digraph obtained from T in the obvious way, that
is, by orienting each edge away from the root. Any other FS-decision digraph is obtained
from DT via a sequence of operations whereby the subdigraphs rooted at two equivalent
vertices are merged while preserving all information encoded by the FS-decision tree.
Recall that the list of out-neighbours of a vertex in an FS-decision digraph may contain
repeated elements; in other words, an FS-decision digraph may contain parallel arcs.
Figure 1 shows, for an example of a binary questionnaire Q, its FS-decision tree T and

the FS-decision digraph corresponding to T (both represented by the tree on top), an
FS-decision digraph for Q that is not fully reduced, and the fully reduced FS-decision
digraph for Q.

2

5 6

1

3

4

7 8

0

Fig. 1. The FS-decision tree T (top) for a binary questionnaire Q. If we imagine all edges directed

downwards, this �gure also represents the FS-decision digraph DT corresponding to T . Bottom left: an

FS-decision digraph D′ for Q that is not fully reduced. Bottom right: the fully reduced FS-decision

digraph D′′ for Q . All edges are directed downwards, out-neighbours are ordered from left to right, and

�agged and un�agged vertices are coloured white and black, respectively. Vertices in D′′ are labelled in

the order created by Algorithm 4.19.

Furthermore, Figures 2, 3, and 4 give a list of FS-decision trees for all binary question-
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naires with at most 3 questions, and their fully reduced FS-decision digraphs.

FS-decision tree
Fully reduced 
FS-decision digraph FS-decision tree

Fully reduced 
FS-decision digraph

Fig. 2. FS-decision trees for binary questionnaires with at most two questions, and the corresponding

fully reduced FS-decision digraphs. All edges are directed downwards, out-neighbours are ordered from

left to right, and �agged and un�agged vertices are coloured white and black, respectively.

FS-decision tree
Fully reduced 
FS-decision digraph FS-decision tree

Fully reduced 
FS-decision digraph

Fig. 3. FS-decision trees for binary questionnaires with three questions, and the corresponding fully

reduced FS-decision digraphs. All edges are directed downwards, out-neighbours are ordered from left

to right, and �agged and un�agged vertices are coloured white and black, respectively. Continued in

Figure 4.
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FS-decision tree
Fully reduced 
FS-decision digraph FS-decision tree

Fully reduced 
FS-decision digraph

Fig. 4. FS-decision trees for binary questionnaires with three questions, and the corresponding fully

reduced FS-decision digraphs. All edges are directed downwards, out-neighbours are ordered from left

to right, and �agged and un�agged vertices are coloured white and black, respectively. Continued from

Figure 3.

The obvious way to construct an FS-decision digraph would be as follows. First, con-
struct the FS-decision tree, then establish equivalence between all (relevant) pairs of
vertices. Finally, perform a sequence of merges until no more pairs of equivalent vertices
remain. In order to save time and space, however, instead of constructing the FS-decision
tree �rst, we will directly construct the FS-decision digraph that would result from merg-
ing all pairs of equivalent vertices; that is, we will be able to recognize such pairs of vertices
without �rst constructing the subtrees rooted at them. We will then prove (Theorem 4.18)
that this procedure results in the fully reduced FS-decision digraph.
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4.2.2. Recognizing vertex equivalence. We shall now discuss how to determine whether
two vertices in an FS-decision tree are equivalent. We would like to do this as e�ciently
as possible; that is, without prior construction of the subtrees rooted at the two vertices.
For that purpose, we introduce the concepts of a local �ag-set and local skip-list.

De�nition 4.17. Let k ∈ N, and let a = a0 . . . ak be a (0, k)-answer string of an abstract
questionnaire (N,M) with �ag-set F and skip-list S = (S0, . . . , SN).
(i) The local �ag-set at a is a set F a of (k+1, N − 1)-answer strings de�ned as follows:

if for some i ≤ k, the (0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F , then F a = {∗ . . . ∗};
otherwise,

F a = {b ∈ A∗
k+1 × . . .× A∗

N−1 : ab ∈ F}.

(ii) The local skip-list at a is a list Sa = (Sa
k+1, . . . , S

a
N) such that for each i = k +

1, . . . , N ,
Sa
i = {b ∈ A∗

k+1 × . . .× A∗
i−1 : ab ∈ Si}.

Note that if a ∈ Sk+1, then Sa
k+1 = {ϵ}; otherwise, Sa

k+1 = ∅.

In Theorem 4.18 below, which will be crucial for constructing FS-decision digraphs,
we show that two vertices in an FS-decision tree are equivalent if and only if their local
�ag-sets, as well as their local skip-lists, are identical. However, for this to hold, the
�ag-set of the abstract questionnaire must be compatible with its skip-list, in the sense
of De�nition 4.8.

Theorem 4.18. Let Q = (N,M) be an abstract questionnaire with a �ag-set F and

skip-list S = (S0, . . . , SN). Assume that mq ≥ 2 for all q = 0, . . . , N − 1, and that F

is compatible with S. Let T be the FS-decision tree for Q with question assignment κ

and answer string assignment α, and let v, w ∈ V (T ) be such that κ(v) = κ(w) = k + 1.

Furthermore, let α(v) = a = a0 . . . ak and α(w) = b = b0 . . . bk.

Then v and w are equivalent in T if and only if F a = F b and Sa = Sb.

Proof. (⇒) Assume v and w are equivalent in T . Thus, by Lemma 4.12, there exists an
isomorphism Φ : Tv → Tw satisfying Properties (a) and (b) in De�nition 4.11.
First, we show that F a = F b. Suppose �rst that F a = {∗ . . . ∗}. Then, by De�ni-

tion 4.17, for some i ≤ k, the (0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F . Hence v is
�agged, and since w = Φ(v), so is w. That means that for some j ≤ k, the (0, N − 1)-
answer string b0 . . . bj ∗ . . . ∗ ∈ F , and hence F b = {∗ . . . ∗} = F a.
Hence assume that F a ̸= {∗ . . . ∗}. This means that there is no i ≤ k such that the

(0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F , and consequently, the answer string a0 . . . ak
is not �agged. As a0 . . . ak = α(v) and w = Φ(v), we know that w and α(w) are not
�agged. Hence there is no i ≤ k such that the (0, N −1)-answer string b0 . . . bi ∗ . . . ∗ ∈ F .
Take any ak+1 . . . aN−1 ∈ F a. Then a0 . . . akak+1 . . . aN−1 ∈ F . Let ℓ ∈ {0, . . . N − 1}

be such that a0 . . . aN−1 = a0 . . . aℓ ∗ . . . ∗ and ℓ satis�es the conditions in De�nition 4.8.
Note that, by the above observation, ℓ > k. By Lemma 4.9, there exists a vertex u ∈
V (T ) such that α(u) = a0 . . . aℓ. Clearly u ∈ V (Tv) and u is �agged. Let z = Φ(u).
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Then α(z) = b0 . . . bkak+1 . . . aℓ and z is �agged. Hence for some j ≤ ℓ, the (0, N − 1)-
answer string b0 . . . bkak+1 . . . aj ∗ . . . ∗ ∈ F . Note that by the conclusion of the previous
paragraph, we indeed have j ≥ k + 1. By Lemma 4.9, there exists a vertex z′ ∈ V (T )

such that α(z′) = b0 . . . bkak+1 . . . aj, and necessarily z′ ∈ V (Tw). Let u′ = Φ−1(z′). Then
α(u′) = a0 . . . akak+1 . . . aj, and since z′ is �agged, so is u′. But then the (0, N−1)-answer
string a0 . . . akak+1 . . . ai ∗ . . . ∗ ∈ F for some k + 1 ≤ i ≤ j, and by De�nition 4.8(iv), we
must have i ≥ ℓ. Since j ≤ ℓ, we can see that i = j = ℓ.
It follows that the (0, N − 1)-answer string b0 . . . bkak+1 . . . aℓ ∗ . . . ∗ ∈ F , and hence

the (k + 1, N − 1)-answer string ak+1 . . . aℓ ∗ . . . ∗ ∈ F b. Hence ak+1 . . . aN−1 ∈ F b. By
symmetry, we conclude that F a = F b.
Next, we show that Sa = Sb. If Sa

k+1 = ∅, then a ̸∈ Sk+1 and hence v ̸∈ U . By
Lemma 4.12(v) we have that w ̸∈ U , and hence b ̸∈ Sk+1 and Sb

k+1 = ∅. By symmetry, we
conclude that Sa

k+1 = Sb
k+1. Now let i ∈ {k+1, . . . , N−1}, and take any ak+1 . . . ai−1 ∈ Sa

i .
Then a0 . . . akak+1 . . . ai−1 ∈ Si, and by Lemma 4.6, there exists a vertex u ∈ V (T )

such that α(u) = a0 . . . akak+1 . . . ai−1. Note that u ∈ V (Tv). Let z = Φ(u). Then
α(z) = b0 . . . bkak+1 . . . ai−1. Since α(u) ∈ Si, we know that u ∈ U and u has a single
child. Hence z has a single child, and since mi ≥ 2, we have z ∈ U . It follows that
α(z) ∈ Si, and hence ak+1 . . . ai−1 ∈ Sb

i . Using symmetry, we obtain Sa
i = Sb

i , and thus
conclude that Sa = Sb.
(⇐) Assume F a = F b and Sa = Sb. De�ne a function

Θ : {a} ∪

(
{a} ×

N−1⋃
i=k+1

A∗
k+1 × . . .× A∗

i

)
→ {b} ∪

(
{b} ×

N−1⋃
i=k+1

A∗
k+1 × . . .× A∗

i

)
,

as follows: Θ(a) = b and

Θ(aak+1 . . . ai) = bak+1 . . . ai for all ak+1 . . . ai ∈ A∗
k+1 × . . .× A∗

i , k + 1 ≤ i ≤ N − 1.

We show that Θ induces a bijection from V (Tv) to V (Tw).
Take any u ∈ V (Tv). If u = v, then α(u) = a and α(w) = b = Θ(a) = Θ(α(u)) by

the de�nition of Θ. Otherwise, α(u) = aak+1 . . . aℓ for some ak+1 . . . aℓ ∈ A∗
k+1 × . . .×A∗

ℓ ,
k + 1 ≤ ℓ ≤ N − 1. Let i ≤ ℓ be the largest index such that there exists a vertex
z′ ∈ V (T ) with α(z′) = bak+1 . . . ai. Clearly, i ≥ k, and suppose that i < ℓ. Let
u′, u′′ ∈ V (Tv) be such that α(u′) = aak+1 . . . ai and α(u′′) = aak+1 . . . aiai+1. Note that
ai+1 = ∗ if and only if u′ ∈ U , that is, if and only if α(u′) ∈ Si+1, that is, if and only if
ak+1 . . . ai ∈ Sa

i+1. However, since there is no vertex z′′ with α(z′′) = bak+1 . . . aiai+1, we
have that ai+1 = ∗ if and only if z′ ̸∈ U , that is, if and only if α(z′) ̸∈ Si+1, that is, if
and only if ak+1 . . . ai ̸∈ Sb

i+1. Since Sa
i+1 = Sb

i+1, we have a contradiction. Hence i = ℓ,
which means that there exists a vertex z ∈ V (T ) such that α(z) = Θ(α(u)). Note that
necessarily z ∈ V (Tw).
By symmetry, we conclude that Θ induces a bijection Φ : V (Tv) → V (Tw) that satis�es

Requirement (a) from De�nition 4.11. It remains to show that every u ∈ V (Tv) is �agged
if and only if Φ(u) is �agged.
Take any u ∈ V (Tv), and assume u is �agged. First suppose u = v. Then there is an

index i, 0 ≤ i ≤ k, such that the (0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F . It follows
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that F a = {∗ . . . ∗}, and hence F b = {∗ . . . ∗}. Consequently, for some j, 0 ≤ j ≤ k,
we have that the (0, N − 1)-answer string b0 . . . bj ∗ . . . ∗ ∈ F , which implies that Φ(u) is
�agged.
Hence assume u ̸= v, and so α(u) = aak+1 . . . aℓ for some ak+1 . . . aℓ ∈ A∗

k+1 × . . .×A∗
ℓ ,

k + 1 ≤ ℓ ≤ N − 1. Since u is �agged, for some i, 0 ≤ i ≤ ℓ, we have that the
(0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F . If i ≤ k, then it follows that F a = {∗ . . . ∗},
and hence F b = {∗ . . . ∗}. Consequently, for some j ≤ k, the (0, N − 1)-answer string
b0 . . . bj ∗ . . . ∗ ∈ F , and it follows that Φ(u) is �agged.
Hence assume i ≥ k + 1. Since the (0, N − 1)-answer string a0 . . . ai ∗ . . . ∗ ∈ F , we

have that the (k + 1, N − 1)-answer string ak+1 . . . ai ∗ . . . ∗ is in F a, and so also in F b.
Therefore bak+1 . . . ai ∗ . . . ∗ ∈ F , which implies that Φ(u) is �agged.
By symmetry, we obtain that Requirement (b) in De�nition 4.11 holds for Φ as well.

Therefore, vertices v and w are equivalent in T .

4.2.3. Constructing a fully reduced FS-decision digraph. Theorem 4.18 will now be used
to construct a fully reduced FS-decision digraph without prior construction of the FS-
decision tree, thereby saving time and space.
This FS-decision digraph will be constructed in a BFS order, analogously to the con-

struction of the FS-decision tree T in Algorithm 4.10. When a vertex u is processed, its
out-neighbours (children in T ) are examined in order. If a potential child c is equivalent
to an earlier vertex, say w, then c is absorbed into w, the answer string for c is adjoined to
the set of answer strings for w, and w is appended to the list of out-neighbours of vertex
u. Otherwise, c is created as a new vertex and is placed in the queue to be processed
later.
This algorithm is detailed below as Algorithm 4.19. Note that procedure �agged can

be found in Algorithm 4.10.

Algorithm 4.19. Constructing a fully reduced FS-decision digraph of an abstract ques-
tionnaire
procedure FS-digraph(N,M, F,S)
# Input: abstract questionnaire (N,M) with �ag-set F , compatible with the skip-list S.
# Output: a fully reduced FS-decision digraph D for (N,M) with the subset of skipped

vertices U , question assignment κ, answer string assignment A, and �ag function φ.

# The vertices of D are labelled 0, 1, 2, . . ..

# Out(u) is the (ordered) list of out-neighbours of vertex u.

κ(0) := 0

A(0) := {ϵ}
φ(0) := 0

L := [0] # BFS queue of unprocessed vertices

c := 0 # last vertex label used

for all k ∈ ZN+1 do �rst(k) := −1 # the label of the �rst vertex with question

k

�rst(0) := 0
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while L ̸= [ ] do

u := �rst vertex in L
remove u from L

q := κ(u)

Out(u) := [ ]

if q < N then

if u ∈ U then A = {∗}
else A = Zmq

for all aq ∈ A do

c := c+ 1 # create a potential new vertex

new:= True
κ(c) = q + 1

A(c) := {baq : b ∈ A(u)} # the set of answer strings for vertex

c

if �rst(q + 1) ̸= −1

then

if ∃w ∈ {�rst(q + 1), . . . , c− 1} such that equiv(c, w) = 1

then

# merge vertex c with vertex w

new:= False
A(w) := A(w) ∪ A(c)

c := c− 1

Out(u) :=Out(u) + [w]

else �rst(q + 1) := c

if new then

a := the �rst element of A(c)

if a ∈ Sq+1 then U := U ∪ {c} # c is a skipped vertex

if �agged(a, F ) = 1 then φ(c) := 1

else φ(c) := 0

Out(u) :=Out(u) + [c]

L := L+ [c]

return c, Out, U , κ, A, φ

procedure equiv(v, w)
# Input: vertices v and w of an FS-decision tree T .

# The abstract questionnaire (N,M), its skip-list S, and a compatible �ag-set F are

considered global variables.

# Output: 1 if v and w are equivalent in T , and 0 otherwise.

Ans:= 0

if κ(v) = κ(w)

then

k = κ(v)− 1

a := α(v)
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b := α(w)

t := the (k + 1, N − 1)-answer string ∗ . . . ∗
if �agged(a, F ) = 1 then F a := {t}
else F a := {d ∈ A∗

k+1 × . . .× A∗
N−1 : ad ∈ F}

if �agged(b, F ) = 1 then F b := {t}
else F b := {d ∈ A∗

k+1 × . . .× A∗
N−1 : bd ∈ F}

if F a = F b

then

if a ∈ Sk+1 then Sa
k+1 := {ϵ}

else Sa
k+1 := { }

if b ∈ Sk+1 then Sb
k+1 := {ϵ}

else Sb
k+1 := { }

i := k + 1

while Sa
i = Sb

i and i < N − 1 do

i := i+ 1

Sa
i := {d ∈ A∗

k+1 × . . .× A∗
i−1 : ad ∈ Si}

Sb
i := {d ∈ A∗

k+1 × . . .× A∗
i−1 : bd ∈ Si}

if Sa
i = Sb

i then Ans:= 1

return Ans

4.3. Generating a skip-list and a compatible �ag-set

In this section, we explain how a questionnaire designer can generate a skip-list and a
compatible �ag-set for a given questionnaire, starting from an intuitively constructed
�pre-skip-list� and �pre-�ag-set�. First, we need a concept of a generalized answer string
(De�nition 4.21 below).
As before, we assume that we have an abstract questionnaire Q = (N,M), and that

Ai = Zmi
is the set of possible answers to question i. In addition, for all i ∈ ZN , we de�ne

A⋄
i = Ai ∪ {⋄}. We think of the symbol ⋄ as representing �anything�. (Note that ⋄ has a

similar meaning as ∗, but without the restrictions imposed by De�nitions 4.4 and 4.8.)

De�nition 4.20. Let k and ℓ be integers, 0 ≤ k ≤ ℓ ≤ N−1. A generalized (k, ℓ)-answer

string for an abstract questionnaire Q = (N,M) is an element of A⋄
k × A⋄

k+1 × . . .× A⋄
ℓ ;

that is, a string of the form akak+1 . . . aℓ, where ai ∈ A⋄
i for all i = k, k + 1, . . . , ℓ.

A generalized (k, ℓ)-answer string akak+1 . . . ai−1⋄ ai+1 . . . aℓ can be thought of as repre-
senting all (k, ℓ)-answer strings of the form akak+1 . . . ai−1xai+1 . . . aℓ, for x ∈ Ai.
We next explain what we mean by a pre-skip-list.

De�nition 4.21. A pre-skip-list for the abstract questionnaire Q = (N,M) is an (N+1)-
tuple P = (P0, P1, . . . , PN) such that the following hold.
(i) P0 = ∅ = PN .
(ii) For each q, 0 ≤ q ≤ N , we have that Pq is a set of generalized (0, q − 1)-answer

strings.
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For each q, we think of the set Pq as containing all (0, q − 1)-answer strings that
necessitate the skipping of question q. However, to simplify the work of the questionnaire
designer, these answer strings can be provided in the form of generalized answer strings,
whereby only the relevant answers are speci�ed, and all irrelevant answers are replaced
by the symbol ⋄. For example, if we have an abstract questionnaire Q = (N,M) with
N = 5 and M = (2, 2, 3, 2, 3), and we wish question 4 to be skipped when the answers to
questions 0 and 2 are 1 and 0, respectively, then we set P4 = {1⋄0⋄}, which represents
the set of answer strings {1a10a3 : ai ∈ Ai, i = 1, 3}.
We next describe a procedure that converts a pre-skip-list to a skip-list that provides

equivalent information but satis�es the requirements of De�nition 4.4, so it can be used in
our main algorithms. Intuitively speaking, for each q = 0, . . . , N , each generalized answer
string in Sq must be expanded into a corresponding set of answer strings that also satis�es
Condition (iii) in De�nition 4.4; that is, this set must contain only those corresponding
answer strings that represent actual vertices of the FS-decision tree.

Algorithm 4.22. Constructing a skip-list of an abstract questionnaire from a pre-skip-
list
procedure skip-list(N,M,P)

# Input: abstract questionnaire (N,M) with a pre-skip-list P.

# Output: skip-list S.
S0 := ∅
SN := ∅
S1 := P1 # we may assume ⋄ ̸∈ P1

for q := 2 to N − 1

Sq := ∅
for all p0 . . . pq−1 ∈ Pq do

if p0 = ⋄ then S := A0

else S := {p0} # S contains answer strings arising from the gener-

alized answer string p0 . . . pq−1; at step i, it contains (0, i− 1)-answer strings

for i := 1 to q − 1 do

if pi = ⋄ then
S ′ := {tsi : t ∈ S − Si, si ∈ Ai} ∪ {t∗ : t ∈ S ∩ Si}

else S ′ := {tpi : t ∈ S − Si}
S := S ′

Sq := Sq ∪ S
return S = (S0, . . . , SN)

Next, we turn our attention to �ag-sets. First we need the concept of a pre-�ag-set,
which we de�ne as follows.

De�nition 4.23. A pre-�ag-set for the abstract questionnaire Q = (N,M) is a set of
generalized (0, N − 1)-answer strings, usually denoted by P .
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We think of a pre-�ag-set P as containing every (0, N − 1)-answer string that is con-
tradictory or of special interest to the questionnaire designer. Again, for simplicity, the
answer strings in P are given in the form of generalized answer strings. To illustrate,
consider again the example where Q = (N,M) with N = 5 and M = (2, 2, 3, 2, 3). Say
that, if chosen together in a response, the answers 1 and 2 to questions 0 and 2, respec-
tively, and the answers 0 and 1 to questions 3 and 4, respectively, are of special interest.
Then our pre-�ag-set is P = {1⋄2⋄⋄, ⋄⋄⋄01}, and it represents the set of answer strings
{1a12a3a4 : ai ∈ Ai, i = 1, 3, 4} ∪ {a0a1a201 : ai ∈ Ai, i = 0, 1, 2}.
Given a skip-list S and pre-�ag-set P , Algorithm 4.24 below creates a �ag-set F that is

compatible with S, and therefore can be used in our main algorithms. The idea is to ex-
pand each generalized answer string in P into a set of answer strings containing equivalent
information while also satisfying the conditions of compatibility in De�nition 4.8.

Algorithm 4.24. Constructing a compatible �ag-set of an abstract questionnaire from
a pre-�ag-set
procedure �ag-set(N,M,S, P )
# Input: abstract questionnaire (N,M) with skip-list S and pre-�ag-set P .

# Output: �ag-set F .

F := ∅
for all p0 . . . pN−1 ∈ P do

if p0 = ⋄ then G := A0

else G := {p0} # G contains answer strings arising from the generalized

answer string p0 . . . pN−1; at step i, it contains (0, i− 1)-answer strings

for all g ∈ G do

if is-contained(0, g, F ) then G := G− {g}
for i := 1 to N − 1 do

if pi . . . pN−1 = ⋄ . . . ⋄
then

G′ := {g ∗ . . . ∗ : g ∈ G} # G′ is a set of (0, N − 1)-answer

strings

for all g ∈ G′ do

if is-contained(N − 1, g, F ) then G′ := G′ − {g}
G := G′

break # exit the for loop

else

if pi = ⋄ then
G′ := {gai : g ∈ G− Si, ai ∈ Ai} ∪ {g∗ : g ∈ G ∩ Si}

else G′ := {gpi : g ∈ G− Si}
for all g ∈ G′ do

if is-contained(i, g, F ) then G′ := G′ − {g}
G := G′

for all g ∈ G do

for all f ∈ F do
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if replaces(g, f) then F := F − {f}
F := F ∪G

return F

procedure is-contained(k, g, F )
# Input: (0, k)-answer string g and set F of (0, N − 1)-answer strings.

# Output: True if and only if the (0, N − 1)-answer string g ∗ . . . ∗ is in F .

for i := k + 1 to N − 1 do g := g∗
if g ∈ F then return True
else return False

procedure replaces(g, f)
# Input: (0, N − 1)-answer strings g = g0 . . . gN−1 and f = f0 . . . fN−1.

# Output: True i� g = g0 . . . gk ∗ . . . ∗ and f = g0 . . . gℓ ∗ . . . ∗ with k < ℓ.

i := 0

while gi = fi and i < N do i := i+ 1

if i < N and gi . . . gN−1 = ∗ . . . ∗ then return True
else return False

5. Example

In this section, we give an example of a simple concrete questionnaire, and use it to
illustrate the concepts and algorithms presented in this paper.
Consider the following short questionnaire directed at university students taking a

certain course.

0. For your program, this course is

0) compulsory

1) not required

1. Which of the following best describes your reason for taking this course?

0) It seemed interesting

1) I wanted to challenge myself

2) I wanted to boost my GPA

2. What percentage of classes did you attend?

0) 0-25%

1) 26-50%

2) 51-75%

3) 76-100%

3. I think the professor conveys the subject matter e�ectively.

0) agree

1) disagree

4. This course is challenging.

0) agree

1) disagree
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Note that the corresponding abstract questionnaire has N = 5 and M = (2, 3, 4, 2, 2).
First, we shall illustrate the results of Section 3. Suppose that we insist that questions

1 and 2 be asked after question 0, and that questions 4 and 3 be asked after questions 1
and 2, respectively. This gives us the precedence relation R = {(0, 1), (0, 2), (1, 4), (2, 3)}.
Note that R is an irre�exive binary relation with no directed cycles. By Lemma 3.1, there
exists a total order extending R, and we may apply Algorithm 3.2. The resulting output
is

T = [ [0, 1, 2, 3, 4], [0, 1, 2, 4, 3], [0, 1, 4, 2, 3], [0, 2, 1, 3, 4], [0, 2, 1, 4, 3], [0, 2, 3, 1, 4] ];

that is, T is a list of all total orders on Z5 that extend the relation R. Note that for the
remainder of this section, we will be using the default question order [0, 1, 2, 3, 4].
Next, we would like to represent the �ow of our questionnaire with a graph. To illustrate

the work of Section 4, suppose that we would like to impose the following restrictions on
our questionnaire: if a respondent answers with 0 to question 0, they should skip question
1 (no need to ask why they took the course since it was compulsory for them), and if
they answer with 0 to question 2, they should skip question 3 (since they attended very
few classes, their opinion on the professor is not very relevant). Thus our pre-skip-list
is P = (P0, P1, . . . , P5), where P1 = {0}, P3 = {⋄⋄0}, and P0 = P2 = P4 = P5 = ∅.
Applying Algorithm 4.22 gives us the skip list S = (S0, S1, . . . , S5), where S1 = {0},
S3 = {0 ∗ 0, 100, 110, 120}, and S0 = S2 = S4 = S5 = ∅.
We would also like to �ag certain answer strings. It is questionable for someone to take

the course out of interest, then not attend any classes, so we add ⋄00⋄⋄ to the pre-�ag-
set P . We would also like to know more about why someone who wanted to challenge
themselves with this course did not �nd the course challenging; hence, we let ⋄1⋄⋄1 ∈ P .
Lastly, we would like to keep track of those who are required to take the course yet who
have attended very few classes, so we add 0⋄0⋄⋄ to the pre-�ag-set as well. Thus, we have
a pre-�ag-set P = {⋄00⋄⋄, ⋄1⋄ ⋄ 1, 0⋄0⋄⋄}. To create a �ag-set F that is compatible with
the skip-list S, we expand each of the answer strings as outlined in Algorithm 4.24. We
thus obtain

F = {100 ∗ ∗, 110 ∗ 1, 11101, 11111, 11201, 11211, 11301, 11311, 0 ∗ 0 ∗ ∗}.

Finally, we apply Algorithm 4.10 to obtain the FS-decision tree for Q, and Algo-
rithm 4.19 to obtain the fully reduced FS-decision digraph for Q (see Figure 5).

6. Conclusion

In this paper, we introduced FS-decision trees and, more importantly, FS-decision di-
graphs as new models for abstract questionnaires endowed with the additional information
in the form of a skip-list and a �ag-set. We presented algorithms for constructing both
models, as well as for generating suitable input data (a skip-list and a compatible �ag-set)
from the more intuitive pre-skip-list and pre-�ag-set. We also described how to construct
all possible orderings of the questions based solely on an abstract precedence relation.
Our hope is that our models will help questionnaire designers visualize and automatize
their work.
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Fig. 5. The FS-decision tree (top) and the fully reduced FS-decision digraph (bottom) for the example

in Section 5. All edges are directed downwards, out-neighbours are ordered from left to right, and �agged

and un�agged vertices are coloured white and black, respectively. Vertices in the FS-decision digraph are

labelled in the order created by Algorithm 4.19.
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