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ABSTRACT

Let GG be a graph with vertex set I and edge set E such that every edge e € E belongs to at
least one copy of a given subgraph H of G. A bijection f: VUE — {1,2,...,|V|+|E|} is
called an H-supermagic labeling if the sum of labels of all vertices and edges of every copy
of H is equal to the same number p and the vertices are labeled with the first |V integers.
A p-calendula graph Cal,, ) consists of a cycle C),, with p copies of C,, amalgamated to
each edge of C,,,. We generalize a previous result by Pradipta and Salman on 1-calendula
graphs by providing C,-supermagic labelings of Cal,, p, for all m,n > 3,p > 1, and
m # n. The case of m =n, p > 1 remains open.
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1. Introduction

Let G and H be graphs. Then G is said to have an H-covering if there exists a set
‘H = {H,, Hs, ..., Hs} of subgraphs of G, all isomorphic to H, such that every edge of G
is contained in at least one graph in H. Also, G is said to have an H-decomposition if
every edge of (G is contained in exactly one graph in H. Therefore, every H-decomposition
is also an H-covering, but the converse is not always true. The set H is called a mazimal
H -covering if it contains all subgraphs of G isomorphic to H.

Suppose G(V, E) is a graph with an H-covering. Then a function f from V U E to
the set of integers {1,2,...,|V|+|E|} is called an H-magic labeling of G if there exists a
positive integer u such that for every subgraph H; of G with the vertex set V; and edge
set F; the sum w(H;) (called the weight of H;) satisfies
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10 D. FRONCEK

w(H) =Y fla)+ ) fle)=p.
z€eV; ecE;

The graph G is then called an H-magic graph. If f(V'), the set of labels of all vertices
of V, is moreover equal to {1,2,...,|V|}, then f is called an H-supermagic labeling of G
(or H-SML for short) and G is an H-supermagic graph.

Similarly, when H is an H-decomposition of G and the function f described above exists
(that is, f is an H-SML), then H is called an H-magic or H-supermagic decomposition
of G.

The notions of H-magic and H-supermagic labelings were introduced by Gutiérrez and
Llado [3] in 2005. While some H-magic decompositions appeared in various papers when
the unique H-cover of some graph G was in fact a decomposition, the notion itself was
first time formalized by Inayah, Llad6, and Moragas [4] in 2012.

There are many papers dealing with C,,-magic and supermagic labelings. We are not
going to list them here; instead we refer the reader to section 5.4 in an excellent survey
by Gallian [2].

Pradipta and Salman [10] defined a calendula graph Cal,,,, as the graph arising from
the cycle C,, with vertices x1, xs,...,x, and edges e; = x;x;,1 by joining x; to x;.1 by
a path P!. This way, we obtain a cycle of length n sharing the edge e; with the cycle
Cy,. Pradipta and Salman [10] proved that calendula graphs are C,-supermagic for all
m,n > 3. Oner and Ates [7] proved the same result, using a different technique. Freyberg,
Jensen and Scot [1]| studied other types of magic labelings of calendula graphs.

We generalize the notion by defining rich calendula graphs or p-calendula graphs Caly, pin)
in a similar way, joining the vertices z;; and z;,, by p internally disjoint paths P*. Because
the distinction between the original calendula graphs and p-calendula graphs is clear from
our notation, from now on we will only use the term calendula or rich calendula graph.
Detailed notation will be provided in later sections.

We first present new constructions for calendula graphs Cal,,, for any m,n > 3 and
then prove that a C,-supermagic labeling exists for p-calendula graphs Cal,, pp, for any
m,n >3, p>1and m # n. The case of m = n for p > 1 remains open.

We will denote by [a, b] the set of integers {a,a+1,...,b} and when a = 0, we sometimes
use just [b] instead of [1,0].

Pradipta and Salman [10] used for their labeling partitions of the multiset [1,m] U
[1,m(2n — 1)] into m multisets with the same sum, each of them containing an element
from [1,m)].

We use a different approach. The main idea is the following: we utilize the well-known
fact that odd cycles are Ky-supermagic, and for even m = 2t (where such labeling does
not exist) we find a labeling in which either all copies of K5 but one have the same weights,
or t of the K5’s have one weight w’ and the other ¢ have weight w”.

Then we use some modifications of (2n — 3) x pm Kotzig arrays to label the remaining
vertices and edges. An a x b Kotzig array KA(a,b) consists of a rows, each containing a
permutation of [1,b] so that the sum of every column is equal to a(b+ 1)/2. A KA(a,b)
exists if and only if a is even, or ab is odd. For the case when a is odd and b is even, we
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use a similar array with two different column sums.

The structure of the paper is as follows. In Section 2, we provide a rigorous definition
of rich calendula graphs and list some known related results. In Section 3, we present
tools used in our constructions, namely Kotzig arrays and their modifications, and show
some examples that will be the basic building blocks of our constructions. In Section 4,
we provide C,-supermagic labelings of simple calendula graphs Cal,,, for all m,n > 3.
In Section 5, we provide C,-supermagic labelings of p-calendula graphs Cal,, [, for all
m,n >3, m #n and p > 1. In Section 6, we summarize our results and state an open
problem for the case when m =n and p > 1.

2. Definitions and related results

First, we formally define rich calendula graphs.

Definition 2.1. A p-calendula graph Cal,, ,,) consists of a central cycle C,, with vertices
z;,i € [m] and pm petal cycles CH* i € [m],k € [p] with vertices xé’k,j € [n] where
% = 2, at% = 2,4, and all vertices m;k,z € [m],k € [p],j € [2,n — 1] are mutually
distinct. When p = 1, we call the graph just a calendula graph and denote it Caly, .

Pradipta and Salman [10] and Oner and Ates [7], using different techniques, proved
independently the following.

Theorem 2.2 ([10, 7]). A calendula graph Caly, ., is C,-supermagic for every m,n > 3.

Oner, Hussain and Banaras [9] and Oner and Erol [8] defined classes of graphs similar
to calendula and rich calendula graphs, respectively, where the central cycle is replaced
by a path. They called them polygonal snakes and book-snake graphs. That is, splitting
one vertex of the central cycle of a calendula graph Cal,,, into two gives a polygonal
snake, and the same operation performed on a rich calendula graph gives a book-snake
graph.

For the sake of exactness, we provide a formal definition.

Definition 2.3. A book-snake graph S(n,p,m) consists of a path P, with vertices

z;,i € [m + 1] and pm cycles C* i € [m],k € [p] with vertices xj-’k,j € [n] where
" = x;, 2% = 2,4, and all vertices :L’}’k,z' € [m],k € [p],j € [2,n — 1] are mutually

distinct. When p = 1, we call the graph a polygonal snake and denote it A”.
Oner, Hussain and Banaras [9] proved the following.

Theorem 2.4 ([|9]). A polygonal snake A, is C,,-supermagic for every m,n > 3.
Oner and Erol [8] generalized the result as follows.

Theorem 2.5 (|8]). A book-snake graph S(n,p,m) is C,-supermagic for every m,n > 3.
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We will generalize Theorem 2.2 in the same way Theorem 2.5 generalizes Theorem 2.4.
That is, we amalgamate p cycles C,, to each edge of the central cycle C,,.

3. Kotzig arrays and their modifications

In this section, we define Kotzig arrays as well as some of their modifications that will
later be used in our constructions. Kotzig arrays were formally defined by Marr and
Wallis |6] and named after Anton Kotzig, who used same cases in his paper |[5]. We in
fact use Kotzig’s original 3 x b array in Example 3.6.

Definition 3.1. A Kotzig array KA(a, b) is an axb array with entries d; ; € {1,2,...,b},1 <
1 < a,1 <7 < bsuch that every row contains each number 1,2,...,b exactly once, and
the sum of every column is equal to the same constant x(a,b) = a(b+1)/2.

Theorem 3.2. There exists a KA(a,b) if and only if a > 1 and either a is even or a and
b are both odd.

There are many different constructions of Kotzig arrays. We will rely on the following.

Construction 3.3. Let a = 2s. Define KA(a,b) = {k;;} for i = 1,2,...,a and j =

1,2,...,b by
{j for i odd,
ki,j —

b+1—j5 fori even.

Example 3.4. Let a =2 and b =5. Then

11213

KAR25) = =13 T2 T

with the column sums equal to 6 and for a = 4 and b = 6,

KA(4,6) =

1
6
1
6

oo | | oo
| ||
o | ot po| on

O DN Ot DN

el KX

with the column sums equal to 14.

Construction 3.5 (Kotzig [5]). Let a = 3 and b = 2t 4+ 1. Define KA(3,0) = {k; ;} for
1=1,2,3and j=1,2,...,b as

ij :b+1—2j,
kQJ‘ :j+t+1, and
kS,j:j7

where the calculations are performed modulo b with 0 replaced by b.
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Example 3.6 (Kotzig [5]). Let e =3 and b =2t + 1= 7. Then

6[4]2[7]5]3]1
KA(3,7)=[5[6|7]1]2]3]4
1]2]3]4]5]6]7

and the column sums are all equal to 12.

It is easy to observe that for any odd a > 5 and odd b we can combine the two previous
constructions to obtain a KA(a,b). We construct the first a—3 rows as in Construction 3.3
and then add the rows of KA(3,b) from Construction 3.5.

In our labelings, we will use a modification of Kotzig arrays.

Definition 3.7. A c-lifted Kotzig array (or just lifted Kotzig array) LKA(a,b;c) arises
from a KA(a,b) by increasing all elements in row ¢ by ¢+ (¢ — 1)b. That is, if K = {k; ;}
is a KA(a,b), then a c-lifted Kotzig array L = {[; ;} is defined as

li’j = k?i’j + (Z — 1)b + c.

Notice that a LKA(a,b;c) exists whenever a KA(a,b) exists, and the sum of every

column is then
Ma,b;e) =a(b+1)/24+ ac+ (a —1)ab/2 = a(c+ (ab+ 1)/2).
We present two examples for the readers convenience.

Example 3.8. Let a =4,b =6 and ¢ = 2, then

314|516 |7|8
14113121110 9
1511617 18|19 |20
2612524232221

LKA(4,6;2) =

with the column sums equal to 58 for a = 5,0 = 7 and ¢ = 3 we have

415167181910
17116 | 15|14 |13 |12 |11
LKA(5,7;3)=23]21]19|24]22|20|18
29130 [31]25(26|27 |28
3213334 |35(36|37]| 38

with all column sums equal to 105.
The following is implied directly by the definition.

Theorem 3.9. A c-lifted Kotzig array LKA(a, b; ¢) exists whenever a Kotzig array KA(a, b)

exists.
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For our constructions, we will also need an array similar to LKA(a, b;c) in which all
but one column sums are equal, while the last one is different.

Definition 3.10. A dented c-lifted Kotzig array (or just dented lifted Kotzig array)
DLKA(a,b;c) is an a x b array D = {d;;} i € [1,a],j € [1,b] where the set of en-
tries in row 7 is equal to [c+ (i — 1)b+ 1, ¢+ b, the sum of columns 1,2,...,b—1 is equal
to the same constant 0(a,b;c) and the sum of column b is equal to a different constant

5*(a, b; c).

We present an example of such an array for a odd and b even, which we will later use
for our construction for m even and p = 1.

Construction 3.11. Set a = 2s+3,b = 2t and define first a—3 rows as in an LKA(a, b; ¢);
that is,

@ - c+(i—1)b+j for 7 odd,
" c+(i+1)b+1—5 forieven.

The last three rows are defined as

J B (a 2)b+2 — 25 for 1<j<t,
R a—2b+1-20—1) fort+1<j<2t
J J
+(a—2)b+t+j for 1<5<t,
do 1, tla—2b—t+j+1 fort+1<j<2—1,
+(a—2)b+1 for Jj =2t
daJ = (a )b+]

For instance, for a = 5,b = 8, ¢ = 3 we have

4151671819 ]10]11
1918|1716 | 15|14 |13 |12
DLKA(5,8;3) = |27 |25(23 |21 |26|24|22|20
3213313413529 |30 (31128
36 | 373839140 |41 42|43

and the first seven columns add up to 118, while the last column sum is 114.
We first calculate 6(a — 3,b;¢), the sum of entries in the first a — 3 rows for every
1 <j <b. We start with adding two consecutive terms, d; ; and d;;, ; for ¢ odd:

dij+dip1,; = <c+(i—1)b—|—j)+(c+(i+2)b+1—j>
=2c+ (2i+1)b+1.

Then

2s—1

da—3bic)= Y 2+ (2+1)b+1
i odd, i=1
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25—1
=52c+b+1)+2b Z i

i odd, i=1
=5(2c+ b+ 1) + 2bs°.

Now for 1 < 5 <,
oo+ do1; = (c—l—(a—2)b+2—2j> + (c—l—(a—2)b—|—t—|—j>
=2c+ (2a—4)b+t—j+2,
and similarly for t +1 < j <2t —1,
do—oj+do1; = (c+(a—2)b+1—2(j—t)) + (c+(a—2)b—|—j—t+1>
=2c+ (2a—4)b+t—j+2.
Therefore, forall 1 < 57 <b—1,
5(a,b;e) = 6(a —3,b;¢) + daoj +da1j + da
=s(2c+b+1)+2bs* + (20+(2a—4)b+t—j+2) + (c+(a—1)b+j>

=(25+3)c+ (25 +5+3a—5)b+s+t+2
=ac+(s(a—2)+3a—5)b+s+t+2.

For 7 = b, we have

azp+ do_1p = (c Y (a—2)b+1-20b— t)) + (c 4 (a—2)b+ 1)

(c+(a—2)b—|—1—b) + <c+(a—2)b+1>
=2c+ (2a —5)b+ 2,
and
6*(a,b;c) = S(a —3,b;¢) +da—ap + da—1p+ dap
=s(2c+b+1)+2bs* + <2c+(2a—5)b+2> + <c+(a—1)b+b>

=(2s+3)c+ (25 +s+3a—5)b+s+2
=ac+ (s(a—2)+3a—5)b+s+2.

As we know from Theorem 3.2, an a x b Kotzig array with a odd only exists when b is
odd. When b is even, we can construct a similar array where one half of the column sums
differs from the other half by exactly one.

Definition 3.12. A nearly-Kotzig array NKA(a,b), where a is odd and b = 2t is even, is
an a x b array with entries d,;; € {1,2,...,b},1 <i <a,1 < j < b such that every row
contains each number 1,2,...,b exactly once and the sum of entries in each of the first
t columns is equal to the same constant kp(a,b) = [a(b+ 1)/2] while the sum entries in
each of the last ¢ columns is equal to the same constant rp(a,b) = [a(b+1)/2].
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We construct one such NKA(a, b) now. We start with NKA(3,b).

Example 3.13. Let a = 3 and b = 2¢. Define K = {k; ;} fori =1,2,3and j =1,2,...,b
by

. b4 2—2j for 1<j<t,

1j = _ .

’ b+1—-2(j—1t) for t+1<j <2t
]’CQJ :]+t,

and k3 ; = j, where the calculations are performed modulo b with 0 replaced by b.
For instance, for b = 8 we have

glel4al2]7]5]3]1
NKA(3,8)=[5]6|7|8[1]2]3]4
1]2]3]4]5]6]7]8

with the first four column sums equal to 14 and the other four equal to 13.
Then it is easy to prove the following.
Theorem 3.14. There exists an NKA(a,b) whenever a > 1 is odd and b > 2 is even.

Proof. Combine KA(a — 3,b) from Construction 3.3 with NKA(3,b) from Example 3.13.
O]

We can again define a lifted version of NKA as follows.

Definition 3.15. A c-lifted nearly-Kotzig array (or just lifted nearly-Kotzig array) LNKA(a, b; ¢)
arises from a NKA(a,b) by increasing all elements in row i by ¢ + (¢ — 1)b. That is, if
K = {k;;} is an NKA(a,b), then a c-lifted nearly-Kotzig array L = {l; ;} is defined as

li,j = k?@j -+ (Z — 1)b + c.
The following is implied directly by the definition.

Theorem 3.16. A c-lifted nearly-Kotzig array LNKA(a,b;c) exists for any a > 3 odd
and b= 2t > 2 even.

The column sum for the first and last ¢ columns will be denoted by Ap(a,b;c) and
Ar(a, b; c), respectively. We recall that

Ar(a,b;¢) = Ap(a,b;c) + 1.

4. Constructions for p =1

In this section, we deal with the (simple) calendula graphs Cal,,, where to each edge of
C,, we amalgamate a single copy of C,. While it was already shown in [10] that these
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graphs are C),-supermagic for all m,n > 3, we present a different construction based on
Kotzig arrays and their modifications. It is worth mentioning that because for p = 1
the cycles C,, decompose the calendula graph, one could also classify the labeling as a
Cs-supermagic decomposition.

Throughout this whole section, we use the following notation and terminology.

The central cycle is the cycle C,, with vertices x1,zs, ..., x,, and edges ¢; = z;x;11. We
also denote the graph Ky = (x;, 2;,1) as K*. The cycles C,,, called petal cycles, will be

denoted by C" for i € [1,m] with vertices x; = 2!, xb, x4, ... o' |, 2 = z;11 and edges
ey, = Ty Ty . We will call the sequence e}, x5, €5, 25, ..., 2,,_, €, a quasi-path P,. Then
C, =P UK".

4.1.  Construction for p=1, m odd, m # n

We start with the simplest case where m, n are both odd and distinct. We will use the fact
that an odd cycle is Ks-supermagic and first find such a labeling. Then we replace the
edge labels, originally in [m + 1, m] by the m largest labels in [2m(n —2) + 1, m(2n — 1)].
Then we arrange the remaining labels from [m + 1,2m(n — 2)] in a (2n — 3) x m m-lifted
Kotzig array LKA (2n — 3, m;m) and use each column for the unlabeled elements of one
of the cycles C,. More precisely, we label with the j-th column the quasi-path ]5,?; SO
that the first (therefore lowest) n — 2 labels are assigned to vertices in any order, and the
remaining m — 1 labels go to edges.

Construction 4.1. We first set m = 2t + 1 and label the cycle C,, as follows:
flz) = (t(i +2)+2) (mod m),
and
fle;) =2m(n —1) +i.

Because the vertex labels are calculated modulo m, finding the weight of K* will be
easier using the recursive definition of the labeling. We can see that

f(iz2) =t(i+4)+2 (mod m)
=t(i+2)+2+2t (mod m)
= f(z;) +2t (mod m)
= f(x;) +m—1 (mod m)
= f(x;) —1 (mod m).

Also,
flein) = 2m(n—1) + (i +1)
=2mn—-1)+1i)+1

Then

w(K™Y) = f(ziz1) + f(@ig2) + f(eis1)
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= f(zip) + (f (@) = 1) + (f(&;) + 1)
flxi) + f(xiga) + fle) + (=1 +1)
w(K"),

To label the petal cycles C!, we will use the lifted Kotzig array LKA(2n — 3,m;m).
We label the elements of PZ with the entries in column ¢ so that vertices are labeled by
entries in the first n — 2 rows followed by edge labels from the remaining n — 1 rows.

More precisely, we have for j =2,3,...,n — 1 (recall that 2} = z; and 2!, = z;, were
already labeled in C,,)

f(xi) = lj—1,,

and for j=1,2,...,n—1

?
f(ez-) = ln-24j-
Then, because the sum of entries in every column of LKA (2n — 3, m;m) is equal to the
same constant A(2n — 3, m;m), we have

w(Ch) = w(K") +w(By) = p(Clinn),
for every i € [1,m] and f is a Cs-supermagic total labeling.
Example 4.2. We provide an example for m = 7,n = 3. In Figure | the vertex x; is
solid and the subscripts increase going clockwise. The same convention will be used in all

other examples. We always first present the relevant array with the column sums in the
last row and then the labeled graph.

131119 141210 8
191201211516 | 17|18
22 1231242512627 |28

|54 54|54 ][54 [54 5454
LKA(3,7;7)

13
™ os 193
92

26 33
16 lﬁ 32 74 24 —l
25 15
A4
14

Fig 1. Cal7,3
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Construction 4.1 proves the following theorem.

Theorem 4.3. Let m be odd, m,n > 3, and m # n. Then the calendula graph Cal,,, is
C,,-supermagic.

4.2.  Construction for p=1, m even, m #n

In this case, we have to slightly modify our approach. There is no Ks-supermagic labeling
of C,. Hence, we label the central cycle so that all Ky but one have the same weight
w(K?) = w(K*') while the last one has the weight w(K™) = w(K"') + m/2. We again
use the first m labels for vertices and the last m labels for edges. Then we use a dented
m-lifted Kotzig array DLKA(2n — 3, m;m) in which the sum of the last column is by m/2
smaller than the other m — 1 column sums. This compensates the higher weight of the
graph K™.

Construction 4.4. We set m = 2t and label the cycle C,, as follows:

t—(i—1)/2 fori odd,
flai) = . .
2t +1—1/2 for i even,

and f(e;) =2m(n —1) 4. Then fori=1,3,...,m—1

w(K") = f(z;) + f(xip1) + f(e:)
=t—(G—-1/24+2t+1—(i+1)/24+2m(n—1) +1
=3t+2m(n—1)+1,

ad forve=2,4,...,m —2

w(K') = f(w) + fzier) + f(e:)
=241 —if24t—(i+1—1)/2+2m(n —1) +i
=3t+2m(n—1)+ 1.

The only K* with different weight is K™ where

w(K™) = f(&m) + f(z1) + flem)
=2t+1-—m/24+t—(1-1)/242m(n—1)+m
=2t+1—-t+t+2m(n—1)+2t
=4t +2m(n —1) + 1.

It follows that
w(K™) =w(K") +t=w(K") +m/2.
To label the petal cycles C!, we will use the dented lifted Kotzig array DLKA(2n —
3, m;m) constructed in Construction 3.11. We label the elements of 15,'@ with the entries

in column . The vertices are labeled by entries in the first n — 2 rows while edges are
labeled by the remaining n — 1 rows.
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As in the previous construction, z{ = z; and ajﬁl = x;41 were already labeled in C,,.
Therefore, for j = 2,3,...,n — 1 we have f(x;) = lj_1; and for j = 1,2,...,n -1

f(ez-) = ln—24j-
We have shown in Construction 3.11 that

da,byc) =ac+ (s(a—2)+3a—5)b+s+t+2,
and
0*(a,b;¢) = ac+ (s(a—2)+3a—5)b+ s+ 2.
Therefore, 6*(a, b; c) = §(a, b; ¢) — t, which for a = 2n — 3,b = m,c = m yields
" (2n — 3, m;m) = §(2n — 3, m;m) — m/2.

In terms of graph weights we have w(P™) = w(P!) —m/2. Now for every i € [1,m — 1]
w(Ch) = w(K?) +w(P?), and for i = m

w(C) = w(K™) + w(ﬁﬁ) =w(K')+m/2 + w(ﬁi) —m/2 =w(K") + w(ﬁi)

Therefore, the weight of every cycle C*, i € [1,m] is the same and f is a C,-supermagic
labeling.

Example 4.5. In this example for m = 6,n = 4 the last column with the smaller sum
and the corresponding labels in Figure 2 are in red.

7 8 9 10 | 11 | 12
18 | 17 | 16 | 15 | 14 | 13
24 1 22 | 20 | 23 | 21 | 19
28 | 29 | 30 | 26 | 27 | 25
31 | 32 | 33 | 34 | 35 | 36

| 108 [ 108 | 108 | 108 | 108 | 105 |

DLK A(5,6;6)

12 13
— 25

14 7
/ . 19 36 o \
° 42
27 4 3 28
/ 41 37 \a
11 18
21 < > 31
1 6
28 22
15 8
K 40 38 /
26 5 2 29
X >f— 39 —1< ,/
23 32
33 20
10 L 30 _ 17
16 9

Fig 2. CCLZGA
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Example 4.6. As in the previous example, here for m = 6,n = 5 the last column with
the smaller sum and the corresponding labels in Figure 3 are in red.

7 8 9 10 | 11 | 12
18 | 17 | 16 | 15 | 14 | 13
19 | 20 | 21 | 22 | 23 | 24
30 | 29 | 28 | 27 | 26 | 25
36 | 34 | 32 | 35 | 33 | 31
40 | 41 | 42 | 38 | 39 | 37
43 | 44 | 45 | 46 | 47 | 48

1193 193 | 193 | 193 | 193 | 190 |

DLKA(7,6;6)

13
A
12 31 3T 9y

= T W I
14 T/ 4?)}*“'54"“4150 3 ;Z 18
11L ){3 %43/!19
227/46 29\‘8

52 50
38 5 ) 34
L T Ty .
15 350y 98 T M 1T
10 I JO
2L 49 399
v
16
Fig. 3. CCLZ@',E;

Construction 4.4 proves the following.

Theorem 4.7. Let m be even, m > 4,n > 3, and m # n. Then the calendula graph
Caly, .y s Cy-supermagic.

4.3.  Construction forp=1, m=n

For m = n we have one extra cycle (), that needs to have the same weight as the remaining
cycles. We denote the central cycle CP.
In Constructions 4.1 and 4.4 we have

w(C) = 2n® — 2n® + 2n,
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and
w(C?) = 2n® — n?® + n.
Therefore,

w(CY) —w(Cl) = (2n® —n® +n) — (2n° — 2n* + 2n) = n® — n.

To obtain a C,-supermagic labeling, we need to decrease the weight of C° by n? —n
without changing the weight of the petal cycles. This can be done by mutually swapping
the labels between e; and €’ for i € [1,n — 1] such that

fle) — f(€§'> =n.
Because e; (which is actually equal to e}, using the notation within C}) and ¢} belong
to the same petal cycle C?, the weight of C? does not change, while the weight of C? will

decrease by (n — 1)n.
We formalize the new labeling as follows.

Construction 4.8. Let f be the labeling function used in Constructions 4.1 and 4.4 for
m odd and even, respectively.

We first recall that the edge e; on the central C? is denoted as e, when considered on
the petal cycle C.. Then f(e!,_;) = (2n — 3)n +14, and f(e;) = f(e}) = (2n — 2)n + 1.
Hence,

fle)) = flel_)=02n—2)n+i—((2n—3)n+1i) =n.

Then we define a new labeling g as follows:

g(wi) = f(xi)

g(xj) = f(x5)
g(e:) = flel, 1) for i € [1,n — 1]
glen—1) = fle) for i € [1,n — 1]
g(en) = flen)
g(‘fé‘) = f(ez) otherwise.

We now denote the weight functions for labelings f and g as wy and w,, respectively.
It should be obvious that for every i € [1,n],

wy(C) = wy(C),

because the label swap between edges e; and e!,_; was performed within the particular
cycle C%. For the central cycle, we have

w0 = wh(C) = Y fle) + 3 f(ehs) = unl@D) = 3 (Fe) = Fleh )

=wp(C) =Y n=wy(CY) = (n—L)n =wy(C),

i=1
for any ¢ # 0, which implies that w,(CY) = w,(C}), for every i € [1,n] and g is a
Cp-supermagic labeling.



C,-SUPERMAGIC LABELING OF RICH CALENDULA GRAPHS 23

Example 4.9. In this example for n = 5 we first present in Figure 4 the labeling obtained
by Construction 4.1 in which the central cycle has the weight w(C?) = 2n3 —n?+n = 230
and the petal cycles have w(C!) = 2n3 — 2n? + 2n = 210. Hence, their weights differ
by n? — n = 20. To eliminate the difference, we swap labels in cycles C? for i € [1,4] as
shown in part (b) of Figure 4.

6 7 8 9 10
15 | 14 | 13 2 11
16 | 17 | 18 | 19 | 20
25 | 24 | 23 | 22 | 21
29 | 27 | 30 | 28 | 26
34 | 35 | 31 | 32 | 33
36 | 37 | 38 | 39 | 40

| 161 | 161 | 161 | 161 | 161

LK A(7,5:5)

11 - 20 6 - 15
11 20 6 15 f— —‘\ /O‘ _<\
JTETN TR ¢ d

26 4}& 34 )&

r{ 7‘\x F{ 74?
yﬁzw o *#

18 31 30 8
18 31 30 8 N

(b) Labeling of Cals 5 after the swap used in Construc-
(a) Labeling of Cals 5 from Construction 4.1 tion 4.8

Fig. 4. CCLZ5,5

Example 4.10. In this example for n = 6 we first present in Figure 5 part (a) the labeling
obtained by Construction 4.4 and highlight in green the labels corresponding to the last
column of the dented array DLK A(9,6;6) with the smaller sum.

The edge label swap is done in part (b) as in the previous example and highlighted in
red.
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7 8 9 10 | 11
18 | 17 | 16 | 15 | 14
19 | 20 | 21 | 22 | 23
30 | 29 | 28 | 27 | 26
31 | 32 | 33 | 34 | 35
37 | 38 | 37 | 40 | 41
48 | 46 | 44 | 47 | 45
52 | 53 | 54 | 50 | 51
55 | 56 | 57 | 58 | 59

| 155 | 155 | 155 | 155 | 155 | 152 |

DLEK A(9,6;6)
p— 43 —
p— 43 =
23 % | Pos 18
2 26 Por s pola o 12 ]
51 < o 42 -<\ 45 65 66 31 48
56 31
45 66 48 1 d / 4 3\ Y 19
ud 4 3 Y 19 38 59 55 52
38 65 61 52 11 & 430
11 a 30 35 63
35 }<1 6>x 55 27 64 32 8
27 P 8 °g ] ~
58 32 I . - "
50 64 62 41 22 5 2 p7
22 xi %/ 7 7 " 57 0 -
v " 63 -, 46 N 39 o 63 33  wi53d
\ 39 o 57 33 %53 15 LU L2 20
28 54 40 9 b— 44 —¢
b— 44 —¢ 21 16
21 16
(b) Labeling of Calg 6 after the swap used in Construc-
(a) Labeling of Calg ¢ from Construction 4.4 tion 4.8

Fig 5. C(IZG,G

Construction 4.8 proves the following.

Theorem 4.11. Let n > 3. Then the calendula graph Cal,,, is C,-supermagic.

5. Constructions for p > 1

When the first draft of this paper was written, the author was unaware of the previous
results by Pradipta and Salman [10] and, similarly to them, was only focusing on the
simple case for p = 1. This resulted in what is now presented in Section 4. After finding
out that the case was already completely solved, the author was hesitant to waste his
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previous effort by abandoning the topic. Instead, he decided to generalize the results by
introducing p-calendula graphs. Tt turned out that the methods used in Section 4 would
resist generalization for mp even. Therefore, another modification of lifted Kotzig arrays
was used and not too surprisingly, it worked for all positive values of p, including p = 1.
This might have made the previous constructions pointless.

The author nevertheless decided to keep the constructions in the paper with the hope
that they may become useful in finding H-supermagic labelings of other graphs.

It is worth remarking here that we were unable to find a construction for the case when
p > 1 and m = n. Therefore, we leave it as an open problem that we will formally state
at the end of this paper.

5.1.  Construction for p > 1, mp odd

For mp odd and m # n, the construction is very similar to Construction 4.1 because we
again have an odd number of cycles C,,.

Construction 5.1. We again set m = 2t + 1 and label the cycle (), similarly as in
Construction 4.1, that is,

flz) = (t(i +2)+2) (mod m),
and
fle;) =m2np —3p+1) + 1.
We again find the weight of K’ using the recursive definition of the labeling. We can
see that
Tf(xis2) =t(i+4)+2 (mod m)
=t(i+2)+2+2t (modm)
= f(x;) +2t (mod m)
= f(z;)) +m—1 (mod m)
= f(z;) =1 (mod m).
Also,

fleig1) =m(2np —3p+1) + (i +1)
= (m(2np —3p+1) +1) + 1
= flei) +1

Then, denoting k = w(K7),

6w(K™t) = f(zip1) + f(xire) + f(ei1)
f(@ip1) + (f(zi) = 1) + (fe:) +1)
flz) + (xH-l) + fle)) +(=1+1)

(K') =
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for every i € [1,m)].

Next, we construct a (2n — 3) x mp lifted Kotzig array LKA(2n — 3, mp; m), which
exists by Theorem 3.2 because mp odd implies m odd. Then we use the labels in column
j=pq+r, 0<qg<m—1,1<r<pto label the quasi-path P9*1" so that the first n — 2
rows label the vertices and the remaining n — 1 rows label the edges. Because the sum of
entries in every column is equal to the same constant A\(2n — 3, mp;m), we have

w(CHF) = X(2n — 3, mp;m) + w(K") = \(2n — 3, mp; m) + &,
and the graph Cal,, p, is Cp-supermagic.

Example 5.2. In this and following examples, the cycles C%* for k € [1,p| are drawn
from inner to outer as k increases. We show an example for m =5,n =3,p = 3.

1917115 (13|11} 9 |7 20|18 (16|14 |12 |10 8 | 6
2913031 (3233|3435 (21 |22]23|24]25|26 |27 |28
36 |37 | 38|39 |40 |41 | 42 | 43 | 44 | 45| 46 | 47 | 48 | 49 | 50

(8484|8484 8484848484 84[84[84[84]84]|84

LK A(3,15:5)

18

Fig. 6. Labeling of Cals 33

The theorem follows from Construction 5.1 immediately.
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Theorem 5.3. Let m,p be odd, m,n > 3, p > 1 and m # n. Then the rich calendula
graph Caly, p) s Cy-supermagic.

5.2.  Construction for p > 1, m odd, p even

This is the most complicated case of this section. Although for m odd there exists a
Ks-supermagic labeling of C),,, we were unable to find a construction that would label the
central cycle that way. Instead, we used a labeling similar to that in Construction 4.4 in
which one K5 received a different weight. This is achieved by using for the edges on the
central C,,, non-consecutive labels, more specifically, we use labels in {m(2pn —3p) +1} U
[m(2pn —3p+1) +2, m(2pn — 3p+2)]. This gives the graph K' a weight that is by mp/2
smaller than the weights of the remaining graphs K°.

Then we construct an (2n — 3) x mp array @ based on a lifted nearly Kotzig array
LNKA(2n — 3,mp;m) in which we have p columns with a weight that differs from the
other column weights by mp/2. This array @) consists of non-consecutive numbers, with
m(2pn — 3p) + 1 (that is used for C,,) skipped.

Construction 5.4. We first set m = 2t + 1, p = 2s and label the cycle C,, as follows:
f(z;))=(ti+1) (mod m)
and
f(ei):{mp(Qn—S)—l—Z: forizl.
mp(2n — 3) +i+ms for 2 <i<m.

The vertex labels are calculated modulo m, hence finding the weight of K* will be easier
using recursive definition of the labeling. We can see that

f(xize) =t(i+2)+1 (mod m)
=ti+1+2t (mod m)
= f(z;) +2t (mod m)
= f(z;) +m—1 (mod m)
= f(z;)) =1 (mod m).

Also, for i € [2,m — 1]

flei1) =mp(2n —3) 4+ (i + 1) + ms
= (mp(2n —3) +i+ms) +1

Then we have

w(K*) = f(a1) + f(21) + f(er)
=t-14+14+t-24+1+mp(2n—3)+1
=3t +mp(2n —3) + 3



28 D. FRONCEK

=mp(2n —3)+ (2t + 1)+ (t +2)
=mp(2n —3) +m+ (t +2)
=m(2np —3p+ 1)+ (t +2),

and for i € [2,m — 1],

(KZ—H) f(xz-&-l) + f(xH-Z) + f(eH-l)
f(@ipr) + (f (@) = 1) + (fe:) + 1)
= f(@i) + f(ziga) + fle) + (=1 +1)
(K7).

|
g

Now we recall that the vertex labels are calculated modulo m with 0 replaced by m,
hence

Fl@a)=(t-241) (modm)=(2t+1) (modm)=m (modm)=nm,
and
flzs) =(t-34+1) (modm)=(2t+1+¢t) (modm)=(m+t) (modm)=t.
Then for every i € [2,m] we have

w(K') = w(K?) = f(x) + f(xs) + f(e2)
=m+t+mp(2n — 3) +ms + 2
=m+t+m(2np — 3p) + ms + 2
=m2np—3p+ 1)+ (t+2) +ms
= w(K") + ms.

This means that we now need to label the quasi-paths so that

for every i € [2,m], k,l € [1,p]. It can be achieved by modifying the lifted nearly-Kotzig
array LNKA(2n — 3, mp; m).

2119|1715 13|11 | 9 | 20|18 |16 |14 |12 |10 8
291303132 33(34|35]22 23|24 |25 |26 |27 |28
36 | 37| 38139 (40|41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49

18686868686 |86 |36 |85|85|85[85]85]85]85 |

LNKA(3,14;7)

We shift the entries in the second half of the last row by one to the left, that is,
increasing each entry by one. Then we cyclically shift each half of the row 2n — 4 by s
positions to the right. For the reader’s convenience, we highlighted some of the affected
entries.
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21019 (17 (15|13 (11| 9 |20 |18 |16 | 14 | 12 | 10| 8
35012930 |31 (32|33 |34 |28|22]| 23|24 |25 |26 |27
36 | 37 |38 (39|40 |41 | 42| 44 | 45 | 46 | 47 | 48 | 49 | 50

192858585 |85 |85 |85 |92]85|85[85]85]85]85|

Modified LNK A(3,14;7)

We now describe the process more formally. Let D = {d; ;}, i € [1,2n—3], j € [1,mp]
be an LNKA (2n — 3, mp; m) with column sums A\g(2n— 3, mp; m) for the first ms columns
and Ap(2n — 3, mp;m) = Ap(2n — 3, mp;m) — 1 for the last ms columns. We will call
them just Ap and Az, respectively. Define an (2n — 3) x mp array @ = {¢;;} as

¢i; =d; ; for i € [1,2n —5],j € [1,2ms],
don—s;+ (m —1)s for j e [1,s]U[ms+1,(m+ 1)s]
qon—4,5 = .
e dop—a; — 8 for j € [s +1,ms] U [ms + s+ 1,2ms],
dgnfg,j for ] < [1, ms]
42n—3,j = .
don—3; + 1 for j € [ms+ 1, 2ms].

Denote the column sum in column j by ;. Then for j € [1, s]
30; =Ap+(m—1)s = A\p — s+ ms,
for j € [ms+1,(m +1)s]

3o, =M+ (m—1)s+1
=Ap—1+(m—1s+1
=Ap+(m—1)s

= Ap — S+ ms,
for j € [s+1,ms]

30’j :)\F—S,

and for j € [ms+ s+ 1,2ms]
30'j:/\L—S+1:)\F—1—S+1:)\F—S.

We have 2s = p columns with sum Ap — s+ ms and remaining (m — 1)p columns with
sum A\rp —s. We use the columns with the higher sum to label the quasi-paths Pﬁk for all
k € [1,p] and the remaining columns for the quasi-paths P, i € [2,m], | € [1,p].

Then the cycle weights for i = 1, k € [1,p| are

3w(CHF) = w(KY) + w(PH*) = w(KY) + A\p — 5 + ms,
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and for i € [2,m], [ € [1,p] they are

3u(C) = w(K') + w(PM)
=w(K') +ms+Ap —s
= w(K') + Ap — s+ ms
~ w(C*)

Therefore, all cycles €, have the same weight and f is an H-supermagic labeling of
le,p[n]'

Example 5.5. In this example for m = 7,n = 3,p = 2 we highlight the two columns
with different sums and the corresponding labels in Figure 7.

20019 |17 (15|13 |11 9 | 20|18 |16 |14 |12| 10| 8
3512930313233 34|28 22 |23]24|25|26 |27
36 [ 3738|3940 |41 |42 |44 | 45|46 | 47 | 48 | 49 | 50

19285 |85 [85[85)85|85[92[85]85|85[85[85]85 |

Modified LNK A(3,14;7)

Fig. 7. C(ll772[3]
Construction 5.4 yields our next theorem.

Theorem 5.6. Let m > 3 be odd, p > 2 even, n > 3, and m # n. Then the rich calendula
graph Caly, ppn) is Cp-supermagic.
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5.3.  Construction for p > 1, m even

As we mentioned before, there is no Ks-supermagic labeling of C,, for m even. However,
we can label the vertices by [1,m] and edges by [m + 1,2m] so that the there are exactly
two different edge weights. More specifically, if m = 2t¢, then the weights of the last ¢
edges will be bigger by one than the weights of the first ¢ edges.

Then we label the remaining elements of the cycles C,, attached to the first ¢ edges by
the first ¢p columns of an NKA(2n — 3, mp; p) and the cycles attached to the last ¢ edges
of C,, by the last tp columns.

Construction 5.7. We set m = 2t and label the cycle C,, as follows:

2t — (1 —1)/2 for i odd,
fx:) = . .
t+1—i/2  fori even,

and
m2np —3p+1) +i for 1 <i<t,
fles) = {m@2np—3p+1)+i+1 fort+1<i<2t—1,
m2np —3p+1)+t+1 fori=m,

using the highest m labels.
Then for : <t, 7 odd

Sw(K?) = fx:) + [(xip1) + f(es)
=2t—(i—1)/24+t+1—-(i+1)/2+m@2np—-3p+1)+i
=3t+m(2np—3p+1)+1,

and for 1 <t, 7 even

sw(K') = f(x:) + f(xip1) + f(es)
=t+1—4/2+2t—(i—2)/24+m2np—3p+1) +1
=3t+m(2np—3p+1)+1.

Alsofor t +1 <i<2t—1, 17 odd

Sw(K") = f(x:) + f(zit1) + f(e:)
=2t—(—1)24+t+1—-(i+1)/24+m2np—3p+1)+i+1
=3t+m(2np—3p+1)+ 2,

and fort =1 <17 <2t — 2,7 even

Sw(K') = f(w:) + f(zip1) + f(es)
=t+1—i/24+2t—(i—2)/24+m2np—3p+1)+i+1
=3t+m(2np—3p+ 1)+ 2.
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Finally, for K™ we have

Sw(K™) = f(xm) + f(21) + f(em)
=t+1-m/24+2t—(1—-1)/24+m2np—3p+1)+t+1
—t+l—t+2+m2np—3p+1)+t+1
=3t+m(2np—3p+1)+2.

Therefore, if we denote kp = 3t+m(2np—3p+1)+1 and k;, = 3t+m(2np—3p+1)+2,
we have

w(K") = kp fori € [1,1] ,

and
w(K") =k = kp+1fori € [t+1,2t].

Now we construct a m-lifted nearly-Kotzig array LNKA (n — 3, mp; m) and use the i-th
p-tuple of columns for the quasi-paths 15,’;”“, k € [1,p], again labeling the vertices with the
first n — 1 rows and edges with the last n — 2 rows. Earlier we denoted m = 2t, so we
can observe that the first ¢p columns have sum A\g(n — 3, mp; m) and the last ¢p columns
AL(n—3,mp;m) = Ap(n — 3, mp;m) — 1.

Then for i € [1,¢], k € [1,p] we have

and for ¢ € [t +1,2t], k € [1,p]

w(CFY) = w(K') + w(F")
= K+ Ar(n — 3,mp;m)
=kr+ 14+ Ap(n—3mp;m)—1

= Kp + )\F(n — 3, mp; m)7
and the labeling is C,-supermagic.

Example 5.8. In this and the following example we highlight the first half of the lifted
nearly Kotzig array with the same column sums and the corresponding vertex and edge
labels in green, and the second half with the lower sums and the corresponding elements
in blue. Here m =6,n = 3,p = 2.

1715113119 | 7
19120 |21 |22 |23 | 24
371383940 |41 | 42

N N N N N N RN R REN RERNEY

LNKA(3,12;6)
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7
24 9 42
/3\
11 40
3 \
22 r 48 43
21 / \
4 3>>
37\ /
38 47 44
\

/
17 19
/ 0 2N2 5/

Fig. 8. Oal&g[g]

Example 5.9. Finally, we present an example for m = 6,n = 3,p = 3 with the same
highlighting as in the previous case.

232t ]w9f1r ] [113][11]9]7
25 | 26 | 27 | 28 [ 20 [ 30 | 31 | 32 | 33
52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 | 60
| | | | | | | | | [ 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

LNKA(3,18;6)
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7
9
/\ 60
32 11 59
13 e
57 58
56
55
30 \ 17 r
66 61
28 / \
4 3>>
52 \ /
53 65 62
54 / 03 \ /
25\ 2 5
L T BNE 5/

2127
19

Fig. 9. C&lﬁ’g[g]

Construction 5.7 then yields the following.

Theorem 5.10. Let m > 4 be even, p > 1, n > 3, and m # n. Then the rich calendula
graph Caly, p) s Cy-supermagic.

6. Conclusion

We presented a new C),-supermagic labeling for the simple calendula graphs Cal,,, for
every m,n > 3, including the case when m = n. This labeling complements previously
known labelings by Pradipta and Salman [10] and by Oner and Ates [7].

For p > 1, we proved the following.

Theorem 6.1. There exists a Cy,-supermagic labeling for all rich calendula graphs Cal,,, pin)
with m,n >3, p>1 and m # n.

Proof. Follows immediately from Theorems 5.3, 5.6, and 5.10. O

We were unable to find such a labeling for m # n. Therefore, we pose an open problem.
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Open Problem 6.2. Find a C,-supermagic labeling of rich calendula graphs Cal,, ppn) for
alln >3 and p > 1.
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