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abstract

Suppose G is a graph and L is a list assignment for G. A request of L is a function r with

nonempty domain D ⊆ V (G) such that r(v) ∈ L(v) for each v ∈ D. The triple (G,L, r)

is ϵ-satis�able if there exists a proper L-coloring f of G such that f(v) = r(v) for at least

ϵ|D| vertices in D. We say G is (k, ϵ)-�exible if (G,L′, r′) is ϵ-satis�able whenever L′ is a

k-assignment for G and r′ is a request of L′. It is known that a graph G is not (k, ϵ)-�exible

for any k if and only if ϵ > 1/ρ(G) where ρ(G) is the Hall ratio of G. The list �exibility

number of a graph G, denoted χℓflex(G), is the smallest k such that G is (k, 1/ρ(G))-

�exible. A fundamental open question on list �exibility numbers asks: Is there a graph

with list �exibility number greater than its coloring number? In this paper, we show that

the list �exibility number of any complete multipartite graph G is at most the coloring

number of G. We also initiate the study of list epsilon �exibility functions of complete

bipartite graphs which was �rst suggested by Kaul, Mathew, Mudrock, and Pelsmajer in

2024. Speci�cally, we completely determine the list epsilon �exibility function of Km,n

when m ∈ {1, 2} and establish some additional bounds for small m. Our proofs reveal a

connection to list coloring complete bipartite graphs with asymmetric list sizes which is

a topic that was explored by Alon, Cambie, and Kang in 2021.

Keywords: list coloring, �exible list coloring
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1. Introduction

In this paper all graphs are nonempty, �nite, simple graphs. Generally speaking, we follow

West [16] for terminology and notation. The set of natural numbers is N = {1, 2, 3, . . .}.
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For m ∈ N, we write [m] for the set {1, . . . ,m}. We write Kl,n for complete bipartite

graphs with partite sets of size l and n. More generally, when k ≥ 2 and n1, n2, . . . , nk ∈ N,
we use Kn1,n2,...,nk

for complete k-partite graphs with partite sets of size n1, n2, . . . , and

nk. For a graph G, we use dG(v) (or d(v) when G is clear from context) for the degree

of a vertex v in G, and we use ∆(G) for the maximum degree of the vertices in G. If

S ⊆ V (G), we use G[S] for the subgraph of G induced by S. We write H ⊆ G when H

is a subgraph of G.

In this paper we study �exible list coloring of complete multipartite graphs with a

special emphasis on complete bipartite graphs. We begin by reviewing list coloring and

introducing �exible list coloring.

1.1. List coloring

For classical vertex coloring of graphs, we wish to color the vertices of a graph G with up

to m colors from [m] so that adjacent vertices receive di�erent colors, a so-called proper

m-coloring. The chromatic number of a graph is a well studied graph invariant. Denoted

χ(G), the chromatic number of graph G is the smallest m such that G has a proper

m-coloring.

List coloring is a well-known variation on classical vertex coloring that was introduced

independently by Vizing [15] and Erd®s, Rubin, and Taylor [11] in the 1970s. For list

coloring, we associate a list assignment L with a graph G such that each vertex v ∈ V (G)

is assigned a list of available colors L(v) (we say L is a list assignment for G). We say

G is L-colorable if there is a proper coloring f of G such that f(v) ∈ L(v) for each

v ∈ V (G) (we refer to f as a proper L-coloring of G). A list assignment L for G is

called a k-assignment if |L(v)|= k for each v ∈ V (G). The list chromatic number of a

graph G, denoted χℓ(G), is the smallest k such that G is L-colorable whenever L is a

k-assignment for G. We also say that G is t-choosable if χℓ(G) ≤ t. It is easy to show

that for any graph G, χ(G) ≤ χℓ(G). Moreover, it is well-known that the gap between

the chromatic number and list chromatic number of a graph can be arbitrarily large since

χℓ(Kn,t) = n + 1 whenever t ≥ nn (see [11] for additional discussion). When we are

considering list assignments for G that assign lists of various sizes to the vertices of G, we

need another notion. If f : V (G) → N, we say that G is f -choosable if G is L-colorable

whenever L is a list assignment for G satisfying |L(v)|= f(v) for each v ∈ V (G). If

f : V (G) → N and g : V (G) → N satisfy g(v) ≥ f(v) for each v ∈ V (G), it is immediately

clear that G is f -choosable only if G is g-choosable.

The coloring number of a graph G, col(G), is the smallest integer d such that there

exists an ordering, v1, . . . , vn, of the elements of V (G) such that vi has at most d − 1

neighbors preceding it in the ordering. For example, when k ≥ 2 and n1, n2, . . . , nk ∈ N

satisfy n1 ≤ n2 ≤ · · · ≤ nk, col(Kn1,n2,...,nk
) = 1 +

k−1∑
i=1

ni. It is also easy to see that

χℓ(G) ≤ col(G).

Since complete bipartite graphs play an important role in this paper, it is worth noting

that �nding the exact list chromatic number of complete bipartite graphs is notoriously

di�cult. While it has been known since the 1970s that for 1 ≤ m ≤ n, Km,n is 2-choosable
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if and only if m = 1 and n ∈ N or m = 2 and n ≤ 3, the 3-choosable complete bipartite

graphs were not fully characterized until 1995 [14] about 20 years after the introduction of

list coloring (see section 8.2 in [17] for some discussion). Speci�cally, K2,n is 3-choosable

for each n ∈ N, and for 3 ≤ m ≤ n, Km,n is 3-choosable if and only if m = 3 and n ≤ 26,

m = 4 and n ≤ 20, m = 5 and n ≤ 12, or m = 6 and n ≤ 10.

Some notation from [1] will be used throughout the paper. Suppose G is a bipartite

graph with bipartition A, B. A list assignment L for G is called a (kA, kB)-assignment if

|L(v)|= kA for each v ∈ A and |L(v)|= kB for each v ∈ B. We say that G is (kA, kB)-

choosable if G is L-colorable whenever L is a (kA, kB)-assignment for G. In the case that

G = Km,n, when we say G is (a, b)-choosable we mean that G is (kA, kB)-choosable where

A is the partite set of G of size m, B is the partite set of G of size n, kA = a, and kB = b.

We adopt an analogous convention for (a, b)-assignment of G.

1.2. Flexible list coloring

Flexible list coloring was introduced by Dvo°ák, Norin, and Postle in [9] in order to address

a situation in list coloring where we still seek a proper list coloring, but each vertex may

have a preferred color assigned to it, and for those vertices we wish to color as many of

them with their preferred colors as possible. Speci�cally, suppose G is a graph and L is

a list assignment for G. A request of L is a function r with nonempty domain D ⊆ V (G)

such that r(v) ∈ L(v) for each v ∈ D. For each v ∈ D we say that the pair (v, r(v)) is

the vertex request for v with respect to r (we omit the phrase with respect to r when r

is clear from context). For any ϵ ∈ [0, 1], the triple (G,L, r) is ϵ-satis�able if there exists

a proper L-coloring f of G such that f(v) = r(v) for at least ϵ|D| vertices in D. When

f(v) = r(v) for some v ∈ D we say f satis�es the vertex request of r for v.

We say that the pair (G,L) is ϵ-�exible if (G,L, r) is ϵ-satis�able whenever r is a

request of L. Finally, we say that G is (k, ϵ)-�exible if (G,L) is ϵ-�exible whenever L is a

k-assignment for G. Note that if G is k-choosable, then G is (k, 0)-�exible. The following

observation is also immediate.

Observation 1.1. Suppose G is (k, ϵ)-�exible for some ϵ ∈ [0, 1]. Then, the following

statements hold.

(i) G is (k′, ϵ′)-�exible for any k′ ≥ k and 0 ≤ ϵ′ ≤ ϵ.

(ii) Any subgraph H of G is (k, ϵ)-�exible.

(iii) G is k-choosable.

1.3. The hall ratio, list �exibility number, and list epsilon �exibility function

For a graph G, what is the largest ϵ so that G is (k, ϵ)-�exible for some k? Suppose r

is a request with domain D of some list assignment. It is possible that r(v) is the same

color for all v ∈ D; for example, let L be the k-assignment such that L(v) = [k] for all

v ∈ V (G), and let r(v) = 1 for all v ∈ D. Then at most α(G[D]) vertices in D will have

their request satis�ed. So, when G is (k, ϵ)-�exible, ϵ must satisfy ϵ|D|≤ α(G[D]) for

every nonempty D ⊆ V (G) regardless of k. In particular, ϵ ≤ min∅̸=D⊆V (G) α(G[D])/|D|
for any (k, ϵ)-�exible graph G.
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The Hall ratio of a graph G, denoted ρ(G), is

ρ(G) = max
∅̸=H⊆G

|V (H)|
α(H)

.

The Hall ratio was �rst studied in 1997 by Hilton, Johnson Jr., and Leonard [12] under

the name fractional Hall-condition number. Since then the Hall ratio has received much

attention due to its connection with both list and fractional coloring (e.g., see [2, 5, 8,

10]).

Note that among subgraphs H of G with �xed vertex set D, α(H) is minimized by the

induced subgraph H = G[D]. Therefore, min∅̸=D⊆V (G) α(G[D])/|D|= 1/ρ(G). Moreover,

this bound on feasible ϵ for (k, ϵ)-�exibility is attainable.

Proposition 1.2 ([13]). Graph G is (∆(G) + 1, ϵ)-�exible if and only if ϵ ≤ 1/ρ(G).

Proposition 1.2 now allows us to present an important de�nition. The list �exibility

number of G, denoted χℓflex(G), is the smallest k such that G is (k, 1/ρ(G))-�exible. The

following result is now immediate.

Proposition 1.3 ([13]). For any graph G,

χ(G) ≤ χℓ(G) ≤ χℓflex(G) ≤ ∆(G) + 1.

Recall that the coloring number of a graph is a natural upper bound for its list chromatic

number. So, it is natural to wonder if this upper bound extends to the list �exibility

number. Interestingly, there are no known graphs G for which the list �exibility number

of G exceeds the coloring number of G. This leads to a fundamental open question on

the list �exibility number which we will keep in mind for the remainder of the paper

(Question 1.4 below is Question 10 in [13]).

Question 1.4 ([13]). Does there exist a graph G satisfying χℓflex(G) > col(G)?

For each graph G and �xed t ∈ N, suppose we are interested in the maximum possible

ϵ such that G is (t, ϵ)-�exible. The list epsilon �exibility function for G, denoted ϵℓ(G, t),

is the function that maps each t ≥ χℓ(G) to the largest ϵ ∈ [0, 1] such that G is (t, ϵ)-

�exible. The study of the list epsilon �exibility function was �rst suggested in [13], and

the following question served as one of the motivations for this paper.

Question 1.5. Suppose 1 ≤ m ≤ n and G = Km,n. What is a formula for ϵℓ(G, t)?

Note that for any graph G and t ≥ χℓ(G), ϵℓ(G, t) = a/b for some integers 0 ≤ a ≤
b ≤ |V (G)| and ϵℓ(G, t) ≤ 1/ρ(G). Furthermore, the list epsilon �exibility function of G

is eventually constant since ϵℓ(G, t) = 1/ρ(G) whenever t ≥ χℓflex(G). Since χℓ(K1,n) =

χℓflex(K1,n) = 2 (see [4]), it follows that ϵℓ(K1,n, t) = 1/2 whenever t ≥ 2. In this paper

we make some modest progress on Question 1.5. Spec�cially, we completely determine
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ϵℓ(G, t) when G = K2,n, and we come very close to completely determining ϵℓ(G, t) when

G = K3,n (see Theorems 1.7 and 1.8 below).

1.4. Outline of results

In Section 2, we show the answer to Question 1.4 is no when we restrict our attention to

complete multipartite graphs.

Theorem 1.6. Suppose k ≥ 2. Suppose n1, n2, . . . , nk ∈ N satisfy n1 ≤ n2 ≤ · · · ≤ nk,

and G = Kn1,n2,...,nk
. Then, χℓflex(G) ≤ n1 + · · ·+ nk−1 + 1.

Suppose G = Kn1,n2,...,nk
. Note that since ρ(G) = k, Theorem 1.6 tells us that ϵℓ(G, t) =

1/k whenever t ≥ n1 + · · ·+ nk−1 + 1.

In Section 3 we turn our attention to making progress on Question 1.5. Suppose G =

Km,n with 1 ≤ m ≤ n. We know that ϵℓ(G, t) ≤ 1/ρ(G) = 1/2 whenever t ≥ χℓ(G), and

we know that ϵℓ(G, t) = 1/2 whenever t ≥ χℓflex(G). Theorem 1.6 tells us ϵℓ(G, t) = 1/2

whenever t ≥ col(G) = m + 1. We use this fact along with some other basic ideas to

completely determine ϵℓ(G, t) when G = K2,n.

Theorem 1.7. Suppose G = K2,n. Then,

ϵℓ(G, t) =


1/2 if n = 1 and t ≥ 2,

0 if n ∈ {2, 3} and t = 2,

1/2 otherwise.

After proving Theorem 1.7, we turn our attention to ϵℓ(G, t) when G = K3,n and n ≥ 3.

Speci�cally, we prove the following result.

Theorem 1.8. Suppose G = K3,n and n ≥ 3 and n ∈ N. Then, the following statements

hold.

(i) ϵℓ(G, t) = 1/2 whenever t ≥ 4.

(ii) ϵℓ(G, 3) = 1/2 when n = 3.

(iii) 1/3 ≤ ϵℓ(G, 3) ≤ 1/2 whenever 4 ≤ n ≤ 6.

(iv) ϵℓ(G, 3) = 1/3 whenever 7 ≤ n ≤ 8.

(v) ϵℓ(G, 3) = 0 whenever 9 ≤ n ≤ 26.

So, when G = K3,n and n ≥ 3, we know the value of ϵℓ(G, t) unless n ∈ {4, 5, 6} and

t = 3. It is also worth mentioning that we give a complete characterization of (3, 2)-

choosable complete bipartite graphs to help with the proof of Theorem 1.8. We state it

here since it may be of independent interest.

Theorem 1.9. Suppose G = Km,n where m,n ∈ N satisfy m ≤ n.

(i) We have G is (3, 2)-choosable if and only if m = 1 and n ∈ N, m = 2 and n ≤ 8,

m = 3 and n ≤ 6, or m = 4 and n = 4.

(ii) We have G is (2, 3)-choosable if and only if m ∈ [2] and n ∈ N, m = 3 and n ≤ 7,
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or m = 4 and n ≤ 5.

Theorem 1.9 and the characterization of 3-choosable graphs mentioned in Subsection 1.1

also allows us to prove the following result.

Proposition 1.10. Suppose G = Km,n and m ≤ n. Then, ϵℓ(G, 3) = 0 when m = 4

and 7 ≤ n ≤ 20, m = 5 and n ≤ 12, or m = 6 and n ≤ 10. When m = 4 and n ≤ 6,

1/|V (G)|≤ ϵℓ(G, 3) ≤ 1/2.

2. Complete multipartite graphs

Suppose n1, n2, . . . , nk ∈ N satisfy n1 ≤ n2 ≤ · · · ≤ nk, and G = Kn1,n2,...,nk
. It is easy to

prove that ρ(G) = k. We are now ready to present a proof of Theorem 1.6.

Proof. The proof is by induction on k. Throughout the proof suppose the partite sets of

G are X1, X2, . . . , Xk, and suppose X1 = {x1, . . . , xn1}.
We begin by proving the result when k = 2. Suppose L is an arbitrary (n1 + 1)-

assignment of G and r is a request of L with nonempty domain D. Let Di = Xi ∩ D

for each i ∈ [2], and let P =
⋃n1

j=1 L(xj). Let C : P → (N ∪ {0}) be the function

given by C(z) = |r−1(z) ∩ D2|. Name the colors of P so that P = {c1, . . . , cp} and

C(c1) ≥ C(c2) ≥ · · · ≥ C(cp). Note that n1+1 ≤ p ≤ n1(n1+1), and letW = D2−r−1(P ).

Now, we will construct two proper L-colorings of G: f and g, and we will show that

at least one of these proper L-colorings satis�es at least |D|/2 of the vertex requests. We

construct f as follows. For each j ∈ [n1], color xj with the element of L(xj)∩{cn1+1, . . . , cp}
of highest index (this is possible since |L(xj)|= n1 + 1). Finally, complete f by greedily

coloring the vertices in X2 in any order, satisfying vertex requests when possible. Since

no colors in r(W )∪ {c1, . . . , cn1} were used to color the vertices in X1, f satis�es at least

|W |+
n1∑
i=1

C(ci) vertex requests.

Construct g as follows. For each x ∈ D1, let g(x) = r(x). For each x ∈ X1−D1, let g(x)

be an element of L(x). Complete g by greedily coloring the vertices in X2 in any order,

satisfying vertex requests when possible. Clearly, g satis�es |W |+|D1|+
∑

c∈P−g(X1)

C(c)

vertex requests which means g satis�es at least |W |+|D1|+
p∑

i=n1+1

C(ci) vertex requests.

For the sake of contradiction, assume |W |+|D1|+
p∑

i=n1+1

C(ci) < |D|/2 and |W |+
n1∑
i=1

C(ci)

< |D|/2. Since |W |+|D1|+
p∑

i=1

C(ci) = |D|, adding these inequalities yields |W |< 0 which

is a contradiction. This means f or g is a proper L-coloring of G that satis�es at least

|D|/2 of the vertex requests. Consequently, χℓflex(G) ≤ n1 + 1.

Next, assume k ≥ 3 and the desired result holds for all integers greater than one and

less than k. Suppose L is an arbitrary (n1 + · · · + nk−1 + 1)-assignment of G and r is a

request of L with nonempty domain D. Let s =
k−1∑
j=1

nj, Di = Xi ∩ D for each i ∈ [k],

and P =
⋃n1

j=1 L(xj). Let D′ =
⋃k

j=2Dj, and let C : P → (N ∪ {0}) be the function
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given by C(z) = |r−1(z) ∩ D′|. Name the colors of P so that P = {c1, . . . , cp} and

C(c1) ≥ C(c2) ≥ · · · ≥ C(cp). Note that s+1 ≤ p ≤ n1(s+1), and let W = D′− r−1(P ).

Now, we will construct two proper L-colorings of G: f and g, and we will show that

at least one of these proper L-colorings satis�es at least |D|/k of the vertex requests. We

construct f as follows. For each j ∈ [n1], color xj with the element of L(xj)∩{cs+1, . . . , cp}
of highest index. Let z(j) = f(xj) for each j ∈ [n1]. Suppose Z = {z(j) : j ∈ [n1]}, and
let z = |Z|. Note that z ∈ [n1]. Since Z ⊆ {cs+1, . . . , cp}, s + z ≤ p. Next, let

G′ = G−X1 and L′(v) = L(v)−Z for each v ∈ V (G′). Also let r′ be the function r with

its domain restricted to D′ − r−1(Z). Clearly r′ is a request of L′, G′ = Kn2,...,nk
, and

|L′(v)|≥ s+ 1− n1 = n2 + · · ·+ nk−1 + 1 for each v ∈ V (G′).

So, the induction hypothesis tells us that we can complete f according to a proper

L′-coloring of G′ that satis�es at least |D′ − r−1(Z)|/(k − 1) of the vertex requests of r′.

Note |D′ − r−1(Z)| = |W |+
p∑

i=1

C(ci)−
∑
z∈Z

C(z). By the de�nition of Z we may suppose

Z = {ca1 , . . . , caz} where s+1 ≤ a1 < · · · < az ≤ p. Then, since ai ≥ s+ i for each i ∈ [z],

C(cai) ≤ C(cs+i) for each i ∈ [z]. This means

|W |+
p∑

i=1

C(ci)−
∑
z∈Z

C(z) ≥ |W |+
p∑

i=1

C(ci)−
s+z∑

i=s+1

C(ci).

It follows that f satis�es at least

1

k − 1

(
|W |+

p∑
i=1

C(ci)−
s+z∑

i=s+1

C(ci)

)
,

vertex requests of r.

Construct g as follows. For each x ∈ D1, let g(x) = r(x). For each x ∈ X1 − D1, let

g(x) be an element of L(x). As before, let G′ = G − X1. Let L′′(v) = L(v) − g(X) for

each v ∈ V (G′), and let r′′ be the function r with its domain restricted to D′−r−1(g(X)).

Clearly r′′ is a request of L′′, G′ = Kn2,...,nk
, and |L′(v)|≥ s+1− n1 = n2 + · · ·+ nk−1 +1

for each v ∈ V (G′).

So, the induction hypothesis tells us that we can complete g according to a proper

L′′-coloring of G′ that satis�es at least |D′ − r−1(g(X))|/(k − 1) of the vertex requests of

r′′. Since ∣∣D′ − r−1(g(X))
∣∣ = |W |+

p∑
i=1

C(ci)−
∑

c∈g(X)

C(c) ≥ |W |+
p∑

i=n1+1

C(ci),

it follows that g satis�es at least

|D1|+
1

k − 1

(
|W |+

p∑
i=n1+1

C(ci)

)
,

vertex requests of r.

For the sake of contradiction, assume

1

k − 1

(
|W |+

p∑
i=1

C(ci)−
s+z∑

i=s+1

C(ci)

)
< |D|/k,
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and

|D1|+
1

k − 1

(
|W |+

p∑
i=n1+1

C(ci)

)
< |D|/k.

Since |W |+|D1|+
p∑

i=1

C(ci) = |D|, rearranging these inequalities gives

(k − 1)|D1|> |W |+
p∑

i=1

C(ci)− k

s+z∑
i=s+1

C(ci) ≥
p∑

i=1

C(ci)− k

s+z∑
i=s+1

C(ci),

and

(k − 1)|D1|<
−|W |
k − 1

− k

k − 1

p∑
i=n1+1

C(ci) +

p∑
i=1

C(ci) ≤ − k

k − 1

p∑
i=n1+1

C(ci) +

p∑
i=1

C(ci).

These inequalities imply that

k

k − 1

p∑
i=n1+1

C(ci)− k

s+z∑
i=s+1

C(ci) < 0,

which implies that
p∑

i=n1+1

C(ci) − (k − 1)
s+z∑

i=s+1

C(ci) < 0. Now, for each j ∈ [k − 1], let

sj =
j∑

t=1

nt which means sk−1 = s, and note that

p∑
i=n1+1

C(ci)− (k − 1)
s+z∑

i=s+1

C(ci) ≥
s+z∑

i=n1+1

C(ci)− (k − 1)
s+z∑

i=s+1

C(ci)

=
s∑

i=n1+1

C(ci)− (k − 2)
s+z∑

i=s+1

C(ci)

=
k−2∑
j=1

sj+1∑
i=1+sj

C(ci)− (k − 2)
s+z∑

i=s+1

C(ci)

=
k−2∑
j=1

 sj+1∑
i=1+sj

C(ci)−
s+z∑

i=s+1

C(ci)

 .

Finally, for each j ∈ [k − 2], note that
sj+1∑

i=1+sj

C(ci) has nj+1 terms while
s+z∑

i=s+1

C(ci)

has z terms, and we know z ≤ n1 ≤ nj+1. Also, C(cn1+1) ≥ C(cn1+2) ≥ · · · ≥ C(cs+z).

Consequently,
k−2∑
j=1

 sj+1∑
i=1+sj

C(ci)−
s+z∑

i=s+1

C(ci)

 ≥ 0,

which is a contradiction.

Thus, f or g is a proper L-coloring of G that satis�es at least |D|/k vertex requests of

r, and the induction step is complete.
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3. The list �exibility function

We begin this section by showing that the bound in Theorem 1.6 can be strict.

Proposition 3.1. For G = Kn,n with n ≥ 3, we have χℓflex(G) ≤ n < n+ 1 = col(G).

It is worth mentioning that for large n, one may expect a much stronger upper bound

for χℓflex(Kn,n) to hold. In fact, it is unknown whether χℓflex(Kn,n) = O(log2(n)) as

n → ∞ (see the discussion surrounding Conjectures 15 and 16 in [13]).

Before we prove Proposition 3.1, we need two results. The �rst is a well-known list

coloring result. A graph G is said to be degree-choosable if a proper L-coloring of G exists

whenever L is a list assignment for G satisfying |L(v)|= d(v) for each v ∈ V (G).

Theorem 3.2 ([3, 11]). Every connected graph G is degree-choosable unless each block of

G is a complete graph or an odd cycle. Consequently, any complete bipartite graph with

both partite sets of size at least two is degree-choosable.

Now, we prove a lemma related to the degree-choosability of stars.

Lemma 3.3. Suppose G = K1,n and the bipartition of G is X = {x}, Y = {y1, . . . , yn}.
Suppose L is a list assignment for G such that |L(x)|≥ n and |L(yi)|≥ 1 for all i ∈ [n].

Then, G is not L-colorable if and only if |L(yi)|= 1 for all i ∈ [n], L(y1), . . . , L(yn) are

pairwise disjoint, and L(x) =
⋃

i∈[n] L(yi).

Proof. The proof is trivial when n = 1. So, assume n ≥ 2. Suppose G is not L-colorable.

For the sake of contradiction, assume that there is k ∈ [n] such that |L(yk)|> 1. We

will obtain a contradiction by constructing a proper L-coloring f of G. Color yi so that

f(yi) ∈ L(yi) for all i ∈ [n]−{k}. Since L(x)−{f(yi) : i ∈ [n]−{k}} is nonempty, we can

color x so that f(x) ∈ L(x)− {f(yi) : i ∈ [n]− {k}}. Since L(yk)− {f(x)} is nonempty,

we can complete our proper L-coloring by coloring yk so that f(yk) ∈ L(yk) − {f(x)}.
Having reached a contradiction, we have that |L(yi)|= 1 for all i ∈ [n].

Now, assume for the sake of contradiction that L(y1), . . . , L(yn) are not pairwise dis-

joint. Then there are j, k ∈ [n] such that j ̸= k and L(yj) = L(yk). We will obtain a

contradiction by constructing a proper L-coloring f of G. Let f(yj) and f(yk) be the

element in L(yk). For each vertex y ∈ Y − {yj, yk}, let f(y) be the element in L(y).

Since |{f(y) : y ∈ Y }|< n, we can complete a proper L-coloring of G by coloring x with

an element in L(x) − {f(y) : y ∈ Y }. Having reached a contradiction, we have that

L(y1), . . . , L(yn) are pairwise disjoint.

Now, assume for the sake of contradiction that L(x) ̸=
⋃

i∈[n] L(yi). We will obtain

a contradiction by constructing a proper L-coloring f of G. Since L(y1), . . . , L(yn) are

pairwise disjoint and |L(yi)|= 1 for each i ∈ [n], we may suppose L(yi) = {ci} so that⋃
i∈[n] L(yi) = {c1, . . . , cn}. Let f(yi) = ci for all i ∈ [n]. Since |L(x)|= n and L(x) ̸=

{c1, . . . , cn}, note that L(x) − {c1, . . . , cn} is nonempty. We can complete a proper L-

coloring of G by coloring x with an element of L(x) − {c1, . . . , cn}. Having reached a
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contradiction, we have that L(x) =
⋃

i∈[n] L(yi).

Conversely, suppose |L(yi)|= 1 for all i ∈ [n], L(y1), . . . , L(yn) are pairwise disjoint, and

L(x) =
⋃

i∈[n] L(yi). Suppose L(yi) = {ci} as before. Assume for the sake of contradiction

that f is a proper L-coloring of G. Then f(yi) = ci for all i ∈ [n]. Since L(x) =

{c1, . . . , cn}, f(x) ∈ {c1, . . . , cn} which contradicts the fact that f is proper.

We are now ready to prove Proposition 3.1.

Proof. First, note that Statement (ii) of Theorem 1.8 implies the desired result when

n = 3. So, we assume that n ≥ 4. Suppose the partite sets of G are X = {x1, . . . , xn}
and Y = {y1, . . . , yn}. Suppose L is an arbitrary n-assignment for G, and r : D →⋃

v∈V (G) L(v) is a request of L. Since ρ(G) = 2, if we can show there is a proper L-

coloring of G that satis�es at least |D|/2 vertex requests, we will have χℓflex(G) ≤ n. We

will show such a coloring exists in each of the following cases: (1) |D|∈ {2n− 1, 2n}, (2)
|D|∈ {2n− 3, 2n− 2}, and (3) |D|≤ 2n− 4.

First, suppose that |D|∈ {2n− 1, 2n}. Without loss of generality, assume X ⊆ D and

{y1, . . . , yn−1} ⊆ D. Suppose r(xi) = ci for each i ∈ [n]. We �rst show that we may

assume c1, . . . , cn are pairwise distinct. Suppose there are i, j ∈ [n] with i ̸= j such that

ci = cj. We can construct a proper L-coloring f of G that satis�es n ≥ |D|/2 vertex

requests as follows. Let f(xi) = ci for all i ∈ [n] and color each y ∈ Y with an element in

L(y)− {c1, . . . , cn}. So, we may assume that c1, . . . , cn are pairwise distinct.

Now, we construct a proper L-coloring f of G as follows. Let f(y1) = r(y1). Without

loss of generality, assume that if r(y1) ∈ {c1, . . . , cn}, then r(y1) = cn. Now, let f(xi) = ci
for all i ∈ [n − 1]. By Lemma 3.3, we can complete a proper L-coloring of G that

satis�es n vertex requests unless there are pairwise distinct colors d2, . . . , dn such that

L(yi) = {c1, . . . , cn−1, di} for each i ∈ {2, . . . , n} and L(xn) = {r(y1), d2, . . . , dn} (In the

case r(y1) ̸= cn, cn ∈ {d2, . . . , dn} and r(y1) /∈ {d2, . . . , dn}, and in the case r(y1) = cn,

cn /∈ {d2, . . . , dn}). So, assume these properties hold, and we will reconstruct the coloring

f .

If there exists a k ∈ {2, . . . , n} such that r(yk) = cq for some q ∈ [n − 1], then let

f(yi) = cq for each i ∈ {2, . . . , n}. Let f(xi) = ci for each i ∈ [n]−{q} and color y1 so that

f(y1) ∈ L(y1)− {ci : i ∈ [n]− {q}}. Finally, color x1 so that f(x1) ∈ L(x1)− {cq, f(y1)}.
It is easy to see that f is a proper L-coloring that satis�es n vertex requests. If r(yi) /∈
{c1, . . . , cn−1} for each i ∈ {2, . . . , n}, then r(yi) = di for each i ∈ {2, . . . , n − 1} . Let

f(y2) = d2, f(xi) = ci for each i ∈ {2, . . . , n}, and f(yi) = c1 for each i ∈ {3, . . . , n}.
Then, let f(y1) be an element in L(y1)− {c2, . . . , cn}. Finally, we can complete a proper

L-coloring that satis�es at least n vertex requests by letting f(x1) be an element in

L(x1)− {f(y1), d2, c1} (which is possible since n ≥ 4).

Second, suppose |D|∈ {2n − 3, 2n − 2}. Since n ≥ 4, we may assume without loss of

generality that {x1, . . . , xn−1} ⊆ D and y1 ∈ D. Suppose r(xi) = ci for each i ∈ [n].

We will now construct a proper L-coloring f of G that satis�es at least n − 1 ≥ |D|/2
vertex requests. Let f(xi) = ci for 1 ≤ i ≤ n − 1. By Lemma 3.3, we can complete a

proper L-coloring of G that satis�es n− 1 vertex requests unless c1, . . . , cn−1 are pairwise

distinct, there are pairwsie distinct colors d1, . . . , dn such that L(yi) = {c1, . . . , cn−1, di}
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for each i ∈ [n], and L(xn) = {d1, d2, . . . , dn}. So, assume these properties hold, and we

will reconstruct the coloring f .

Begin by letting f(y1) = r(y1). Then, de�ne f so that n − 2 of the vertices in {xi ∈
{x1, . . . , xn−1} : r(xi) ̸= r(y1)} are colored with their requested color (this is possible since

at most one vertex in {x1, . . . , xn−1} requests r(y1)). Call the set of vertices that have

been colored at this stage A, and let B = A − {y1}. Then, let G′ = G − A, and notice

that G′ = K2,n−1. Let L′ be the list assignment for G′ given by L′(x) = L(x) − {r(y1)}
for each x ∈ (X − B) and L′(y) = L(y) − {f(x) : x ∈ B} for each y ∈ Y − {y1}.
Clearly, |L′(x)|≥ n − 1 = dG′(x) for each x ∈ (X − B) and |L′(y)|≥ 2 = dG′(y) for each

y ∈ Y − {y1}. So, Theorem 3.2 implies there is a proper L′-coloring of G′ which means

that we can extend f to a proper L-coloring of G that satis�es at least n − 1 vertex

requests.

Finally, suppose that |D|≤ 2n − 4. Assume without loss of generality that |D ∩ X|≥
|D|/2, and let A be a set consisting of ⌈|D|/2⌉ arbitrarily chosen vertices of D∩X. Now,

color each element of A with its requested color. Then, let G′ = G− A, and notice that

G′ = Kn−|A|,n and n − |A|≥ n − (2n − 4)/2 = 2. Let L′ be the list assignment for G′

given by L′(x) = L(x) for each x ∈ (X − A) and L′(y) = L(y)− {r(x) : x ∈ A} for each

y ∈ Y . Clearly, |L′(x)|= n = dG′(x) for each x ∈ X and |L′(y)|≥ n−|A|= dG′(y) for each

y ∈ Y . So, Theorem 3.2 implies there is a proper L′-coloring of G′ which means that we

can extend our coloring to a proper L-coloring of G that satis�es at least |D|/2 vertex

requests.

Recall that χℓ(K2,n) = 2 when n ∈ [3], and χℓ(K2,n) = 3 otherwise. Having proved

Theorem 1.6, we are ready to prove Theorem 1.7 which we restate.

Theorem 1.7. Suppose G = K2,n

ϵℓ(G, t) =


1/2 if n = 1 and t ≥ 2,

0 if n ∈ {2, 3} and t = 2,

1/2 otherwise.

Proof. If n = 1, we know that χℓflex(G) = 2. Thus when n = 1, ϵℓ(G, t) = 1/2 for t ≥ 2.

Also if n ≥ 2 and t ≥ 3, ϵℓ(G, t) = 1/2 by Theorem 1.6.

Suppose n ∈ {2, 3}. Suppose the partite sets of G are X = {x1, x2} and Y =

{y1, . . . , yn}. Let L be the 2-assignment for G given as follows. Let L(xi) = {2i − 1, 2i}
for each i ∈ [2]. Let L(y1) = {1, 3}, L(y2) = {1, 4}, and if n = 3 let L(y3) = [2]. Suppose

r is the request of L with domain {x1} given by r(x1) = 1. Suppose for the sake of

contradiction there is a proper L-coloring of G, f , such that f(x1) = 1. Notice f(y1) = 3

and f(y2) = 4. Consequently, f(x2) = f(y1) or f(x2) = f(y2). This means f is not proper

which is a contradiction. Thus ϵℓ(G, 2) = 0.

With Theorem 1.7 in mind, we now turn our attention to the list �exibility function of

K3,n for n ≥ 3 and determining the value of ϵℓ(G, 3) when G is a 3-choosable complete

bipartite graph. As was mentioned in Section 1, it is known that for 3 ≤ m ≤ n, Km,n is
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3-choosable if and only if m = 3 and n ≤ 26, m = 4 and n ≤ 20, m = 5 and n ≤ 12, or

m = 6 and n ≤ 10. It is also easy to show that χℓ(K3,n) ≥ 3 whenever n ≥ 3.

We begin by proving results on the (a, b)-choosability of complete bipartite graphs that

will be used later. Our �rst such result is a generalization of Proposition 5 in [1].

Lemma 3.4. Suppose G = Kn,b. Then, G is (t, n)-choosable if and only if b < tn.

Proof. When b ≥ tn, the fact that G is not (t, n)-choosable follows from Proposition 5

in [1]. Conversely suppose b < tn, and L is a (t, n)-assignment for G. Suppose the partite

sets of G are X = {x1, . . . , xn}, Y = {y1, . . . , yb}. We will construct a proper L-coloring,

f , of G in each of two cases.

Suppose there are i, j ∈ [n] with i ̸= j such that there is a c ∈ L(xi) ∩ L(xj). Let

f(xi) = f(xj) = c. Then, for each v ∈ X − {xi, xj} let f(v) be some element in L(v).

Notice |f(X)|≤ n − 1. So, we can complete a proper L-coloring of G by letting f(v) be

some element in L(v)− f(X) for each v ∈ Y .

Now, suppose L(x1), . . . , L(xn) are pairwise disjoint. Let

A = {{a1, . . . , an} : ai ∈ L(xi) for each i ∈ [n]},

and notice |A|= tn. So, we may suppose there is a {c1, . . . , cn} ∈ A − {L(yi) : i ∈ [b]}
where ci ∈ L(xi) for each i ∈ [n]. Now, let f(xi) = ci for each i ∈ [n]. Notice f(X) ̸= L(yj)

for each j ∈ [b]. So, we can complete a proper L-coloring of G by letting f(v) be some

element in L(v)− f(X) for each v ∈ Y .

We now give a complete characterization of (3, 2)-choosable complete bipartite graphs

to help with the proof of Theorem 1.8. Before beginning the proof, we mention an

observation and two lemmas that we will need.

Observation 3.5. Suppose H is a subgraph of G, and g : V (G) → N is a function.

Suppose h is the restriction of g to V (H). If G is g-choosable, then H is h-choosable.

Lemma 3.6 ([7]). Suppose that G is a graph and f : V (G) → N is a function satisfying

f(v) < |V (G)| for all v ∈ V (G). If G is not f -choosable, then there is an f -assignment

L for G satisfying |
⋃

v∈V (G) L(v)|< |V (G)| such that there is no proper L-coloring of G.

Lemma 3.7. Suppose G = K3,3, and f : V (G) → {2, 3} is such that there is a unique

x ∈ V (G) with f(x) = 3. Then G is f -choosable.

Proof. Suppose the bipartition of G is X = {x1, x2, x3}, Y = {y1, y2, y3} throughout the

proof. Suppose without loss of generality that f(x3) = 3. Suppose L is an arbitrary list

assignment for G such that |L(v)|= f(v) for each v ∈ V (G). To prove the desired result,

we will construct a proper L-coloring of G. Notice that in the case
⋂3

i=1 L(yi) ̸= ∅, we
can greedily construct a proper L-coloring by coloring the vertices in Y with an element

from
⋂3

i=1 L(yi), and then greedily coloring the vertices in X.

Now, we show a proper L-coloring of G exists when there is a c ∈ L(x1) ∩ L(x2). In

this case we may assume c /∈ L(x3), and {L(yi) : i ∈ [3]} = {{c, z} : z ∈ L(x3)} since
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otherwise we could construct a proper L-coloring of G where x1 and x2 are colored with

c. This however implies that c ∈
⋂3

i=1 L(yi) which implies a proper L-coloring of G must

exist.

Finally, suppose L(x1) ∩ L(x2) = ∅. Let L′ be the 2-assignment for G′ = G − x3

obtained by restricting the domain of L to V (G′). Since G′ is 2-choosable there is a

proper L′-coloring of G′ which we will call g. We may suppose L(x3) = {g(yi) : i ∈ [3]}
since otherwise we could extend g to a proper L-coloring of G. For each i ∈ [2] and

j ∈ [3], let ai be the element in the set L(xi) − {g(xi)} and let bj be the element in

the set L(yj) − {g(yj)}. For each j ∈ [3], we may assume bj ∈ {g(x1), g(x2)} since

otherwise we could obtain a proper L-coloring of G by recoloring yj with bj and then

coloring x3 with g(yj). Thus, {b1, b2, b3} ⊆ {g(x1), g(x2)}. Since L(x1) ∩ L(x2) = ∅,
{a1, a2} ∩ {g(x1), g(x2)} = ∅. Consider the L′-coloring of G′ given by h(xi) = ai for

each i ∈ [2] and h(yj) = bj for each j ∈ [3]. It is easy to see that h is proper. Since

|{b1, b2, b3}|≤ 2, we can extend h to a proper L-coloring of G by coloring x3 with an

element of L(x3)− {b1, b2, b3}.

Theorem 1.9. Suppose G = Km,n where m,n ∈ N satisfy m ≤ n.

(i) We have G is (3, 2)-choosable if and only if m = 1 and n ∈ N, m = 2 and n ≤ 8,

m = 3 and n ≤ 6, or m = 4 and n = 4.

(ii) We have G is (2, 3)-choosable if and only if m ∈ [2] and n ∈ N, m = 3 and n ≤ 7,

or m = 4 and n ≤ 5.

Proof. Suppose the bipartition of G is X = {x1, . . . , xm}, Y = {y1, . . . , yn} throughout

the proof. Proving Statements (i) and (ii) require us to prove four implications which we

will write as four claims. We begin by proving two claims that imply Statement (i)

Claim A. G is not (3, 2)-choosable when m = 2 and n ≥ 9, m = 3 and n ≥ 7, m = 4

and n ≥ 5, or m ≥ 5.

If m = 2 and n ≥ 9, then G is not (3, 2)-choosable by Lemma 3.4. If m = 3 and n ≥ 7,

it is su�cient to show that G is not (3, 2)-choosable when n = 7 by Observation 3.5.

For G = K3,7, let L be the (3, 2)-assignment for G de�ned by L(x1) = {1, 2, 3}, L(x2) =

{1, 3, 4}, L(x3) = {2, 4, 5}, L(y1) = {1, 2}, L(y2) = {1, 4}, L(y3) = {1, 5}, L(y4) = {2, 3},
L(y5) = {2, 4}, L(y6) = {3, 4}, and L(y7) = {3, 5}. Assume for the sake of contradiction

that f is a proper L-coloring of G. If f(x1) = 1, then f(y1) = 2, f(y2) = 4, and f(y3) = 5.

Then f(x3) ∈ L(x3) − {2, 4, 5} which is a contradiction. If f(x1) = 2, then f(y1) = 1,

f(y4) = 3, and f(y5) = 4. Then f(x2) ∈ L(x2)−{1, 3, 4} which is a contradiction. Finally,

if f(x1) = 3, we have f(y4) = 2, f(y6) = 4, and f(y7) = 5. Then f(x3) ∈ L(x3)−{2, 4, 5}
which is a contradiction. So, f(x1) /∈ L(x1) which is a contradiction. Therefore, G is not

L-colorable.

If m = 4 and n ≥ 5, it is su�cient to show that G is not (3, 2)-choosable when

n = 5 by Observation 3.5. For G = K4,5, let L be the (3, 2)-assignment for G de�ned by

L(x1) = {1, 2, 5}, L(x2) = {1, 2, 6}, L(x3) = {3, 4, 5}, L(x4) = {3, 4, 6}, L(y1) = {1, 3},
L(y2) = {1, 4}, L(y3) = {2, 3}, L(y4) = {2, 4}, L(y5) = {5, 6}. Assume for the sake

of contradiction that f is a proper L-coloring of G. If f(x1) = 1, then f(y1) = 3 and
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f(y2) = 4. Thus, f(x3) = 5 which implies f(y5) = 6. So, f(x4) ∈ L(x4)− {3, 4, 6} which

is a contradiction. If f(x1) = 2, then f(y3) = 3 and f(y4) = 4. Thus, f(x3) = 5 which

means f(y5) = 6. Therefore, f(x4) ∈ L(x4) − {3, 4, 6} which is a contradiction. Finally,

if f(x1) = 5, then f(y5) = 6. This leaves us with f(x4) ∈ {3, 4}. If f(x4) = 3, then

f(y1) = 1 and f(y3) = 2. Therefore, f(x2) ∈ L(x2)− {1, 2, 6} which is a contradiction. If

f(x4) = 4, then f(y2) = 1 and f(y4) = 2. This means f(x2) ∈ L(x2)− {1, 2, 6}, which is

another contradiction. Therefore, G is not L-colorable. If m ≥ 5, then G contains a copy

of K4,5 as a subgraph. So G is not (3, 2)-choosable by Observation 3.5. This completes

the proof of Claim A.

Claim B. If m = 1 and n ∈ N, m = 2 and n ≤ 8, m = 3 and n ≤ 6, or m = 4 and

n = 4, then G is (3, 2)-choosable

If m = 1 and n ∈ N, G is a tree. Since G is a tree it is 2-choosable which means it is

also (3, 2)-choosable. If m = 2 and n ≤ 8, then G is (3, 2)-choosable by Lemma 3.4.

Supposem = 3 and n ≤ 6. We must show thatG is (3, 2)-choosable. By Observation 3.5

we may assume that n = 6. For the sake of contradiction suppose G is not (3, 2)-choosable.

Then by Lemma 3.6, there is a (3, 2)-assignment L for G satisfying |
⋃

v∈V (G) L(v)|< 9

such that there is no proper L-coloring of G. Let µ :
⋃6

i=1 L(yi) → N be the function

given by µ(c) = |{i ∈ [n] : c ∈ L(yi)}|. Let P =
⋃n

i=1 L(yi) and M = max
c∈P

µ(c). If

M = 1, then |P |= 12 which implies |
⋃

v∈V (G) L(v)|≥ 12 which is a contradiction. Suppose

M = 2. We will obtain a contradiction by constructing a proper L-coloring of G. Since

|
⋃

v∈V (G) L(v)|< 9, we have that L(x1), L(x2), and L(x3) are not pairwise disjoint. So,

we may assume without loss of generality that c ∈ L(x1) ∩ L(x2). Color x1 and x2 with

c. Since M = 2, we know c is in at most two of the lists L(y1), . . . , L(y6). For any vertex

y ∈ Y whose list contains c, color y with the color in L(y)− {c}. Finally we can greedily

complete a proper L-coloring by coloring x3 followed by any vertices in Y that have not

yet been colored.

Now, suppose thatM = 3 and µ(c1) = 3. Note that if c1 ∈
⋂3

i=1 L(xi), we can construct

a proper L-coloring by coloring all the vertices in X with c1, and then greedily coloring

the vertices in Y . So, we may assume c1 /∈
⋂3

i=1 L(xi) and without loss of generality

assume c1 /∈ L(x3). We will now show that a proper L-coloring of G exists. First color

the three vertices in Y whose list contains c1 with c1. Assume without loss of generality

these vertices are y1, y2, y3. Let L′ be the list assignment for G − {y1, y2, y3} de�ned as

follows: L′(yj) = L(yj) for each j ∈ {4, 5, 6}, L′(x3) = L(x3), then for each i ∈ [2] obtain

L′(xi) from L(xi) by deleting c1 from L(xi) if c1 ∈ L(xi) or arbitrarily deleting a color from

L(xi) in the case c1 /∈ L(xi). By Lemma 3.7 a proper L′-coloring of G−{y1, y2, y3} exists

and such a coloring can be used to complete a proper L-coloring of G. Finally, suppose

that 4 ≤ M ≤ 6 and µ(c1) ≥ 4. Now, color all of the vertices in Y whose list contains c1
with c1. After this let C be the set of vertices in Y that have been colored. Now let L′

be the list assignment for G − C given by L′(v) = L(v) − {c1} for each v ∈ V (G − C).

Since |L′(v)|≥ 2 for each v ∈ V (G− C) and G− C is a subgraph of a 2-choosable graph

(namely, K2,3), a proper L′-coloring of G − C exists and such a coloring can be used to

complete a proper L-coloring of G.

Now we turn our attention to the case where m = n = 4. We must show that G is
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(3, 2)-choosable. For the sake of contradiction suppose G is not (3, 2)-choosable. Then

by Lemma 3.6, there is a (3, 2)-assignment L for G satisfying |
⋃

v∈V (G) L(v)|< 8 such

that there is no proper L-coloring of G. Let µ :
⋃4

i=1 L(yi) → N be the function given

by µ(c) = |{i ∈ [n] : c ∈ L(yi)}|. Let P =
⋃n

i=1 L(yi) and M = max
c∈P

µ(c). If M = 1,

then |P |= 8 which implies |
⋃

v∈V (G) L(v)|≥ 8 which is a contradiction. Now, suppose that

M = 2 and µ(c1) = 2. Note that if c1 ∈
⋂4

i=1 L(xi), we can construct a proper L-coloring

by coloring all the vertices in X with c1, and then greedily coloring the vertices in Y . So,

we may assume c1 /∈
⋂4

i=1 L(xi). We will now show that a proper L-coloring of G exists.

First color the two vertices in Y whose list contains c1 with c1. Assume without loss of

generality these vertices are y1 and y2. If there is a c2 ∈ L(y3) ∩ L(y4), we complete a

proper L-coloring by coloring y3 and y4 with c2 and greedily coloring the vertices in X.

So, we may assume L(y3) ∩ L(y4) = ∅. Now let L′ be the list assignment for G− {y1, y2}
given by L′(v) = L(v) − {c1} for each v ∈ V (G − {y1, y2}). Notice L(yi) = L′(yi) for

i ∈ {3, 4}. Let A = {{a, b} : a ∈ L′(y3), b ∈ L′(y4)} and B = {L′(xi) : i ∈ [4]}. Note that
A contains four sets each of size two. Also, note each element of B has size at least two,

and B has at least one element of size three. Thus, there is a {c, d} ∈ A − B, and we

assume c ∈ L′(y3) and d ∈ L′(y4). Notice that L(xi)− {c, d} ̸= ∅ for each i ∈ [4]. So, we

can complete a proper L-coloring of G by coloring y3 with c, y4 with d, and xi with an

element of L(xi)− {c, d} for each i ∈ [4].

Finally, suppose that 3 ≤ M ≤ 4. Suppose µ(c1) ≥ 3. Now, color all of the vertices in

Y whose list contains c1 with c1. After this let C be the set of vertices in Y that have

been colored. Let L′ be the list assignment for G − C given by L′(v) = L(v) − {c1} for

each v ∈ V (G−C). Since |L′(v)|≥ 2 for each v ∈ V (G−C) and G−C is a subgraph of a

2-choosable graph (namely, K1,4), a proper L′-coloring of G− C exists and such a color-

ing can be used to complete a proper L-coloring ofG. This completes the proof of Claim B.

Next, we prove two implications that imply Statement (ii).

Claim C. G is not (2, 3)-choosable when m = 3 and n ≥ 8, m = 4 and n ≥ 6, or m ≥ 5.

If m = 3 and n ≥ 8, then G is not (2, 3)-choosable by Lemma 3.4. Also, since K5,5 is

not (3,2)-choosable, G is not (2,3) choosable whenever m ≥ 5.

If m = 4 and n ≥ 6, it is su�cient to show that G is not (2, 3)-choosable when

n = 6 by Observation 3.5. For G = K4,6, let L be the (2, 3)-assignment for G de�ned

by L(x1) = {1, 2}, L(x2) = {1, 3}, L(x3) = {4, 5}, L(x4) = {6, 7} L(y1) = {1, 4, 6},
L(y2) = {1, 4, 7}, L(y3) = {1, 5, 6}, L(y4) = {1, 5, 7}, L(y5) = {2, 3, 4}, and L(y6) =

{2, 3, 5}. Assume for the sake of contradiction that f is a proper L-coloring of G. Note

{f(x3), f(x4)} ∈ {{4, 6}, {4, 7}, {5, 6}, {5, 7}}. If f(x1) = 1 or f(x2) = 1, then there

is an i ∈ [4] such that L(yi) ⊆ {f(xj) : j ∈ [4]} which contradicts the fact that f

is proper. So we may assume f(x1) = 2 and f(x2) = 3. This however implies that

L(yj) = {f(x1), f(x2), f(x3)} for some j ∈ {5, 6} which is a contradiction. Therefore, G

is not L-colorable. This completes the proof of Claim C.

Claim D. If m ∈ [2] and n ∈ N, m = 3 and n ≤ 7, or m = 4 and n ≤ 5, then G is

(2, 3)-choosable.

If m = 1 and n ∈ N, G is a tree. Since G is a tree it is 2-choosable which means it
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is also (2, 3)-choosable. Also, if m = 3 and n ≤ 7, G is (2,3)-choosable by Lemma 3.4.

Suppose m = 2 and n ∈ N. We must show that G is (2, 3)-choosable. Now, suppose L is

an arbitrary (2,3)-assignment for G. We construct a proper L-coloring for G as follows.

For each i ∈ [2], color each xi with some ci ∈ L(xi). Then greedily color each element in

Y . Thus, G is (2, 3)-choosable.

Finally, suppose m = 4 and n ≤ 5. We must show that G is (2, 3)-choosable. By

Observation 3.5 we may assume that n = 5. For the sake of contradiction, suppose G

is not (2, 3)-choosable. Then there is a (2, 3)-assignment L for G such that there is no

proper L-coloring of G. Let µ :
⋃4

i=1 L(xi) → N be the function given by µ(c) = |{i ∈
[4] : c ∈ L(xi)}|. Let P =

⋃4
i=1 L(xi) and M = max

c∈P
µ(c). If M = 1, suppose without loss

of generality L(xi) = {2i − 1, 2i} for i ∈ [4]. Let T = {L(y1), L(y2), L(y3), L(y4), L(y5)}
and C = {{c1, c2, c3, c4} : ci ∈ L(xi) for each i ∈ [4]}. Let P be the power set of C. Then,

let g : T → P be the function given by g(L(yi)) = A where A = {B ∈ C : L(yi) ⊆ B}.
Since there is no proper L-coloring,

⋃5
i=1 g(L(yi)) = C. We claim |g(L(yi))|≤ 2 for each

i ∈ [5]. To see why, notice if i, j, and k are pairwise distinct elements of [8], then at most

two elements of C contain i, j, and k. Consequently, |g(L(yi))|≤ 2 for each i ∈ [5]. Thus,

16 = |C|=

∣∣∣∣∣
5⋃

i=1

g(L(yi))

∣∣∣∣∣ ≤ 10,

which is a contradiction.

Now, suppose M = 2. Without loss of generality, suppose c1 ∈ L(x1) ∩ L(x2). If there

is a c2 ∈ L(x3) ∩ L(x4), we can complete a proper L-coloring of G by coloring x1 and

x2 with c1, coloring x3 and x4 with c2, and greedily coloring the remaining vertices. So,

L(x3) ∩ L(x4) = ∅. Suppose L(x3) = {a, b} and L(x4) = {c, d}. Notice that it is possible
to color each vertex in X with a color from its list and only use: c1, a color from {a, b},
and a color from {c, d}. So, we may suppose without loss of generality L(y1) = {c1, a, c},
L(y2) = {c1, a, d}, L(y3) = {c1, b, c}, and L(y4) = {c1, b, d}. Let di be the only color

in L(xi) − {c1} for each i ∈ [2]. Then, suppose L′(y5) = L(y5) − {d1, d2}, and notice

|L′(y5)|≥ 1. We can now construct a proper L-coloring of G as follows. First, color yi with

c1 for each i ∈ [4]. Then, color y5 with a color c2 ∈ L′(y5). Finally, since L(xi)− {c1, c2}
is nonempty for each i ∈ [4], we can greedily complete our proper L-coloring.

Finally, suppose that 3 ≤ M ≤ 4 and µ(c1) ≥ 3. Now, color all of the vertices in X

whose list contains c1 with c1. After this let C be the set of vertices in X that have been

colored. Now let L′ be the list assignment for G − C given by L′(v) = L(v) − {c1} for

each v ∈ V (G − C). Since |L′(v)|≥ 2 for each v ∈ V (G − C) and G − C is a subgraph

of a 2-choosable graph (namely, K1,5), a proper L′-coloring of G − C exists and such a

coloring can be used to complete a proper L-coloring of G. This completes the proof of

Claim D.

We now present a lemma that will be used in combination with Theorem 1.9 in order

to prove Theorem 1.8 and Proposition 1.10.

Lemma 3.8. Suppose G = Km,n, m,n ∈ N, k ≥ 2, and G is k-choosable. If Km,n−1
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is (k − 1, k)-choosable and Km−1,n is (k, k − 1)-choosable then 1/(m + n) ≤ ϵℓ(G, k). If

Km,n−1 is not (k− 1, k)-choosable or Km−1,n is not (k, k− 1)-choosable then ϵℓ(G, k) = 0.

Proof. Let the bipartition of G be X = {x1, . . . , xm} and Y = {y1, . . . , yn}. Suppose

Km,n−1 is (k−1, k)-choosable andKm−1,n is (k, k−1)-choosable. Suppose L is an arbitrary

k-assignment for G, r is a request of L with domain D, and D ∩ X ̸= ∅. Without loss

of generality, suppose x1 ∈ D ∩ X. Let G′ = G − x1, L
′(v) = L(v) − r(x1) if v ∈ Y ,

and L′(v) = L(v) if v ∈ X − {x1}. Since G′ = Km−1,n, there is a proper L′-coloring of

G′. This coloring can be extended to a proper L-coloring of G by coloring x1 with r(x1).

Moreover, this proper L-coloring satis�es at least 1 of the vertex requests.

If D ∩X = ∅, then D ∩ Y ̸= ∅. In this case, a similar argument that uses the fact that

Km,n−1 is (k− 1, k)-choosable can be used to show there is a proper L-coloring of G that

satis�es at least 1 of the vertex requests. Thus, ϵℓ(G, k) ≥ 1/(m+ n).

Now suppose Km,n−1 is not (k − 1, k)-choosable. Let G′ = G − y1. Suppose L′ is

a (k − 1, k)-assignment for G′ such that there is no proper L′-coloring of G′. Suppose

c /∈
⋃

v∈V (G′) L
′(v). Let L be the k-assignment for G de�ned as follows

L(v) =


L′(v) ∪ {c} if v ∈ X,

L′(x1) ∪ {c} if v = y1,

L′(v) otherwise.

Suppose r : {y1} →
⋃

v∈V (G) L(v) is the request of L given by r(y1) = c. Since there is

no proper L′-coloring of G′, there is no proper L-coloring of G that colors y1 with c. This

means that none of the vertex requests can be satis�ed.

If Km,n−1 is (k − 1, k)-choosable, but Km−1,n is not (k, k − 1)-choosable, we can use a

similar idea to construct a k-assignment L for G and a request r of L for which none of

the vertex requests can be satis�ed. Thus, if Km,n−1 is not (k− 1, k)-choosable or Km−1,n

is not (k, k − 1)-choosable, then ϵℓ(G, k) = 0.

We are now ready to prove Theorem 1.8 which we restate.

Theorem 1.8. Suppose G = K3,n and n ≥ 3 and n ∈ N. Then, the following statements

hold.

(i) ϵℓ(G, t) = 1/2 whenever t ≥ 4.

(ii) ϵℓ(G, 3) = 1/2 when n = 3.

(iii) 1/3 ≤ ϵℓ(G, 3) ≤ 1/2 whenever 4 ≤ n ≤ 6.

(iv) ϵℓ(G, 3) = 1/3 whenever 7 ≤ n ≤ 8.

(v) ϵℓ(G, 3) = 0 whenever 9 ≤ n ≤ 26.

Proof. Throughout the proof suppose the bipartition of G is X = {x1, x2, x3} and Y =

{y1, y2, . . . , yn}. First, notice that Statement (i) follows immediately from Theorem 1.6.

We now prove Statement (ii). Suppose n = 3, L is an arbitrary 3-assignment for G, and

r : D →
⋃

v∈V (G) L(v) is a request of L. We will show there is a proper L-coloring of G that

satis�es at least |D|/2 vertex requests. First, suppose |D|≤ 2. Without loss of generality,

assume r(x1) = c1. Let L′ be the list assignment for G − x1 given by L′(xj) = L(xj) if
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j ∈ {2, 3} and L′(yj) = L(yj) − {c1} if j ∈ [3]. By Theorem 1.9 (i), there is a proper

L′-coloring of G− x1. Thus, there is a proper L-coloring of G that colors x1 with c1.

Now, suppose 3 ≤ |D|≤ 4. We will construct a proper L-coloring f of G that satis�es

that at least two vertex requests. We know at least two elements of D are in one of the

partite sets. Without loss of generality, assume r(x1) = c1 and r(x2) = c2. By Lemma 3.3,

we know there is a proper L-coloring of G that colors xi with ci for each i ∈ [2] unless

L(y1) = {c1, c2, q}, L(y2) = {c1, c2, r}, L(y3) = {c1, c2, s}, and L(x3) = {q, r, s}. So, we

assume these four equalities are true. If x3 ∈ D, let f(x3) = r(x3), f(x2) = c2, and

f(y) = c1 for all y ∈ Y . To complete f , color x1 with an element of L(x1)− {c1}.
If x3 /∈ D, then assume without loss of generality that y1 ∈ D. Note that r(y1) ̸= c1

or r(y1) ̸= c2. If r(y1) ̸= c1, let f(y1) = r(y1), f(x1) = c1, and f(y2) = f(y3) = c2. For

the remaining uncolored vertices x in X, let f(x) be an element of (L(x) − {r(y1), c2}).
If r(y1) ̸= c2, let f(y1) = r(y1), f(x2) = c2, and f(y2) = f(y3) = c1. For each of the

remaining uncolored vertices x in X, let f(x) be an element of (L(x)− {r(y1), c1}).
Finally, suppose 5 ≤ |D|≤ 6. Assume without loss of generality that r(xi) = ci for

i ∈ [3], r(y1) = c4, and r(y2) = c5. Notice these assumptions mean {x1, x2, x3, y1, y2} ⊆ D.

We will construct a proper L-coloring of G, f , that satis�es at least 3 vertex requests.

Suppose that c1, c2, and c3 are not pairwise distinct. Let f(xi) = ci for all i ∈ [3]. Since

there are i, j ∈ [3] satisfying i ̸= j and ci = cj, (L(y)− {c1, c2, c3}) is nonempty for each

y ∈ Y . So, we can complete f by letting f(y) be an element of L(y)−{c1, c2, c3} for each

y ∈ Y . So, we may assume that c1, c2, and c3 are pairwise distinct.

Notice in the case that L(y) ̸= {c1, c2, c3} for each y ∈ Y . We can construct a desired

coloring by letting f(xi) = ci for all i ∈ [3], and letting f(y) be an element of L(y) −
{c1, c2, c3} for each y ∈ Y . Therefore, we may assume L(y) = {c1, c2, c3} for some y ∈ Y .

Now, assume without loss of generality that c4 /∈ {c1, c2}. Let f(x1) = c1, f(x2) = c2,

and f(y1) = c4. By Lemma 3.3, we can complete f so that it has the desired properties

unless L(y2) = {c1, c2, q}, L(y3) = {c1, c2, r}, and L(x3) = {c4, q, r}. Thus, we assume

these three equalities are true. Since c3 ∈ {c4, q, r}, we have that c3 = q, c3 = r, or

c3 = c4. We will construct a proper L-coloring f of G satisfying at least 3 vertex requests

in each of these cases.

If c3 ∈ {q, r}, let f(x1) = c1, f(x3) = c3, f(y1) = c4, f(y2) = c2, and f(y3) = c2. Finally

let f(x2) be an element of L(x2)− {c2, c4}.
Now, assume that c3 = c4. Then, since L(y) = {c1, c2, c3} for some y ∈ Y , we have that

L(y1) = {c1, c2, c3}. Since c5 ∈ {c1, c2, q}, we may suppose that some �xed j ∈ [2] satis�es

cj ∈ {c1, c2} − {c5}. Let j′ be such that {j, j′} = [2]. Let f(xj) = cj, f(x3) = c3, f(y1) =

cj′ , f(y2) = c5, and f(y3) = cj′ . Finally color xj′ with an element of L(xj′)− {cj′ , c5}.
Now we turn our attention to Statements (iii) and (iv). First, Proposition 9 in [6]

combined with Proposition 14 in [13] implies that 1/3 ≤ ϵℓ(G, 3) when n ∈ {4, 5, 6, 7, 8}.
When n ∈ {4, 5, 6}, we clearly have ϵℓ(G, 3) ≤ 1/ρ(G) = 1/2 which completes the proof

of Statement (iii).

To complete the proof of Statement (iv), suppose n ∈ {7, 8}. Let L be the 3-assignment

for G given by L(x1) = {1, 4, 5}, L(x2) = {2, 6, 7}, L(x3) = {3, 8, 9}, L(y1) = [3], L(y2) =

{1, 2, 8}, L(y3) = {1, 2, 9}, L(y4) = {1, 3, 6}, L(y5) = {1, 3, 7}, L(y6) = {2, 3, 4}, and
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L(y7) = {2, 3, 5}. If n = 8, then let L(y8) = [3]. Additionally, suppose that that r is

the request of L with domain {x1, x2, x3} given by r(xi) = i for each i ∈ [3]. We claim

that there is no proper L-coloring of G that satis�es at least two of the vertex requests

(consequently ϵℓ(G, 3) ≤ 1/3).

Assume for the sake of contradiction that f is a proper L-coloring of G satisfying at

least 2 vertex requests. This means f(xi) = i for at least two i ∈ [3]. Suppose f(x1) = 1

and f(x2) = 2. Then, f(X) ∈ {L(y1), L(y2), L(y3)}. Second, suppose f(x1) = 1, and

f(x3) = 3. Then, f(X) ∈ {L(y1), L(y4), L(y5)}. Third, suppose f(x2) = 2, and f(x3) = 3.

Then, f(X) ∈ {L(y1), L(y6), L(y7)}. In each case we get a contradiction that f is a proper

L-coloring. Therefore, G is not L-colorable.

Finally, we prove Statement (v) suppose n ∈ {9, 10, . . . , 26}. Note that by Theorem 1.9,

K2,n is not (3, 2)-choosable. So, by Lemma 3.8 we have that ϵℓ(G, 3) = 0 as desired.

Finally, we prove Proposition 1.10. Recall for 3 ≤ m ≤ n, Km,n is 3-choosable if and

only if m = 3 and n ≤ 26, m = 4 and n ≤ 20, m = 5 and n ≤ 12, or m = 6 and n ≤ 10.

Proposition 1.10. Suppose G = Km,n and m ≤ n. Then, ϵℓ(G, 3) = 0 when m = 4

and 7 ≤ n ≤ 20, m = 5 and n ≤ 12, or m = 6 and n ≤ 10. When m = 4 and n ≤ 6,

1/|V (G)|≤ ϵℓ(G, 3) ≤ 1/2.

Proof. First, suppose m = 4 and 7 ≤ n ≤ 20, m = 5 and n ≤ 12, or m = 6 and n ≤ 10.

Notice this means G is 3-choosable. Then, by Theorem 1.9 Km−1,n is not (3, 2)-choosable.

So, by Lemma 3.8 we have ϵℓ(G, 3) = 0.

Second, supposem = 4 and n ≤ 6. Clearly G is 3-choosable. Note that by Theorem 1.9,

K4,n−1 is (2, 3)-choosable and K3,n is (3, 2)-choosable. So, by Lemma 3.8 we have that

ϵℓ(G, 3) ≥ 1/(4+n) = 1/|V (G)|. We also immediately have ϵℓ(G, 3) ≤ 1/ρ(G) = 1/2.
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