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ABSTRACT

We introduce the notion of a move graph, that is, a directed graph whose vertex set is a
Z-module Z", and whose arc set is uniquely determined by the action M :Z" — Z" where
M is an m x m matrix with integer entries. We study the manner in which properties of
move graphs differ when one varies the choice of cyclic group Z,. Our principal focus is
on a special family of such graphs, which we refer to as “sub-add move graphs.”
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1. Introduction

The origin of this research stems from a 2023 summer REU (Research Experience for
Undergraduates) held at Moravian University in Bethlehem, PA. Initial investigations
were loosely based on the notions of pebbling and chip-firing, two areas that have fairly
robust histories replete with many diverse applications, e.g. see [2, 3, 5, 12, 13].

Graph pebbling is a mathematical game played on a finite simple graph, i.e. a graph
with no loops or multiple edges, see [12]. A standard pebbling move consists of removing
two pebbles from a vertex v of G while simultaneously adding one pebble to a vertex
adjacent to v.

Early on, we felt it would be of interest to deviate from the standard rules of pebbling,
whereby pebbles are transferred from a given vertex to some subset of its neighbors while
exacting a “fee” for the transfer. It occurred to us that this problem could be of greater
interest if the number of pebbles transferred would somehow depend on the particular

* Corresponding author.

Received 11 Apr 2025; Revised 02 Apr 2026; Accepted 20 Jun 2026; Published Online 27 Jun 2026.
DOI: 10.61091 /cn237-11

(© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/cn237-11
https://www.combinatorialpress.com/cn
https://doi.org/10.61091/cn237-11
https://creativecommons.org/licenses/by/4.0/

170 P. CESARZ ET AL.

vertices involved in the transaction. This eventually led to incorporating module structure
into the problem so that pebble transfers could be dictated by some well-defined action
of a group on the vertex set.

We say a group G acts on a directed graph I' if the elements of G permute the vertices
of I while preserving arcs and non-arcs.

Over the past few decades, there has been extensive literature focused on various aspects
of groups acting on graphs (e.g. geometric group actions on trees |9, 15], finite graphs [7,
16], valency and girth [16, 17], and topological graphs [8], among many others). See [,
6, 11, 14, 19, 20] for recent applications of groups acting on graphs to physiology, neural
networks, chemistry, cryptography, and computational methods.

The notation and terminology we shall adopt are largely standard, e.g. see |4, 10, 18] as
excellent sources of background material. As is customary, we denote by V(I') and A(T")
the vertex set and arc set of a directed graph I', respectively. We define the in-degree
deg™ (v) and out-degree deg’(v) of a vertex v as follows:

deg™(v) = [{w € V(I') | (w,v) € A(T)}],

deg"(v) = {w € V(') | (v,w) € AT)}].

Given (v,w) € A(I"), we refer to v as a parent of w and to w as a child of v. Thus, a
vertex v has deg™ (v) parents and deg™ (v) children.

Given a directed graph I', we denote its underlying (undirected) graph by I'*. A directed
cycle C'in I' is a cycle in I'* with the property that in the subgraph of I" induced on C,
one has deg™ (v) = deg™(v) = 1 for every vertex v on C. For notational convenience, we
shall interpret (v,v) € A(I') as a directed l-cycle and a pair (v,w), (w,v) € A(T") as a
directed 2-cycle.

We say a directed graph I' is weakly connected if I'* is connected. Similarly, a weakly
connected component of I' corresponds to a connected component of I'*.

For us, N will always denote the set of positive integers. We adopt the notation Mat,, (Z)
for the algebra of m x m matrices with integer entries, as well as GL,,(Q) for the group
of m x m invertible matrices with rational entries. The order of a group element g will
be designated by ord(g). Lastly, 7 will denote the transpose of a vector x.

The balance of the paper is organized as follows. In Section 2, we set the stage by
defining the notion of a move matrix and its corresponding move graph. In Section 3, we
investigate move graphs where the choice of move matrix is arbitrary. The sub-add move
graph is introduced in Section 4. In Sections 57, we treat special cases of the sub-add
move graph. Specifically, we assume the underlying cyclic group Z, has order n = 2"
(Section 5), odd order n (Section 6), and odd prime order p (Section 7).

2. Preliminaries

Given M € Mat,,(Z), we consider the m-dimensional Z-module Z" where Z, is the group
of integers modulo n. If there exists a least positive integer k for which M* acts as the
identity on Z", we refer to k as the Z,-order of M.
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We now define the move graph I'y; ,,, which is the central object of our investigation.
It is the directed graph with vertex set V(I'y, ,,) and arc set A(I'y ,,) described as follows:

V(Carn) = {x = (21,22, ..., Zm) | 73 € Ly},

A(FM,TL) = {(w7y) | T,Y € V(FM,H>7yT = MwT}

We caution the reader that expressions of the form ax where a € Z and =z € Z,
should not be confused with the binary operation in Z, which is addition modulo n.
Nevertheless, we can always interpret such expressions as elements of Z,. For example,
ax can be interpreted as the sum of x with itself a times if a is positive, or —x with itself
—a times if a is negative.

Example 2.1. Consider the move matrix M given by

0
M=1|1
0

_ o O

1
0
0

As M has order 3 as an element of GL3(Q), its Z,-order is 3 for all n > 2. We depict
the move graph I'y; 3 in Figure 1.

(0(,(31) (11,31) (21732)
(1,0,0)—>(0,1,0) (2,0,0)—>(0,2,0)

(0,0,1) ‘}0,2)
(1,2,0)—»(0,1,2) (1,1,0)0—(0,1,1) (2,2,0)—»(0,2,2)
(2,0,1) ‘}0,1) (2,0,2)
(2,1,0)—(0,2,1) (1,1,2)—(2,1,1) (1,2,2)—>(2,1,2)
(1,0,2) (1,2,’{ ‘>2,1)

Fig. 1. The move graph I'js 3 of Example 2.1
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3. The general case

In this section, our main objective is to study structural properties of I'j;, and their
dependence on the move matrix M and the cyclic group Z,.

Theorem 3.1. Let M € Mat,,(Z) have Z,-order k. Suppose M'xT = xT for some
x € V(Lyn), t € No Then x is on a unique directed cycle in I'yr ., of length dividing t.
In particular, all directed cycles in I'y ,, have length diwiding k.

Proof. We first prove every vertex of I'y , lies on a unique directed cycle. For this
purpose, it suffices to show that deg™ () = deg™ () = 1 for all z € V(['y;,,). Of course,
deg*(x) = 1 follows at once from the definition of A(Tyy,,,).

The proof that deg™ (x) = 1 for all @ € V(I'y;,,) hinges on the assumption that M has
finite Z,-order k. Here we observe that M*~! is in Mat,,(Z) and this allows us to consider
the move graph I'yu-1,,. By the above argument, each vertex € V(I'yx-1,,) has out-
degree 1. As M has finite Z,-order, M is injective, which means for each & € V/(I"ys1-1,,)
there exists a unique y € V(I'yu-1,,) for which (x,y) € A(I'ym-1,,). But this implies
yT' = M* 'z and therefore My? = M*x" = xT. 1t follows that (y,x) € A(Tas.n), i-e.
deg™ () =1 for all x € V(I'ys,,,). We conclude that I'y ,, is a disjoint union of cycles.

Now suppose x lies on a directed ¢-cycle in I'y ,, for some ¢ € N. Since cycles in 'y,
are disjoint, it follows that ¢ is minimal such that M‘x” = 7. Thus ¢ < t whence by the
Division Algorithm, t = ¢q + r for some ¢ € N and r € Z with 0 < r < £. But then

xl = M'x” = Mt = MT(MY12") = M T

Since r # 0 contradicts the minimality of ¢, we conclude that r = 0, i.e. £ divides t as
claimed. O]

Proposition 3.2. For fized { € N, let S be the set of all vertices on directed cycles in
Larn of length dividing €. Then any Z-linear combination of vertices from S yields a
vertex on a cycle of length dividing £. Moreover, if M has finite Z,-order, then for any
x € S and s € Z with ged(s,n) = 1, the vertices  and sx lie on cycles of equal length.

Proof. The first assertion is an immediate consequence of the linearity of M. To prove
the second assertion, let  be on a cycle of length ¢, and let sz be on a cycle of length
ly. Then M4zT = T and sM®x” = M*(sz’) = sx”. Since ged(s,n) = 1, the latter
equality simplifies to Mx” = x”. It therefore follows from Theorem 3.1 that ¢, and /(s
divide one another, whence /; = /5 as claimed. O

Theorem 3.3. Let ny,ny € N. Then 'y, embeds in Iy nyn, as an induced subgraph.

Proof. Define the mapping f: V() = V(Tar,nin,) by f(v) = ngv. We show f is
injective and preserves arcs and non-arcs.
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First suppose f(x) = f(y), i.e. nox = noy in Z7', . Then & = y in Z)" which proves

ning’

f is injective. Next observe that noy” = (noy)” = M(nsx)” = noMa™ in Z",  if and

only if y* = Mz” in Z. This implies (z,y) € A(Ta,n,) if and only if (nem, nyy) €
A(Tps,nyny)- The result follows. O

Remark 3.4. Let A; and A, be graphs with respective adjacency matrices A(A;) and
A(A,). Recall that the tensor product A; x A, is defined to be the graph with adjacency
matrix A(A; X Ay) equal to the Kronecker product A(A;) ® A(A,).

Theorem 3.5. Let ny,ny € N with ged(ny,ng) = 1. Then U'nf pyn, s isomorphic to the
tensor product I'ps ny X I'as ny-

Proof. Consider the mapping f:V (s, ) XV (Carny) = V(Das, nyn,) defined by f(x,y) =
n1y + nox. We claim f is a graph isomorphism.

We first show f is bijective. Suppose f(x,y) = f(z, W), i.e. niy + noX = myw + nsz.
As niny = 0 in Z,,,,, multiplying by ny yields n3x = n2z, which implies nyx = nyz in
77 . Since ged(ng,ng) = 1, it follows that x = z in Z7,. A similar argument yields y = w
in Z7. Thus (x,y) = (z,w), i.e. f is injective. Since |V(I'azn,) X V(Dag,ny)|= ni'ny' =
(n1n2)™ = |V(I'ps.nyny )|, We have that f is surjective as well.

We next prove f preserves arcs and non-arcs by establishing that (n;y + nox, niw +
n9z) € A(L'ar nyn,) if and only if (x,2) € A(Lar 0, ) and (y, w) € A(Tas n,)-

By definition, (x,z) € A(Ty.,,) implies Mx” = z” while (y,w) € A(Ty,,) implies
My" = w'. As a consequence, in Z" ~ we have M(nyx)" = noMx" = nyz” and
M(nyy)t = nyMy? = nyw’. Summing these equalities yields M (nox)? + M(nyy)? =
T or equivalently, M (nox +nyy)? = (nez + nyw)T. We conclude that (nyy +
noX, MW + n2z) € AT nyny)-

Conversely, suppose (n1y +nox, nyw+n9z) € A(Tas pyn,) in which case nyw’ +nopz” =
M(nyy? + nox®) = niMyT + noMxT. Multiplying by ny gives n3z’ = n3Mx" since
ning = 0 in Zp,n,. Thus niny divides n3(z" — Mx') whence n; must divide z” — MxT
since ged(ng, ne) = 1. We conclude that Mx" = z” in Z7" whence (x,2z) € A(I'a,n,). By
a symmetric argument, (n1y + noX, myw + n9z) € A(Lps nyny) implies (y, w) € A(L s py)-
It follows that f preserves arcs and non-arcs, i.e. f is a graph isomorphism as claimed. [

nng +mw

Theorem 3.6. Let M, My € Mat,,(Z) and S € Mat,,(Z) N GL,,(Q) such that My =
S™IM;S. Then for any n € N with ged(n,det(S)) = 1, the move graphs Ty, . and Ty, 5
are 1somorphic.

Proof. We define the map f : V(Iap.n) — V(Tan) by f(v) = vST. Note that
vST € V(Tayy.p) for all v € V(Tyy,. ) because ST € Mat,,(Z). We claim f is a graph
isomorphism.

Suppose first that f(x) = 0, i.e. €57 = 0. Then > ", x;7; = 0 where z; is the i-th
coordinate of &, and 7; is the i-th row of ST taken modulo n. Assuming ged(n,det(S)) = 1,
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it follows that the subset {ry,rq,..., 7} C Z7 is linearly independent. Therefore z; = 0
forall 1 <i<m,ie x=0.

Now suppose f(v) = f(w), i.e. vST = wST. Then (v — w)ST = 0 whence it follows
from above that v — w = 0, i.e. v = w in Z". We thereby conclude that f is injective.
Surjectivity, and therefore bijectivity, now follow since V(I ) = V(Dasy, n)-

Finally, observe that (z,y) € A(Tyy ) if and only if y7 = Myax® = S™'M Sz,
i.e. if and only if (f(y))' = Sy’ = M Sz’ = M,(f(x))”. As this is equivalent to
(f(x), f(y)) € ATy, n), we conclude that f preserves arcs and non-arcs, hence f is a
graph isomorphism. O

Theorem 3.7. Let M € Mat,,(Z) and S € Mat,,(Z) N GL,,(Q) such that ST'MS is
the rational canonical form of M. Then for any prime p with ged(det(S),p) = 1 and for
which M has finite Z,-order k, the move graph Iy, contains a directed k-cycle.

Proof. Assume p is a prime such that ged(det(S), p) = 1 and suppose M has Z,-order k.
By Theorem 3.6, it suffices to show I'g-15/5 , contains a directed k-cycle.

Here ST'MS =M, My ® - - - ® My where for each 1 <17 < f and suitably chosen v, €
Z™, the m; x m; block matrix M; is expressed in terms of the basis {v;,7, Mv;T, M?v,T ...,
Mmi=ty, T} for the i-th M-invariant subspace of dimension m; over Q.

Now form the sum v = v, Qv - - - vy where v; is chosen in the above manner for each
1 <1 < f. We consider the corresponding sum taken modulo p, i.e. € = ¢, X2 @ - - - Dy
where & € Z) and x; € Z" with £ = v (mod p) and x; = v; (mod p). By Theorem
3.1, @ lies on a directed (-cycle in I'g-1y75, for some ¢ dividing k. This implies x” =
(STIMS) x” = (ST M'S)x” = Mizy" ® Mjzy" @ --- ® Mjas” from which we deduce
that M/x;T = x;7 for each 1 <i < f.

Now let k; be the Zy-order of M;, 1 < i < f. Since S™IMS and M have the same
Z,-order, it follows that k = lem(ky, ks, . .., kf). But Mfx,” = 2,7 implies k; divides ¢ for
each 1 <17 < f. Thus k divides ¢, whence k = ¢ from above. We conclude that I'g-1,5
contains a directed k-cycle as desired. O]

4. The sub-add move graph: A brief introduction

For the balance of this paper, M will denote the so-called sub-add move matriz given by

()

The name derives from the action of M on Z?2, which results in subtraction in the first
coordinate and addition in the second coordinate as indicated below.

()6 -0

Our main goal is to investigate the structure of the move graph I'y; ,, for certain values
of n. We refer to I'y ,, as a sub-add move graph.
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Example 4.1. In Figures 2 and 3 we depict the sub-add move graphs I'y; 3 and 'y 4,

respectively.

(2,2) (2,1)
(2,([ (0,0) \(I 0)
U
(1,2) (1,1)

\(sz)/

Fig. 2. The sub-add move graph I'y, 3

Fig. 3. The sub-add move graph I'y 4

5. The sub-add move graph I'y; ,: n =2"

For fixed r € N, we may express the Z-module Z32, in the following manner.

73 = {(2'z,2'y) € Z3, | at least one of z,y is odd,0 < t < r}.
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This alternate description makes it transparent that the subsets defined below form a
partition of the vertex set V(T or) = Z3..

Py = {(2'x, 2'y) | exactly one of z and y is odd}, 0<t<r—1
Pori1 = {2'x,2"y) | both x and y are odd}, 0<t<r-—1

7)27‘ = {(07 0)}

Remark 5.1. Technically, x and y are elements of Zyr and not integers. Nevertheless,
we may regard them as integers when designating their parities. Indeed, since the group
Zor has even order, this designation is well-defined.

Occasionally, it will behoove us to express subsets of the partition simply as P;, 0 <
¢t < 2r. This is purely for notational convenience.

Proposition 5.2. For every 0 < i < 2r, each vertex (a;,b;) € P; has a unique child
(@i11,bi11). Moreover, this child lies in Piy1. For i = 2r, the lone vertex (0,0) € Po, is
its own unique child.

Proof. Observe that (2/(z — y),2"(z + y)) is the unique child of (2'z,2'y) € P;. Hence it
remains to prove (2'(x — y),2(z +y)) € Pis1.

Case 1. i =2t, 0 <t < r. Since (2'z,2'y) € Py, x and y must have opposite parity.
This means x — y and z + y are both odd, so it follows that (2'(x —y),2"(z +y)) € Pass1.

Case 2. 1 =2t+ 1,0 <t < r. In this case, (2'x,2'y) € Py, so both z and y are
odd. Thus x — y and x + y are both even, so the unique child (2'(z — y),2'(x + y)) is
(2H(552), 2 (23Y)). Now observe that “5¥ + Zf¥ = 2 which is odd. This proves ¥
and “¥ must have opposite parity whence (2!(%52), 2771 (£32)) € Pyyy as desired.

Finally it is obvious that the only child of (0,0) is itself. O

Proposition 5.3. All vertices in Py are parentless.

Proof. Let (z,y) be an arbitrary vertex in P, whence exactly one of z,y is odd. This
of course implies x + y must be odd. Suppose now that (a,b) is a parent of (x,y). Then
(@ —b,a+b) = (z,y) from which we obtain the contradiction a = =¥, O

Remark 5.4. Note that Propositions 5.2 and 5.3 establish the existence of levels in the
sub-add move graph I'y or. That is to say, all vertices in Py occur at the top level, their
collective children occur at the next level, and so on down to the bottom level, which
consists only of the single vertex (0,0), see Figure 3.

Proposition 5.5. Let r > 1. Then (2l2)(z — y),2l2)(z + y)) € P11 has ezactly two
parents for every 0 < i < 2r — 1.

Proof. Clearly, (QL%Jx,2L%Jy),(2L%Jx + 27"_1,2L%Jy + 2771) are two distinct parents of
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(2@( —y), ZHJ (z +y)) € Piy1. Let us assume this latter vertex has a third parent. By
Proposition 5.2, this parent must lie in P; and therefore be of the form (2L Jxl 2lzly)).
Since || < r, we thereby obtain olal(z) —yy) = 28l (2 —y) (mod 2") and 2La) 2y +9) =
2L3)(x 4+ y) (mod 27). Since r > 1, these together imply 2L2/2z; = 212122 (mod 27) and
QL%Jle = QL%JQy (mod 27). This gives rise to the following four possibilities:

23 Jx 9l3] Y),
olzly 4 2r=1 2lsly),
olslg olaly 4 or=1),

(
(2L%J$1,2L%Jy1): E
(2Lalg 4 271 2lsly 4 2r- 1y,

But neither (2L2)z, 2l2)y,) = (2L2lz 42771 2laly) nor (2la)zy, 2laly)) = (2l2)z, 2la)y +
2r=1) can oceur because 2lz)z + 2L2)y 4 2r=1 £ 2lzlz 4 2lsly (mod 2”) As the remaining
possibilities correspond to the two aforementioned parents of (2L2!(z + y), 2l2! (y — z)),
the result follows when ¢ < 2r — 1.

The above argument also applies to the case ¢ = 2r — 1, but here there is an interesting
subtlety. In this instance the child in question is (2"~ (z—y), 2"} (z+y)) € Pa, = {(0,0)}.
From above, its only parents are (2" 'z, 2"71y) and (2" ' (x + 1),2" ' (y + 1)), however
since (2" Yz —y),2" Y (z +y)) = (0,0), we see that x — y and x + y must both be even
implying that x and y have the same parity. If we assume x and y are both even, then
x4+ 1 and y + 1 are both odd. Alternatively, if we assume x and y are both odd, then
z+ 1 and y + 1 are both even. In either case, one parent of (0,0) is (0,0) itself whereas
the other parent lies in Ps,._. This completes the proof of the proposition. O

Proposition 5.6. For 0 <i < 2r, |P;|=2%—"1

Proof. As before, we consider individual cases based on the parity of 7.

Case 1. i = 2t. Here there are 2"t choices for x, and since x and y must have opposite
parity there are 2"~'~! independent choices for y. Thus, in total there are 27—t . 27~t=1 =
22r=2t=1 choices for the pair (2'z,2'y). Hence |Py|= 2% 21 = 92r—i=1,

Case 2. i = 2t + 1. In this case = and y must both be odd. Thus there are 2"*~!
choices for each of x and y, hence 27171 . 2r=t=1 = 92r=20=2 pairg (22, 2%y) in total. Thus
|Posy1|= 22772072 = 227=11 in this case as well. O

Recall that a perfect binary tree PBTy is a type of binary tree where all non-leaf nodes
have two children and all leaf nodes are at the same depth d. We refer to the unique
parentless node v of PBT} as its root node, and we consider PBTy; to be directed in the
sense that there is a unique directed path from v to each leaf node of PBT,. Finally, we
call PBT, inverted if the orientation of every arc of PBTj is reversed.

Theorem 5.7. For each r € N, consider the subgraph A of Iy o induced on the vertex
set V(L 00)\{(0,0)}. Then A is an inverted PBTy of depth d = 2"—1. Moreover, one re-
covers Uar o from A by adding the vertez (0,0) along with the two arcs ((27~*,2771),(0,0))
and ((0,0),(0,0)).
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Proof. The structure of A follows directly from Propositions 5.2-5.5. To prove the latter
assertion, we observe that the unique childless vertex of A is (277!,2"7!) and clearly

(<2r—172r—1)’(0’0)) S A(FM,Q’")' L
We once more refer the reader to Figure 3, which illustrates Theorem 5.7 for the case
r=2.

6. The sub-add move graph I';;,,: n odd

Throughout this section, n > 3 will be an odd integer.
Theorem 6.1. I'y ,, s a disjoint union of directed cycles.

Proof. By Theorem 3.1, it suffices to show the move matrix M has finite Z,-order.
However M* = —41. Thus M has Z,-order dividing 4t where t = ord(—4) in Z,. O

(0,1) (0,2) (0,3) (0,4)
A A SN SN
(3,3) (4,1) (1,1) (3,2) (4,4) (2,3) (2,2) (1,4)
A A A A
(3,0) (1,0) (4,0) (2,0)

(1,3) (1,2) (2,4)

(2,1) (3,4) (0,0)

e -,

(4,3) (3,1)

Fig. 4. The sub-add move graph I'j;, 5 illustrates a special case of Theorem 6.1

Theorem 6.2. For n > 3 odd, the length of every directed cycle in Iy ,, divides 4 p(n)
where ¢ denotes Euler’s totient function.

Proof. Since M* = —41, we have M**(") = (—4)¢M [ = 4¢™ [ gince p(n) is even for all
n > 3. Thus M* " (z,y)" = (4°Mx, 49My)T However, by Euler’s totient theorem we
have 47" = 1 (mod n). Thus it follows that M*¢™ (z,y)" = (x,y)” whence the Z,-order
of M divides 4 p(n). The result now follows from Theorem 3.1. O

Theorem 6.3. Let n; > 3 be odd and ny = 2*. Then L't nin, contains n? wvertex-
disjoint copies of I py n,. Furthermore, Iy pin, and I'ar , have the same number of weakly-
connected components.
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Proof. By Remark 3.4 and Theorem 3.5, we have that A(Lys n,n,) is permutation equiv-
alent to the matrix
(A<FM,m))1,1~A(FM,n2) T (-A(FM,M))Lnf‘A(FM’"?)
A(FM,H1> ® A(FM,nz) = : . :
(AT )2 1 AT M ms) - (AT an0)) 2 2 AL 20,
Here, each of the n? vertices of T'y,,, corresponds to a block matrix A(T'ys.,,) as de-
picted in A(Tasn,) @ A(TCarny). Thus Ty pyn, contains n? vertex-disjoint copies of Tz, -
Similarly, each directed cycle of 'y, extends to a unique weakly-connected component
in I'asngns- O

In Figure 5, we provide an example of a move graph that illustrates Theorem 6.3.

(1,0) (4,3)
(4 1) (1 1) (2 1)
(1, 4)—»(3 5) / (0 2)\ @a, 3)<— (5,4)
(4 2) (4, 4)
(4,5) (0,3) (3,0) (0,1)
\‘(5, 3)—»(2,0) \?1, 13/ (4,0)<«—(5,1)
(1,2) (o,lo) (3,4)

\

(2 2) (2, 4)
(1,2)—(5, 3) \ / (3 1)<«—(5,2)

(4 5) (5 5) (2 5)

(0 4)

(5,0) (2,3)

Fig. 5. The sub-add move graph I'j;, ¢ illustrates a special case of Theorem 6.3.

7. The sub-add move graph I'y; ,: p an odd prime

Throughout this section, ¢ will denote the order of —4 in the multiplicative group of the
finite field GF(p). Since M* = —41, it follows that k = 4t is the order of M.
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Our goal is to determine the existence and length of directed cycles in I'j; , in terms
of the eigenvalues of M, viz. 1 +i and 1 — i where i> = —1. Without loss of generality,
we may assume s < s’ where s = ord(1 — i) and s’ = ord(1 + 7). Since M* = I, it is
clear that s’ = k and s divides k. Also, since (1 —i)* = —4 and ord(—4) = ¢, we have
s =tged (s,4). Clearly, this implies s € {t,2t,4t}.

Proposition 7.1. With notation as above, the only possible cycle lengths in I'yr ,, are 1,
s and k, where s and k are not necessarily distinct. In particular, if p = 3 (mod 4) the
only possible cycle lengths are 1 and k.

Proof. Since p is prime, we may regard V(I'y ,) = Z]% as a 2-dimensional vector space V'
over GF(p). Observe that i € GF(p) if and only if —1 is a square in GF(p), i.e. if and
only if p =1 (mod 4). We treat this case first.

Let v and w” be eigenvectors of M corresponding to the eigenvalues 1 +4 and 1 — 1,
respectively. Since 1+ 1,1 —i € GF(p), we have that {v?,w’} is a basis for V.

Let now C be an arbitrary directed cycle in I'js , and denote its length by (. If ¢ € {1, k}
we are done, so assume otherwise. Let  be a vertex on C, in which case M‘z” = z7.
We may express ' as av” + bw? for suitable scalars a,b € GF(p). Thus we obtain

av’ +bw’ = M*(av” + bw’) = aM " + oM w” = a(1 + )" +b(1 — i) w”,

so that @ = a(1 +4)* and b = b(1 — i)*. The former equality implies either a = 0 or
(1+4)" = 1. But by Theorem 3.1, (1 +14)* = 1 implies £ = k, a case we have ruled out
by assumption. Thus @ = 0, in which case 7 = bw’, b # 0, i.e. 7 is an eigenvector
corresponding to the eigenvalue 1 —i. As such, « lies on a directed cycle of length s since
Méx" = 2. We thereby conclude from Theorem 3.1 that ¢ = s.

The case p = 3 (mod 4) requires that the above proof be modified slightly. Specifically,
i is no longer an element of GF(p) but lies in the unique quadratic extension GF(p?) of
GF(p). Here i + 1,i — 1 € GF(p?) are algebraically conjugate over GF(p), hence they
have the same order s = s’ = k. Note that in this case v7, w’ ¢ V, however {v?, w”}
still serves as a basis for a 2-dimensional vector space over GF(p*). As such, the linear
combination 7 = av” + bw” now allows a,b € GF(p*), where, as before, z € V is a
vertex on an arbitrary directed cycle C' in T'yr, of length ¢ > 1. Since M‘z”T = xT we
obtain

av’ +bow! = x27

— MKXT

= M*(av” + bwh)

= aMVv" + oMW"

=a(l 4+~ +b(1 —i)'w”,
which implies a = a(1 + i)* and b = b(1 — i)*. Since a and b cannot simultaneously be
zero, at least one of (1+14)" and (i — 1)* must equal 1. But (1+4)° = 1 implies s’ divides

¢, whereas (1 —i)¢ = 1 implies s divides ¢. In any case, since s = s’ = k we conclude that
¢ = k. Accordingly, the only cycle lengths in I'y/,, are 1 and k£ when p = 3 (mod 4). O
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We refer to a directed cycle of length k in I'y/ , as a primary cycle. A secondary cycle
will be any directed cycle in I'y; ,, that is neither primary nor a 1-cycle.

Note that primary cycles always exist. Indeed, if v7 is an eigenvector of M correspond-
ing to the eigenvalue 1+ 4, then the vertex v will lie on a k-cycle since ord(1 +14) = k. In
contrast, we see from the proof of Proposition 7.1 that secondary cycles exist if and only
if s € {t,2t} where s = ord(1 —1).

Our next result elaborates on Proposition 7.1 to a far greater extent.

Theorem 7.2. (a) If t is even, then 'y, has no secondary cycles.
(b) Ift =1(
(¢) If t =3 (mod 4) and (1 +1i)" =i, then all secondary cycles have length 2t.
(d) If t = 1(mod 4) and (1 + )" = —i, then all secondary cycles have length 2t.
(e) Ift=3

mod 4) and (1 +14)" =1, then all secondary cycles have length t.

(mod 4) and (1 + 1) = —i, then all secondary cycles have length t.

Proof. Recall that ord(1 +¢) = 4¢ which implies (1 + )" € {i, —i}. We first consider the
case where (1+4)" =i. As1—i = —i(1+4) and (1+14)% = —i, we have 1 —i = (1+4)3*1.
Observe that

At 4t 4t

A1 — i) = _ _ |
ord( ) ged(3t +1,4t)  ged(3t+1,t—1) ged(4,t—1)

Thus, if ¢ is even we have ged(4,t — 1) = 1 whence ord(1 — i) = 4¢. We conclude that
I'ar,», has no secondary cycles in this case.

Next assume ¢ = 1 (mod 4). This implies ged(4,¢—1) = 4 whence ord(1—4) = ¢. In this
case, all secondary cycles have length t. Similarly, if ¢ = 3 (mod 4), then ged(4,t —1) = 2
which implies all secondary cycles have length 2¢ = ord(1 — 7).

Finally, we consider the case (1+i)" = —i. Here we have 1 —i = (1+14)*"! and therefore

ord(1 —1i) = it = At
©oged(t+1,4t)  ged(t+1,4)

In this case, the roles of congruence are reversed in the sense that t = 1 (mod 4) implies
ord(1 — i) = 2t while ¢ = 3 (mod 4) implies ord(1 — ¢) = t. Accordingly, all secondary
cycles in I'y , have length 2t if t = 1 (mod 4) or they have length ¢ if ¢ = 3 (mod 4). As
above, if ¢ is even then ged(t + 1,4) = 1, in which case ord(1 — ¢) = 4t, i.e. I'ys,, has no
secondary cycles. O

Corollary 7.3. 'y, contains secondary cycles if and only if 8 does not divide k.

Proof. This follows immediately from Theorem 7.2 since k is divisible by 8 if and only if
t is even. O

Theorem 7.4. (a) If p = 3 (mod 8) or p =7 (mod 8), then secondary cycles do not exist
m FALP.
(b) If p=5(mod 8), then secondary cycles must exist in Iy .
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Proof. Both congruences in (a) imply p = 3 (mod 4), in which case I'j;, contains no
secondary cycles by Proposition 7.1. Now suppose p = 5(mod 8). Clearly 8 does not
divide p — 1, however k£ = ord(1 + ) must divide p — 1 since 1 4 i is an element of the
multiplicative group of GF(p). We conclude that 8 does not divide k, whence it follows
from Corollary 7.3 that secondary cycles in I'y/,, must exist in this case. O

Remark 7.5. At the present time, we have yet to discern any reasonable criteria that
settle the question of existence of secondary cycles when p = 1 (mod 8). Computer-
generated data indicate that both outcomes are not only possible but occur with great
frequency. Still, there doesn’t appear to be any highly recognizable pattern in the data.

We close with the following result, which determines the number of cycles of varied
length in the sub-add move graph I'j; , when p is an odd prime. The proof is a straight-
forward counting argument using the cycle structure described in Proposition 7.1 and
Theorem 7.2 so it is left to the reader.

Proposition 7.6. (a) If Iy, has no secondary cycles, then there are ]% primary cycles
m FJ\/LP'
M.p has secondary cycles, all such cycles have common length s for some s €
b) If T'n,p h dary cycl Il such cycles h length
{t,2t}. Here there are ’%1 secondary cycles and % primary cycles in Iy p.

Remark 7.7. The entry A363894 in the On-Line Encyclopedia Integer Sequences [21]
reflects Proposition 7.6 in conjunction with Theorem 6.3. Note that what is referred to
as the “halved addsub configuration graph” in A363894 is the “sub-add move graph” in
our present terminology.

While many of our results in this section do not extend to proper odd prime powers, a
number of them do. We intend to pursue this line of investigation in a sequel.
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