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abstract

We introduce the notion of a move graph, that is, a directed graph whose vertex set is a

Z-module Zm
n , and whose arc set is uniquely determined by the actionM :Zm

n → Zm
n where

M is an m×m matrix with integer entries. We study the manner in which properties of

move graphs di�er when one varies the choice of cyclic group Zn. Our principal focus is

on a special family of such graphs, which we refer to as �sub-add move graphs.�
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1. Introduction

The origin of this research stems from a 2023 summer REU (Research Experience for

Undergraduates) held at Moravian University in Bethlehem, PA. Initial investigations

were loosely based on the notions of pebbling and chip-�ring, two areas that have fairly

robust histories replete with many diverse applications, e.g. see [2, 3, 5, 12, 13].

Graph pebbling is a mathematical game played on a �nite simple graph, i.e. a graph

with no loops or multiple edges, see [12]. A standard pebbling move consists of removing

two pebbles from a vertex v of G while simultaneously adding one pebble to a vertex

adjacent to v.

Early on, we felt it would be of interest to deviate from the standard rules of pebbling,

whereby pebbles are transferred from a given vertex to some subset of its neighbors while

exacting a �fee� for the transfer. It occurred to us that this problem could be of greater

interest if the number of pebbles transferred would somehow depend on the particular
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vertices involved in the transaction. This eventually led to incorporating module structure

into the problem so that pebble transfers could be dictated by some well-de�ned action

of a group on the vertex set.

We say a group G acts on a directed graph Γ if the elements of G permute the vertices

of Γ while preserving arcs and non-arcs.

Over the past few decades, there has been extensive literature focused on various aspects

of groups acting on graphs (e.g. geometric group actions on trees [9, 15], �nite graphs [7,

16], valency and girth [16, 17], and topological graphs [8], among many others). See [1,

6, 11, 14, 19, 20] for recent applications of groups acting on graphs to physiology, neural

networks, chemistry, cryptography, and computational methods.

The notation and terminology we shall adopt are largely standard, e.g. see [4, 10, 18] as

excellent sources of background material. As is customary, we denote by V (Γ) and A(Γ)

the vertex set and arc set of a directed graph Γ, respectively. We de�ne the in-degree

deg−(v) and out-degree deg+(v) of a vertex v as follows:

deg−(v) = |{w ∈ V (Γ) | (w, v) ∈ A(Γ)}|,

deg+(v) = |{w ∈ V (Γ) | (v, w) ∈ A(Γ)}|.

Given (v, w) ∈ A(Γ), we refer to v as a parent of w and to w as a child of v. Thus, a

vertex v has deg−(v) parents and deg+(v) children.

Given a directed graph Γ, we denote its underlying (undirected) graph by Γu. A directed

cycle C in Γ is a cycle in Γu with the property that in the subgraph of Γ induced on C,

one has deg−(v) = deg+(v) = 1 for every vertex v on C. For notational convenience, we

shall interpret (v, v) ∈ A(Γ) as a directed 1-cycle and a pair (v, w), (w, v) ∈ A(Γ) as a

directed 2-cycle.

We say a directed graph Γ is weakly connected if Γu is connected. Similarly, a weakly

connected component of Γ corresponds to a connected component of Γu.

For us, N will always denote the set of positive integers. We adopt the notationMatm(Z)
for the algebra of m×m matrices with integer entries, as well as GLm(Q) for the group

of m ×m invertible matrices with rational entries. The order of a group element g will

be designated by ord(g). Lastly, xT will denote the transpose of a vector x.

The balance of the paper is organized as follows. In Section 2, we set the stage by

de�ning the notion of a move matrix and its corresponding move graph. In Section 3, we

investigate move graphs where the choice of move matrix is arbitrary. The sub-add move

graph is introduced in Section 4. In Sections 5�7, we treat special cases of the sub-add

move graph. Speci�cally, we assume the underlying cyclic group Zn has order n = 2r

(Section 5), odd order n (Section 6), and odd prime order p (Section 7).

2. Preliminaries

Given M ∈ Matm(Z), we consider the m-dimensional Z-module Zm
n where Zn is the group

of integers modulo n. If there exists a least positive integer k for which Mk acts as the

identity on Zm
n , we refer to k as the Zn-order of M .
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We now de�ne the move graph ΓM,n, which is the central object of our investigation.

It is the directed graph with vertex set V (ΓM,n) and arc set A(ΓM,n) described as follows:

V (ΓM,n) = {x = (x1, x2, . . . , xm) | xi ∈ Zn},

A(ΓM,n) = {(x,y) | x,y ∈ V (ΓM,n),y
T = MxT}.

We caution the reader that expressions of the form ax where a ∈ Z and x ∈ Zn

should not be confused with the binary operation in Zn which is addition modulo n.

Nevertheless, we can always interpret such expressions as elements of Zn. For example,

ax can be interpreted as the sum of x with itself a times if a is positive, or −x with itself

−a times if a is negative.

Example 2.1. Consider the move matrix M given by

M =

0 0 1

1 0 0

0 1 0

 .

As M has order 3 as an element of GL3(Q), its Zn-order is 3 for all n ≥ 2. We depict

the move graph ΓM, 3 in Figure 1.

Fig. 1. The move graph ΓM, 3 of Example 2.1



172 p. cesarz et al.

3. The general case

In this section, our main objective is to study structural properties of ΓM,n and their

dependence on the move matrix M and the cyclic group Zn.

Theorem 3.1. Let M ∈ Matm(Z) have Zn-order k. Suppose M txT = xT for some

x ∈ V (ΓM,n), t ∈ N. Then x is on a unique directed cycle in ΓM,n of length dividing t.

In particular, all directed cycles in ΓM,n have length dividing k.

Proof. We �rst prove every vertex of ΓM,n lies on a unique directed cycle. For this

purpose, it su�ces to show that deg−(x) = deg+(x) = 1 for all x ∈ V (ΓM,n). Of course,

deg+(x) = 1 follows at once from the de�nition of A(ΓM,n).

The proof that deg−(x) = 1 for all x ∈ V (ΓM,n) hinges on the assumption that M has

�nite Zn-order k. Here we observe that M
k−1 is in Matm(Z) and this allows us to consider

the move graph ΓMk−1,n. By the above argument, each vertex x ∈ V (ΓMk−1,n) has out-

degree 1. As M has �nite Zn-order, M is injective, which means for each x ∈ V (ΓMk−1,n)

there exists a unique y ∈ V (ΓMk−1,n) for which (x, y) ∈ A(ΓMk−1,n). But this implies

yT = Mk−1xT and therefore MyT = MkxT = xT . It follows that (y, x) ∈ A(ΓM,n), i.e.

deg−(x) = 1 for all x ∈ V (ΓM,n). We conclude that ΓM,n is a disjoint union of cycles.

Now suppose x lies on a directed ℓ-cycle in ΓM,n for some ℓ ∈ N. Since cycles in ΓM,n

are disjoint, it follows that ℓ is minimal such that M ℓxT = xT . Thus ℓ ≤ t whence by the

Division Algorithm, t = ℓq + r for some q ∈ N and r ∈ Z with 0 ≤ r < ℓ. But then

xT = M txT = M ℓq+rxT = M r((M ℓ)qxT ) = M rxT .

Since r ̸= 0 contradicts the minimality of ℓ, we conclude that r = 0, i.e. ℓ divides t as

claimed.

Proposition 3.2. For �xed ℓ ∈ N, let S be the set of all vertices on directed cycles in

ΓM,n of length dividing ℓ. Then any Z-linear combination of vertices from S yields a

vertex on a cycle of length dividing ℓ. Moreover, if M has �nite Zn-order, then for any

x ∈ S and s ∈ Z with gcd(s, n) = 1, the vertices x and sx lie on cycles of equal length.

Proof. The �rst assertion is an immediate consequence of the linearity of M . To prove

the second assertion, let x be on a cycle of length ℓ1 and let sx be on a cycle of length

ℓ2. Then M ℓ1xT = xT and sM ℓ2xT = M ℓ2(sxT ) = sxT . Since gcd(s, n) = 1, the latter

equality simpli�es to M ℓ2xT = xT . It therefore follows from Theorem 3.1 that ℓ1 and ℓ2
divide one another, whence ℓ1 = ℓ2 as claimed.

Theorem 3.3. Let n1, n2 ∈ N. Then ΓM,n1 embeds in ΓM,n1n2 as an induced subgraph.

Proof. De�ne the mapping f : V (ΓM,n1) → V (ΓM,n1n2) by f(v) = n2v. We show f is

injective and preserves arcs and non-arcs.
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First suppose f(x) = f(y), i.e. n2x = n2y in Zm
n1n2

. Then x = y in Zm
n1

which proves

f is injective. Next observe that n2y
T = (n2y)

T = M(n2x)
T = n2MxT in Zm

n1n2
if and

only if yT = MxT in Zm
n1
. This implies (x, y) ∈ A(ΓM,n1) if and only if (n2x, n2y) ∈

A(ΓM,n1n2). The result follows.

Remark 3.4. Let ∆1 and ∆2 be graphs with respective adjacency matrices A(∆1) and

A(∆2). Recall that the tensor product ∆1×∆2 is de�ned to be the graph with adjacency

matrix A(∆1 ×∆2) equal to the Kronecker product A(∆1)⊗A(∆2).

Theorem 3.5. Let n1, n2 ∈ N with gcd(n1, n2) = 1. Then ΓM,n1n2 is isomorphic to the

tensor product ΓM,n1 × ΓM,n2.

Proof. Consider the mapping f :V (ΓM,n1)×V (ΓM,n2) → V (ΓM,n1n2) de�ned by f(x,y) =

n1y + n2x. We claim f is a graph isomorphism.

We �rst show f is bijective. Suppose f(x,y) = f(z,w), i.e. n1y + n2x = n1w + n2z.

As n1n2 = 0 in Zn1n2 , multiplying by n2 yields n2
2x = n2

2z, which implies n2x = n2z in

Zm
n1
. Since gcd(n1, n2) = 1, it follows that x = z in Zm

n1
. A similar argument yields y = w

in Zm
n2
. Thus (x,y) = (z,w), i.e. f is injective. Since |V (ΓM,n1) × V (ΓM,n2)|= nm

1 n
m
2 =

(n1n2)
m = |V (ΓM,n1n2)|, we have that f is surjective as well.

We next prove f preserves arcs and non-arcs by establishing that (n1y + n2x, n1w +

n2z) ∈ A(ΓM,n1n2) if and only if (x, z) ∈ A(ΓM,n1) and (y,w) ∈ A(ΓM,n2).

By de�nition, (x, z) ∈ A(ΓM,n1) implies MxT = zT while (y,w) ∈ A(ΓM,n2) implies

MyT = wT . As a consequence, in Zm
n1n2

we have M(n2x)
T = n2MxT = n2z

T and

M(n1y)
T = n1MyT = n1w

T . Summing these equalities yields M(n2x)
T + M(n1y)

T =

n2z
T + n1w

T or equivalently, M(n2x+ n1y)
T = (n2z+ n1w)T . We conclude that (n1y+

n2x, n1w + n2z) ∈ A(ΓM,n1n2).

Conversely, suppose (n1y+n2x, n1w+n2z) ∈ A(ΓM,n1n2) in which case n1w
T +n2z

T =

M(n1y
T + n2x

T ) = n1MyT + n2MxT . Multiplying by n2 gives n2
2z

T = n2
2MxT since

n1n2 = 0 in Zn1n2 . Thus n1n2 divides n2
2(z

T −MxT ) whence n1 must divide zT −MxT

since gcd(n1, n2) = 1. We conclude that MxT = zT in Zm
n1

whence (x, z) ∈ A(ΓM,n1). By

a symmetric argument, (n1y + n2x, n1w + n2z) ∈ A(ΓM,n1n2) implies (y,w) ∈ A(ΓM,n2).

It follows that f preserves arcs and non-arcs, i.e. f is a graph isomorphism as claimed.

Theorem 3.6. Let M1,M2 ∈ Matm(Z) and S ∈ Matm(Z) ∩ GLm(Q) such that M2 =

S−1M1S. Then for any n ∈ N with gcd(n, det(S)) = 1, the move graphs ΓM1, n and ΓM2, n

are isomorphic.

Proof. We de�ne the map f : V (ΓM2, n) → V (ΓM1, n) by f(v) = vST . Note that

vST ∈ V (ΓM1, n) for all v ∈ V (ΓM2, n) because ST ∈ Matm(Z). We claim f is a graph

isomorphism.

Suppose �rst that f(x) = 0, i.e. xST = 0. Then
∑m

i=1 xiri = 0 where xi is the i-th

coordinate of x, and ri is the i-th row of ST taken modulo n. Assuming gcd(n, det(S)) = 1,
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it follows that the subset {r1, r2, . . . , rm} ⊂ Zm
n is linearly independent. Therefore xi = 0

for all 1 ≤ i ≤ m, i.e. x = 0.

Now suppose f(v) = f(w), i.e. vST = wST . Then (v −w)ST = 0 whence it follows

from above that v −w = 0, i.e. v = w in Zm
n . We thereby conclude that f is injective.

Surjectivity, and therefore bijectivity, now follow since V (ΓM1, n) = V (ΓM2, n).

Finally, observe that (x,y) ∈ A(ΓM2, n) if and only if yT = M2x
T = S−1M1Sx

T ,

i.e. if and only if (f(y))T = SyT = M1Sx
T = M1(f(x))

T . As this is equivalent to

(f(x), f(y)) ∈ A(ΓM1, n), we conclude that f preserves arcs and non-arcs, hence f is a

graph isomorphism.

Theorem 3.7. Let M ∈ Matm(Z) and S ∈ Matm(Z) ∩ GLm(Q) such that S−1MS is

the rational canonical form of M . Then for any prime p with gcd(det(S), p) = 1 and for

which M has �nite Zp-order k, the move graph ΓM,p contains a directed k-cycle.

Proof. Assume p is a prime such that gcd(det(S), p) = 1 and suppose M has Zp-order k.

By Theorem 3.6, it su�ces to show ΓS−1MS, p contains a directed k-cycle.

Here S−1MS = M1⊕M2⊕· · ·⊕Mf where for each 1 ≤ i ≤ f and suitably chosen vi ∈
Zm, themi×mi block matrixMi is expressed in terms of the basis {vi

T ,Mvi
T ,M2vi

T , . . . ,

Mmi−1vi
T} for the i-th M -invariant subspace of dimension mi over Q.

Now form the sum v = v1⊕v2⊕· · ·⊕vf where vi is chosen in the above manner for each

1 ≤ i ≤ f . We consider the corresponding sum taken modulo p, i.e. x = x1⊕x2⊕· · ·⊕xf

where x ∈ Zm
p and xi ∈ Zmi

p with x ≡ v (mod p) and xi ≡ vi (mod p). By Theorem

3.1, x lies on a directed ℓ-cycle in ΓS−1MS, p for some ℓ dividing k. This implies xT =

(S−1MS)ℓxT = (S−1M ℓS)xT = M ℓ
1x1

T ⊕M ℓ
2x2

T ⊕ · · · ⊕M ℓ
fxf

T from which we deduce

that M ℓ
ixi

T = xi
T for each 1 ≤ i ≤ f .

Now let ki be the Zp-order of Mi, 1 ≤ i ≤ f . Since S−1MS and M have the same

Zp-order, it follows that k = lcm(k1, k2, . . . , kf ). But M
ℓ
ixi

T = xi
T implies ki divides ℓ for

each 1 ≤ i ≤ f . Thus k divides ℓ, whence k = ℓ from above. We conclude that ΓS−1MS, p

contains a directed k-cycle as desired.

4. The sub-add move graph: A brief introduction

For the balance of this paper, M will denote the so-called sub-add move matrix given by

M =

(
1 −1

1 1

)
.

The name derives from the action of M on Z2
n, which results in subtraction in the �rst

coordinate and addition in the second coordinate as indicated below.(
1 −1

1 1

)(
a

b

)
=

(
a− b

a+ b

)
.

Our main goal is to investigate the structure of the move graph ΓM,n for certain values

of n. We refer to ΓM,n as a sub-add move graph.
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Example 4.1. In Figures 2 and 3 we depict the sub-add move graphs ΓM, 3 and ΓM, 4,

respectively.

Fig. 2. The sub-add move graph ΓM, 3

Fig. 3. The sub-add move graph ΓM, 4

5. The sub-add move graph ΓM,n : n = 2r

For �xed r ∈ N, we may express the Z-module Z2
2r in the following manner.

Z2
2r = {(2tx, 2ty) ∈ Z2

2r | at least one of x, y is odd, 0 ≤ t ≤ r}.
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This alternate description makes it transparent that the subsets de�ned below form a

partition of the vertex set V (ΓM, 2r) = Z2
2r .

P2t = {(2tx, 2ty) | exactly one of x and y is odd}, 0 ≤ t ≤ r − 1

P2t+1 = {2tx, 2ty) | both x and y are odd}, 0 ≤ t ≤ r − 1

P2r = {(0, 0)}.

Remark 5.1. Technically, x and y are elements of Z2r and not integers. Nevertheless,

we may regard them as integers when designating their parities. Indeed, since the group

Z2r has even order, this designation is well-de�ned.

Occasionally, it will behoove us to express subsets of the partition simply as Pi, 0 ≤
i ≤ 2r. This is purely for notational convenience.

Proposition 5.2. For every 0 ≤ i < 2r, each vertex (ai, bi) ∈ Pi has a unique child

(ai+1, bi+1). Moreover, this child lies in Pi+1. For i = 2r, the lone vertex (0, 0) ∈ P2r is

its own unique child.

Proof. Observe that (2t(x− y), 2t(x+ y)) is the unique child of (2tx, 2ty) ∈ Pi. Hence it

remains to prove (2t(x− y), 2t(x+ y)) ∈ Pi+1.

Case 1. i = 2t, 0 ≤ t < r. Since (2tx, 2ty) ∈ P2t, x and y must have opposite parity.

This means x− y and x+ y are both odd, so it follows that (2t(x− y), 2t(x+ y)) ∈ P2t+1.

Case 2. i = 2t + 1, 0 ≤ t < r. In this case, (2tx, 2ty) ∈ P2t+1 so both x and y are

odd. Thus x − y and x + y are both even, so the unique child (2t(x − y), 2t(x + y)) is

(2t+1(x−y
2
), 2t+1(x+y

2
)). Now observe that x−y

2
+ x+y

2
= x which is odd. This proves x−y

2

and x+y
2

must have opposite parity whence (2t+1(x−y
2
), 2t+1(x+y

2
)) ∈ P2t+2 as desired.

Finally it is obvious that the only child of (0, 0) is itself.

Proposition 5.3. All vertices in P0 are parentless.

Proof. Let (x, y) be an arbitrary vertex in P0 whence exactly one of x, y is odd. This

of course implies x+ y must be odd. Suppose now that (a, b) is a parent of (x, y). Then

(a− b, a+ b) = (x, y) from which we obtain the contradiction a = x+y
2
.

Remark 5.4. Note that Propositions 5.2 and 5.3 establish the existence of levels in the

sub-add move graph ΓM, 2r . That is to say, all vertices in P0 occur at the top level, their

collective children occur at the next level, and so on down to the bottom level, which

consists only of the single vertex (0, 0), see Figure 3.

Proposition 5.5. Let r > 1. Then (2⌊
i
2
⌋(x − y), 2⌊

i
2
⌋(x + y)) ∈ Pi+1 has exactly two

parents for every 0 ≤ i ≤ 2r − 1.

Proof. Clearly, (2⌊
i
2
⌋x, 2⌊

i
2
⌋y), (2⌊

i
2
⌋x + 2r−1, 2⌊

i
2
⌋y + 2r−1) are two distinct parents of
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(2⌊
i
2
⌋(x− y), 2⌊

i
2
⌋(x+ y)) ∈ Pi+1. Let us assume this latter vertex has a third parent. By

Proposition 5.2, this parent must lie in Pi and therefore be of the form (2⌊
i
2
⌋x1, 2

⌊ i
2
⌋y1).

Since ⌊ i
2
⌋ < r, we thereby obtain 2⌊

i
2
⌋(x1− y1) ≡ 2⌊

i
2
⌋(x− y) (mod 2r) and 2⌊

i
2
⌋(x1+ y1) ≡

2⌊
i
2
⌋(x + y) (mod 2r). Since r > 1, these together imply 2⌊

i
2
⌋2x1 ≡ 2⌊

i
2
⌋2x (mod 2r) and

2⌊
i
2
⌋2y1 ≡ 2⌊

i
2
⌋2y (mod 2r). This gives rise to the following four possibilities:

(2⌊
i
2
⌋x1, 2

⌊ i
2
⌋y1) =


(2⌊

i
2
⌋x, 2⌊

i
2
⌋y),

(2⌊
i
2
⌋x+ 2r−1, 2⌊

i
2
⌋y),

(2⌊
i
2
⌋x, 2⌊

i
2
⌋y + 2r−1),

(2⌊
i
2
⌋x+ 2r−1, 2⌊

i
2
⌋y + 2r−1).

But neither (2⌊
i
2
⌋x1, 2

⌊ i
2
⌋y1) = (2⌊

i
2
⌋x+2r−1, 2⌊

i
2
⌋y) nor (2⌊

i
2
⌋x1, 2

⌊ i
2
⌋y1) = (2⌊

i
2
⌋x, 2⌊

i
2
⌋y+

2r−1) can occur because 2⌊
i
2
⌋x+ 2⌊

i
2
⌋y + 2r−1 ̸≡ 2⌊

i
2
⌋x+ 2⌊

i
2
⌋y (mod 2r). As the remaining

possibilities correspond to the two aforementioned parents of (2⌊
i
2
⌋(x + y), 2⌊

i
2
⌋(y − x)),

the result follows when i < 2r − 1.

The above argument also applies to the case i = 2r− 1, but here there is an interesting

subtlety. In this instance the child in question is (2r−1(x−y), 2r−1(x+y)) ∈ P2r = {(0, 0)}.
From above, its only parents are (2r−1x, 2r−1y) and (2r−1(x + 1), 2r−1(y + 1)), however

since (2r−1(x − y), 2r−1(x + y)) = (0, 0), we see that x − y and x + y must both be even

implying that x and y have the same parity. If we assume x and y are both even, then

x + 1 and y + 1 are both odd. Alternatively, if we assume x and y are both odd, then

x + 1 and y + 1 are both even. In either case, one parent of (0, 0) is (0, 0) itself whereas

the other parent lies in P2r−1. This completes the proof of the proposition.

Proposition 5.6. For 0 ≤ i < 2r, |Pi|= 22r−i−1.

Proof. As before, we consider individual cases based on the parity of i.

Case 1. i = 2t. Here there are 2r−t choices for x, and since x and y must have opposite

parity there are 2r−t−1 independent choices for y. Thus, in total there are 2r−t · 2r−t−1 =

22r−2t−1 choices for the pair (2tx, 2ty). Hence |P2t|= 22r−2t−1 = 22r−i−1.

Case 2. i = 2t + 1. In this case x and y must both be odd. Thus there are 2r−t−1

choices for each of x and y, hence 2r−t−1 · 2r−t−1 = 22r−2t−2 pairs (2tx, 2ty) in total. Thus

|P2t+1|= 22r−2t−2 = 22r−i−1 in this case as well.

Recall that a perfect binary tree PBTd is a type of binary tree where all non-leaf nodes

have two children and all leaf nodes are at the same depth d. We refer to the unique

parentless node v of PBTd as its root node, and we consider PBTd to be directed in the

sense that there is a unique directed path from v to each leaf node of PBTd. Finally, we

call PBTd inverted if the orientation of every arc of PBTd is reversed.

Theorem 5.7. For each r ∈ N, consider the subgraph ∆ of ΓM, 2r induced on the vertex

set V (ΓM, 2r)\{(0, 0)}. Then ∆ is an inverted PBTd of depth d = 2r−1. Moreover, one re-

covers ΓM, 2r from ∆ by adding the vertex (0, 0) along with the two arcs ((2r−1, 2r−1), (0, 0))

and ((0, 0), (0, 0)).



178 p. cesarz et al.

Proof. The structure of ∆ follows directly from Propositions 5.2�5.5. To prove the latter

assertion, we observe that the unique childless vertex of ∆ is (2r−1, 2r−1) and clearly

((2r−1, 2r−1), (0, 0)) ∈ A(ΓM, 2r).

We once more refer the reader to Figure 3, which illustrates Theorem 5.7 for the case

r = 2.

6. The sub-add move graph ΓM,n : n odd

Throughout this section, n ≥ 3 will be an odd integer.

Theorem 6.1. ΓM,n is a disjoint union of directed cycles.

Proof. By Theorem 3.1, it su�ces to show the move matrix M has �nite Zn-order.

However M4 = −4I. Thus M has Zn-order dividing 4t where t = ord(−4) in Zn.

Fig. 4. The sub-add move graph ΓM, 5 illustrates a special case of Theorem 6.1

Theorem 6.2. For n ≥ 3 odd, the length of every directed cycle in ΓM,n divides 4φ(n)

where φ denotes Euler's totient function.

Proof. Since M4 = −4I, we have M4φ(n) = (−4)φ(n)I = 4φ(n)I since φ(n) is even for all

n ≥ 3. Thus M4φ(n)(x, y)T = (4φ(n)x, 4φ(n)y)T . However, by Euler's totient theorem we

have 4φ(n) ≡ 1 (mod n). Thus it follows that M4φ(n)(x, y)T = (x, y)T whence the Zn-order

of M divides 4φ(n). The result now follows from Theorem 3.1.

Theorem 6.3. Let n1 ≥ 3 be odd and n2 = 2k. Then ΓM,n1n2 contains n2
1 vertex-

disjoint copies of ΓM,n2. Furthermore, ΓM,n1n2 and ΓM,n1 have the same number of weakly-

connected components.
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Proof. By Remark 3.4 and Theorem 3.5, we have that A(ΓM,n1n2) is permutation equiv-

alent to the matrix

A(ΓM,n1)⊗A(ΓM,n2) =


(A(ΓM,n1))1,1A(ΓM,n2) · · · (A(ΓM,n1))1,n2

1
A(ΓM,n2)

...
. . .

...

(A(ΓM,n1))n2
1,1
A(ΓM,n2) · · · (A(ΓM,n1))n2

1,n
2
1
A(ΓM,n2)

 .

Here, each of the n2
1 vertices of ΓM,n1 corresponds to a block matrix A(ΓM,n2) as de-

picted in A(ΓM,n1)⊗A(ΓM,n2). Thus ΓM,n1n2 contains n2
1 vertex-disjoint copies of ΓM,n2 .

Similarly, each directed cycle of ΓM,n1 extends to a unique weakly-connected component

in ΓM,n1n2 .

In Figure 5, we provide an example of a move graph that illustrates Theorem 6.3.

Fig. 5. The sub-add move graph ΓM, 6 illustrates a special case of Theorem 6.3.

7. The sub-add move graph ΓM,p : p an odd prime

Throughout this section, t will denote the order of −4 in the multiplicative group of the

�nite �eld GF (p). Since M4 = −4I, it follows that k = 4t is the order of M .
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Our goal is to determine the existence and length of directed cycles in ΓM,p in terms

of the eigenvalues of M , viz. 1 + i and 1 − i where i2 = −1. Without loss of generality,

we may assume s ≤ s′ where s = ord(1 − i) and s′ = ord(1 + i). Since Mk = I, it is

clear that s′ = k and s divides k. Also, since (1 − i)4 = −4 and ord(−4) = t, we have

s = t gcd (s, 4). Clearly, this implies s ∈ {t, 2t, 4t}.

Proposition 7.1. With notation as above, the only possible cycle lengths in ΓM,p are 1,

s and k, where s and k are not necessarily distinct. In particular, if p ≡ 3 (mod 4) the

only possible cycle lengths are 1 and k.

Proof. Since p is prime, we may regard V (ΓM,p) = Z2
p as a 2-dimensional vector space V

over GF (p). Observe that i ∈ GF (p) if and only if −1 is a square in GF (p), i.e. if and

only if p ≡ 1 (mod 4). We treat this case �rst.

Let vT and wT be eigenvectors of M corresponding to the eigenvalues 1 + i and 1− i,

respectively. Since 1 + i, 1− i ∈ GF (p), we have that {vT ,wT} is a basis for V .

Let now C be an arbitrary directed cycle in ΓM,p and denote its length by ℓ. If ℓ ∈ {1, k}
we are done, so assume otherwise. Let x be a vertex on C, in which case M ℓxT = xT .

We may express xT as avT + bwT for suitable scalars a, b ∈ GF (p). Thus we obtain

avT + bwT = M ℓ(avT + bwT ) = aM ℓvT + bM ℓwT = a(1 + i)ℓvT + b(1− i)ℓwT ,

so that a = a(1 + i)ℓ and b = b(1 − i)ℓ. The former equality implies either a = 0 or

(1 + i)ℓ = 1. But by Theorem 3.1, (1 + i)ℓ = 1 implies ℓ = k, a case we have ruled out

by assumption. Thus a = 0, in which case xT = bwT , b ̸= 0, i.e. xT is an eigenvector

corresponding to the eigenvalue 1− i. As such, x lies on a directed cycle of length s since

M sxT = xT . We thereby conclude from Theorem 3.1 that ℓ = s.

The case p ≡ 3 (mod 4) requires that the above proof be modi�ed slightly. Speci�cally,

i is no longer an element of GF (p) but lies in the unique quadratic extension GF (p2) of

GF (p). Here i + 1, i − 1 ∈ GF (p2) are algebraically conjugate over GF (p), hence they

have the same order s = s′ = k. Note that in this case vT ,wT /∈ V , however {vT ,wT}
still serves as a basis for a 2-dimensional vector space over GF (p2). As such, the linear

combination xT = avT + bwT now allows a, b ∈ GF (p2), where, as before, x ∈ V is a

vertex on an arbitrary directed cycle C in ΓM,p of length ℓ > 1. Since M ℓxT = xT , we

obtain

avT + bwT = xT

= M ℓxT

= M ℓ(avT + bwT )

= aM ℓvT + bM ℓwT

= a(1 + i)ℓvT + b(1− i)ℓwT ,

which implies a = a(1 + i)ℓ and b = b(1 − i)ℓ. Since a and b cannot simultaneously be

zero, at least one of (1 + i)ℓ and (i− 1)ℓ must equal 1. But (1 + i)ℓ = 1 implies s′ divides

ℓ, whereas (1− i)ℓ = 1 implies s divides ℓ. In any case, since s = s′ = k we conclude that

ℓ = k. Accordingly, the only cycle lengths in ΓM,p are 1 and k when p ≡ 3 (mod 4).



properties of sub-add move graphs 181

We refer to a directed cycle of length k in ΓM,p as a primary cycle. A secondary cycle

will be any directed cycle in ΓM,p that is neither primary nor a 1-cycle.

Note that primary cycles always exist. Indeed, if vT is an eigenvector of M correspond-

ing to the eigenvalue 1 + i, then the vertex v will lie on a k-cycle since ord(1 + i) = k. In

contrast, we see from the proof of Proposition 7.1 that secondary cycles exist if and only

if s ∈ {t, 2t} where s = ord(1− i).

Our next result elaborates on Proposition 7.1 to a far greater extent.

Theorem 7.2. (a) If t is even, then ΓM,p has no secondary cycles.

(b) If t ≡ 1 (mod 4) and (1 + i)t = i, then all secondary cycles have length t.

(c) If t ≡ 3 (mod 4) and (1 + i)t = i, then all secondary cycles have length 2t.

(d) If t ≡ 1 (mod 4) and (1 + i)t = −i, then all secondary cycles have length 2t.

(e) If t ≡ 3 (mod 4) and (1 + i)t = −i, then all secondary cycles have length t.

Proof. Recall that ord(1 + i) = 4t which implies (1 + i)t ∈ {i,−i}. We �rst consider the

case where (1+ i)t = i. As 1− i = −i(1+ i) and (1+ i)3t = −i, we have 1− i = (1+ i)3t+1.

Observe that

ord(1− i) =
4t

gcd(3t+ 1, 4t)
=

4t

gcd(3t+ 1, t− 1)
=

4t

gcd(4, t− 1)
.

Thus, if t is even we have gcd(4, t− 1) = 1 whence ord(1− i) = 4t. We conclude that

ΓM,p has no secondary cycles in this case.

Next assume t ≡ 1 (mod 4). This implies gcd(4, t−1) = 4 whence ord(1−i) = t. In this

case, all secondary cycles have length t. Similarly, if t ≡ 3 (mod 4), then gcd(4, t− 1) = 2

which implies all secondary cycles have length 2t = ord(1− i).

Finally, we consider the case (1+ i)t = −i. Here we have 1− i = (1+ i)t+1 and therefore

ord(1− i) =
4t

gcd(t+ 1, 4t)
=

4t

gcd(t+ 1, 4)
.

In this case, the roles of congruence are reversed in the sense that t ≡ 1 (mod 4) implies

ord(1 − i) = 2t while t ≡ 3 (mod 4) implies ord(1 − i) = t. Accordingly, all secondary

cycles in ΓM,p have length 2t if t ≡ 1 (mod 4) or they have length t if t ≡ 3 (mod 4). As

above, if t is even then gcd(t + 1, 4) = 1, in which case ord(1 − i) = 4t, i.e. ΓM,p has no

secondary cycles.

Corollary 7.3. ΓM,p contains secondary cycles if and only if 8 does not divide k.

Proof. This follows immediately from Theorem 7.2 since k is divisible by 8 if and only if

t is even.

Theorem 7.4. (a) If p ≡ 3 (mod 8) or p ≡ 7 (mod 8), then secondary cycles do not exist

in ΓM,p.

(b) If p ≡ 5 (mod 8), then secondary cycles must exist in ΓM,p.
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Proof. Both congruences in (a) imply p ≡ 3 (mod 4), in which case ΓM,p contains no

secondary cycles by Proposition 7.1. Now suppose p ≡ 5 (mod 8). Clearly 8 does not

divide p − 1, however k = ord(1 + i) must divide p − 1 since 1 + i is an element of the

multiplicative group of GF (p). We conclude that 8 does not divide k, whence it follows

from Corollary 7.3 that secondary cycles in ΓM,p must exist in this case.

Remark 7.5. At the present time, we have yet to discern any reasonable criteria that

settle the question of existence of secondary cycles when p ≡ 1 (mod 8). Computer-

generated data indicate that both outcomes are not only possible but occur with great

frequency. Still, there doesn't appear to be any highly recognizable pattern in the data.

We close with the following result, which determines the number of cycles of varied

length in the sub-add move graph ΓM,p when p is an odd prime. The proof is a straight-

forward counting argument using the cycle structure described in Proposition 7.1 and

Theorem 7.2 so it is left to the reader.

Proposition 7.6. (a) If ΓM,p has no secondary cycles, then there are p2−1
k

primary cycles

in ΓM,p.

(b) If ΓM,p has secondary cycles, all such cycles have common length s for some s ∈
{t, 2t}. Here there are p−1

s
secondary cycles and p2−p

k
primary cycles in ΓM,p.

Remark 7.7. The entry A363894 in the On-Line Encyclopedia Integer Sequences [21]

re�ects Proposition 7.6 in conjunction with Theorem 6.3. Note that what is referred to

as the �halved addsub con�guration graph� in A363894 is the �sub-add move graph� in

our present terminology.

While many of our results in this section do not extend to proper odd prime powers, a

number of them do. We intend to pursue this line of investigation in a sequel.

Con�ict of interest

The authors declare that they have no con�ict of interest.

Data Availability

Data sharing is not applicable to this article as no datasets were generated or analyzed

during the current study.

Funding information

This research was supported in part by the National Science Foundation, grant MPS-

2150299.



properties of sub-add move graphs 183

Author contribution

Authors contributed to the study conception and design. Material preparation, data

collection and analysis were performed by Patrick Cesarz, Charles Gong, Eugene Fiorini,

Kyle Kelley, Philip Thomas, and Andrew Woldar. The �rst draft of the manuscript

was written by Andrew Woldar and all authors commented on previous versions of the

manuscript. All authors read and approved the �nal manuscript.

References

[1] N. Alamati, L. DeFeo, H. Montgomery, and S. Patranabis. Cryptographic group actions

and applications. In Proceedings of 26th International Conference on the Theory and Ap-

plication of Cryptology and Information Security, volume 26, pages 411�439, 2020. https:

//doi.org/10.1007/978-3-030-64834-3_14.

[2] M. S. Anilkumar and S. Sreedevi. A comprehensive review on graph pebbling and rubbling.

Journal of Physics: Conference Series, 1531:012050, 2019. 10.1088/1742-6596/1531/1/

012050.

[3] F. Bagnoli, F. Cecconi, A. Flammini, and A. Vespignani. Short-period, attractors and non-

ergodic behavior in the deterministic �xed-energy sandpile model. Europhysics Letters,

63(4):512�518, 2003.

[4] N. Biggs. Algebraic Graph Theory. Cambridge University Press, 2nd edition, 1993.

[5] J. Blocki and S. Zhou. On the computational complexity of minimal cumulative cost graph

pebbling. In Financial Cryptography and Data Security. Volume 10957, Lecture Notes in

Computer Science. Springer, Berlin, Heidelberg, 2018. https://doi.org/10.1007/978-

3-662-58387-6_18.

[6] M. D. E. Conder. Group actions on graphs, maps and surfaces with maximum symmetry.

In Groups St. Andrews 2001 in Oxford. Volume 1, pages 63�91. 2003. https://doi.org/

10.1017/CBO9780511542770.013.

[7] S. Corry. Genus bounds for harmonic group actions on �nite graphs. International Math-

ematics Research Notices, 19:4515�4533, 2011. https://doi.org/10.1093/imrn/rnq261.

[8] V. Deaconu, A. Kumjian, and J. Quigg. Group actions on topological graphs. Ergodic

Theory and Dynamical Systems, 32(5):1527�1566, 2011. https://doi.org/10.1017/

S014338571100040X.

[9] M. Forester. Deformation and rigidity of simplicial group actions on trees. Geometry &

Topology, 6:219�267, 2002.

[10] C. Godsil and G. F. Royle. Algebraic Graph Theory. Springer, 2001.

[11] T. Grüner, R. Laue, and M. Meringer. Algorithms for group actions: homormorphism prin-

ciple and orderly generation applied to graphs. In DIMACS Series in Discrete Mathematics

and Theoretical Computer Science. Volume 28, pages 113�122. 1997.

[12] G. Hurlbert. General graph pebbling. Discrete Applied Mathematics, 161:1221�1231, 2013.

https://doi.org/10.1016/j.dam.2012.03.010.

[13] C. J. Klivans. The Mathematics of Chip-Firing. CRC Press, 2018.

https://doi.org/10.1007/978-3-030-64834-3_14
https://doi.org/10.1007/978-3-030-64834-3_14
10.1088/1742-6596/1531/1/012050
10.1088/1742-6596/1531/1/012050
https://doi.org/10.1007/978-3-662-58387-6_18
https://doi.org/10.1007/978-3-662-58387-6_18
https://doi.org/10.1017/CBO9780511542770.013
https://doi.org/10.1017/CBO9780511542770.013
https://doi.org/10.1093/imrn/rnq261
https://doi.org/10.1017/S014338571100040X
https://doi.org/10.1017/S014338571100040X
https://doi.org/10.1016/j.dam.2012.03.010


184 p. cesarz et al.

[14] R. Kondor and S. Trivedi. On the generalization of equivariance and convolution in neu-

ral networks to the action of compact groups. In Proceedings of the 35th International

Conference on Machine Learning, volume 80, pages 2747�2755, 2018.

[15] G. Levitt and F. Paulin. Geometric group action on trees. American Journal of Mathe-

matics, 119(1), 1997. https://www.jstor.org/stable/25098526.

[16] D. Maru²i£. Half-transitive group actions on �nite graphs of valency 4. Journal of Combina-

torial Theory, Series B, 73(1):41�76, 1998. https://doi.org/10.1006/jctb.1997.1807.

[17] D. Maru²i£ and R. Nedela. Finite graphs of valency 4 and girth 4 admitting half-transitive

group actions. Journal of Australian Mathematical Society, 73(2):155�170, 2009. https:

//doi.org/10.1017/S1446788700008788.

[18] J. J. Rotman. An Introduction to the Theory of Groups, volume 148 of Graduate Texts in

Mathematics. Springer, New York, NY, 1994.

[19] A. H. Salem and H. Hattab. Group action on local dendrites. Topology and Its Applications,

247:91�99, 2018. https://doi.org/10.1016/j.topol.2018.08.002.

[20] E. Shi and X. Ye. Periodic points for amenable group actions on dendrites. Proceedings

of the American Mathematical Society, 145:177�184, 2017. https://doi.org/10.1090/

proc/13206.

[21] N. J. A. Sloane. The on-line encyclopedia of integer sequences. http://oeis.org.

Patrick Cesarz

University of Wyoming, Laramie, WY, USA

E-mail pcesarz@uwyo.edu

Eugene Fiorini

Rutgers University, DIMACS, Piscataway, NJ, USA

E-mail e�orini@dimacs.rutgers.edu

Charles Gong

Carnegie Mellon University, Pittsburgh, PA, USA

E-mail clgong@andrew.cmu.edu

Kyle Kelley

University of Nebraska-Lincoln, Lincoln, NE, USA

E-mail kyleakelley@pm.me

Philip Thomas

Kutztown University, Kutztown, PA, USA

E-mail philipdthomas1@gmail.com

Andrew Woldar

Villanova University, Villanova, PA, USA

E-mail andrew.woldar@villanova.edu

https://www.jstor.org/stable/25098526
https://doi.org/10.1006/jctb.1997.1807
https://doi.org/10.1017/S1446788700008788
https://doi.org/10.1017/S1446788700008788
https://doi.org/10.1016/j.topol.2018.08.002
https://doi.org/10.1090/proc/13206
https://doi.org/10.1090/proc/13206
http://oeis.org
mailto:pcesarz@uwyo.edu
mailto:efiorini@dimacs.rutgers.edu
mailto:clgong@andrew.cmu.edu
mailto:kyleakelley@pm.me
mailto:philipdthomas1@gmail.com
mailto:andrew.woldar@villanova.edu

	Introduction
	Preliminaries
	The general case
	The sub-add move graph: A brief introduction
	The sub-add move graph _M,n: n=2^r
	The sub-add move graph _M,n: n odd
	The sub-add move graph _M,p: p an odd prime

