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ABSTRACT

Given functions f, g : [n] — [n], do there exist n points A;, As,..., A, in some metric

space such that Az, Ay are the points closest and farthest from point A;? In this paper

g(i
we characterize precisely which pairs of functions have this property. Define m(k) to be
the maximum integer such that any pair of functions f,g : [m(k)] — [m(k)] realizable
in some metric space is also realizable in R¥. We show that m(k) grows exponentially
in k. This answers a question of Croft. We also discuss what happens when looking at

minimum and maximum distances separately.
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1. Introduction

Many problems in metric geometry and combinatorics investigate how much information
about a configuration of points is determined solely by the relative order of distances,
rather than their exact numerical values. Such questions arise naturally in areas such as
distance geometry; see, for example, [4].

Combinatorial questions involving distances and their induced structures have been
studied extensively in discrete and combinatorial geometry; see, e.g., [5]. In particular,
one may ask which patterns of nearest and farthest neighbors can arise from metric
configurations.

In this paper, we study a discrete model for such distance comparisons. Let n > 3 be
a positive integer and let f, g : [n] — [n] be two functions without fixed points, where as
usual [n] denotes the set {1,2,...,n}. Weinterpret f(i) and g(7) as prescribing the nearest
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and farthest neighbor of a point A;, respectively. Nearest neighbor relations themselves
give rise to well-studied graph structures; see, for example, [6].
We will call a pair of such functions (f, g) realizable in (X, d) (where (X, d) is a metric
space) if there are n points Ay, ..., A, € X such that:
e d(A;, A;) are all distinct for different pairs {7, j} with i # j,

e for each i, we have d(A;, Asu)) < d(A;, A;) for all j # 1, f(i),

o for each i, we have d(4;, Ay)) > d(A;, Aj) for all j # 14, g(i).
We say that (f, g) is realizable if it is realizable in some metric space (X, d). For example
if n = 5 the pair of functions (f, g) defined by f(i) =5 for i € [4], f(5) =1,9(1) = g(5) =
2,9(2) = g(3) =1 and g(4) = 3 is realizable in R? as shown in the figure below.

Ay

Ay K650

Fig. 1. An example of a configuration realizing (f, g) in R?

This formulation of realizable pairs naturally leads to the problem of characterizing
which combinatorial patterns of nearest and farthest neighbors can arise from metric
spaces. Clearly, for any realizable pair (f,g), we must have f(i) # g(i) for each i. For
convenience, we may view f and g as directed graphs on the vertex set [n]. With this in
mind, for any function f : [n] — [n], we define G to be the directed graph on vertex set
[n] where there is an edge from i to j (denoted ¢ — j or ij) if and only if f(i) = j.

We now recall some standard terminology for directed graphs. In a directed graph
define the out-degree of vertex v to be the number of vertices w such that there is an edge
v — w. Similarly, define the in-degree of a vertex v to be the number of vertices w such
that w — v is an edge. We also define a source in a directed graph to be a vertex of
in-degree zero. The first result of this paper will describe precisely which pairs (f, g) are
realizable.

Theorem 1.1. Suppose that n > 3 is an integer and let f, g : [n] — [n] be two functions
without fized points such that for all 1 < i < n, we have f(i) # g(i). Then the pair (f,g)
18 realizable if and only if all of the following conditions hold:

e Gy and G, do not have any cycles that are not of length two.

e fog has at most one fized point.
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o If f(g(i)) =1, then i is a source in G, and g(i) is a source in Gy.

Although this result appears to be folklore, we were unable to find a precise reference
in the literature.

A natural next question is how the geometry of the ambient space restricts realizability.
In particular, one may ask in which Euclidean dimension a given realizable pair can be
embedded. This places our problem in the broader context of embedding finite metric
structures into low-dimensional Euclidean spaces.

Given a positive integer n, what is the minimum & such that any realizable pair (f, g)
with |[dom f|= n is realizable in R¥? This question was posed by Croft |2].

Observe that in our setting the only relevant information about the distances is their
ordering. Let (f,g) be a realizable pair with n = |dom(f)| and suppose that (f,g)
is realized in (X, d) with points Aj,..., A,. Then we may totally order the 2-element
subsets of [n| by declaring

(5} < {s,t} it d(A;, A) < d(A,, A,).

Choosing real numbers ay; ;3 that respect this order and are sufficiently close to 1, one
can construct points By, ..., B, € R"! such that || B; — B;|| = ay; jy for all ¢, j. It follows
that every realizable pair is realizable in R"~!; geometrically, the points B, ..., B, may
be viewed as a perturbation of the vertices of a regular (n — 1)-simplex.

This raises the question of whether one can realize all such pairs in significantly lower
dimension. For a positive integer k, let m(k) denote the largest n such that every realizable
pair (f,g) with |dom f|= n is realizable in R*. The argument above shows that m(k) >
k + 1. Our main result shows that m(k) in fact grows exponentially.

Theorem 1.2. There exist constants A, B > 0 and ¢, C > 1 such that for every positive
integer k,

AcF < m(k) < BC*.

In the final section, we also consider related questions in which nearest and farthest
neighbor conditions are studied separately.

We now introduce some notation. Let K, denote the complete graph on the vertex
set [n]. If f: [n] — [n] is a function without fixed points, let H; be the undirected
graph on the vertex set [n| in which ij is an edge if and only if f(i) = j or f(j) = 1.
Throughout the paper, we assume that R¥ is equipped with the Euclidean metric, and
for points A, B € R*, we write |A — B|| for their Euclidean distance. We use standard
graph-theoretic notation; see Bollobas [1] for background.

2. Proof of Theorem 1.1

In order to prove Theorem 1.1, we will first prove a few lemmas that will give us that the
three conditions are indeed necessary. Then, for any pair (f, ¢g) satisfying those conditions,
we will give an example that will show that (f, g) is realizable. The following lemma shows
that the first condition in Theorem 1.1 is necessary.
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Lemma 2.1. Suppose that (f,g) is a realizable pair. Then Gy and G, do not have any
cycles that are not of length two.

Proof. Let n = |dom f|. Since (f,g) is realizable, there is a metric space (X, d) with n
points Ay, ... A, such that d(A4;, A;) are all distinct for different pairs {i,j} with i # j,
and for any distinct 1 < 4,5 <n, we have that d(A;, Ayu)) < d(A;, Aj) and d(A;, Agpy) >
d(A;, A;). Suppose that Gy has a cycle i; — i3 — i3 — -+ - — iy, — i3 where k > 3. Take
1 <[ <k to be such that
d(AiH Aiz+1) = 121};119 d(Aijv Aij+1)a

A;,) <
d(A;,, A;;). But since iy — i3 is an edge in Gy, we have that f(i) = i3. This gives a
contradiction. We similarly prove that Gy does not have any cycles that are not of length
two. This completes the proof. O

where i1 = i;. Without loss of generality assume that [ = 1. Then d(A

119

In the next lemma we show that the remaining two conditions in Theorem 1.1 are also
necessary.

Lemma 2.2. Suppose that (f,g) is a realizable pair. Then we must have that f o g has
at most one fized point. Moreover, if i is that fized point, then i is a source in Gy and
g(i) is a source in Gy.

Proof. Let n = |dom f|. Since (f,g) is realizable, there is a metric space (X, d) with n
points Ay, ..., A, such that d(A;, A;) are all distinct for different pairs ¢ # j, and for any
distinct 1 < 4,5 < n, we have that

First suppose that ¢ is a fixed point of f o g and suppose that 7 is not a source of G,.
That means that there is some j such that g(j) = i. We first observe that j # g(i).
Indeed, if j = g(i), then f(j) = g(j) = ¢ which is impossible. But now from (1) we have
that

d(Aj, Ai) = d(Aj, Agy) > d(Ay, Agy) > d(Aggein)s Agtiy) = d(Ais Agiy) > d(Ais Aj),

which gives a contradiction. This means that ¢ is a source in G,. Similarly, we can prove
that g(7) is a source in Gy.

It remains to show that f o g has at most one fixed point. We will also prove this by
contradiction. Suppose that i, 7 are two distinct fixed points of f o g. If j = g(i), then
j is not a source of G, which is impossible, hence j # ¢(7). Similarly, i # g(j). We
also cannot have g(i) = g(j) since if we did then i = f(g(i)) = f(g(j)) = j. Therefore,
i,9(i),7,9(j) are all distinct. But then using (1) we have

d(Aj, Ag(iy) > d(Aggans Agliy) = d(Ais Agay) > d(As, Ag(y)
> d( Ay, Agy) = d(Aj, Agy)) > d(Ay, Ageiy)
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which is a contradiction. This completes the proof. O]

We now prove the following lemma that shows us a bit about the structure of Gy.

Lemma 2.3. Suppose that f : [n] — [n] is a function without fized points such that
Gy has no cycles of length more than two. Then there is some m > 0 and a partition
[n] = Fo U Fy U---UF,, where Fy contains precisely the points that are part of some
2-cycle in Gy and for every edge i@ — j of Gy, there is either some 1 < 1 < m such that
1€ F,je Fi_y ori,j € F,.

Proof. Let Fy = {i | f(f(i)) =i}. Since f has no fixed points, we see that Fj is precisely
the set of points that belong to a 2-cycle in Gy. Define Fy = {i | i & Fy, f(i) € Fo}. We
now iteratively define F}, for integers k > 2. Let

We first show that the F}, are disjoint. Trivially Fy, Fy are disjoint. If Fy, ..., Fj_ are
disjoint for some k > 2 then if i € Fj, we must have that f(i) € Fy_;. But then we
cannot have that ¢ € F; for some [ < k, because if [ > 0 then f(i) € Fj_; and if [ = 0 then
f(i) € Fy. Thus, Fy, F, ... are disjoint sets by induction. Since Fy C [n] for any k, there
must be a largest m such that F,, # 0.

We will now show that

UL Fy = [n). 2)

Since for all j, we have that F; C [n], it follows that U7 F; C [n].

Let i € [n]. We will show that i € U™ F;. For any k € Zxo, define f*(i) =
f(f(...f(i)...)) where f is applied k times (f(? (i) = i). Now we consider the sequence
i, (i), fP(i),.... Since all of these numbers are in [n], eventually some number in this
sequence must repeat.

Suppose that k is the largest integer such that 4, f(i), f@(i),..., f#~V(i) are all dis-
tinct. Then there is a unique j < k such that 9 (i) = f*)(4). Since f has no fixed points,
we must have that j < k—1. But now f0(i) — fUr(G) — ... — fED(G) — £0(4) is a
cycle in G and therefore has length two. This means that j = k—2. If k = 2, then we have
that f(f(i)) = isoi € Fyand we are done. If k > 2, then since f(f(f*3(:))) # f*#3 (i),
we have that f*=3(i) ¢ F,. But since f(f*=3(:)) = f*2(i) € Fy we have that
fE3() € F.

Now we can show that f*~270(i) € F; by induction. We have just shown that it is
true for [ = 1. Suppose that it is true for some 1 < [ < k — 3. Since f*=270(i) € F}, by
definition of F;,; we have that f*~2=(+1)(;) € [;,,. Thus, by induction, f*=2-0(;) € F,
for any 1 <[ < k — 2. This means that ¢ € Fj,_5 and hence i € U;-”:OFJ-. This shows that
[n] C UJLyF}; which then gives (2).

Notice that if i € Fy then f(i) € Fy. But also, if ¢ € F) for some [ > 0, then f(i) € F;_
so the partition satisfies the desired property which completes the proof. O

For convenience, we say that a pair (f, g) of functions from [n] to [n] is nice if all of the
following conditions hold:



148 7. RANDELOVIC

e For any 1 <i <n, we have that i, f(i), g(i) are distinct.
e G and Gy do not have any cycles that are not of length two.
e f o g has at most one fixed point.

o If f(g(i)) =1, then 7 is a source in G, and g(¢) is a source in Gy.
For any pair (f,g) of functions from the set [n] to itself without fixed points, define
Ty = Hy N Hy and define Ty, T, to be the graphs with V(Ty) = V(T,) = [n] and
E(Ty) = E(Hp\E(Ty), E(Ty) = E(H)\E(Ty).

Lemma 2.4. For any nice pair (f,g), the graph T}, has at most one edge and if it does
have an edge, then that edge is precisely ig(i), where i is the unique fixed point of f o g.

Proof. Since Gy and G, do not have any common edges, the only way H; and H, could
have a common edge is that there are u,v € [n] such that f(u) = v and g(v) = u. We
have that f o g(v) = v. Since (f,g) is a nice pair, v must be the unique fixed point of
f o g and the common edge of Hy and H, is vg(v). O]

Proof of Theorem 1.1. We can see that Lemmas 2.1 and 2.2 give that the three
conditions in Theorem 1.1 must hold for any realizable pair (f,g). Now suppose that
f,g : [n] — [n] are two functions without fixed points such that for all i, we have f(i) #
g(i) and the three conditions of Theorem 1.1 are all satisfied. In other words, (f,g) is a
nice pair. We will show that the pair (f, g) is realizable.

We will label the edges of K, in a way so that the order of the labels will correspond
to the order of the distances in the required example.

Let Fy, I, ..., Fy, be the partition of [n] given by Lemma 2.3 for G where m € Z,.
Similarly, let Gy, ..., Gy be the partition of [n] given by Lemma 2.3 for G, where k € Z>o.
For each edge e of T}, define the edge e to be type 0 if both endpoints of e are in F{ and
type i if one endpoint is in F; and the other is in F;_;. We will order the edges T} in
order ey, ..., ecr;) from lowest to highest type (edges of the same type can be ordered
arbitrarily). Likewise, we can define types of edges of T, and also order them in order
Ji,- -+, fe(r,) in a similar fashion.

We will now label the edges of K,, as mentioned above. To do this we will construct a
bijective map ¢ : E(K,,) — [(’2‘)] step by step. At any point we refer to edge e as labeled if
c(e) has been defined up to that point and unlabeled otherwise. We first label the edges
of Ty and T,. Define c(e;) = i for each 1 < i < e(T}) and define ¢(f;) = (5) —i + 1 for
each 1 <i <e(T).

If Tt 4 has an edge, then by the proof of Lemma 2.4 there is a unique ¢ such that
fog(q) = g and the only edge of Ty, is ¢g(q). Notice that gg(q) is unlabeled. Now suppose
that there are [ so far unlabeled edges z1, ..., x; incident to ¢ but not g(q) where [ € Z>,.
Similarly, let yi,...,ys be the so far unlabeled edges incident to g(g) but not ¢, where
s € Z>o. Define c(z;) = e(Ty) + j for all 1 < j <1 and define c(y;) = (3) + 1 — e(T}) — j
forall 1 <j <s.

We now define c arbitrarily on the remaining unlabeled edges of K,,. Consider now any
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J € [n]. We will now show that

c(1f(7)) < c(gr) for any r # j, f(j). (3)

First suppose that j is not a fixed point of g o f. This means that jf(j) ¢ E(H,) and
hence jf(j) € E(Ty). If j € Fy, then by definition of Fj in Lemma 2.3 and by definition
of G, we have that jf(j) is the only edge incident to j of type 0. By definition of ¢ we
have that (3) holds in this case. If j € F), for some p > 1, then by definition of F), from
Lemma 2.3 the only edge incident to j of type at most p is jf(j). Thus, (3) holds in this
case as well. Finally, if j is a fixed point of g o f, then f(j) is the unique fixed point of
fog and the unique edge of Ty, is jf(j). We also have that j is a source in Gy and hence
no edge in 7% is incident to j. By definition of ¢ the edges incident to j that are not edges
of Ty or T, have been labeled with values larger than jf(j). Thus, (3) holds in this case

and hence (3) always holds.
Similarly, we can show that for any j € [n],

c(79(5)) > ¢(jr) for any r 7 j, g(j)- (4)

Now we are ready to construct our metric space. Let 1 < a1 < as < SR < 2 be
2

arbitrary real numbers. Let X = [n] and for any i, j € [n], define the distance

c(ij), L T#J;
O e

If i,7,r € [n], then d(i,7) + d(j,r) > d(i,r) is clearly satisfied (if i = j or j = r, we
have equality and otherwise we have strict inequality). Thus, (X, d) is indeed a metric
space and the distances between all pairs of points are distinct. By (3) and (4), for each
i # 7, we have that d(¢, f(1)) < d(i,j) < d(i,g(z)). We also have that all distances d(i, j)
are distinct for different pairs {i, 7} with ¢ # j. Thus, we have shown that the pair (f, g)

is realizable. O

3. Proof of Theorem 1.2

To prove Theorem 1.2 we will first prove the upper bound for m(k) which is easier. To
do this we will need an estimate of the volume of a cap on a unit (k — 1)-sphere. We
then construct an example of a realizable pair, with the required number of points, that
is not realizable in R¥. We then move on to the lower bound where for any realizable pair
(f,g) with sufficiently low |dom f| (that is still exponential in k), we need to construct an
example in R¥ that realizes the pair (f,g). To do this we will use the unit (k — 1)-sphere
in R* and we will have that all the points in our example lie on that sphere. For any k,
let S* be the unit k-sphere defined as S* = {x € R¥™ | ||z|| = 1}. All angles will be
expressed in radians. The following will be a useful fact:

Proposition 3.1. Suppose that k,n > 3 are positive integers and Ay, ..., A, € RF. If
|A; — As|| < [|Ai — Aj|| for any i =1,2,j # 1,3, then LA1AsAy > m/3.
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Proof. We have that ||[A; — As|| < [|41 — A2|| and ||Ay — A3]] < ||As — Ay||. Hence
|A; — Asl| is the longest side in AA; A As. Therefore, it is opposite of the largest angle
and hence /A;A3A; > /3. O

Notice that if vy, vy are unit vectors in R*, then the angle between them (that is less
than ) is equal to /(vy,v9) = arccos (vy - v2). Let vy, vs, v3 be three unit vectors in RE.
We can apply an orthogonal transformation, which is an angle-preserving map, to map
them to three unit vectors in R®. We then have that vq, v, v3 € S%. The spherical distance
between two vectors in S? is equal to the angle between them. Hence, by the triangle
inequality on the sphere, we have that

/(v1,v9) + £(vg,v3) > (v, v3). (5)

For any vector v € S*~! and angle 0 < ¢ < , define a hyperspherical cap with angle ¢
to be the set of points

Coo={w | w e Sk=1, L(w,v) < ¢}.

To proceed we will need the surface area of a hyperspherical cap. Let k£ > 2 and suppose
that we have the sphere S* in R*™1. Tet ¢ € [0,7/2]. Li |3| showed that the area of the
hyperspherical cap with angle ¢ is equal to

or(k=1)/2 ¢
Ay = —/ sin* 20 db,
T T (54 Jo

2

where I' is the Gamma function. Thus, if 0 < ¢; < ¢ < 7/2 then

Apg,  Jo'sin" 20 do

. 6
Akg, [P sin* 20 df ®)

Let A; denote the area of S*. We have that A2 = Ap/2. We now prove the
following lemma that will give us upper and lower exponential bounds on the ratio of
areas of hyperspherical caps with fixed angles.

Lemma 3.2. Given 0 < ¢1 < ¢o < /2 and any positive integer k > 3, we have that

qf)l sink_Q (%) < Ak,dn 2¢1 Sink_2(¢l)
209 sink_2(¢2) Ak, (P2 — ¢1) sin®~? (@) |

Proof. To get the lower bound we can see that for any 0 < ¢ < 7/2,

o] o]
/ sin*2 0 df > / sin* 26 do > 4 sin* (¢ /2), (7)
0 /2 2
and we also have that

/ ’ sin"2 0 df < ¢sin"%(¢). (8)

0
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Now, from (6) and (7) for ¢; and (8) for ¢ we have that
orsin®? () Apg,
209 5in" () Akgy
To get the upper bound we can also see that

” sin*26 do > o2 sinf20 do > G2 — 1 k2 G2 + 1
0 P1+d2 2 2 :

2

Now using this and (8) for ¢; we have that

Ak, < 2¢1 sin"?(¢1)
Akgs  (¢2 — ¢1) sin*? (

This completes the proof of the lemma. O

We will now need a few more lemmas that will be used to prove the lower bound in
Theorem 1.2. To do this we will need to describe how to construct examples in R* for
realizable pairs (f, g). In these constructions we will pick points one by one. The following
lemma will be used to find a convenient order in which to construct the points.

Lemma 3.3. Let 14,715,135, T, be forest graphs on the same vertex set V and let G =
Ty UT, UT3UTy. Then there is a permutation xy, o, ..., 2y of the vertices of G such
that for any 1 < j <|V|, we have that |{l | | < j,z;z, € E(G)}|< 7.

Proof. Let n = |V|. We show that the lemma is true by induction on n. The base case
n = 1 is trivial. Suppose it is true for n = s > 1. Now suppose that n = s + 1. Since T;
are forests for 1 < i < 4, we have that e(7;) < s for 1 <i < 4. Thus, the average degree

of (G satisfies 0ol
g e( )< 8s

s+1 7 s+1
Hence there is a vertex y € G with degree at most 7. Let 7] be the induced subgraph
of T; on the vertex set V' = V\{y} for 1 <i <4 and let G’ = U}_,T!. Now, by induction,

< 8.

we can pick an order x1,xo,. ..,z of the vertices of V' satisfying that for any 1 < j <'s,
we have that |{l | | < j,z;z; € E(G')}|< 7. Now, let y = z5.1. We have that the order
X1, Ta,...,2sr1 Of the vertices in V' satisfies the required conditions. O

Our construction for the lower bound will be on the sphere S*~'. For points A, B €
Sk=1 we have that ||A — B| = 2sin ZA% where O is the center of S*~1. Thus, the larger
/AOB is the larger the distance. For a realizable pair (f, ¢g) with dom f = [n], define Hy

to be the graph on vertex set [n] with edge set:
B(H,) {MWU&% if E(HyN H,) =0,
f? = . . . . . . .
I E(H;U Hy) U {iky, jkoli,j € [n],i # k1,7 # ko}, if kike € E(Hy N Hy).

We now prove a lemma that partially describes how we will pick our angles in potential
constructions in R* for realizable pairs.
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Lemma 3.4. Suppose that (f, g) is a realizable pair with dom f = [n]. If E(H;)NE(H,) #
0, let ki, ko be such that f(ki) = ko and g(ks) = k1. Then we can pick o, ; for all edges
ij € E(Hy,y) satisfying the following properties

e ;= o, and all oy ; for @ < j are distinct.

For any edge ij € Hf\H,, we have that arccos(1/500) < a; ; < arccos(1/1000).
For any edge ij € H,\Hy, we have that arccos(—1/1000) < a; ; < arccos(—1/500).

For any edge ij € Hy U Hy, we have that o pi) < a5 < v giy-

If E(Hy)NE(H,) # 0, then for any i # ki, j # ko such that iky, jko ¢ E(H; U Hy),
we have that arccos(1/1000) < oy, ; < m/2 < ay, ; < arccos(—1/1000).

o If E(Hf)NE(H,) # 0 then ay, , = 7/2.

Proof. From the proof of Theorem 1.1 it is clear that we can define an ordering with
a bijection ¢ : E(K,) — [(})] which satisfies that for any distinct i, € [n], c(if(i)) <
c(ig) < c(ig(7)). Also, from that proof, we will have that the edges of H;\H, have the
lowest values of ¢ (from 1 to |Hf\Hy|) and the edges of H,\H; have the highest values
of ¢ (from () — |H\H¢|+1 to (3)). If E(Hy) N E(H,) # 0, then we will also have
c(kaj) < c(kiks) < c(kqyi) for any i # ki, # ko. Since arccos(1/500) < arccos(1/1000) <
7/2 < arccos(—1/1000) < arccos(—1/500), we can clearly pick «;; to satisfy all the

required properties. O

For a hyperspherical cap C, 4, C S*71, define its boundary to be 0C, 4 = {w | w €
Cu, L(w,v) = ¢}. Notice that 0C, , = {w | w € Cy 4, w - v = cos ¢}. We will now show
a useful lemma about vectors in R¥.

Lemma 3.5. Let0 < a < 1/100 be a real number. Suppose that s € [7] and vy, va, ..., vs €
R* are unit vectors, where k > 7 is an integer and |v; - v;|< « for any distinct i,j. Lel
aj,as, . ..,as be real numbers such that |a;|< « for all i. Then there is a unique vector
v € Span(vy, . ..,vs) such that v-v; = a; for all i € [s]. Moreover, ||v|| < 8a.

Proof. We first show that {v; | 1 < ¢ < s} is linearly independent. Suppose that there
are p; not all zero for 1 < i < s such that ) p;v; = 0. Without loss of generality let

i=1
|1 |> || for all 2 < i <'s. Then

s
Hi
v = — —;.

i—s M1

Taking the dot product with v; we have that

S S
L =v-v|= _Z&Ui'vl < Z . |01 - 03| < 6y,
— M i |11
which is a contradiction. Thus, vy,...,vs are linearly independent. By applying an

appropriate orthogonal transformation we may assume without loss of generality that
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Span(vy, . ..,vs) = R*. Now, if we consider the s x s matrix A with row ¢ equal to the
row vector v;, then vectors v € R® satisfying v - v; = a; for all ¢ are precisely solutions to
the equation

Av = (ay,az. .., a,)".

This has a unique solution since vy, ..., v, are linearly independent and therefore A is
invertible. Suppose that v is that solution.
Now, let v = 2 Aiv;. Without loss of generality suppose that [A|> |\;| forall2 <i <s.

If A\; =0 then 0= |lv|l < 8, so suppose that A; # 0. We have by the triangle inequality
that

(R U1+E —U,L U1

a Z[v-vi|=[A

S

Y
>\ vy - V1| — V; U
> 1|(| o Z ! 1|>
>\ |(1 = 6a),
since Ul is a unit vector and [v; - v;|< « for 2 <4 < s. Thus, |\|< % and hence
|Ai| < 5% for all i. Now, by the triangle inequality and since v; are unit vectors, we have
that
> T
|| < A< < 8a,
ol < Dol 1,
since av < 1/100. This completes the proof of the lemma. O

We will now show a lemma that tells us about the intersection of the boundaries of at
most seven hyperspherical caps.

Lemma 3.6. Let o < 1/200 be a positive real number. Suppose that 2 < s < 8 and let
V1, Uy, . . ., Vs be unit vectors in R¥ where k > 9 is an integer. Let o € (0,7) for i € [s] be
real numbers such that |cos(a;)|< « for all i and cosas > a/2. Suppose that |v; - v;|< «
for all distinct i,j € [s]. Let C,, o, for i € [s| be hyperspherical caps in S*~t. We then
have that T = N:Z{0C,, o, is a (k — s)-dimensional sphere of radius not smaller than

V1 —64a2. Moreover,
Area(Cy, 0. NT) _ Ap—sp

Area(T) T A

where = arccos(%w) and the areas are both (k — s)-dimensional areas.

Proof. Let S = Span(vy,vs,...,vs 1) and let St be the orthogonal complement of S in
RF. Let a; = cosa; for all 1 < i < s. By Lemma 3.5 there is a unique vector v € S such
that |v-v;|= a; for i € [s— 1] and we also have that ||v]| < 8a < 1. From the proof of that
lemma we also know that vy, vq,...v,_1 are linearly independent and hence dim S = s—1.
For any vector w € St with |Jw|| = \/1 — ||v||?, we have that ||[v+w|? = ||v|*+ ||w|?* = 1.
Thus, v +w € S*~!. We also have that (v +w) - v; = a; for all i € [s — 1]. On the other
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hand, suppose that x € S*~! is such that = - v; = a; for all i € [s —1]. Let x = x1 + 29
be the decomposition of = such that z; € S, 25 € S*. Then we have that z; - v; = a; for
i € [s — 1] and hence by Lemma 3.5 z; = v. But then since ||z;]|? + ||z2||* = 1, we have
that ||zs] = /1 — ||v]|2. Since OC,, o, = {z | x € S* ',z - v; = a;}, from above we have
that

T={z|zecS" o v=qforallic[s—1]}={v+w]|weS|w]|=1+1-]|v|%},

is a (k — s)-dimensional sphere (since dim S+ = k — s + 1) of radius /1 — [[v|> >
V1 —64a2 > 0. Thus, T is non-empty. We now decompose the vector v, into v, = vl ws,
where v/, € S and w, € S*. We have that v’,-v; = v, -v; for i € [7]. Notice that by Lemma
3.5 we have that v, is the unique vector in S satisfying v - v; = vg - v; for i € [s — 1] and
hence [|v}|| < 8a.

Let M = {w | w € S*,||w||* =1 — ||v|*}. Applying an appropriate orthogonal trans-
formation we may assume that S+ = R¥=*T!1. Now we have that M = /1 — ||v[|25*.
For any w € M, we see that v+ w € C,, ,, if and only if (v + w) - vy > as. But we have
that

(v+w) vs=(v+w)- (v,+ws) =v-v,+w- w,.

Thus, v + w € C,, 4, if and only if w - ws > as — v - v}. Since |[v]| < 8a, we know that

w, w, are non-zero and hence v +w € C,_ ,, if and only if

w W, as —v- v,

: > : (9)
[wll - fws]l = wllflewsl]
We know that |Jws]|, [|w] < 1 and |v - v|< ||v]||[vl]| < 64a?. Therefore, a, — v - vy >
a/2 — 64a? > 0 and hence

oy _ 2
as — U -V, > a — 128« — cosB >0,
[ [l 2

€ S*=5, we have that if (9) is satisfied, then % € C*.* ., where the

W ws
[l Tlws | llw] TwsT 5’
superscript indicates that the cap is in S*7°. Since M = T —v and 8 < 7/2, we have that
Area(C’vS,aS N T) < Ak—s,ﬁ

Area(T) T A

which completes the proof of the lemma. O

Since

We are now ready to prove Theorem 1.2. First we prove the easier upper bound.

Proof of upper bound. Suppose that k > 4. Let € = sin(7/12) and let o = 1

6sin3(7/12)
By Lemma 3.2 we have that

Ap 1. A1 x in*=3(7 /12
k—1,7/6 _ k—1,7/6 > S111 (7T/ ) _ aek. (10)
Ak 2A5-1,7/2 6

Now suppose that m(k) > 1+ -1, Let n = m(k). We know that m(k) > 3. Consider
the following pair of functions f, ¢ : [n] — [n] given by

£(i) = {n, it i <n,

1, if i = n,
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. {l,if1<i<n,
g\) =
2, ifi=1,n.

We can see that by Theorem 1.1 (f,g) is a realizable pair. Since n = m(k), there are
distinct points Xi,...,X, € R” such that for every i, we have that XiXyruy < XX for
any j # i, f(i). Let v; = m for each 1 <7 <n — 1. By Proposition 3.1 we have that
(XX, X; > m/3 for any 1 < i < j <n and hence /(v;,v;) > 7/3. Let w; = m Now,
by (5) this means that the hyperspherical caps Cy, x/6, Cusr/6s - - s Cuwp 1m0 I S¥71 are
pairwise disjoint. Therefore, we have that (n —1)A,_1 r/6 < Ag—1. Thus, by (10) we have

that
Ak‘*l,ﬂ'/f}

A1 > (n— DAk 1.6 >
kl_(n )kl,/G ek

> Ap_1,

which is a contradiction. Therefore, we have that m(k) < 1+ ﬁ Let C' = % We have
that ¢ < 1 so C' > 1 and there is a large enough D such that for all £k > D, we have that
2" > 1 and - > 1. Thus, for all k > D, we have that

Now, there is certainly a large enough B so that for all positive integers k, we have
that m(k) < BC*, which completes the proof. O

We will now prove the lower bound.

Proof of lower bound. Let a = 1/500 and let 5 = arccos (%) It is easy to see

that m(k) > 3 for all k. We may assume that k > 10, since we can always pick A > 0 to
be small enough so that the lower bound holds for 1 < k < 9 as well. Suppose that (f, g)
is a realizable pair of functions with dom f = [n] and n < Ack + 1, where
. 7r/2+,3>
sin < 9 _ .10
c:,—2andA:<7T/ B) sin /8.
sin /3 28 sin'0 (ﬂ/22+ﬁ)

Since a = 1/500, we have that § < m/2 and hence ¢ > 1 and A > 0. Let «;; for all
ij € E(Hy,) satisfy the properties in Lemma 3.4. Let § = arccos(a/2).

If Hy had a cycle say 142 .. .79 with k > 3, we may assume that 7; — 3 is an edge of
Gs. But then since all vertices of G have out-degree one and i1i, € E(Hy), we have that
i — i1 is an edge of Gy. If 1; — 4,11 is an edge of G for j > 2 (iy41 = 71), then we have
that 7;_; — 4; is an edge of Gy. Thus, by induction, ¢; — t3 — - -+ — 4 is a cycle in Gy,
which is impossible. Therefore, H; has no cycles. Similarly, H, has no cycles.

Let Ty = Hp and To = H,. If E(HyNH,) =0, let T3 = Ty = E,,, where E,, is the graph
on vertex set [n] with no edges. Otherwise, by Lemma 2.1 there is exactly one edge kks
in Hy N H, where f(k1) = ko and g(k2) = ki. Suppose that W; is the graph on vertex set
[n] with edge set {jk; | j # k;} for i = 1,2. Notice that

Hp, =Ty UT, UTs UT.
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We now apply Lemma 3.3 on T, 15, T3, T, to get a permutation z1,zs, ..., x, of [n] such
that for any 1 < j < n, we have that |{l | | < j,z;5 € E(Hy4)}< 7. We may assume
without loss of generality that x; = i. Let O be the coordinate origin of R¥. We are now
going to construct points X, X, ..., X, € S*! that satisfy the following properties:

e § < /X,0X; <m—¢ for any distinct i, j € [n] such that ij € E(Hy,),

o /X,0X; =, ifije E(Hyy,).

To do this we will construct these points inductively. First we pick X; to be an arbitrary
point on S*~!. Now suppose that we have so far constructed X;, Xs...., X,_; for some
2 < s <n and that they satisfy the required properties. Let v; = OX; for 1 <7 < s —1.
We will now construct X,. We know that there are at most seven edges ¢s in Hy, with
i < s. In the remainder of the proof all hyperspherical caps are taken to be in S¥!.

In order for the second property to hold it is enough that for any is € E(H;,) with
1 <i<s—1, we have X, € 9C,, ,,,. Thus, we need X, to be in the intersection of
some t cap boundaries where 0 <t < 7. Assume that those cap boundaries are 9C,, g,
for 1 < i < t, where the vectors w; for 1 < ¢ <t are some of the vectors vy, vy, ..., v 1
and §; for 1 < ¢ <t are some of the o . Since a = 1/500, by Lemma 3.4 we know that
for any distinct 1 <4, j <, we have that |w; - w;|< a.

On the other hand, if is ¢ E(Hy,), then for the first property, it is enough that
X, & Cy, 5 and X, & C_,, 5. We know that X needs to avoid at most 2(s — 1) caps with
angle 9. Let those caps be

Cr16:Crass -+ Crys,s

where 0 < 1 < 2(s — 1) and every vector r; is one of the vectors vy, +uvy, ..., +vs 1. If
t>1let
T= mg:laowz',ﬁiv

and if t = 0 let T = S¥~!. We will show that we can select X, € T such that for every
1 <7 <, we also have that X, &€ C,, 5.

First suppose that ¢ > 1. We know that r; = £v; for some ¢’ such that i’ & E(Hy,).
Hence none of the wy,...,w; are equal to vy but they are all among vy, vs,...,vs 1.
Therefore, |r; - w;|< a for all j € [t]. Thus, by Lemma 3.6 we have that for any 1 < i </,

Area(T N C,, 5) < Ap_t-1
Area(T) T Apr

If t = 0, then we still have
Area(T'NC,, 5) < Ag_1s < Ap—t1p

Area(T) — Ay T Apq ]
since 3 > d. Either way by Lemma 3.2
Ap—to1p  Art-1p < Bsin*73 B 1

= < )
Ap—to1 24k i-102 — (/2 — B)sinf 3 (Z2EE) T 2Ack
because ¢t <7 and 8 < w/2. Thus, by the union bound

!
Area(T N (UL, C,. 6)) < Z Area(T' N C,, 5) 1 < 2(s—1)

<
Area(T) Area(T) - l2Ack — 2AcF

2(n—1)
2Ack

< <1,

1=
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and hence there is a point X; € T\(U\_,C,,s). Thus, we ensure that the two required
properties for angles /X;0X; hold and by induction we can pick points X;, Xy..., X, so
that the two required properties hold.

Now suppose that i, j are distinct numbers in [n] with j # f(i). If i f (i) is not an edge in
H,, then it is an edge in Hf\ H,. Hence, by definition of o; ; from Lemma 3.4, we have that
if ij € E(H;UHy), by the fourth and first property of Lemma 3.4 /X;0X ;) < (X;0X;.
But also, if if ¢ E(Hy U Hy), by the second property we have that /X;0X;; < 6 <
/X;0X;. On the other hand, if if (i) € H, then E(H; N H,) # 0, so let ky, ks be defined
as in Lemma 3.4. We have that i = k1, f(i) = ko and hence from the fourth, fifth and
sixth property in Lemma 3.4 we have that /X;0X;) = 7/2 < oy, ; = /X;0X;. Thus,

for any distinct 7,7 € [n] with j # f(i), we have that ||X; — X;q)|| = 2sin ZXZ-OQXM) <

2sin % = ||X; — Xj||. Similarly, for any distinct 4, j € [n] with j # g(i), we have that
1X: — Xyl < 11X = X1

Now we just need to ensure that || X; — Xj|| are all distinct. Since the inequalities
1X: — Xyl < |Xs — X5 for all 4,5 # 4, f(i) and ||X; — Xy0)l| > || Xs — X for all
i,j # 1,9(1) are all strict, for any sufficiently small perturbation of points X, Xs,..., X,
those inequalities will still hold. It is easy to see that we can find a small perturbation
such that ||X; — X;|| are all distinct and all the inequalities still hold (we can move points
one by one and we just need to avoid finitely many spheres and hyperplanes which have k-
dimensional volume 0). The perturbed points will not necessarily lie on S*~1. This shows
that (f,g) is realizable in R¥. Since there is an integer in [Ac®, Ac* + 1), this completes
the proof of Theorem 1.2. O

4. Related Results

In this section we will consider minimum and maximum distance functions separately. It
turns out that maximum distances are not so interesting. If (X, d) is a metric space, we will
define a function g : [n] — [n| without fixed points to be maz-realizable in (X, d) if there
are points Ay, Ay, ..., A, € X such that all distances d(A;, A;) are distinct for all different
pairs {4, j} with i # j and for any distinct 7, j € [n], we have that d(A;, Agu)) > d(A;, Aj).
Define g to be max-realizable if it is max-realizable in some metric space.

Theorem 4.1. Any function that is max-realizable is also maz-realizable in R2.

Our construction will involve ellipses and we will need a few lemmas. The first lemma
will be useful when choosing points on the ellipses.

Lemma 4.2. Let C be the ellipse given by the equation x* + 4y?> = 4. Suppose that b
is any real number in (0,1/3). Let P, = (=21 —b%,—b) and for any y € (0,1), let
Qy = (24/1 —y2,y). Define the function g, : (0,1) — R to be g(y) = Psz. Then there
is an my € (0,1) (depending on b) such that gy(y) is strictly increasing on (0,my] and
strictly decreasing on [myp, 1). Moreover, if f:(0,1/3) — (0,1) is defined as f(b) = my,
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then f is a strictly increasing continuous function and Q.,, s the unique farthest point
on C from P,.

Proof. Notice that B, Q, € C. We have that

a(y) =41 =2 + VI =8> + (y + )%,
Computing the derivative with respect to y we have that

JI — 12
G(y) = —6y — 8y~ ="
V1—9y?
We will show that there is a unique m;, € (0, 1) such that ¢’(m;) = 0. To have g;(y) = 0,
dividing by 2 and rearranging (11), we need

_ —dyv1 - b2
Vi—y?
Since the right-hand side is negative, we must have y < b/3. We can also see that for

y > b/3, we have that g,(y) < 0. Now consider (12) with y € (0,b/3). We have that
(3y —b)*(1 —¢*)

Y2

Define hy(y) to be the left-hand side of (13). We have that

+2b, (11)

3y —10b (12)

=16(1 — b%). (13)

b b? 2b
%@%:—By+6b+%ﬁ—2§y:(6—§O(h—@)

We know that 1 > b > 3y and hence also 5—3 > 2210 > 6. This means that hj(y) < 0
and hence hy(y) is decreasing on (0,b6/3). Since hy(b/3) = 0 and as y — 0 hy(y) — oo, we
have that (13) has a unique solution on (0,b/3). This means that g;(y) has a unique zero
mp in (0,1) which lies in (0,b/3). Since g;(y) is continuous and as y — 0 g;(y) — 2b > 0,
we have that g)(y) is positive on (0,m;) and negative on (mp, 1). So g(y) is strictly
increasing on (0,my], strictly decreasing on [my, 1) and for all y € (0,1)\{ms}, we have
that g,(ms) > gu(y).

Now we will show that f is continuous. Suppose that b, is a sequence of reals in (0, 1/3)
such that b, — b as n — oo for some b € (0,1/3). We will show that m,,, — m;. Assume
the contrary. Then there is an € > 0 such that there is an infinite subsequence b;, such
that [m;,, —my|> € for all n. By moving to a convergent subsequence, by compactness, we
may assume that m;,, — a for some a such that |a —my|> € and a > 0. Now, from (13)
we see that hy, (my, ) — 16(1—0%) = hy(my), but also by continuity hy, (ms, ) — hy(a) if
a >0, while hy, (my, ) — oo if @ = 0. Thus, a > 0 and since my, < b;, /3, we must have
that a = limm,, < limb;, /3 = b/3. Since hy(b/3) = 0, we have that a < b/3, but then
we have that a = my, which is a contradiction. Thus, we have shown that f is indeed
continuous.

Now suppose that b < ¢. From (13) and since my, < b/3 < ¢/3, we know that h.(mp) >
hy(my) = 16(1—1?) > 16(1—c?). Since h,. is decreasing on (0, ¢/3), we have that m,. > my,
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and therefore f is strictly increasing. Now we have from above that for any b < 1/3, the
farthest point to P, on C' (where C refers only to the curve and not the area inside) in
the open upper right quadrant is indeed @,,,,. Since the tangents to the ellipse at points
A =(2,0) and B = (0,1) are perpendicular to the x,y axes respectively, we know that
there are points E/, F on C' in the open upper right quadrant such that /P AE, /P,BF
are obtuse. This means that neither A nor B can be the farthest point from P, on C.
Now, for any point (p,q) € C, if we consider the points (p, q), (p, —¢q), (=, q), (—p, —q),
then the point (that appear twice if either coordinate is zero) that is in the closed upper
right quadrant has the highest distance to P, in both the x,y coordinates. This means
that @), is indeed the unique farthest point from B, on C. O

In order to show that any function g : [n] — [n] is max-realizable in R? we will first split
G, into connected components and show that they are all max-realizable in certain types
of subsets of R2. Then we will combine the examples for each component to show that f
is max-realizable in R?. For any § > 0 and X € R*, let B;(X) = {P € R* | || X - P|| < 6}.
The following lemma will deal with one component.

Lemma 4.3. Suppose that g : [n] — [n] is a function without fized points such that H,
is connected and G4 has no cycles of length bigger than two. Then g is maz-realizable in
R2. Moreover, for any distinct points A, B € R? and any € > 0, there is an ezample of
points X1, Xo, ..., X, that realizes g such that all the points are in B.(A) U B.(B).

Proof. By rotation, translation and scaling we may assume that A = (—2,0), B = (2,0).
As above let C be the ellipse given by the equation 22 +4y? = 4. We know that A, B € C.
We will show that we can pick the points X, X5,..., X, to be on C'. By Lemma 2.3 there
is a non-negative integer m and a partition [n] = Fy U F; U --- U F,, with the property
that if 7 — j is an edge of Gy, we have that either 7,5 € Fp or there is some s > 0 such
that ¢ € Fy, j € F,_;. From the proof of Lemma 2.3 we have that G,[F}] is precisely the
set of points belonging to a 2-cycle in G,. We also know that since the out-degree of any
vertex in G is one, we have that G, [Fp] is a union of disjoint 2-cycles and from any vertex
i € [n] there is a directed path to exactly one of these cycles. Suppose that C,Cy, ..., C;
are all of the 2-cycles in Fy. Then for 1 <1 < s, let

H; ={j € [n] | there is a path from j to C;}.

By the above, H;’s are disjoint. If there is an edge say u — v from H; to H; for
any ¢ # j, then we would have v € Hj;, which is a contraction. This means that
H,[Hy|,H,[H>|, ..., Hj[H;] are all disconnected from each other. Thus, s = 1 and
GylFo] = Ch.

Let Cy = {ag,bo}. We will define the set

Sa = {i € [n] | the shortest path in G, from ¢ to C} ends at ao}.

Similarly, define Sg. For 1 <i < m, let A;, = F; NS4 and let B; = F; N Sp. Let f be
defined as in Lemma 4.2. Let X,, = A, X, = B. For any b,y € (0,1/3), define P, Q,



160 7. RANDELOVIC

as in Lemma 4.2. Let 0 < b,, < 1/3 be such that P, A < € and define b,,_1,bp,_2,...,0;
such that f(b;) = b;_q for ¢ > 2. By Lemma 4.2, since f(b) < b for all b € (0,1/3), we
have that || B, — Al|, ||@s, — Bl| < € for all 1 < i < m. Define V; for 1 <1i <m to be

- {B(;(Qbi) NC, if i is odd,
" Bs(R,)NC, if i is even,

where 0 is sufficiently small. We can certainly ensure that V; C B.(A) U B.(B) for all
1 <4 < m and that all the V; are disjoint. We can also ensure that V; is contained in
the open upper right quadrant for all odd ¢ and V; is contained in the open lower left
quadrant for all even i. Notice that by Lemma 1.2 f is continuous and strictly increasing
on (0,1/3) and hence has a continuous inverse f~': f((0,1/3)) — (0,1/3). Let U,, = V,,,.
Recursively define

U B { Vi N {Qf(b) ’ be (0, 1/3),Pb € Um—z’+1}7 ifm-—1is Odd7
" Wi N {Pyy | b€ (0,1/3),Qp € Upyigr }, if m — i is even,

for 1 <1 < m — 1. By induction from m to 1 we have that for any 1 <1 < m, U; is an
open subset of C' such that if 7 is even then P, € U;, and if 7 is odd then ), € U;. Our
example that realizes g will have that the points X; with j € A; will lie in U;. For any
b€ (0,1/3), define R, = (—2v/1 —b%,b) and S, = (2v/1 — b2, —b).

By Lemma 1.2 and by symmetry we have that the unique farthest point on C from
Py,., is QQy, and the unique farthest point on C from @y, , is P, for any 1 <7 <m — 1.
This means that if 0 is small enough, then for any 1 < <m —1and 1 < 5 < m with
j # 1, we have that

|E—F|| > ||E— G| if E € Viey, F € V;,G € V; U{A, B}.

For all j € A, pick X; to be an arbitrary point in U; so that the chosen points are
distinct. We will now describe how to pick points X, € U, for j € A; with 7 > 2 inductively
on ¢. Suppose that for some 1 < ¢ < m — 1, we have chosen all the points X; € U; with
j € A; where the X are distinct. Without loss of generality we may assume that A; = []
for some positive integer [. We know that j € A,y if and only if g(j) € A; so we can
partition A;;1 = ¢~ (1) Ug 1 (2)U...Ug (). From the definition of U;, Lemma 4.2 and
by central symmetry of C' we know that there are points Y; € U;;q for 1 < j <1 such
that the unique farthest point on C' from Y; is X;. Now, let §; be sufficiently small and
for each j € A;11, pick X to be an arbitrary point in U; 1 N By, (Y;) so that all of the X
are disjoint. By picking ¢; to be small enough we can ensure that for each j € A;,1, the
farthest point from X; among the points {Xj/ | j* € A;} is indeed X(;). We can construct
inductively X; for all j € S4\(A4; U {ao}).

Similarly, we can consider small neighbourhoods of Ry, for odd ¢ and S, for even i
to construct points X; for all j € Sp with similar properties. This would construct
all the points X; for j € [n|. By uniqueness of farthest points we can ensure that, by
taking the neighbourhoods to be sufficiently small, T the farthest point from X, among
S ={Xj | j/ € [n]} is indeed X,(;) for any j € (S4 U Sp)\(A1 U B1 U {ag,bo}). We now
need to consider the case when j € A; U By U {ag, by}
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Suppose that j € A;. By the triangle inequality ||| X; — X, || — ||@s, — AJ||< 6. Note

that
1Q, — Al =02 +4(1+ /1 —02)% =8 — 30 +84/1 — b2,

Let by = f(by). By symmetry and Lemma 1.2 we know that the farthest point on C
from Qp, is Py, and by < b;/3, but we also know that as we move a point F on C' from
Py, downwards (and right) the distance ||Qy, — E|| decreases at least until we get to the
point (0,—1). Thus, we know that ||Qs, — B,|| < ||Q», — Fs,|| for i > 2. Notice that for
any ¢, among points Qy,, Py,, Rp,, Sp, the (unique) farthest point from @y, is P, because it

is farthest in both coordinates. Thus, based on our construction in order to show that for
sufficiently small 9, the farthest point from X is indeed X,, = A, it is enough to show
that

”le - Pb2”7 ||le - Rb1”7 Hle - BH < Hle - AH

1Qu, = BII* =bi +4(1 — /1 = b3)*,
Qo — A =07 +4(1 +/1 = b7)%,

Hle - Rb1” =44/1 — b%?

1Qb, — Pou[|* =(b1 + b2)* +4(y/1 = b + /1 — b3)*.

Clearly ||Qy, — Bl < ||Qs, — A||. Since 1 > /1 — b2, we have that ||Qy, — Al* >
4-(24/1=02)% = ||Qp, — Ry, ||* s0 ||Qv, — Ry, || < [|Qp, — A||. From Lemma 4.2 we also
know that b; < by/3 and hence we have that

We have that

1Qu = Al = Qo — Poull? = 8y/1 — b7 — 8y/1— b2/1 — 13 + 363 — 20,0

Since 3b3 > 2b;by and /1 — b2 < 1, we have that [|Qy, — Py|| < ||Qs, — A||. So if ¢ is
sufficiently small, then for any j € A;, the farthest point from X in S is indeed X,, = A.
Similarly, we can ensure that if j € B;, the unique farthest point from X, is X;,, = B.
Now, for any point £ = (x,y) € C distinct from B, we have that

2 322 + 160 — 44
JA—E|P =(z+ 22+ = +40+4+1— — == 1o

4 1
—2)(3a + 22
_ )(49” ) 416 <16=|A— B2

+1

So X3, = B is the unique farthest point from X,, = A among the points in S and
vice versa. Thus, we have that for all j € [n], the unique farthest point from X, in S is
Xy(j)- Now, similarly to the argument at the end of the proof of Theorem 1.2, by slightly
perturbing the points Xy, Xs,..., X, (not necessarily having them on C'), we can also
ensure that all the distances || X; — Xj|| are distinct. This completes the proof of the
lemma. O

We are now ready to prove Theorem 4.1.
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Proof of Theorem 4.1. Suppose that g is a max-realizable function. From the proof
of Lemma 2.1 we see that GG, does not have cycles of length more than two. By Lemma
2.3 there is a partition G, = Fy U Fy U --- U F,, for some m > 0 such that any edge in
G, either goes from F; to F;_; for some 1 < i < m or from Fj to Fy. As in the proof
of Lemma 4.3, G,[Fp] is a union of disjoint 2-cycles. Let those cycles be Cy,Cy, ..., C;
for some s > 1. Define H; in the same way as in Lemma 4.3. Again as in the proof
of that lemma we know that H; are disjoint and H,[H;] are all disconnected from each
other. Now consider the unit circle S'. Let Ay, Ay, ..., A, € S and By, Bs,..., B, € S*
be arbitrary such that all of the 2s points are distinct and ||A; — B;|| is a diameter of S*
for all .. Now, let € be sufficiently small. For any 1 <i <'s, by Lemma 4.3 we can select
points X; € B.(A;) U B.(B,;) for all j € H; such that the farthest point from X, among
the points {X; | 7/ € H;} is Xy

Note that ||A; — B;|| > ||A; — B;|| for any i # j. This means that we can certainly pick a
sufficiently small € so that for any ¢ # j, if £ € B.(A;), F € B(B,),G € B.(A;)UB.(B;),
then ||E — F|| > ||E — G||. This will ensure that for any j € [n], the farthest point from
X; among the points {X; | j € [n]} is indeed X,(;y. As before by a slight perturbation of
the points X7, Xs, ..., X,, we can also ensure that all the distances ||.X; — X|| are distinct.
Thus, we have that ¢ is max-realizable in R2. This completes the proof. O

If (X, d) is a metric space, we will define a function f : [n] — [n] without fixed points to
be min-realizable in (X, d) if there are points Aj, A, ..., A, € X such that all distances
d(A;, A;) are distinct for all different pairs {7, j} with i # j, and for any distinct i, j € [n],
we have that d(A4;, Ap;)) < d(A;, Aj). Define f to be min-realizable if it is min-realizable
in some metric space. Theorem 4.1 tells us that a max-realizable function ¢ is not very
interesting and may suggest that a realizable pair of functions (f, g) is realizable in R?
if and only if f is min-realizable in R?. This is however not the case. In fact, one can
check that every min-realizable function f with |[dom f|= 6 is also min-realizable in R
However, there is a realizable pair (f, g) that is not realizable in R? with |dom f|= 6. We
show this in the next proposition. We also note that, using the same method as in the
proof of Theorem 1.1, we can show that the set of min-realizable functions is the same
as the set of max-realizable functions and those are precisely the functions f from [n] to
itself without fixed points such that G; has no cycles of length greater than two.

Proposition 4.4. Let f,g: [6] — [6] be defined as follows: f(i) =6 fori € [5], f(6) =1,
g(i) =1 fori = 2,3,4,5, g(1) = g(6) = 2. Then (f,qg) is a realizable pair that is not
realizable in R?.

Proof. It is easy to see that (f,g) is a nice pair and hence a realizable pair. Suppose
that it is realizable in R?. Let X, X»,..., Xs € R? be an example that realizes (f,g),
where X; corresponds to i for all ¢ € [6]. We may assume that X¢ = O = (0,0) is
the coordinate origin. We have that, by Proposition 3.1, for any distinct i,57 € [5],
/X;0X; > 7/3. Suppose that ray OX; meets S* at Y; for ¢ € [5], where S* is the unit

circle. 'We may assume that ig = 1 and 4g,41,...,474 is a permutation of [5] such that
Yi,, Yi,, ..., Y:, appear on S* clockwise in that order. Let T be the point on ray OX; such
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that ||O—T|| = [|O—X,,]|- Since [|O—X;|| < ||O—X,,| we have that X lies in the interior

of segment OT'. Since ||X;, — O] < || X;, — Xi||, we also know that /X; X;0 < /2 and

hence HX“ _XIH < ||X11 —TH I\IOVV7 let Qj = ZXZJOXz
4

i for 7 =0,1,...,4 where i5 = io.

Since Y «; = 27 and «; > /3 for all i, we have that ag + @y = 27 — a3 — g — ag < 7.

=0
Now, by the cosine theorem, we have that

1Xi, = TII? =0 = X3, [|> + |0 = T|]* = 2|0 = T|| - | O = X | cos g
<O = X, |I? + |0 = X4, | = 2[0 = X, || - |0 = X, [ cos(ao + au)
:||Xi1 _Xi4||2'

But since g(i1) = 1, we have that [|X;, — Xy > [|X;, = X, || > [| X5, =T > [| X, — X,
which is a contradiction. This completes the proof. O]

Notice that if £ is fixed and f is a function from [n] to itself, then similarly to the proof
of the upper bound in Theorem 1.2, if there is a vertex of Gy with large enough in-degree
(depending on k), we know that f is not min-realizable in R*. However, having large
in-degree is not the only obstacle. To show this, we will first define the complete upward
binary tree of depth s to be the tree B®, where the vertex set is {(i,7) | 0 <i < 5,1 <
J < 2'} and the edge set consists of edges (i + 1,25 — 1) — (4, 7), (i +1,27) — (4, 7) for
all0 <i<s—1,1<j <2 We define the level of vertex (i,5) € B to be i. Notice that
no vertex in B® has in-degree more than two. We now state the following theorem.

Theorem 4.5. For any positive integer k, there is a large enough s(k) such that the
following holds. If f is a function from |n| to itself for some n € N, then for any t > s(k)
if Gy has a copy of B!, we have that f is not min-realizable in R*.

To prove this, we will first need a few lemmas. The following lemma gives a bound on
the number of points in a ball such that no two points are close to each other. For any
A € RF and positive real number r, let B.(A) denote the open ball in R* with radius r
centered at A.

Lemma 4.6. Let k be a fized positive integer. For any real v > 1 and A € RF, if
n > (2r+1)% is a positive integer and X1, Xo, ..., X,, € B.(A), then there are distinct i,
such that || X; — X;| < 1.

Proof. Suppose that for some r > 1,4 € R*, points X, X»,...,X,, € B,(A) are such
that || X; — Xj|| > 1 for all distinct 4, j € [n]. We have that By /»(X;) are all disjoint and
are all subsets of B,;1/2(A). Let o denote the (k-dimensional) volume of an open ball in
R* with radius 1/2. We have that

(2r + 1)*a = Vol(B,11/2(A)) > Vol(U; By 2(X;)) = na,

where the volumes are k-dimensional. So n < (2r + 1)*, which completes the proof. [
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The next lemma will give a bound on the number of points that satisfy certain properties
on minimum distances. It is essentially a generalization of the argument in the proof of
the upper bound in Theorem 1.2.

Lemma 4.7. Let k be a positive integer. Then there is a real number B, > 1 such that
the following holds. If P, X1, Xy, ..., X, € R¥ are such that |P — X;|| > 6 for all i and
1P — Xi|| < ||Xi — Xj|| +1 for any distinct i, j, then n < By.

For k = 1, it is trivial, so suppose that £k > 2. Let P, X1, X5, ..., X, € R¥ be as above
for some n € N. We may assume that P is the coordinate origin. Now, let ray ||P — X;||
meet S¥~1 at Y, for each i. We will show that for any distinct i, j, cos(/X;PX;) < 2/3.
We may assume that i = 1,5 =2 and let a = |P — Xi|,b = |P — Xz, c = [| X — Xa||.
We may also assume that a > b. Note that ¢ > a — 1. Now we have

a+ b — - a?+ b —(a—1P2 bV +2a-1 _ 1

2ab 2ab - 2ab 2
since b > 6. Thus, since /Y;PY; = /X;PX;, we have that /Y;PY; > arccos(2/3). Let
o = s {at g = P—Yi for each i. Now, by (5) we have that the hyperspherical caps

2
Chio I Sk=1 are all disjoint and hence

cos(LX;PX;) = +

<

I

|
Wl o

Ap_1 > Area(U7,Cy, o) = ZArea(C’vi’a) =nAp_1,a,
i=1

Ag—1
Ak—lxx

where the areas are (k—1)-dimensional. Thus, taking By = gives the desired result.

Now we prove Theorem 1.5,
Proof of Theorem 4.5. Since B' < B'™! it is enough to show that there is a large
enough ¢ such that if f is a min-realizable function and Gy has a copy of B, then f
is not min-realizable in R¥. Assume the contrary. Suppose that t € N is large. We
can pick points X;; € RF with 0 < i < ¢,j € [2/] such that all pairs of points have
distinct distances and for any 0 < ¢ <t — 1,5 € [2/], X, is the closest point in S =
{Xi;10<i<t,je€[2}to X;i12j-1 and the closest point in S to X;12;. Suppose that
h: E(B') — R is defined such that if e € F(B") is an edge such that e = (i1, j1) — (i2, Jo),
then h(e) = || X, 5, — Xipjoll- Also, define g : B'\{(0,1)} — B such that for any
0<i<t—1,1<353<2,9((i+1,2)—1)) =g((: +1,27)) = (¢,5). Now we may sort the
edges in E(B") in order ey, €, . .., eq+1_5 such that h(ey), h(ez),. .., h(egr1_s) is a strictly
increasing sequence. For convenience, let p = 2871 — 2. Now, for each [ € [p], let (i, 5;) be
the head of edge ¢; (the edge starts from vertex (i, 5;)).

Suppose that [ is such that 4, > 1. Then consider the directed path in B (i, ;) =
r — gr) —» ¢gP@) = -+ = ¢g@(x) = (0,1), where g is g applied s times. By
considering the point in R* corresponding to ¢®(z) for 1 < s < i; — 1, we have that
h(g® (z)gtV(x)) < k(g (2)g®)(x)). Therefore, in the sequence ej, ey, . . ., e, all of the
edges on the path from (i;,7;) to (0,1) other than e, appear before ¢;. For convenience,
let P = Xg;. For any 1 <1 < p, let T} be the graph consisting of edges ey, es,..., ¢ and
whose vertex set is the union of the vertices in ey, es, ..., e Also, let Ty be the graph
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with no edges and whose only vertex is (0,1). From above we can see that 7} has exactly
one more edge and one more vertex than 7; ; for 1 < [ < p. We shall now prove the
following claim.

Claim. For any integers 1 < m < r < p, we have that if r —m > (4¢ + 1)¥ then
h(e,) > 2h(en).
Proof of Claim. Suppose that h(e,) < 2h(e,,). Foreach 1 <1 < r —m, let P, =
Xiriiimes- We have that the closest point to P in S is of distance h(e,,4;) to F; so for any
l,q, we have that h(e,,) < ||P, — P,||. Suppose that 1 <1 <7 —m. Since P corresponds
to vertex w = (i1, jmit), consider w — g(w) — -+ — glm+)(w) = (0,1). By the
above, we know that h(g"®)(w)g®* ™ (w)) < h(wg(w)) = hlemy) < hie,) < 2h(ey,) for all
0 < s <14 — 1. By the triangle inequality,

i1

PP < Z h(g"® (w) gt (w)) < i12h(em) < 2th(en,).

Thus, we have that P, € Boye,,)(P) for all I. Applying Lemma 4.6 scaled with a factor
of h(e,), we have that r — m < (4t + 1)k, This proves the claim. O

Consider the process of starting with an empty graph with vertex set the same as B!
and adding edges e, ez, .. ., e, one by one. We may assume that ¢ is odd and let t = 2d+1.
Suppose that ey is the first edge whose head is on level d. By the above, we know that
iy < d forany 1 <1< s—1. Now suppose that (is, js) = wg — wg_1 — -+ — wo = (0, 1)
is the directed path in B* from (i, js) to (0,1). For each 1 <1 < d, let y; be the vertex
in B! such that y; — w;_; is an edge in B! but y; # w;. Consider the sets

Sy = {v € B" | the directed path from v to (0,1) in B" passes through y;},

for 1 <1 < d. The edges added so far have no vertex on a level greater than d. Thus, for
each [, we can pick a vertex v; € S of the highest level (that is still at most d+1) such that
v — g(v) € E(Ty) but g(v;) € Ts. For each 1 <[ < d, let H; be the induced subgraph
of B! on the set {g(v)} U{v € Bt | ¢ (v) = v, for some 0 < i < d/By — 1}, where By, is
defined as in Lemma 1.7. By construction, H; are edge-disjoint graphs. From the claim
we see that adding at least (4¢ + 1)* + 1 edges means that we have to at least double the
h function. Applying this ¢ times means that adding at least (4t + 1)* > ¢((4t+1)* +1)
edges we have to multiply our h function by at least 2! times. Let s; = s +1i(4t +1)**! for
0 < i <t. Notice that s < 291 and hence (4t + 1)*"! 4 s < 2! 4 29+ < p for sufficiently
large t since exponential beats polynomial. This means that s; < p for large ¢.

Define H,; = H N Ty, for 0 < i < d/By,l € [d]. Notice that H;( consists of just the
vertex g(v;). Now, say that H, is i-good for 1 < i < d/By — 1,1 € [d] if for any vertex
v € H\H,;;_ such that g(v) € H;;_1, we have that v € H;;. Essentially this means that
all the neighbouring vertices to H;,_; are added to H;;. Now suppose that 7 is fixed. We
will show that there are at most By of the graphs H; that are not i-good. Let S C [d]
be the set of indices such that for each | € S, we have that H; is not ¢-good. That
means that for each [ € S, there is some vertex z; € H;\H;;—1 such that g(z;) € H;;—4
and z; ¢ H;;. Now suppose that Q;, R; are the points in R¥ corresponding to x;, g(z;)
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respectively. By the definition of s; we have that h(e,,) > 2'h(e,,_,) for any m > s; and
therefore |Q; — Ry|| > 2'h(es, ,). Since g(w;) € H;;—1, we know that similarly to above,
by the triangle inequality, || R, — P|| < th(es,_,). For large enough ¢, we have that 2° > 7¢
and for any disjoint [;, [, € S, we have that

1Qn — Qull > [|Qn, — Ry || > |Qi, — P|| = |P — Ry, || > |Qi, — P| —th(es,_,),

and we also have that for any [ € S
1Qu = Pl = [|Q — Ril| — || Ry — P| > 6th(es,_, ).

Thus, we can apply Lemma 4.7 scaled by a factor of th(es, ) to conclude that |S|< B.

Let m be the largest integer such that m < d/By, < t. Clearly, m > d/By—1 and by the
above, we have that for any 7, at most By of the H; are not i-good. Therefore, there must
be some I’ € [d] such that Hy is i-good for all 1 < i < m. Notice that, by induction on j,
if H; is i-good for 1 <4 < j, then we must have that H; ; must contain all vertices in the
set {g(v))}U{v € H; | gV (v) = v, for some 0 < j' < j—1}. This means that Hy = Hy .
From e, to e,, we have added at most m (4t + 1)*! < d(8d + 5)*! edges. But we have
added all the edges of Hy, which there are more than 2™~1 > 24/Bk=2 > (84 + 5)**! for
large enough d. This gives a contradiction which completes the proof of the theorem. [

We have therefore shown that having a large in-degree is not the only obstacle to being
min-realizable in R¥. Ideally, we want to find, if possible, a stronger condition for being
min-realizable in R¥ or at least in R?. Therefore, we leave with the following two open
problems:

Problem 4.8. For any given k, classify all the functions that are min-realizable in R¥.

Problem 4.9. For any given k, classify all the realizable pairs of functions that are
realizable in R¥,
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