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ABSTRACT

Let G(V, E) be a finite simple graph. Denote by |V| and |E| the cardinality of the set
V and FE, respectively. An a-labeling f is an injective function f: V — {0,1,2,....|E|}
such that {|f(u) — f(v)|: uwv € E} = {1,2,...,|E|} and for a constant A, f(u) <\ < f(v)
for every uv € E. A graph that has an a-labeling is called a-graph. An open chain graph,
or shortly a chain graph, is a graph with blocks By, Bs, ..., B, such that for every i, B;
and B;,; have a common vertex, in such a way that the block-cut-vertex graph is a path.
A chain graph having n blocks By, B, ..., By, is denoted by [By, Bs, ..., B,]. Let ¢; be the
common vertex of B; and By,1, in [By, Ba, ..., B,], 1 < i < n — 1. Consider a vertex of
B, ¢y # ¢1, and a vertex of B, ¢, # ¢,_1. Assume that B is another block graph and x
and y are two different vertices in B. The graph which is constructed by identifying ¢
with = and ¢, with y is called closed chain graph, and is denoted by [Bj, B, ..., By, B..
By using pattern recognition and axiomatic deductive method we get results that some
chain graphs with blocks of complete bipartite graphs are a-labeling.
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1. Introduction

Let G(V, E) be a finite simple graph. Denote by |V| and |F| the cardinality of the set V'
and FE. respectively. Graceful labeling is an injective function f from vertex set V' into
the set {0,1,2,...,|F|} which induces a bijective function f’ from edge set E onto the
set {1,2,....|F|} such that for every edge uv € E(G) we have f'(uwv) = |f(u) — f(v)].
A graph that has graceful labeling is called graceful graph. The quantity |f(u) — f(v)|

* Corresponding author.

Received 13 Jul 2025; Revised 06 Aug 2026; Accepted 13 Aug 2026; Published Online 19 Aug 2026.
DOI: 10.61091 /¢n238-03

(© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/cn238-03
https://www.combinatorialpress.com/cn
https://doi.org/10.61091/cn238-03
https://creativecommons.org/licenses/by/4.0/

78 I. N. SUPARTA, I. G. A. W. WARDHANA AND P. K. DEWI

is frequently called induced label or induced label of the edge uv € G or shortly label of
the edge uv € G. Graceful labeling and its variations for classes of graphs are celebrated
research topics, see [1, 2, 6, 7, 8,9, 10, 12, 13]. For more review on this topic we refer to
[5].

Let G be a graceful graph with graceful labeling f. If we find a constant A for every
edge uwv € E(G) such that f(u) < A < f(v), then the function f is called an a-labeling,
and the graph G is called an a-graph. Barrientos and Minion in [1] generalize the concept
of a-labeling as bipartite labeling. A bipartite labeling of G is an injective function f from
the vertex set V(G) into the non-negative integer set {0,1,...,s} for which there is an
integer A\, such that f(u) < A < f(v) for every (u,v) € A x B, that induces n different
labels. Here, {A, B} is a usual bipartition of V(G), and n = |E(G)|. The integer \ is
called the boundary value of f.

All graph classes discussed in this paper do not yet explicitly include classes of chain
graphs. In this paper, we will observe some classes of chain graphs with blocks of complete
bipartite graphs and derive their a—labelings. An open chain graph is a graph with blocks
By, Bs, ..., B, such that for every i, B; and B;;; have a common vertex, in such a way
that the block-cut-vertex graph is a path. A chain graph having n blocks By, Bs, ..., B,, is
denoted by [By, Bs, ..., B,]. Let ¢; be the common vertex of B; and B;, 1, in [By, B, ..., By],
1 <7< n-—1. Assume a vertex ¢y in By, ¢y # ¢1, and a vertex ¢, in By, ¢, # ¢p,_1, n > 2,
and two vertices u # v in a new connected bipartite block graph B. If we identify the
vertex ¢y with u and the vertex ¢, with v, then the resulting graph is called closed chain
graph, and is denoted with [By, Bs, ..., By, B].. In a closed chain graph, any cut vertex of
related open chain graph is no longer cut vertex. Here, we introduce a-labeling for some
chain graphs whose blocks are complete bipartite graphs.

In [3, 11] it is shown that any complete bipartite graphs are a-graph. We will restate
this fact in Theorem 1.2 and give a more detailed proof. Some part of the proof is a tool
we refer to in the next discussion.

We start with the following lemma.

Lemma 1.1. Let a and b be two integers such that b —a =r > 1. Let x1,29,...,2, be
integers satisfying vy = x;+ 1 for alli=1,2,...,r— 1. Then, the sequence x1 — b, xo —
b,....,x, —bxy —a,rs —a,...,xr. —a forms an arithmetic sequence of difference one.

Proof. Since z;,; = x;+1, it is obvious that for a constant ¢ we have z;,1 —c—(z;—c) = 1.
Now we will see that (z; —a) — (z, — b) is also 1 as shown bellow:

(x1—a)—(x, —b)=(xr;—2,) —(a—b)=—(r—1)—(-r) = 1.

Theorem 1.2 (Barrientos [3|, Rosa [L1]). The complete bipartite graph
Km,’m m,n Z 1

18 an a-graph.
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Proof. Let the vertices of K,,,, be z;,y; 17 =1,2,...,m;j =1,2...,n. Here, the edge
set of Ky, is {zy; 0 1,2,...,m;j = 1,2,...,n}. It is clear that the size of K,,, is
|E|= mn. Now, we introduce a labeling f : V(K,,,) — {0,1,...,mn} as follows:

r)=1—1,t=1,2,...,m,
{f( ) O

f(yj):mj7j:]"27"'7n'

We can see easily that f is injective. Moreover, we have that the set {f(z;) : i =
1,2,...,n} ={0,1,2,...,m — 1}, and satisfies f(z;11) = f(z; +1),i=1,2,...,m — 1.
On the other hand, f(y;41) = f(y;)+m,j=1,2,...,n—1. Forevery j =1,2,...,n—1,
if we take a = f(y;) and b = f(y;j41), then based on Lemma 1.1, we have the sequence

() = F )l [ (ys) = Fem)ls - [ (w5) = F) ] Fg0) = flam)],
[F 1) = F(@ma)ls -5 [ (Y) = F(2)]),

forms an arithmetic sequence of difference one. The smallest edge label is | f(y1) — f(xm)|=
1 and the greatest one is |f(y,) — f(x1)|= mn. So, the whole sequence of edge labels is
(1,2,...,mn). Therefore, the complete bipartite graph K, ,, m,n > 1 is graceful. That
f is a-labeling, we show as follows.

Let the partition sets of V' be A ={z;:i=1,2,....m}and B={y;: j =1,2,...,n}.
It is clear, based on Eq. (1), that the greatest label of vertices in A is m — 1 and the
smallest label of vertices in B is m. Therefore, if we take A = m — 1, then we can see that
for every u € A and v € B, we have f(u) < XA < f(v). Thus, f is an a-labeling for K,, ,,
or K,,, is an a-graph. O

Now, we will observe open chain graphs with blocks of complete bipartite graphs.
Consider the family K(p,r;) of n complete bipartite graphs K, ,,, with p,r; > 1, for
every 1 < ¢ < n. Let the vertex set of K,, be named as the following. For every
1 <1< n,
{2’ 0<k<p-1;1<j<r;},

and the edge set be
{chal :0<k<p—-1;1<j<r}.

We see that the family K(p,r;) has total size of |E|= p>_ r;. Our open chain graphs
=1

will be built from the family K(p, r;), by identifying z%. with i 1<i<n-1Ifr,=1
for all 1 < < n, then this open chain graph is a star graph, and constitutes a caterpillar
if p = 1. These two graph classes are well known a-graphs. For a fix positive integer p, for
the sake of efficiency, let us denote the resulting open chain graph [K,,,, Kprys -\ Kpor ]
as [Kpiri i,

The following theorem is formulated in [3].

Theorem 1.3 (Barrientos [3]). Let By, Bs, ..., By, be blocks such that all of them have
an a-labeling. Then, there exists a chain graph G, with blocks By, Bs, . .., B, that accepts
an a-labeling.
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From Theorem 1.2 we know that K, is a-graph, for all p,r > 1. Therefore, we have
the following consequence of Theorem 1.3.

Corollary 1.4. Forr; > 1,1 <i <n, the open chain graph [Kp.r, ry...r,] is a-graph.

Proof. Now, we define a function f for the family K(p,r;), i = 1,2...,n, as follows.

F(e) =pli=1)+35 1<i<nm0<j<p-1,
Fa@f) = El=p(j = 1) =p X (ren = 1), i=12.mj =12
s=1

with ro = 1.
Observe that f(z%) = f(z{*") for all 1 <i < n — 1. This can be seen as the following.

i) = |El—pri—1) —p z (res — 1)

= |E[=p[X (k2 = 1) + (ri = 1)]

=
= |E|=p Y (rg-1—1),
k=1
+1
= [El-p(1=1)=p> (re-1—1)
k=1
= f(zi™).

Now we will observe that the above function f defines a graceful labeling for the open
chain graph [Kp, ..., )

First we see that f is injective. We can see from Eq. (2) that f(c}) = f(c%,,) +
for every 1 < i < nand 0 < j < p— 1. In particular, we have that 0 = f(c ) <
f(&) < f(egy) = pn — 1. Whereas from the labels of vertices %, we also have that
f(ah) # f(xf) for every i # s or j # t, except f(ah) = f(agt!). Moreover, we have
pn = f(al ) < f(z}) < f(xzg) = |E|. Thus, f is injective from V([Kpir, ry,...r,]) into the
set {0,1,2,. |E|} Secondly, we will derive that

{|f(:1c§-)—f(cé)|:i:1,2,...,n;j:1,27...,ri;s:0,1,...,p—1}:{1,2,...,\E|}.

Based on Eq. (2), we have for every i = 1,2,...,n,

i

f(@5) = fle)l= [IEl=p(j —1) = p X (re1 — 1) = [p(i — 1) +]]

s=1

1B]=p(G =2) =t =p 2, s,

with j =1,2,...,r3t=0,1,...,p—1,and rg = 1.

Moreover, we can see that f is a-labeling. Let the partition sets of V/([Kpry e, rm]) b€
A:{c};:1Sign;OSkSp—l}andB:{x;-:1§i§n;1§j§7’i}. From Eq. (2),
we can see the greatest label of u € A is pn — 1, whereas the smallest label of v € B is
pn. Thus, if we take A\ = pn — 1, then it is clear that f is an a-labeling. m

In Figure | we show an example of open chain graph [KCo.462] with its a-labeling.
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Fig. 1. An a-labeling for the open chain graph [K2.4,6 2]

2. Main results

Next, we will study closed chain graphs which are built from [K,., ... .| and a complete
graph K, ., » > 2. Let the vertex set of K, ,, 7 > 2, be

i 0<k<p—1;7=1,2...,r},
J

and edge set
{ahr; :0<k<p—-1;j=1,2,...,r},

respectively. Then, we identify x1 with z; and x; with x,. The resulting graph is a closed
chain graph [ICp.ry o, rnrle- In the following part we will show that the closed chain graph
Koty ra.inrles Where pyri v, m > 1, is a-graph. This result is formulated in the following
theorem. An a-graph [Ks.3.45324] is depicted in Figure 2.

Theorem 2.1. For every positive integers n,p,r,1r1, 79, ...,r, > 2, the closed chain graph
I:ICpiTl,TQ,...,T‘n,T‘]C ZS a_graph"

n k k+1
Proof. Let |E|= p (Z T —1—7“), ri < n < Y r; for some positive integer k, and
i=1 i=1 i=1

k
n— Y, r; =1. Define a function g for [KCp., ry.. v, .r]e as follows:
i=1
For [KCp.r, ra,..r] Dart,
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(

g(c)) =pli=1) +ji=1,2,....nj=0,1,....p—1,

g(mz) =|El-p(j—1)—p> (rso1—1),i=1,2,... k;j=1,2,...,1
s=1

k1
9™ = |El=p(j = 1) =p L (rea = 1),j = 1,2, L .
k1 ] k+1 = .
g(@ ) = |Bl—pj —p 3 (re1 = 1),5 = 1+ L,1+2,..., 7hn,
s=1

9(35;) =|El-pj—p>Y . (rsc1—1)yi=k+2,...,n5=1,2,...,1,
s=1

\

with 7y = 1, and for K, , part, we set

g(c;)) =pn+1, i=0,1,...,p—1,
g('r]):p<n+j_1)7 j:2,---77’, (4)
g(x1) = |E|.

By some simple algebraic manipulations, it is easy to see that for two vertices xfn and

2, we have g(z! ) = g(z{™"). Moreover, we also have g(a7 ) = g(z,), and g(z}) = g(z1).

Here, we will only show that g(z ) = g(x,) as the following.

g(ap) =|El=prn —p) (ri = 1)

=1
—pY (ri+7)=pra—pY ria—p Y (—1)
z:i - =1 =1
=(pY ritpr)—pY_ riat+pn
i=1 i=1

=pY _ritpr—plro+ » i) +pn
=1 =1

=p Y ritpr—p(l+ Y ri)+pn
=1 i=1

=p(n+r—1)
If we identify all these vertex pairs, namely i and 22!, 2 and x,, and the vertex

pair z1 and x1, then it is easy to observe that for any two vertices u,v in the mentioned
graph we have g(u) # g(v). From here, we may conclude that g is injective. The greatest
and the smallest labels are g(c}) = 0 and g(z]) = g(x,) = | E|, respectively.

Now we observe the induced edge labels by g.

For every i € {1,2,...,k,k+2,...,n}, we can see that in each K,,,, each vertex label
g(«h) with j = 1,2,...,r;, will produce p consecutive induced edge labels |g(z}) — g(c})|:

s=0,1,...,p—1,since g(c) —g(c._;)=1:s=1,2,...,p— 1.
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Moreover, denote the sets of edge labels A, B, C, and D as follows.

A =U{lga) —g(@)l:j=12,...,r55=0,1,...,p— 1},

B =U{|g(x f“) g(c k+1)|j—12 o ls=0,1,...,p—1},

C =U{lgi™) —g(d™): i =1+ 1,142, 1135 =0,1,...,p— 1},
D :U?:HQ{\g(x;-)—g(ci)]:j:1,2,...,ri;5:0,1,...,p—1}.

'L+1)

We see that for every i = 1,2, .. — 1, we have g(c g(cy) = 1. Therefore, we

obtain the following:

AUBUCUD ={|BLIEI-1.....lg(af™") = gl D). lg(et) - g(cf™).
lotal) = (e} (6)

R — g(ckth) = (x k+1) g(:vfjfll) = 2p, and that g(x ) g(ct) for

Since g(c}7) — g(cp
any positive integers i, j, s, t, we get

(27 = gl D=9 (=) — gleg™)l=p+ 1.

This informs us that there are exactly p consecutive positive labels between |g(x
g(c’;ﬂﬂ and |g(xff11) — g(ch™)|. These p labels are |g(mfj11) — g(ch™|+s with s =
k
1,2,...,p. Using Eq.(3) and assumption that n — ) r; = [, we will have that |g(:1:fjll)
s=1
g(cg™)|= gz ) — g(ci™) = |E|—p(n + 1). Therefore, if we denote B’ = {|E|—p(n +
1)+s:s=1,2,...,p}, then the set X = AUBUB UCUD in Eq. (6) will constitute
the set of consecutive labels started from |g(2} ) — g(cp_1)|= g(2} ) — g(cp_;). Indeed,

by using Eq. (1), we can observe that the set formed by the edge labels |g(x1) — g(cs)],

p—1landg

g
k—l—l)

where s =0,1,...,p — 1, corresponds to the set B’.

Note that these p labels are of p edges z1c5,5 = 0,1,...,p — 1, in the graph K, ,. So,
the number of the remaining edge labels in K, which are not observed yet is equal to
pr—p=p(r—1) edges.

On the other side, there are exactly p(r — 1) labels we need to complete edge labels for
the whole graph [KCp.py 1y .r]c to become a graceful labeling. This is shown by using a

simple calculation based on Eq. (3) and the fact that |E|=p (Z rs + 'r’) Here, we have

that the smallest edge label in X is g(7. ) — g(c;_;) which is equal to p(r — 1) + 1. This
implies that the first p(r — 1) positive integers: 1,2,...,p(r — 1), are needed as the edge
labels of the remaining edges in order to complete the graceful labeling. Based on Eq.
(1), these labels are exactly the labels of the remaining p(r — 1) edges of K,,, namely
edges xjc; where 7 =2,3,...,r;5=0,1,...,p— 1. These labels are

l9(z5) — gles)|=p(n+j7—1) = (pn+s) =p(j — 1) — s,

with 7 = 2,3,...,7;5s = 0,1,...,p — 1. Until here, we have proven that ¢ is a graceful
labeling for KCp.ry ;.. Next, we will show that g is an a-labeling. This is clearly seen
from Eq. (3) and Eq. (1), that

9(cs), 9(cy) < glep) < glaa) < glah, glay)),
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with ¢ = 1,2,...,n;s = 0,1,....,p—1;5 = 1.2,...,r;;t = 1,2,...,r. So, by taking
A = ¢g(cp—1), then we can conclude that g is an a-labeling, and therefore the graph
(ICoirt o, mrle 18 an a-graph. O

2.1.  Another type of chain graphs of blocks Ko,

Now, we will study another type of chain graph, but with a particular block graphs. Here,
we will focus on chain graphs with complete bipartite graph K, ,, r > 1, with p = 2.

Remark 2.2. In case r is even, instead of using the labeling in Eq. (1), we may also
apply the following function to prove Theorem 1.2:

fle) =2(i—1),i=1,2,
Fla) =2(r— (i — 1)), ifi=1,3,...,r —1
=2(r—(G—-1)+1,ifi=24,...,r (7)

Fig. 3. a-graph K¢ : a. Using Eq. (1) b. Using Eq. (7)

See Figure 3 for the comparison.
To proceed to the main observation here, we introduce the following lemma which
constitutes a tool in the next discussion.

Lemma 2.3. Let f be the graceful labeling of the graph K, ,, with vertices ci,co,x; 1 1 =
1,2,...,r. If r is odd, then the parity of f(c1) and f(c3) can not be the same.

Proof. Let f be any graceful labeling for K, ,. Here, stable sets of V(K>,) are {c1,co}
and B =V (K,,)\{c1,c2}. It is clear that for every vertex x in V(K 2)\{c1,c2}, we have
that the parity of | f(z) — f(c1)| and | f(z) — f(c2)| are the same, whenever f(c;) and f(c2)
have the same parity. Since r is odd, we obtain that the difference between the number
of odd edge labels and of even edge labels is a positive even integer. This implies that
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those all induced edge labels can not form an arithmetic sequence with difference one.
This violates the function f as a graceful labeling. m

Assume that we have a family of n graphs Ks,,, 1 < j <mn, with r; > 1. For every
k=1,2,...,n, let the vertex set and edge set of K, be {c}, c’g,xf :7=1,2,...,n,} and
{cizk, 5ak -1 < j <n}. Partition the vertex V(K,,, ) into the stable sets A, = {c},c5}
and By, = {xé“ cj=1,2,...,n}.

The second type of chain graph here is constructed by identifying c; and C{H, for all
J,1 < j < n—1. For the sake of efficiency, the resulting open chain graph [Ks,,, Koy, - - -,
K2 ) Wil be denoted as [K's.y sy, ]. Here, the size of this chain graph is |E'|=

Z\E |= 2 Z r;. Note that if 7, = 1 for every 1 < i < n, then the open chain graph
[K2 s Koy .oy Koy, | forms a path graph. Again, it is well known that any path is
a-graph.

Here, again we have a corollary of Theorem 1.3.

Corollary 2.4. For every positive integers r; : © = 1,2,...,n, the open chain graph
[’C,2:r1,7'2,...,rn] is Oé'gra'ph‘

We will propose a proof for the Corollary to facilitate the proof of Theorem 2.5.
Proof. It is clear from Theorem 1.2 that Ky, ,i = 1,2,...,n, is a-graph. Assume the
a-labeling for K ,, is f; as defined in Eq. (1) for m =2 and n = r;.

For every k,1 < k < n, we have that the smallest (resp. biggest) label in K, is
| fu(2®) — f(5)|= L(resp. |fr(zn) — fr(ch)|= |2rr — 0|= | E|). First we will proceed to see
that [y, , .| is graceful by using the following procedure.

Define a function gy for [K',, . ..] as follows:

91(v) = fu(v) + 1 v € V(Ky,),
G1(v) = far(v) +E]); v e V(K 1)) = {71 71, (8)
g(? 1) fn 1<n 1>7 i:172'

Since all vertex labels of Ky, is added up with the same constant 1, the set of edge
labels of the re-labeled K, by ¢ remains the same, that is equal to {1,2,...,|E, |}.

Now let us see the new edge labels of K5, , by gi1. Since all old labels except the
labels of ¢! ' i = 1,2, each is augmented by |E,, |, we get that the set of new edge
labels of K, ,is {1+ |E,,|, ol | B |+|E, |} Now we identify g;(ch ') =1
and g;(c}) = 1. It is easy to observe that the resulting open chain graph [K'y,. .| is
graceful with the biggest edge label |E, _ |+|E,

may conclude that this open chain graph is a-graph.

Moreover, if we take A = 2, then we

Now we will see a similar procedure for labeling open chain graph [’Clz,rn_j,rn_(j_l),...,rn],
1 <j <n—1. We proceed using the following function g; for 2 < j <n — 1.
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g;(v) = gj—1(v) + L 1 0 € V([K 9,1y irngozyrinl )y
5(0) = g0+ TIEn | v e V(e ) = {677 )
gi(ci ) = fami () i=12.

After identifying ¢ 7 and ] Y™ with ¢;(3 ) =1 = g;(¢f”Y™"), and using the same

argument as in case Ko, , .|, We can conclude that the chain graph [K’g:rnf(jfl)mnf(ﬂ)7,_,,,%}
is graceful. Here, we can conclude that this open chain graphs is a-graph by taking the
boundary constant \ = j.

Continuing this process n —1 times, we finally may conclude that [K's., .. .] IS a-graph

with A = n. OJ

Consider an open chain graph [K's., r,....,]- Recall that the vertex c; of the graph Ko,
is identified with the vertex c{“ of the graph Ky, ,, forall 1 < j <n—1. We will name
these identified vertices c% = c{“ shortly as ¢;, for all 1 < j <n—1, ¢ as ¢, and ¢} as
¢n. Thus, in the open chain graph [K'a., 1y ], We have vertex set

{e;:i=0,1,...,n}U{,ali=12... n;j=12... 1},
and edge set
{cixj»“:z':(),l,...,n—l:j:1,2,...,ri+1}u{cnx?:j:1,2,...,rn}.

For n > 2, if ¢, and ¢( are identified, the resulting chain graph is closed, and is denoted
by (K 2y, e

In the following, we will show that the closed chain graph [K's., . s r)e 1S @-graph
for some pairs of positive integers r and n. This result is formulated in Theorem 2.5.

In Figure 4 we show an example of the closed graph [K's.4351,36]c With its a-labeling.
In this example the values of n,r, and 7’ are 5,6, and 1, respectively.

3 31 28 26 25 23 16 14

In the sequel, for every i = 1,2...,n we partition every vertex set V(Ks,,) into stable
sets A; = {c¢;_1,¢;} and B; = {x; cj=1,2,...,n}.
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Theorem 2.5. Let n and r be positive integers, and r = r’'(mod n). If n and 1’ have
the same parity, and ri,19,...,7, are any positive integers, then the closed chain graph
[K,2:T1,r2,...,rn,r]c 18 Oé-gmph-

Proof. Based on Corollary 2.4, the chain graph [K's., r,. ] 18 a-graph. Let f be the a-
labeling for the open chain graph [K's., 1, ] as described in the proof of Corollary 2.4.

Here, f(¢;) =4, j=0,1,...,n. The greatest vertex label of [K'5., ,. . ».] 18 |[E|=2) 7.
i=1

which is equal to the size of [K'a.y 1y, 0 ]-
Note that in the a-graph [K's., 1y, ], We have that for every j =1,2,... n,

f(a}) =1E|=2) rio+ (= 1) (10)

i=1

Now consider the complete bipartite graph K5, with stable sets A = {vp,v;} and B
which will be set based on two cases: » < n and r > n. If r <n, then B = {y1,92,...,y:},
and if r > n, let us say r = kn + ' for some integers £k > 0 and 1 < 7/ < n, then
B={y:1<j<kl1<i<n}U{ytt:1<i<s}

Introduce first a vertex labeling g for K, as follows.

Case r < n. Here r =1'.

Q(Uo) =0,
g(”l) =n, (11)
gy)) =|E|+2r— (i —1); i=1,2...,r

We see that g(y;—1) —g(y;) = 1, 1 <i < r. These vertex labels will produce 2 sequences
of edge labels(each sequence is arranged increasingly):

(lg(ys) —gwo)|:i=r,r—1,...,1) = (J]g(y;)) = 0): i =r,r—1,...,1)
— (|Bl4r+ LBl +r 42, |E[+2r),

and
(lg(ys) —gv):i=r,r—1,...,1) = (lg(y;)) = n|: i =r,r—1,...,1)
=(|El+r+1—n,|El4+r+2—mn,...,|E/4+2r —n).

The difference between the smallest of the first sequence and the largest of the second
sequence is |E|+r + 1 — (|E|4+2r —n) = n — r 4+ 1. This means that we need n — r edge
labels to be inserted such that from those above two sequences of edge labels we have an

arithmetic sequence of difference one. Note that n — r is even, since n and r have the
j j+1

same parity. Let By be the empty set and ro = 0. If Y r; < (n—7r)/2 < > r; for some
i=0 i

=0
0 < j <n—1, then these n — r edge labels will be produced by relabeling (n — r)/2

. j

vertex labels of U/_(B; and of the s vertex labels of B;y, with s = 2% — 3" r;. These
i=0

new relabeled vertices will produce all edge labels needed to complete the mentioned gap

of edge labels.



88 I. N. SUPARTA, I. G. A. W. WARDHANA AND P. K. DEWI

For the above value of 0 < 7 < n — 1, let the set of all vertices in U{ZOBi and in the set
of the first s vertices of B;;; be denoted as R. We will extend the function g for every
v € R using the following rule.

Now observe the vertex labels of 1 and 27!, We will show that g(z]) = g(y,) — 1 and
g(zI™) = (j+1) = g(y1) —n+ 1. If these are proved, the resulting sequence will complete
the mentioned gap.

We have

g(x1) = f(x}) +r = |El4r = |[El+r+1-1=g(y,) — 1
and

g™ = (G +1) =flal™)+r—j-1
Jtl
=|El-2> ri1+j—2(s—=1)+r—j5—1

=1

Jj+1 J
= |E|—227’11+j—2<n2T —Enl—l> +T—j—1
i=1 i=1

=(|E|+2r) —n+1
=g(y1)) —n+1.

Let the vertex u be the successor of the vertex z/*! which is possibly in K5, ., or in
KQ,T?H such that it is either f(u)—j = f(2Z™)—(j+1)—1ifu € Bjyy,0r f(u)—j+1=
f(@i™)y — (j 4+ 1) — 1 if u € Bjy2. In this last case, the vertex u is actually the vertex
277, Now we will show that

fu)—j=g(y,)—n—1,if ue Bjy,

or

flu)—j+1=9g(y,) —n—1, ifu e Bj.

First, assume that v € Bj;;. Thus,

flu)—j = flt]) —j
G+l
= ’E|—2Z7°i,1 —|—] —25—j
=1

Jj+1 Jj+1
= ’E|—2 ;Tz‘,l -2 (n;r — ;Til)
= |E|l-n+r

=(|El+r+1)—n—-1
=g(y:) —n—1.
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Secondly, assume that u € B;;,. Here we have,

)= (G +1) = ™) — -1
= (fa) ~ 1) —j 1

1
— (22 -y -1 -
j+11:1
= |E|—2 Z Ti—1 — 2s
s R
= |E|-2) rii1—2 (”57 - Ti—l)
=1 i=1
=|E|l-n+r

=(|E4+r+1)—n—-1
=g(y-) —n— 1.

Now, we extent the function g to all w € V([K'2, ry...rn])\ R, such that g(w) = f(w).
Then, to produce the closed chain graph [K's. sy r..r]c using the open chain graph
(K91 r9....7n] and the complete bipartite graph K ,, we identify vertices vy with ¢y and
vy with ¢,. Note that g(vy) = g(co) = 0 and g(v1) = g(c,) = n. Then, we can imme-
diately see that the extended function g is a graceful labeling for the closed chain graph

Moreover, we see that the stable set {cy,c1,...,cn} of V(K9 rg...inr]e) has labels
set {g(c;) : i =0,1,...,n} = {0,1,...,n}, and all vertex labels of the other stable set
are greater than n. Thus, by taking A = n we can conclude that the function ¢ is an
a-labeling, and therefore the resulting closed chain graph is a-graph.

Caser >n,say r =kn+1r', 0 <k, 1 <r’" <n. Here we set a vertex labeling g for K,
as the following

g(vo) =0,
v1) =mn,
9() (12)
gy )=|E|+2r—2n(j—1)—(—1); j=12,...,ki=1,2...,n,
g(yF ™) = |E|+2r — (i — 1); i=1,2...,7".
Note that for each j, any n vertex labels {g(yf) ci=1,2,...,n}, will form an arithmetic

edge labels {g(v)), 9(12), ..., 9(2), () —n, g(3) —n, ..., g(y}) —n}, with difference one.

We can see from Eq. (12), that for every 1 < j < k, we have g(y)) —n — gly™) = 1.
This implies that the set of edge labels {g(y/),g(y)) —n:7=1,2,... k;i=1,2,...,n}
is equal to the set {g(v*) —n,g(vf) —n+1,...,9(y}) = |E|+2r}. Therefore, if we think
r" as r in the case r < n, then the case becomes the same with the case r < n. Thus,
again we can conclude here that the closed chain graph [K'o.) o s r]e 1S a-graph.

In any case, we have shown that the closed chain graph [K's., vy, . rles 18 @-graph for
r —n even. O

Observe that the closed chain graph [K's.,
K 9rs 1o mirirtsrs_1.m)e- Furthermore, we also see from the proof of Theorem 2.5 that

] is equivalent to the closed graph

T2yeeeyTm, T

there is no restriction on the values of r; : 1 < ¢ < n. Therefore, if in case n and 7’ are
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not with the same parity, but there exists r;, for some 1 <1 < n, such that n and r, have
the same parity, with r; = 7} (mod n), then the graph [K's., 1y . r]c is also a-graph.
In here, the role of r is replaced by r;. This observation is formulated as the following
corollary.

Corollary 2.6. The graph [K's., ry....rnrlc 15 an a-graph if there exists r; for some 1 <
i <n, such that n and r; have the same parity, with r; = r, (mod n).

3. Conclusion

We construct some chain graphs and the closed one with blocks of complete bipartite
graphs. Here, a stable set of all complete bipartite graph has the same order. The first
chain graphs we observe here are built by identifying vertices of these bipartite graphs
which are belong to the other partition. We may call this as chain graph of type L
We can also construct chain graph of type IT by identifying vertices from the partitions
having the same order. Here, we introduce a labeling for type I chain graphs and proved
that the labeling is an a-labeling. So, these type I chain graphs are a-graphs. Whereas,
observation for type II chain graphs is still limited to a specific complete bipartite graphs
with a stable set of cardinality two. Observation of more general chain graphs of type II
is an ongoing work.

We closed our paper with the following open problem.

Let B; be any complete bipartite graph for every 1 = 1,2,...,n and ¢} # ¢ be any
two different vertices in B;. Identify ¢, with ¢i* with i = 1,2,...,n — 1. The resulting
chain graph is named as type III chain graph. Now, we have the following open research
problem.

Problem 3.1. Do the chain graphs of type III constitute a-graphs?
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