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Abstract: A total Roman {2}-dominating function on a graph G = (V,E) is a function f : V —
{0, 1, 2} with the properties that (i) for every vertex v € V with f(v) = 0, f(N(v)) > 2 and (ii) the set
of vertices with f(v) > 0 induces a subgraph with no isolated vertices. The weight of a total Roman
{2}-dominating function is the value f(V) = } .y f(v), and the minimum weight of a total Roman
{2}-dominating function is called the total Roman {2}-domination number and denoted by y;z,(G). In
this paper, we prove that for every graph G of order n with minimum degree at least two, y;z(G) < %”
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1. Introduction

In this paper, G is a simple graph with vertex set V = V(G) and edge set E = E(G). The order |V/|
of G is denoted by n(G). For every vertex v € V, the open neighborhood N(v) is the set {u € V(G) |
vu € E(G)} and the closed neighborhood of v is the set N[v] = N(v) U {v}. The degree of a vertex
v € Visdeg;(v) = IN(v)|. The minimum and maximum degree of a graph G are denoted by 6(G) and
A(G), respectively. Let P, and C, be the path and cycle of order n.

For a graph G and a positive integer k, let f : V(G) — {0,1,2,...,k} be a function, and let
(Vo, V1, Vo, ..., Vi) be the ordered partition of V(G) induced by f, where V; = {v € V| f(v) = i} for
i €{0,1,...,k}. There is a 1-1 correspondence between the function f : V — {0,1,2,...,k} and the
ordered partitions (Vy, Vi, V,, ..., Vi) of V, so we will write f = (V, V1, Va, ..., Vi). The weight of f
is the value f(V(G)) = Y ev) f(W).

In [1], Chellali et al. investigated the Roman {2}-domination (called in [2] and elsewhere Italian
domination) defined as follows: a Roman {2}-dominating function (R{2}-DF) on G is a function f =
(Vo, V1, V,) with the property that for every vertex v € V there is a vertex u € N(v), withu € V,
or there are two vertices x,y € N(v) with x,y € V|. The Roman {2}-domination number yg,(G) is
the minimum weight of an R{2}-DF on G. Some variant of Italian domination has been studied for
example in [3,4]. Note that, Roman domination and its variants have many applications in the areas
such as facility location problems, planning of defence strategies and surveillance related problems,
etc. The literature on this topic has been detailed in several papers [5—-10].

A total Roman {2}-dominating function (total Roman {2}-dominating function) is an R{2}-DF f
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such that the set of vertices with f(v) > 0 induces a subgraph with no isolated vertices. The weight
of a total Roman {2}-dominating function is the sum of its function values over all vertices, and the
minimum weight of a total Roman {2}-dominating function of G is the total Roman {2}-domination
number y,z,(G). Total Roman {2}-domination was first studied in [11] and investigated in [12, 13].

It is observed in [11] that for all connected graphs G of order n with 6(G) > 1, 2 < y;g(G) < n
and the graphs attaining the bounds are characterized.

In this paper, we prove that for every graph G of order n with minimum degree at least two,
Yiro(G) < 2.

The proof of the following results can be found in [11].

Proposition 1. For n > 2, yiga(P,) = [#2].

Proposition 2. Forn > 3, y;(C,) = [2].
2. A Preliminary Result

Here we focus to construct an upper bound for the total Roman {2}- domination number of con-
nected graphs with minimum degree at least two. We first make a result as follows.

For positive integers j > 3 and [ > 1, let the graph C;; be obtained from a cycle C; = x1x; ... x;x;
by adding a pendant path x;y,y,...y;.

Proposition 3. For positive integers j > 3 and [ > 1 with j+ 1> 4, y(Cj)) < @

Proof. 1t j + 1 = 4, then clearly y;z(Cj;)=3 < @. Let j + 1 > 5. Since adding an edge cannot

increase the total Roman {2}-domination number of the path x,...x;x;y; ...y, using Proposition 2
implies that y,z(C ) <[22 < 2D O

Let R be the family of all connected loopless multigraphs with minimum degree at least three and
let R be the family of all graphs constructed by some graph in R; by subdividing whole edges ¢ times
with 1 <t < 5. We observe that any graph in R has order at least 5.

5n(G)

Proposition 4. Every graph G € R has a total Roman {2}-dominating function f such that w(f) < ==

and f(v) > 1 for every vertex v of degree at least three.

Proof. Let G € R be a graph of order n. We continue the proof by induction on n. If n = 5, then G is
1somorphic to K 3 and clearly the result holds. Assume that n > 6 and let the result hold for any graph
of R of order smaller than n. Let G € R be a graph of order n > 6. Let M = {u € V(G) | deg;(u) > 3}
and let N = V(G) — M. By definition we have |M| > 2. An M-ear path in G is a path W of G
so that V(W) C N and the endvertices of W are adjacent to vertices of M. For each i > 1, define
W, = {W | Wis an M-ear path with |[V(W)| = i}. Let W = J;5; W,. Observe that M U |y V(W)
is a partition of V(G). For each M-ear path W € W, let Xy, = {w € M | wis adjacent to a leaf
of W}. Clearly M = Jyew Xw and |Xy| = 2 for each W € ‘W. First let there exist an M-ear
path W = xix;...x, € W, U W5 and Xy = {11,152} so that t,x1,5,x;, € E(G). Assume that the
graph G’ is obtained from G by removing x,,...,x; and adding the edge x,#,. Clearly, G’ € R.
By the induction hypothesis, there exists a total Roman {2}-dominating function f of G’ such that
f(t), f(tz) = 1 and w(f) < w If f(x;) > 1, then the function g : V(G) — {0, 1,2} defined by
g8(x) =0,8(x3) = g(xg) =... = g(xx) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-dominating
function of G of weight w(g) < %" and that labels by positive values any vertex of degree at least 3. If
f(x1) = 0, then the function g : V(G) — {0, 1,2} defined by g(x;) = 0,g(x;) = 1 fori e {2,...,k} —{4}
and g(y) = f(y) otherwise, is a total Roman {2}-dominating function of G of weight w(g) < %” and
that labels by positive values any vertex of degree at least 3.

Hence, we may assume that W,UWs = 0. Therefore W = W, UW,UW;. Foreachi € {1,2,3},
let m; = |'W,|. Then we have that n = |[M| + m; + 2m, + 3m3 and m; + my + mz > 3. First let | M| =2
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and let W5 = {v’v‘zvgll <i<m}if W3 # 0and W, = {WJW2|1 < j < mp} when W, # 0. If
‘W3 # 0, then the function g : V(G) — {0, 1,2} defined by g(y) = 1 fory € M, g(v') = g(v;) = 1
foreach 1 < i < ms, g(wé) = 1 foreach 1 < j < m, and g(y) = 0 otherwise, is a total Roman
{2}-dominating function of G of weight w(g) < %" and that labels by positive values any vertex of
degree at least 3. Therefore assume that ‘W5 = (. If m, > 2, then the function g : V(G) — {0, 1,2}
defined by g(y) = 1 fory € M, g(w}) = 1, g(wé) = 1 for each 2 < j < my and g(y) = 0 otherwise,
is a total Roman {2}-dominating function of G of weight w(g) < 2 ¢ and that labels by positive values
any vertex of degree at least 3. If m, = 1, then the function g : V(G) {0, 1, 2} defined by g(y) = 1
fory € M, g(wy) = g(w;) = 1 and g(y) = 0 otherwise, is a total Roman {2}-dominating function of G
of weight w(g) < 22 and that labels by positive values any vertex of degree at least 3 since m; > 2.
If my = my = 0, then let z € V(G) — M and define the function g : V(G) — {0,1,2} by g(y) = 1
forye MU {z } and g(y) = 0 otherwise. Clearly g is a total Roman {2}-dominating function of G of
weight w(g) < 2 2 and that labels by positive values any vertex of degree at least 3.

Henceforth we may assume that [M| > 3. First let there are two vertices v,u € M such that
deg;(u),deg;(v) > 4 and there is an M-ear path uWvin F. Let G’ = G — V(W) and W = vy, ... 1.
By assumption we have k € {1,2,3} and G’ € R. By the induction hypothesis on G’, it has a total
Roman {2}-dominating function f such that f(u), f(v) > 1. If k = 1, then f can be extended to a
total Roman {2}-dominating function of G by labeling a O to vy, if kK = 2, then f can be extended to a
total Roman {2}-dominating function of G by labeling a O to v; and 1 to v,, and if k = 3, then f can
be extended to a total Roman {2}-dominating function of G by labeling a 0 to v, and 1 to v, v;. In
either case we obtain a total Roman {2}-dominating function of G with weight at most %” with desired
property. Thus we may assume that there is no M-ear path uWv such that deg(u), deg;(v) > 4. We
distinguish two cases.

Case 1. W5 # 0.

Let W = x1xx3 € W3 and ux;x,x3v be a path in G where v,u € M. By assumption, we may

assume without loss generality that deg;(«) = 3. We distinguish the following situations.

Subcase 1.1. u is joined to three M-ear paths in “Ws.

Let W, = yiy,y3 and W3 = z120z3 be two M-ear paths in ‘W5 different from W, such that
uzy, uyi, tzs,t'ys € E(G).

Suppose that the graph G’ is obtained from G — U?zz{x,-, Vi, Zi} by joining xi, y; and z; to v, ¢’ and ¢,
respectively. Clearly, G’ € R. By the induction hypothesis, there exists a total Roman {2}-dominating
function f of G’ of weight w(f) < 5(" % and that labels by positive values any vertex of degree at
least 3.

In particular, min{ f(u), f(¢), f(¢')} > 1. To total dominate u, we can suppose that f(x;) > 1. Define
g+ V(G) — {0,1,2} by g(x3) = gln) = g(z1) = g(y3) = gz3) = 1, g(n2) = g(z2) = g(x2) = 0
and g(y) = f(y) otherwise. Clearly, g is a total Roman {2}-dominating function of G of weight
w(@ =w(f)+5< @ +5= %” and that labels by positive values any vertex of degree at least 3.
Subcase 1.2. u is adjacent to two M-ear paths in ‘W5 and to an M-ear path in “W,.

Let W, = y1y,y; € ‘W; be the other M-ear paths in ‘W5 and W3 = 712, € ‘W, such that uzy, uy, €
E(G). Assume that tys;,#'z, € E(G), and let the graph G’ be obtained from G — {x;, x3, y2, ¥3, 22}
by joining x;, y; and z; to v, ¢ and ¢, respectively. Clearly, G’ € R. By the induction hypothesis,
there exists a total Roman {2}-dominating function f of G’ of weight w(f) < 5(" 2 and that labels
by positive values any vertex of degree at least 3. In particular, f(u) > 1. To total dominate u, we
can suppose that f(x;) > 1. Define g : V(G) — {0,1,2} by g(x3) = g(y1) = g(v3) = g(z1) = 1,
g(x) = g0v2) = g(z2) = 0 and g(y) = f(y) otherwise. Clearly g is a total Roman {2}-dominating
function of G of weight w(g) = w(f)+4 < @ +4 < %” and that labels by positive values any vertex
of degree at least 3.

Subcase 1.3. u is adjacent to two M-ear paths in ‘W5 and to a M-ear path in ‘W).
Let W, = yy,y3 € ‘W; be the other M-ear paths in ‘W3 and W3 = ¢’ € ‘W, such that
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ut” uyy, tys, t't” € E(G). First let M be the set of all vertices of degree at least three and indepen-
dent in G. First let [{v,t,¢'}| = 3. Suppose that the graph G’ is obtained from G — {x, x,, x3, u, ¥, ¥}
by joining y; and #” to v and ¢, respectively. Clearly, G’ € R. By the induction hypothesis, there exists
a total Roman {2}-dominating function f of G” such that f assigns a positive value for any vertex of
degree at least three, and w(f) < @. If f(y3) + f(¢') = 0, then the function g : V(G) — {0, 1,2}
define by g(x3) = 0, g(x1) = g(x2) = g(y1) = g(y2) = g(u) = 1 and g(y) = f(Y) otherwise, is a total
Roman {2}-dominating function of G of weight w(g) = w(f) +5 < 5(" 9 45= % and that labels by
positive values any vertex of degree at least 3. If f(y;) = 1, then the functlon g V(G) — {0,1,2}
by g(y2) = g(x2) =0, g(x1) = g(x3) = g(u) = g(y1) = 1 and g(y) = f(y) otherwise, is a total Roman
{2}-dominating function of G of weight w(g) = w(f) +4 < @ +4 < %” and that labels by positive
values any vertex of degree at least 3.

For the next, we can assume that |{v,,#'}| < 3. Suppose that t = ¢' and t € M — {v,u} (the case
v =1t and v € M —{u,t}is similar). Suppose that the graph G’ is obtained from G —{x;, x2, y1, y», u, t'"’}
by joining x; and y; to ¢t = ¢ and v, respectively. Clearly, G’ € R. By the induction hypothesis,
there exists a total Roman {2}-dominating function f of G’ of weight w(f) < 5<" % and that labels by
positive values any vertex of degree at least 3. If f(x3) > 1 (the case f(y;) > 1 is similar), then the
function g : V(G) — {0, 1,2} by g(x2) = 0, g(x1) = gu) =g(y1) = g(y2) = g(”) = L and g(y) = f(y)
otherwise, is a total Roman {2}-dominating function of G of weight w(g) = w(f) + 5 < @ +5= %”
and that labels by positive values any vertex of degree at least 3. assume that f(x3) + f(y;) = O.
Then the function g : V(G) — {0, 1,2} by g(#”) = 0, g(x1) = g(x) = g(u) = g(y1) = gO»») = 1 and
gy) = f(y) otherwise, is a total Roman {2}-dominating function of G of weight w(g) = w(f) + 5 <
2 (” 9 15= % and that labels by positive values any vertex of degree at least 3.

Next assume that + = v and v # . Suppose that the graph G’ is obtained from G —
{x1,x2,y1,y2,t”,u} by joining ¢ to x3 and y;. A method similar to that described above we can
see that w(g) < %”.

Finally suppose that v = ¢ = #'. Suppose that the graph G’ is obtained from G — {x, x2, y;, u} by
joining y, to x3 and #”. Clearly, G’ € R. By the induction hypothesis, there exists a total Roman
{2}-dominating function f of G’ such that f labels a positive value for any vertex of degree at least
three and w(f) < 2% Then f(y,) > 1. If f(y3) = 1, the function g : V(G) — {0, 1,2} by g(y1) = 0
g(x1) = g(u) = g(xp) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-dominating function of G
such that g labels a positive value for any vertex of degree at least three, and we have w(g) = w(f)+3 <
2D 3 < 2. Assume that f(y3) = 0. Then f(#”) + f(x3) > 1, and the function g : V(G) — {0, 1,2}
defined by g(r”) = g(x3) = g(y1) = 0, g(x1) = g(x2) = g(u) = g(y3) = 1 and g(y) = f(y) otherwise, is a
total Roman {2}-dominating function of G of weight w(g) = w(f) +3 < @ +3 < %” and that labels
by positive values any vertex of degree at least 3.

Subcase 1.4. u is adjacent to an M-ear path in ‘W5 and is adjacent to two M-ear paths in W,.

Let W; = y'yi € W, for i € {1,2} such that uy}, uy?, tys, t'y3 € E(G). Let the graph G’ be obtained
from G — {xy, u,y}, y7} by joining x, to y} for i € {1,2}. Clearly, G’ € R. By the induction hypothesis,
there exists a total Roman {2}-dominating function f of G’ of weight w(f) < 5(" D and that labels by
positive values any vertex of degree at least 3. In particular, min{ f(x,), f(¢), f(¢’ ) > 1. Also to totally
dominate x, we must have f(x3)+f(y§)+f(y§) > 1. If f(x3) > 1, then the function g : V(G) — {0, 1,2}
by g(x1) = 0, g(y}) = g(w) = g(y}) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-dominating
function of G of weight w(g) = w(f)+3 < 2 ("_4) +3 < 5" and that labels by positive values any vertex
of degree at least 3. If f (y2) > 1 (the case f (y )>1is 51m11ar) then the function g : V(G) — {0, 1,2}
by g(y;) = 0, g(x)) = gw) = g(yl) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-dominating
function of G of weight w(g) < < and that labels by positive values any vertex of degree at least 3.
Subcase 1.5. u is adjacent to an M ear path in ‘W3, an M-ear path in ‘W, and an M-ear path in W,.

Let Wo = yiy, € W, and W3 = ¢’ € W, such that uy,,ut” € E(G) and ty,,t't” € E(G). We
consider the following situations.
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@) {v,t,t'}| = 3.

Suppose that the graph G’ is obtained from G — {x{, x,, x3, 4, y1, } by joining v and ¢’ to y, and

t, respectively. Clearly G* € R and by the induction hypothesis, G’ has a total Roman {2}-
dominating function f of weight w(f) < @ and that labels by positive values any vertex
of degree at least 3. If f(y,) = f(#’) = 0, then the function g : V(G) — {0, 1,2} defined by
g(x1) =0, g(xy) = g(x3) = g(y1) = g(u) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-
dominating function of G of weight w(g) = w(f)+4 < @ +4 < %” and that labels by positive
values any vertex of degree at least 3. If f(y,) > 1, then the function g : V(G) — {0, 1, 2} defined
by g(x1) = g(y1) =0, g(x2) = g(x3) = g(u) = 1, g(t”) = max{l1, f(¢")} and g(y) = f(y) otherwise,
is a total Roman {2}-dominating function of G of weight w(g) = w(f) +4 < @ +4 < %" and
that labels by positive values any vertex of degree at least 3. If f(y,) = 0, f(¢”) > 1, then the
function g : V(G) — {0, 1,2} defined by g(x1) = g(y1) = 0, g(x2) = g(x3) = g(u) = g(y2) = 1
and g(y) = f(y) otherwise, is a total Roman {2}-dominating function of G of weight w(g) =
w(f)+4< @ +4 < %” and that labels by positive values any vertex of degree at least 3.

(b) t=¢t andv # 1.
Suppose that the graph G’ is obtained from G — {xi, x,, x3,u4,y;,} by joining v to y, and ¢’.
Clearly G’ € R and by the induction hypothesis, G’ has a total Roman {2}-dominating function f
of weight w(f) < 2 (" =) and that labels by positive values any vertex of degree at least 3. Define
g :V(G) — {0, 1,2} by g(x1) = 0, g(x2) = g(x3) = g(u) = g(y1) = 1 and g(y) = f(y) otherwise,
is a total Roman {2}-dominating function of G of weight w(g) = w(f) +4 < @ +4 < %" and
that labels by positive values any vertex of degree at least 3.

(c)v=tandv #1.

Suppose that the graph G’ is obtained from G —{u, x1, x», y1, "} by joining ¢’ to x3 and y,. Clearly,
G’ € R. By the induction hypothesis, there exists a total Roman {2}-dominating function f of
G’ of weight w(f) < 5(” 2 and that labels by positive values any vertex of degree at least 3.
Define g : V(G) — {0, 1,2} by g(t”) = 0, g(x1) = g(x2) = g1) = gw) =1 and g(y) = f(y)
otherwise, if f(x3) = f(y2) = 0, by g(x2) = 0, g(x1) = g(y1) = gw) = g(t”") = 1 and g(y) = f(y)
otherwise, if f(x3) > 1, and by g(y1) = 0, g(x1) = g(x2) = gu) = g(t") = 1 and g(y) = f(y)
otherwise, when f (y2) > 1. Clearly g is a total Roman {2}-dominating function of G of weight
w@) =w(f)+4 <32 = and that labels by positive values any vertex of degree at least 3.

(d) v=r andv # 1.

Suppose that the graph G’ 1s obtained from G —{u, x1, x, y1, y2} by joining ¢ to x3 and ¢”. Clearly,
G’ € R. By the induction hypothesis, there exists a total Roman {2}-dominating function f of
G’ of weight w(f) < 5(” 2 and that labels by positive values any vertex of degree at least 3.
Define g : V(G) — {0, 1,2} by g(y2) = 0, g(x1) = g(x2) = g(y1) = gw) = 1 and g(y) = f(»)
otherwise, if f(x3) = f(r") = 0, by g(x2) = 0, g(x1) = g(y1) = g(v2) = g(w) = 1 and g(y) = f(¥)
otherwise, if f(x3) > 1, and by g(y;) = 0, g(x1) = g(x) = g(u) = g(y2) = 1 and g(y) = f(y)
otherwise, when f (t ) > 1. Clearly g is a total Roman {2}-dominating function of G of weight
w(@) =w(f)+4 <2 = and that labels by positive values any vertex of degree at least 3.

e)v=t=t.

Suppose that the graph G’ is obtained from G — {u, x;,y,} by joining x, to y, and . Clearly,
G’ € R. By the induction hypothesis, there exists a total Roman {2}-dominating function f of
G’ such that f of weight w(f) < 5(” 3 and that labels by positive values any vertex of degree at
least 3. Then f(x;) > 1, and without loss of generality, f(x3) > 1. Now the function g : V(G) —
{0, 1,2} defined by g(r”) = g(y2) = g(x1) = 0, g(y1) = glu) = 1 and g(Y) = f(y) otherwise, is
a total Roman {2}-dominating function of G of weight w(g) = w(f) +2 < % and that labels by
positive values any vertex of degree at least 3.
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Subcase 1.6. u is adjacent to an M-ear path in ‘W5 and is adjacent to two M-ear paths in “W,.
Let W, =y, W, = y, € ‘W such that uy,, uy,, yit, y,t' € E(G). Consider the following situations.

o v {1}
Suppose that the graph G’ is obtained from G — {xy, x,, x3, u} by joining v to y; and y,. Clearly,
G’ € R. By the induction hypothesis, there exists a total Roman {2}-dominating function f of G’
of weight w(f) < 5(" D and that labels by positive values any vertex of degree at least 3. Then
the function g : V(G) {0, 1,2} defined by g(x,) =0, g(x1) = g(x3) = g(u) = 1 and g(y) = f(y)
otherwise, is a total Roman {2}-dominating function of G of weight w(g) = w(f) + 3 < %” and
that labels by positive values any vertex of degree at least 3.

ev=tandv #7.
Assume that G’ is obtained from G — {x, x;, u, y,} by joining ¢ to x3 and y,. Clearly, G’ € R
and by the induction hypothesis, there exists a total Roman {2}-dominating function f of G’ of
weight w(f) < 5(” D and that labels by positive values any vertex of degree at least 3. Define
g:V(G) — {0, 1, 2} by g(y2) = 0, g(x1) = g(x2) = g(w) = 1 and g(y) = g(y) otherwise, if f(x3) =
SO =0,by g(x2) =0, g(x1) = g(y2) = g(u) = 1 and g(y) = f(y) otherwise, if f(x3) > 1, and by
g0 =0, g(x1) = g(x2) = g(u) = g(y2) = 1 and g(y) = f(y) otherwise, when f(y1) > 1. Clearly
g is a total Roman {2}-dominating function of G of weight w(g) = w(f) + 3 < = and that labels
by positive values any vertex of degree at least 3.

ev=r="t.
Assume that G’ is obtained from G — {x;, u} by joining x; to y; and y,. Clearly, G’ € R and by
the induction hypothesis, there exists a total Roman {2}-dominating function f of G’ of weight
w(f) < @ and that labels by positive values any vertex of degree at least 3. Then f(x;) > 11,
and without loss of generality, f(x3) > 1. Define g : V(G) — {0, 1,2} by g(x;) = g(v1) = g0n) =
0, g(x;) = gu) = 1 and g(y) = f(y) otherwise. Clearly g is a total Roman {2}-dominating
function of G of weight w(g) = w(f) +1 < 56" and that labels by positive values any vertex of
degree at least 3.

Considering Case 1, we may assume that W5 = 0.
Case 2. W, = 0.

Let W, = x1x, € ‘W, and ux;x,v be a path in G. Suppose, without loss of generality, that deg (1) =
3. Consider the following subcases.

Subcase 2.1. u is adjacent to three M-ear paths in “W,.

Let W, = yy, and W3 = #/'t] be the other M-ear paths in ‘W, such that ut’, uy, € E(G) and let
ty), 1't) € E(G) where 1,1 € M Flrst let [{v, t,#'}| > 2 and let without loss of generality that v ¢ {z,¢'}.
Assume that G’ is obtained from G — {u, x1, x2, 1, ]'} and by joining v to y, and 7}'. Clearly, G’ € R
and by the induction hypothesis, there exists a total Roman {2}-dominating function f of G’ of weight
w(f) < 5("7_5) and that labels by positive values any vertex of degree at least 3. Define the function
g : V(G) = {0,1,2} by g(u) = g(y1) = glx1) = g(r}) = 1, g(x2) = 0 and g(y) = f(y) otherwise, when
SO) = f(#) = 0, by g(u) = g(x2) = g(x1) = g(#]) = 1, g(y1) = 0 and g(y) = f(y) otherwise, when
f(2) 2 1, and by g(u) = g(xz) = g(x;) = g(y1) = 1, g(#}') = 0 and g(y) = f(y) otherwise, when
f(&) > 1. Clearly g is a total Roman {2}-dominating function of G of weight w(g) = w(f) +4 < %”
and that labels by positive values any vertex of degree at least 3.

Now letv=t="¢.

Suppose that the graph G’ is obtained from G — {u, y,, ]} and by joining x,; to y, and z;’. Clearly,
G’ € R and by the induction hypothesis, there exists a total Roman {2}-dominating function f of
G’ of weight w(f) < 2 (" 3 and that labels by positive values any vertex of degree at least 3. Then
f(x1) = 1 and maX{f(Xz) f(2), f(&))} = 1. Define g : V(G) — {0, 1,2} by g(x1) = g(y2) = () =
g(x2) = gu) = g(y1) = g(t)) = 1 and g(y) = f(y) otherwise, is a total Roman {2}-dominating function
of G of weight w(g) = w(f)+2 < 2 < and that labels by positive values any vertex of degree at least 3.
Subcase 2.2. u is adjacent to two M -ear paths in ‘W, and adjacent to an M-ear path in “W,.
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Let W, = y;y, be another M-ear path in ‘W, and W5 = ¢’ be a M-ear path in W, such that
uyy, ut’” € E(G). Suppose ty,,t't” € E(G) where ¢, € M. We consider the following.

o v ¢ {t,1'}. Suppose that the graph G’ is obtained from G — {u, x1, x,y;} and by joining v to
vy, and ¢’. Clearly, G’ € R and by the induction hypothesis, there exists a total Roman {2}-
dominating function f of G’ of weight w(f) < 5(" D and that labels by positive values any Vertex
of degree at least 3. Define g : V(G) — {0, 1 ,2} by g(x) = 0, g(x1) = gO1) = gluw) =
and g(y) = f(y) otherwise, if f(1”) = f(y2) = 0, by gy1) = 0, g(x1) = glx2) = g(w) =1 and
g(y) = f(y) otherwise, if f(y>) > I, and by g(x1) = 0, g(x2) = g(y1) = g(u) = 1 and g(y) = f(y)
otherwise, when f(#’) > 1. Clearly g is a total Roman {2}-dominating function of G of weight
w(@ =w(f)+3< %" and that labels by positive values any vertex of degree at least 3.

ev=rtandv #1.

Suppose that the graph G’ is obtained from G — {u, x, y;,t”} by adding the edges #' x, and ty,.
Clearly, G’ € R and by the induction hypothesis, there exists a total Roman {2}-dominating
function f of G’ of weight w(f) < 5(” D and that labels by positive values any vertex of degree
at least 3. Define g : V(G) — {0, 1,2} by g(t’) = 0, g(x;) = g(y1) = gu) = 1 and g(y) = f(y)
otherwise, if f(x;) = f(y1) = 0, by g(x1) = 0, gy1) = g(") = gw) = 1 and g(y) = f(y)
otherwise, when f(x;) > 1 (the case f(y;) > 1 is similar) Clearly g is a total Roman {2}-
dominating function of G of weight w(g) = w(f) +3 < 2 7 and that labels by positive values any
vertex of degree at least 3.

ev=rtandv #t.

Suppose that the graph G’ is obtained from G — {u,y;,y», x;} by adding the edges 7x, and #t”.
Clearly, G’ € R and by the induction hypothesis, there exists a total Roman {2}-dominating
function f of G’ of weight w(f) < 5(" D and that labels by positive values any vertex of degree
at least 3. Define g : V(G) — {0,1 2} by g(y2) = 0, g(x1) = g(y1) = gw) = 1 and g(y) = f(y)
otherwise, if f(r”) = f(x2) = 0, by g(x1)) = 0, gy1) = g02) = gw) = 1 and g(y) = f(y)
otherwise, if f(x;) > 1, and by g(t”") = g(y1) = 0, g(x2) = g(x1) = g(y2) = gu) = 1 and
g(y) = f(y) otherwise, when f (") > 1. Clearly g is a total Roman {2}-dominating function of G
of weight w(g) = w(f) +3 < & = and that labels by positive values any vertex of degree at least 3.
ev=rt=".

Let w € M — {u,v} and w’ be a neighbor of w in G. Suppose that the graph G’ is obtained
from G — {u, x1, x2, y1} by adding the edges wy, and wt”. Clearly, G’ € R and by the induction
hypothesis, there exists a total Roman {2}-dominating function f of G’ of weight w(f) < @
and that labels by positive values any vertex of degree at least 3. Define g : V(G) — {0, 1,2}
by g(x2) = 0, g(u) = g(x1) = g(y1) = 1 and g(y) = f(y) otherwise, if f(y2) = f(r”) = 0, and
by g(w’) = max{l, f(wW)}, g(x1) = g(y2) = g(r") = 0, g(u) = g(x2) = g(y1) = 1 and g(y) = f(y)
otherwise, if f(y,) + f(t”) > 1. Clearly, g is a total Roman {2}-dominating function of G of
weight w(g) = w(f) +3 <2 = and that labels by positive values any vertex of degree at least 3.

Subcase 2.3. The other neighbor of u belong to M-ear paths in ‘W,. Considering above cases and
subcases, we can suppose that any vertex of M is adjacent to at most one vertex in (Jyeqy, V(W).
Then G is a graph obtained from a loopless multigraph G” by subdividing each edge of G’ at most
twice such that the set of edges of G’ subdivided twice forms a matching in G’. Note that W =
IV(G)| 2 V(G| + |EG)| = V(G| + 24 = IO pecause deg; (v) = 3 for any y € V(G'). Let
M ={ey = uyvy,...,e;r = uvi} be set of edges of G’ subdivided twice and let the edge u;v; be replaced
by u,-w"lwévi for 1 < i < k. For each vertex x in V(G’) \ {uy, ..., u}, let x’ be one of its neighbors in
G. Define the function g : V(G) — {0, 1,2} by g(u;) = g(w‘i) =1forl <i<k,gkx) =gkx)=1for

x e V(G \{uy,...,u}, and g(y) = O otherwise Clearly, g is a total Roman {2}-dominating function
')\
of G of weight w(g) <2IV(GY)| < ——— > < 5—" and that labels by positive values any vertex of degree

at least 3. O
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3. Main Result

In this section we prove our main result.
Theorem 1. If G is a n-vertex graph with 6(G) > 2, y;z:(G) < 2.

Proof. The proof is by induction on n. If n < 6, then for any vertex v € V(G) with minimum degree,
the function f defined by g(v) = 0 and g(y) = 1 otherwise, is a total Roman {2}-dominating function
of G of weight n — 1 and so y;g(G) < n—1 < %”. Assume that n > 7 and that the result holds for
all graph G of order less than n with 6(G) > 2. Let G be a graph of order n > 7 with 6(G) > 2.
Since yz2(G) < vira(G — e) for every e € E(G), we can assume that |E(G)| is as small as possible.
If A(G) = 2, then G is a disjoint union of cycles and the result follows by Proposition 2. Hence
assume that A(G) > 3. Let M = {v € V(G) | deg;(v) > 3} and N = V(G) — M. By our choice of
G, M is an independent set. Consider the M-ear paths and associated notations defined in proof of
Proposition 4. Note that M = Jyeqy Xw, M U Uwew V(W) is a partition of V(G) and 1 < [Xy| < 2
for each W € “‘W. Assume first there exists an M-ear path W for which 6(G — V(W)) < 1. This
implies that |Xy| = 1 and since G is simple we have |V(W)| > 2. Suppose that Xy = {¢} and
Ng(t) — V(W) = {t'}. Then there exists a unique M-ear path W’ for which ¢ is a leaf of W’. Let
G' =G - (V(W) U V(W) U {#}). Then 6(G’) > 2 and by the induction hypothesis y,z(G") < L"),
On the other hand, since G” = G[V(W) U V(W’) U {t}] = Cyw)+1,v(w)>» We have yg(G”) < %GH)',
by Proposition 3. If f is a y,z,(G")—function and g is a y,z,(G"”)-function, then the function / defined
on V(G) by I(y) = f(y) fory € V(G’) and I(y) = g(y) for y € V(G"”), 1s a total Roman {2}-dominating
function of G of weight at most %”. Suppose that 6(G — V(W)) > 2 for each M-ear path W € W. It
follows that |Xy/| = 2 for each M-ear path W € W. First let W — (W, U W, U W5UW,UWs) 0.
Suppose O € W — (W, U W, U W3 UW,UWs;)and G' = G — V(O). By Proposition 1 and the
induction hypothesis we have y,z,(0) < 5|va)| and y;r(G') < 5'%(;’)'. If fis ay;z,(G")-function and g is
a v;z2(0)-function, then the function / defined on V(G) by I(y) = f(y) for y € V(G’) and I(y) = g(y) for
y € V(0), is a total Roman {2}-dominating function of G and hence y,z:(G) < yr2(G’) + yi2(0) < %”
Let W =W, UW,UW;UW,UWs. Then G € R and the result follows from Proposition 4. This

completes the proof. O
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