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Abstract: Let G(V, E) be a simple graph of order n with vertex set V and edge set E. Let (i, v) denote
an unordered vertex pair of distinct vertices of G. For a vertex u € G, let N(u) be the set of all vertices
of G which are adjacent to u in G. Then for 0 < i < n — 1, the i-equi neighbor set of G is defined as:
N.(G,i) = {(u,v) : u,v € V,u # v and |N(u)| = [N(v)| = i}. The equi-neighbor polynomial N,[G; x] of
G i1s defined as N,[G; x] = ZEZBI) IN,(G, i)|x'. In this paper we discuss the equi-neighbor polynomial
of graphs obtained by some binary graph operations.
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1. Introduction

Let G(V, E) be a simple graph of order n with vertex set V and edge set E. Let (u,v) denote an
unordered vertex pair of distinct vertices of G. For a vertex u € G, let N(u) be the set of all vertices
of G which are adjacent to u in G. Then for 0 < i < n — 1, the i-equi neighbor set of G is defined as:
N.(G,i) = {(u,v) : u,v € Vyu # v and [N(u)| = [N(v)| = i}. The equi-neighbor polynomial N,[G; x] of
G is defined as N,[G; x] = X"V IN(G, lx [1].

Binary graph operations are used to model the action between two network systems. Binary graph
operations are usually known as graph products in which two initial graphs are acted together accord-
ing to some specific rules to produce a new graph.

In this paper we discuss the equi-neighbor polynomial of graphs obtained by some binary graph
operations.

2. Main Results

In this section, we discuss the equi-neighbor polynomial of graphs obtained by some binary graph
operations.

If H and K are two graphs, then the join, H V K is the graph with vertex set V(H) U V(K) and the
edge set E(H)U E(K) U {uv:ue V(H),v € V(K)}.

Theorem 1. If H and K are any two graphs with h and k vertices respectively, then the equi neighbor
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polynomial of the join of H and K is given by

h—-1
N,[HV K;x] = X¥*N,[H; x] + X"N,[K; x] + Z(H, Dn(K, i+ k — h)x™,
i=0

where n(H, i) denotes the number of vertices of H with i neighbors and n(K,i + k — h) denotes the
number of vertices of K with i + k — h neighbors.

Proof. Observe that from the definition of H Vv K, each vertex of K has k more than the number of
neighbors as in H and each vertex K has 4 more than the number of neighbors as in K. Therefore it is
enough to consider the following three cases:

Case (i) Letu,v e V(H); IN(w)| = [IN(v)| = iin H.

Then u has (i + k) neighbors in H V K, which are the i neighbors in H and the k vertices in K.

The same is true for v. Hence the pair (&, v) has (i + k)-equi neighbors in H V K and there are
IN.(H, i)| such pairs.

Case (ii) Let u,v € V(K); IN(w)| = IN(v)| =iin K.

Then u has (i + h) neighbors in H V K, which are the i neighbors in K and the A vertices in H.
The same is true for v. Hence the pair (u,v) has (i + h)-equi neighbors in H V K and there are
IN.(K, i)| such pairs.

Case (iii) Letu € V(H),v € V(K); IN(w)| =iin H,IN(v)| =i+ k—hin H.
Then u and v have (i + k) neighbors in H V K. Hence the pair (u, v) has (i + k)-equi neighbors in

H Vv K and there are n(H, i)n(K, i + k — h) such pairs.
Thus we have,

h-1 k—1
NH v Kix] = ) INGH D™ + ) IN(K, )]
i=0 i=0
h—1
+ Z n(H, (K, i + k — h)x*
i=0
h—1
= X*N,[H: x] + X'N,[K: x] + Z n(H, (K, i+ h — k)x*,
i=0
This completes the proof. O

Consider the graph G(V, E) and let w ¢ V. Then the graph G + w is a graph obtained from G
including the vertex w in G and joining it to all other vertices of G.

Corollary 1. N.[G + w; x] = xN,.[G; x] + n(G,n — 1)X", where n(G,n — 1) represents the number of
vertices of G with (n — 1) neighbors.

Proof. The result follows from the fact that G + w is isomorphic to G V K, where K| is the complete
graph on a single vertex with V(K;) = {w}. O

A Wheel graph W,,n > 3 is obtained by taking the join of the cycle graph C,_; and the complete
graph K;.

Lemma 1. For a cycle graph C,,

N[C,: x] = (Z)xz,n > 3,

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 119, 35-43



Equi Neighbor Polynomial of Some Binary Graph Operations 37

Corollary 2. If W,,n > 3 is a wheel graph with n vertices, then

n—-1\.3 .
b i 47
NIW,:x] = (23)x s
6x°, if n=4.

Proof. Observe that W, is isomorphic to C, — 1 V K;; where C,, — 1 is the cycle graph on n vertices
and K is the complete graph on a single vertex. Therefore, using lemma 1 and Theorem 1, it follows
that

Case (i) Let n # 4. Then,

-1 -1
Ne[Cn—1\/K1;x]=x(n2 ))c2+)c><0:(n2 )x3.

Case (ii) Let n = 4. Then,
NJC VK x] = xXx32 + 3 x0+3%x1xx° =6x°.

This completes the proof. O

A Shell graph S,, where n > 3 is obtained from the cycle graph C, by adding the edges corre-
sponding to the (n — 3) concurrent chords of the cycle.

Lemma 2. If P, is a path graph of length n; n > 2, we have
-2
NP, x] = x+ (n ) )xz;n > 2.

Corollary 3. For a shell graph S ,;; n > 3, we have

(”;3)x3 +x%, ifn#3,4,

Ne[Sn;x] = 3X2, lfn = 37
X+ X2, ifn=4.
Proof. Note that S, = P,_; V K. Then the result follows from Lemma 2 and Theorem 1. O

The corona of two graphs K and H is formed from one copy of K and |V(K)| copies of H where
the i vertex of K is adjacent to every vertex in the i copy of H [2]. It is denoted by K o H.

Theorem 2. If K is a graph having k vertices and H is a graph having h vertices, then the equi
neighbor polynomial of corona of K and H is given by

k h—1 ‘
N,[K o H: x] = X"N,[K; x] + kxN,[H; x] + (2) Z[n(H, DIPx! + n(K, 0yn(H, h — )X,
i=0

where n(H, i) represents the number of vertices of H with i neighbors and n(K, Q) represents the
number of isolated vertices of K.

Proof. Observe that, from the definition of K o H,

(1) each vertex of K has & more than the number of neighbors as in K,
(i1) each vertex in a copy of H has one more than the number of neighbors as in H and there are k
copies of H.

Therefore it is enough to consider the following four cases;
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Case (i) Letu,v € V(K); IN(w)| = IN(v)| = iin K.

Then u has (i + h) neighbors in K o H, which are the i neighbors in K and the 4 vertices in a
copy of H corresponding to the vertex u. v also has (i + h) neighbors in K o H, which are the i
neighbors in K and the £ vertices in the copy of H corresponding to the vertex v. Hence the pair
(u,v) has (i + h)-equi neighbors in K o H and there are |N,(K, i)| such pairs.

Case (ii) Letu,v € V(H;); where H; denotes the j" copy of H; j = 1,2, ..k; IN(u)| = IN(v)| = i in H;.

Then u has (i + 1) neighbors in K o H, which are the i neighbors in H and the vertex in K
corresponding to H;. The same is true for v. Hence the pair (u, v) has (i + 1)-equi neighbors in
K o H and there are |N,(H, i)| such pairs corresponding to the copy H; of H. Note that there are
k such copies of H.

Case (iii) Let u € V(H,), v € V(Hy), where H; anf H; denote the j* and k" copy of H respectively;
Jkef{l,2,..,k}; j# k;INw)| =|N(v)| =iin H.

Then the pair (u, v) has (i + 1)-equi neighbors in K o H and there are (’;)[n(H, i)]*such pairs.

Case (iv) Letu € V(K) and v € V(H;), where H; denote the j" copy of H; j€{1,2,....k}; IN(u)| =0
inK;|[Nv)|=h—-1in H.

Then u and v have h neighbors in K o H. Hence the pair (u, v) has h-equi neighbors in K o H and
there are n(K, 0)n(H, h — 1) such pairs. Thus,

k-1 h-1 h-1
. . k .
NeK o H;x] = ) ING(K, i)™ + k 3" IN(H, )] ! + ( 2) D InH, )25 + n(K, 0yn(H, h = 1)x"
i=0 i=0 i=0

h—1
= X"N,[K; x] + kxN,[H; x] + (’2‘) Z[n(H, NP + n(K,0)n(H, h — 1)x".
i=0

This completes the proof. O

The graph Q(m,n) ;m > 1,n > 1 is obtained by identifying each vertex of the complete graph K,
with a vertex of a unique K, where there are m copies of K, [3].

Corollary 4. Form > 1,n > 1, we have

. — m _1)2 n—1 n—1 m\ en—2
NE[Q(m,n),x]—{(z)(n 1) +m( ) )}x +(2)x .

Proof. The result follows from the fact that Q(m, n) and K,, o K,,_; are isomorphic. |

The Cartesian product of two graphs K and H is the graph KOH with vertex set V(K) X V(H) and
the vertices («, v) and (x, y) are adjacent if and only if u = x and vy € E(H) or ux € E(G) and v = y.

Theorem 3. If K is a graph with vertex set V(K) = {uy, us, ...,u;} and H is a graph with vertex set
V(H) = {v1, V2, ..., v}, then the equi neighbor polynomial of cartesian product of K and H is given by,

h k
NIKOH:x] = NK:x] ) & + N[H:x] ) x" +2 )" IN(K DIN(H, I

r=1 r=1 (i,j)elxl
k+h-2
+ D D K. dn(K. pn(H.m = dn(H.m ~ "),
m=1 i jeli#j

where d, = |N(u)|,r = 1,2,...,k,d' = [INw),r=1,2,...,h [ ={0,1,2, ...k — 1}, n(K, i) and n(H, i)
represent the number of vertices in K and H respectively with i neighbors.
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Proof. Let the vertices of KOH be denoted by u;v; where i € {1,2,...,k} and j € {1,2,...,h}.
Observe that from the definition of KOH the number of neighbors of a vertex u,;v; in KOH is equal to
the sum of the number of neighbors of u; in K and the number of neighbors of v;in H;i € {1,2,...,k},
Jj€{1,2,...,h}. Therefore it is enough to consider the following four cases;

Case (i) Consider the vertex pairs of KOH of the form (u,v, u,v,), r € {1,2,...,k}, s,t € {1,2,...,h},
s # t; with [N(u,)] = d, in K and |[N(vy)| = |[N(v;)] = i in H. Then the pair (u,vg, u,v,) has
(i + d,)-equi neighbors in KOH and there are |N,(H, i)| such pairs, for each r € {1,2,...,k}.

Case (ii) Consider the vertex pairs of KOH of the form (uyv,,u,v,), where s,t € {1,2,...,k}, r €
{1,2,...,h}, s # t, with |N(u,)| = IN(w,)| = i in K and |[N(v,)| = d! in H. Then the pair (u,v,, u;v,)
has (i + d})—equi neighbors in KOH and there are |N,(K, i)| such pairs, for each r € {1,2,...,h}.

Case (iii) Consider the vertex pairs of KOH of the form (u,v,, u,v;), where s,t € {1,2,...,k}, r,l €
{1,2,...,h}, s # t, r # I, with [N(uy)| = [N(i;)] = i in K and |N(v,)| = IN(v;)| = j in H. Then the
pair (uyv,, u,v;) has (i + j)-equi neighbors in KOH and there are 2|N,(K, i)||N.(H, j)| such pairs.

Case (iv) Consider the vertex pairs of KOH of the form (u,v,,u,v)), s,t € {1,2,....k}, r,l €
{1,2,...,h} with |[N(uy)| = i, IN(w,)| = jin K, where i # j. Then the pair (uyv,, u,v;) has m-
equi neighbors in KOH and there are n(K, i)n(K, j)n(H,m — i)n(H,m — j) such pairs for each
me{l,2,...,h+k—2}. Thus,

h—

1 k k-1 h
NJIKOH; x] = 3 IN(H, DX X Y 5 + 3 INGK, DI X ) x4+ 3" 2ANG(K, DIN(H, )™
r=1 i=0 r=1

i=0 (i, j)elxI

k+h—2
+ Z { Z n(K, (K, jyn(H, m — iyn(H, m — j)xm}

m=1 \i,jel;i#j
h k
1 I
= N[K;x] ) x% + Ne[H; x1 ) x* 42 )" INJ(H, DlIN(H, ™
=1 r=1 (i, )eIxI

k+h—2
+ { > n(K, (K, jyn(H,m - in(H,m - j)x’”}.

=1 \ijeli#j

This completes the proof.
]

A Ladder graph L,;n > 2 is obtained as the cartesian product of two paths one of which has only
one edge.

Corollary 5. For a Ladder graph L,, we have
N,[L,;x] = (n—2)2n—-5x" +6x*;n > 2.
Proof. Since L, is isomorphic to P,0P,, N[L,; x] = N[P,OP,; x]. Note that N [P,; x] = ("gz)xz + x.

So we obtain,

R i L Ay b BN

=(n-2)2n-5x + 6x".
This completes the proof. O
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A Circular ladder graph CL,;n > 3 is obtained as the cartesian product of the cycle graph C,, and
the path P;.

Corollary 6. For a Circular ladder graph CL,,, we have
N.[CL,;x] = n(2n— Dx’;n > 3.
Proof. Using the Lemma 1, Theorem 3 and using the fact that CL, is isomorphic to C,0P,, it follows
that,
2, [T),2 n 3
N,[CL,;x] = x X nx" + (2)x X 2x + 2(2) X1Xx
=n2n - 1)x°.

This completes the proof. O

A m—book graph is obtained as the cartesian product of the star graph K, ,, and the path graph P,.

Corollary 7. If B,, is a m—book graph, then we have

e m@m - Dx?, if m> 1,
N.[B,;x] = .
X2, if m=1.
Proof. Since B, is isomorphic to K, ,0P,, N,[B,,; x] = N.[K, ,,0P,; x]. Note that
(';)x, m>1,

Ne[Kl,m;x] = { .
X, m=1.

Thus we obtain,

Case (i) Let m > 1. Then,
m m m 2 m+l 2
N.[K,,,0OP,; x] = x|x +mx]+(2)x><2x+2(2)><1><x =x"" +mQ2m - 1)x°.

Case (ii) Let m = 1. Then,

Ne[Kl,mDPz;x]:x><2x+x><2x+2><1><1><x2:6x2.

This completes the proof. O

A rooted graph is a graph in which one vertex is distinguished as a root. The Rooted product of a
graph G and a rooted graph H is obtained as follows;

Take |V(G)| copies of H and for each vertex v; of G, identify v; with the root vertex of the i”* copy
of H [4].

Theorem 4. Let G be a graph with n vertices. Let H be a rooted graph with m vertices, having a root
vertex vy with degree d. If G is the rooted product of G and H, then,

m—1 n—1
N,[G7: x] = X!N,[G: x] + n*N,[H: x] + ") Z n(H, i)x' + Zn(G, Dn(H, i+ d)x'
2 i=0,i#d i=0
(n+1) (n+1)

n(H,d) +n(G,0n(H, d) + —— - n(G, 0)nx’,
where n(G, i) and n(H, i) represent the number of vertices of G and H respectively with i neighbors.
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Proof. Let V(G) = {uy,us,...,u,} and let V(H) = {v{,v,...,v,} where v, is the root vertex. Then
a vertex of G’ can be represented by u,v, where r € {1,2,...,n} and s € {1,2,...,m}. Observe that,
from the definition of the rooted product of G and H,

(i) the number of neighbors of vertices of G of the form u,v,, r € {1,2,...,n} is equal to the sum
of the number of neighbors of u, in G and the number of neighbors of v, in H.
(i1) the number of neighbors of vertices of G of the form u,vy, r € {1,2,...,n}; s € {2,3,...,m} is

equal to the number of neighbors of v, in H.
Therefore it is enough to consider the following seven cases;

Case (i) Consider the vertex pairs of G of the form (u,vy, u,v,), where r, s € {1,2,...,n}; r # s; with
IN(u,)| = [IN(uy)| = i in G. Then u,v, has (i + d) neighbors in Gr. The same is true for u,v;. Hence
the pair (u,vy, u,vy) has (i + d)-equi neighbors in G and there are |N,(G, i)| such pairs.

Case (ii) Consider the vertex pairs of Gr of the form (u,vy, u,v,), where r € {1,2,...,n}, s,t €
{2,3,...,m}, s # t, with |[N(vy)| = [N(v,)| = i # d in H. Then the pair (u,v;, u,v,) has i-equi
neighbors in G and there are |N,(H, i)| such pairs, corresponding to each r € {1,2,...,n}.

Case (iii) Consider the vertex pairs of G/ of the form (u,v,,u,v;), where r € {1,2,...,n}, s,t €

{2,3,...,m}, s # t, with [N(vy)| = IN(v,)| = d in H. Then the pair (u,v,, u,v;) has d-equi neighbors
in G and there are |N,(H, d)| — n(H,d) + 1 such pairs, corresponding to each r € {1,2,...,n}.

Case (iv) Consider the vertex pairs of G of the form (u,v,u,v,), where r € {1,2,...,n}, s €
{2,3,...,m}, with [IN(u,)] = iin G and |[N(v,)| = i + d in H.

Subcase (i) Let i = 0. Then the pair (u,v,u,v,) has d-equi neighbors in Gr and there are
n(G,0){n(H,d) — 1} such pairs.

Subcase (ii) Let i # 0. Then the pair (u,v1,u,vs) has (i + d)-equi neighbors in G and there are
n(G,)n(H, i + d) such pairs.

Case (v) Consider the vertex pairs of G of the form (u,vy,u,v,), where r,s € {1,2,...,n}, t €
{2,3,...,m},r # s, with |N(u,)| =iin G and [N(v,)| =i+ d in H.

Subcase (i) Let i = 0. Then the pair (u,vi, u,v,) has d-equi neighbors in G and there are (n —
Dn(G, 0){n(H, d) — 1} such pairs.

Subcase (ii) Let i # 0. Then the pair (u,v;, u,v,) has (i + d)-equi neighbors in G7 and there are
(n — Dn(G,)n(H,i + d) such pairs.

Case (vi) Consider the vertex pairs of Gs of the form (u,vy, u,v;), where r,t € {1,2,...,n}, s,l €
{2,3,...,m}, r # t, with [N(vy)| = IN(v)| = i # d in H. Then the pair (u,v;, u,v;) has i-equi
neighbors in G and there are (g)[ZINe(H, i)| + n(H, i)] such pairs.

Case (vii) Consider the vertex pairs of G of the form (u,v,, u,v;), where r,t € {1,2,...,n}, s,l €
{2,3,...,m}, r #t, with |[N(vy)| = IN(v;)| = d in H. Then the pair (u,v;, u,v;) has d-equi neighbors
in G and there are (;)[ZINQ(H, d)| — n(H, d) + 1] such pairs. Thus,

m—1
N,[G7; x] = ¥'N,[G; x] + n IN(H, i)x' + n{|N,(H,d)| — n(H,d) + 1}x*
i=0;i#d
n—-1

+ n(G, 0){n(H, d) — 1}x" + Z n(G, n(H, i+ d)x*

i=1
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n—1

+ (- Dn(G,0){n(H,d) - 1}x%+(n—-1) Z n(G,n(H, i+ d)x'™

i=1

m—1
+ (';) D 2INCH, D] + n(H, D)X + (;){ZINE(H, )|~ n(H, d) + 1}
i=0;i#d
m=1 n—1
= dNe[G; X] + nzNe[H; X] + (;l) Z I’l(H, l')xi + Z I’l(G, l)n(H, i+ d)xi
i=0,i#d i=1

_(n+D (n er D G0y,

n(H,d) + n(G,0)n(H,d) +

This completes the proof. O

The Tensor product of two graphs K and H is the graph K x H with vertex set V(K) X V(H) and
the vertices (u, v) and (x, y) are adjacent if and only if ux € E(K) and vy € E(H).

Theorem 5. If K is a graph with vertex set V(K) = {uy, us, ...,u;} and H is a graph with vertex set
V(H) = {vi, va, ..., v,}, then the equi neighbor polynomial of Tensor product of K and H is given by

k h
N[K X H;x] = D NIK; ¥ ]+ > NH; x1+2 )" INJ(H, DIINe(H, lx’

r=1 r=1 (i,j)611><12

+ { n(K, in(K, jn(H, myn(H, n)x""}
i,jely;i#j \(mp)elhxly;im=jn

+n(K,00 > n(H,mn(H,n),

m,nel;m#n

where I = {0,1,2,...,k -1}, L = {0,1,2,...h — 1}, d, = [Nw,),r € {1,2,...k}, d' = IN(v,),
r e {1,2,...h}, n(K,i) and n(H,i) represent the number of vertices in K and H with i— neighbors
respectively.

Proof. Let the vertices of K X H be denoted by u;v;, where i € {1,2,...,k} and j € {1,2,...,h}.
Observe that from the definition of K X H the number of neighbors of a vertex u;v; in K X H is
equal to the product of the number of neighbors of u; in K and the number of neighbors of v; in H;
ief{l,2,...,k}, je{1,2,...,h}. Therefore it is enough to consider the following five cases;

Case (i) Consider the vertex pairs of K X H of the form (u,v,, u,v,), where r € {1,2,...,k}, s,t €
{1,2,...,h}, s # t, with [N(u,)| = d, in K and |[N(v,)| = [N(v,)| = i in H. Then the pair (u,v;, u,v,)
has (i X d,)- equi neighbors in K X H and there are |N,(H, i)| such pairs, corresponding to each
ref{l,2,...,k}.

Case (ii) Consider the vertex pairs of K X H of the form (u,v,,u,v,) where s,t € {1,2,...,k}, r €
{1,2,...,h}, s # t, with [IN(uy)| = |IN(u,)| = i in K and |[N(v,)| = d! in H. Then the pair (u,v,, u,v,)
has (i X d!)- equi neighbors in K X H and there are |N,(K, i)| such pairs, corresponding to each
ref{l,2,..., h}.

Case (iii) Consider the vertex pairs of K X H of the form (u,v,, u,v;), where s,t € {1,2,...,k}, r,l €
{1,2,...,h}, s #t, r # [, with |[N(uy)| = |IN(u,)| = i in K and |N(v,)| = |[N(v;)| = j in H. Then the
pair (uyv,, u,v;) has (i X j)- equi neighbors in K X H and there are 2|N, (K, i)||N.(H, j)| such pairs.

Case (iv) Consider the vertex pairs of K X H of the form (u,v,,u,v;), where s,t € {1,2,...,h},
r,l € {1,2,...,k} with [N(u,)| = i, IN(u)| = jin K, where i # j, and |[N(v,)| = m,
IN(v))| = n satisfying im = jn. Then for any set of values for i and j satisfying i # j, we
€€t X immyenyxtyiim=m MK, D(K, j)n(H, m)n(H, n) pairs of vertices with im-equi neighbors.
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Case (v) Consider the vertex pairs of K X H of the form (u,v,, u,v,), where r € {1,2,...,k}, s,t €
{1,2,...,h}, with [N(u,)| = 0, IN(vy)| = m, |IN(v,)] = n, m # n. Then the pair (u,v;, u,v,) has
zero-equi neighbors and there are n(K, 0) 3., cp,.mzn N(H, m)n(H, n) such pairs.

This completes the proof. O
3. Conclusion

In this paper, we discussed the equi neighbor polynomial of graphs obtained by some graph binary
operations. The paper has provided explicit formulae to find the equi neighbor polynomial of some
well-known graph products such as join, corona, cartesian product, rooted product, and tensor product
of two graphs in terms of the equi neighbor polynomial of the parent graphs.
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