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Abstract: Let G be a connected graph. A pebbling move is defined as taking two pebbles from one
vertex and the placing one pebble to an adjacent vertex and throwing away the another pebble. A
dominating set D of a graph G = (V, E) is a non-split dominating set if the induced graph < V - D >
is connected. The Non-split Domination Cover(NDC) pebbling number, ¢,,(G), of a graph G is the
minimum of pebbles that must be placed on V(G) such that after a sequence of pebbling moves, the set
of vertices with a pebble forms a non-split dominating set of G, regardless of the initial configuration
of pebbles. We discuss some basic results and determine ¥,,; for some families of standard graphs.
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1. Introduction

Lagarias and Saks were the first one to introduce the concept of pebbling and Chung [1] used the
concept in pebbling to solve a number theoretic conjecture. Then many others followed suit including
Glenn Hulbert who published a survey of pebbling variants [2]. The subject to graph pebbling has
seen a massive growth after Hulbert’s survey. The past 30 years so many new variants in graph
pebbling have been developed which can be applied to the filed of transportation, computer memory
allocation, game theory and the installation of mobile towers.

Let us denote G’s vertex and edge sets as V(G) and E(G), respectively. Consider a graph with a
fixed number of pebbles at each vertex. One pebble is thrown away and the other is placed on an
adjacent vertex when two pebbles are removed from a vertex. This process is known as a pebble
move. The pebbling number of a vertex v in a graph G is the smallest number 7(G, v) that allows us to
shift a pebble to v using a sequence of pebbling move, regardless of how these pebbles are located on
G’s vertices. The pebbling number, 7(G), of a graph G is the maximum of (G, v) over all the vertices
v of a graph. Considering the concept of cover pebbling [3] and non-split domination [4] we develop a
new concept, called the non-split domination cover pebbling number of a graph, denoted by ,,,(G). In
paper [3] “The cover pebbling number, A(G), is defined as the minimum number of pebbles required
such that given any initial configuration of at least A(G) pebbles, it is possible to make a series of
pebbling moves to place at least one pebble on every vertex of G” and in [4] The domination cover
pebbling number, y(G), is defined as “the minimum number of pebbles required so that any initial
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configuration of pebbles can be shifted by a sequence of pebbling moves so that the set of vertices
that contain pebbles form a dominating set S of G”. Lourdusamy et al. [S] proposed the concept of
covering cover pebbling number. The covering cover pebbling number of a graph of G, 0(G), is the
minimum number of pebbles required so that any initial configuration of pebbles can be transformed
by a sequence of pebbling moves so that the set of vertices that contain pebbles form a covering set
of G. Kulli et al. introduced the non-split domination number in [4]. A dominating set D of a graph
G = (V, E) is a non-split dominating set if the induced graph < V — D > is connected. The non-split
domination number v,,(G) of G is the minimum cordinality of a non-split dominating set. We develop
the concept of non-split domination cover pebbling deriving from concept of cover pebbling and non-
split domination in graphs. Thus, we arrived the definition of the non-split domination cover(NDC)
pebbling number, i,,,(G), of a graph G as the minimum of pebbles that must be placed on V(G) such
that after a sequence of pebbling moves, the set of vertices with a pebble forms a non-split dominating
set of G, regardless of the initial configuration of pebbles. In this paper, we use the ’source vertex’
where all the pebbles are stocked or shared to move the pebbles to cover the non-split domination set.
Source vertices can be one or more than one. From all the source vertices when we move the pebbles,
we should cover all the vertices of non-split domination set. The notation (x;) XA (x;) refers taking off at
least 2¢ pebbles from (x;) and placing at least ¢ pebbles on (x;) and the notation (x;) (t_ (x;) refers taking
off at least 2¢ pebbles from (x;) and placing at least ¢ pebbles on (x;). We discuss the basic results and
determine ¥, for complete graphs, path graphs, wheel graphs, cycle graphs, friendship graphs, comb
graphs, banana tree and fire cracker tree.

2. Preliminaries

For graph-theoretic terminologies, the reader can refer to [6, 7].
Theorem 1. [4]

1). The non-split domination number of a complete graph K, is y,,(K,) = 1.
2). The non-split domination number of a Wheel graph is v,,(W,) = 1.

3). The non-split domination number of a path is y,,(P,) = n — 2.

4). The non-split domination number of Cycle is y,,(C,) = n — 2.

Theorem 2. [8] The domination cover pebbling number of the wheel graph is y(W,) = n — 2.
Theorem 3. [3] The cover pebbling number of path P, is y(P,) = 2" — 1.

Conjecture 1. For a simple connected graph G, y(G) < ¢,(G) < o(G).

3. Main Results

Theorem 4. The non-split domination cover pebbling number of a graph G, Y,,(G) = 1 iff G is a

complete graph.

Proof. The non-split domination number for a complete graph is 1 and hence by placing one pebble
on any vertex, we are done. Conversely, if placing a pebble on any vertex produces a non-split
domination cover solution, then it implies that the non-split domination number is 1 and hence the
graph G is complete. O

Theorem 5. The non-split domination cover pebbling number of a wheel graph W, is, ¥,,(W,) = n—=2

Proof. Let V(W,) = {vo, vi, V2, v3,--+, v,_1} where v, is called the hub of W,. Then E(W,) =
{vovi, Vjvjs1, Va—1vi} where 1 <i < n—1and 1 << n—2. Consider the nonsplit dominating set D = {v}.
Placing one pebble on each n — 3 consecutive outer vertices leaves a vertex of W, undominated. If
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there are 2 pebbles on any vertex, shift it to the center. Thus, we cover D. Similarly, if there is a
pebble on vy, we can cover dominate D. Thus, consider all distribution containing pebbled vertices
that each contain a pebble. If there are n — 2 vertices having a pebble each, the 2 outer vertices
of W, are dominated since there are only 3 vertices in all W, that do not have pebbles. Hence,
Yus(Wy) = n = 2. |

Theorem 6. The NDC pebbling number of path graphs is, Y,,(P,) = 2"~' +2"3 — 1.

Proof. Let V(P,) = {vi, v, v3,---, v,}. Consider the non-split dominating set D =
{(vi, va, =+, Vu_3, vy} or {vy, v, ---, v,}. In both the non-split dominating set D there will be
(n — 2) vertices. Then V(< V —D >) = {v,_5, v,.1} or {v2, v3} and < V — D > is connected. Though
we have many ways to construct the non-split dominating set, we consider these two because they
require minimum number of pebbles to cover the non-split dominating sets.

Now we prove the necessary condition. We place all the pebbles either on v; or v,. Without loss
of generality, place 2"~! + 2”73 — 2 pebbles on v;. To cover v, we need 2"~ pebbles. Then with the
remaining 2"~ — 2 pebbles, it is not possible to cover v;. Hence, i/, (P,) > 2" + 2" — 1.

Now we prove the sufficient condition. Consider a configuration C with 2"~! + 2"=3 — 1 pebbles on
the vertices of P,,.

Case 1: Let the source vertex be v,,.
If we place all the pebbles on v,, to cover v; we need 2"~! pebbles. The set {v,, v3} is connected
but not a subset of D. Next we need to place a pebble each on vy, vs, -+, v,. Now using the
remaining 2"~ — 1 pebbles we cover the remaining vertices in the non-split dominating set D.
We can shift pebbles as follows: v, 2"% -1 v,_; 2" =1 ---, 3 vs 1 v, using 2" + 2" +

_— —_ - -

26 ...+ 22+ 21 +1 = 2"3 — 1 pebbles. Hence with the configuration C we cover all the
vertices in D.

Case 2: Let the source vertex be either v4 or v,_s.
Let us place 2"~! + 2"~ — 1 pebbles on v4. By Theorem 3, we can cover a path of length n — 3
from v, to v, using 2”2 — 1 pebbles. Hence, we are left with 2"~! pebbles. To cover v; we require
only 8 pebbles. Thus, with a Configuration of at most 2= + 7 pebbles we cover the vertices of
D. By symmetry, the proof follows for the source vertex v,,_s.

Case 3: Let the source vertex be v, ,5 <k <n-4.
Consider V(< V = D >) = {vy, v3}. When n is even either vz or vz, can be taken as a source
vertex. If vjz) is the source vertex, then to the right of vz we have to cover the vertices in a path
of length | 5] + 1 and to the left of vz we have to cover the vertices in a path of length [ 5] — 3
excluding the vertex v, and the vertices in the graph < V — D >. By Theorem 3 we require at
most 212171 — 1 + 213173 — 2 pebbles to cover the vertices in the above path of length [ 4] + 1 and
5] — 3. Now to cover v; we need 2L21-1 pebbles. The number of pebbles used in this process is
UL 1 421513 0 4 5T < 9=l 4 9173 ] pebbles.
If VIL 1 is the source vertex, then to the right of Vizj+1 We have to cover the vertices in a path
of length [ %] and to the left of vz We have to cover the vertices in a path of length [ 7] — 2
excluding the vertex v; and the vertices in the graph < V — D >. By Theorem 3 we require
at most 2'2/ — 1 + 213172 — 2 pebbles to cover the vertices in the above path of length %] and
5] — 2. Now to cover v; we need 215] pebbles. The number of pebbles used in this process is
2130 — 1 4215172 2 4 215 < 271 4 2(=3) _ | pebbles.
If vi (k < [5]ork>[5]+1)is the source vertex, then to the right of v, we have to cover the the
vertices in a path of length n — k and to the left of v, we have to cover the vertices in a path of
length k — 3 excluding the vertex v; and the vertices in the graph < V — D >. By Theorem 3 we
require at most 2"% — 1 +2%=3 — 2 pebbles to cover the vertices in the above path of length n — k
and k — 3. Now to cover v; we need 2 pebbles. The number of pebbles used in this process is
2k 1 4 2k3 2 4+ 28 <2771 4 273 — ] pebbles.
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When 7 is odd V{241 Can be taken as a source vertex. If Va1 is the source vertex, then to the
right of vjz},1 we have to cover the the vertices in a path of length [ 7] and to the left of vjz ), we
have to cover the vertices in a path of length | 5] — 2 excluding the vertex v; and the vertices in
the graph < V — D >. By Theorem 3 we require at most 2!/ — 1 + 212172 — 2 pebbles to cover the
vertices in the above path of length | 5] and [ 7] — 2. Now to cover v; we need 213! pebbles. The
number of pebbles used in this process is 2t3) — 1 + 213172 — 2 4 215) < 27=1 4 27=3 _ [ pebbles.
If vi (k <[5]+ 1 ork>][3]+1)is the source vertex, then to the right of v; we have to cover the
the vertices in a path of length n — k and to the left of v, we have to cover the vertices in a path of
length k — 3 excluding the vertex v; and the vertices in the graph < V — D >. By Theorem 3 we
require at most 2"~% — 1 + 2573 — 2 pebbles to cover the vertices in the above path of length n — k
and k — 3. Now to cover v; we need 2* pebbles. The number of pebbles used in this process is
2nk 1 4 2k3 —2 4 2k <271 4273 1 Hence, ¢, (P,) = 2" + 273 — 1,

O
3.1. NDC Pebbling Number for Cycle Related Graphs
Theorem 7. The NDC pebbling number of cycle graphs is,
Un(Cy) = 5 — 1428 =2 nis even,
T alale 23 nis odd.
Proof. Let V(C,) = {vi, v, v3, -+, v,}. When n is even, the non-split dominating set D; =
{vi, vo, -+, Via|-1s V{5 ]+20 V[a]+3> T Vaels v,}. When n is odd, the non-split dominating set
is D2 = {V], Vo, = ’VL%J7 vl_%_]+3, VL%J+47 s V-, vn}-

We observe that V(< V—-D; >) = {VL%J, VI_%JH} and V(< V-D, >) = {VI_%JH’ VL%J+2}. Notice that
there exist two paths from v; to V]| and from v, to V|1 |42 Let them be Plu) and P, when 7 is
even. When n is odd, there exist two paths from v; to v|»| and from v, to v |,5. Let them be P,
and PL% ] respectively.

Case 1: nis even.

Placing p) Rl R G, . pebbles on the source vertex v; we cannot put one pebble each on
all the vertices of D;. Hence, y,,,(C,) > 2L'7 1 =1 +2L3]1 -2,

Now we prove the sufficient condition. Consider a configuration of ol —142l8] -2 pebbles.
Let the source vertex be v;. Using Theorem 3, we can cover the non-split dominating set D;.
Since Dy has two paths of length (BJ —2)and ([’%J — 1), using p Rl pebbles we can cover
all the vertices of the path of length [%J — 2 and using p) 1 ) pebbles we cover all the vertices
of the path of length L%J — 1. The total number of pebbles used to cover the vertices of D; is
25l — 142l -2,

If we distribute all the pebbles on the vertices of < V — D; >, we need at least p) i ) pebbles

whose pebbling process will result in another non-split dominating set D. The new < V — D >
is also connected. Similarly, we can prove the result for other source vertices. Hence, ,,,(C,) =

2l 142l -2,

Case 2: nis odd.
Placing olsl+t — 4 pebbles on the source vertex v; we cannot put one pebble each on all the
vertices of D,. Hence, ¢,,,(C,) > 2L51+1 — 3.
Now we prove the sufficient condition. Consider a configuration C with olil+vi 3 pebbles on
the vertices of C,,. Let the source vertex be v;. Using Theorem 3 of the cover pebbling number of
path, we can cover the non-split dominating set D,. Note that D, has two paths of equal length

([gJ —1). Using olsl -1 pebbles we can cover all the vertices of the path of length [gJ —1and
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2l -2 pebbles we cover all the vertices of path of length [%J — 1. The total number of pebbles

used to cover the D, is 2L31+1 — 3.
If we distribute all the pebbles on the vertices of < V—D, >, we need at least ols -1 1 42l51 -1
pebbles to form another non-split dominating set D. The new < V — D > is also connected.

Similarly, we can prove for the rest of the vertices assuming as source vertices. Hence, ¥,,,(C,,) =
oL+t _ 3,

O

Theorem 8. The NDC pebbling number for a friendship graph Fr, is given by, y,,(Fr,) = 4(n—1)+1.

Proof. Let the hub vertex be denoted by v and the vertices which are adjacent to vy, be denoted by
Vi, V2, ..., Vo, (clockwise manner).

Consider the non-split dominating set Dy = {vy, v3, -+, Vou1} or Dy = {vy, vy, -+, vp,}. Clearly
the induced sub-graph < V — D; > and < V — D, > are connected. Without loss of generality, let
us consider the non-split dominating set D;. Consider the configuration of 4(n — 1) pebbles on the
vertex of v;. Shifting 2(n — 1) pebbles to the hub vertex we could cover maximum n — 1 vertices of the
non-split domination set. We are left with a vertex v; without a cover. Hence, ¥,,,(Fr,) > 4(n—1)+ 1.

Now we prove the sufficient condition by distributing 4(n — 1) + 1 pebbles on the vertices of Fr,,
that is, Hub vertex has minimum of 2(n — 1) + 2 pebbles on it.

Using 2(n — 1) pebbles we can cover dominate n — 1 vertices of the non-split dominating set D;.
Further, using 2 pebbles we could cover the remaining vertex. Suppose, the hub vertex has less than
2(n — 1) + 2. Let it be p pebbles. Then using p pebbles we could cover | £] vertices. Assume that
p’ is the number of vertices receiving pebbles in this way. Keep a maximum of two pebbles on each
vertex and transfer the remaining to the hub vertex. Thus, Thus using at least 2n pebbles we can cover
dominate D,. Hence, ¥, (Fr,) =4(n—1) + 1.

O

3.2. NDC Pebbling Number for Some Families of Trees

n+1

Theorem 9. The NDC pebbling number of a comb graph P,® K| is given by, ¢,,(P,0K;) = Y, 2'—6.
i=0

Proof. Let the vertices of the path P,® K, be denoted by vy, v,, ..., v, and the pendant vertices attached
to each vertex v;, 1 <i < non the pathbe u;,1 <i <n.
Consider the non-split dominating set D = {uy,uy,---, u,}. Clearly, < V — D > is connected.

n+l
Consider the configuration of ), 2/ — 7 pebbles placed on the vertex u;. Then, a minimum of 1 + 23 +
i=0
24 + ...+ 271 4 27 4 21 pebbles are required in order to produce a non-split dominating set cover.
n+1

But we lack one pebble to cover u;. Therefore, ¢, (P, © K;) > 3 2/ - 6.
i=0

Case 1: Let the source vertex be v; or v,.
Without loss of generality, let the source vertex be v;. To cover the vertex u; we require 2

pebbles. Then, to cover the remaining vertices of {D — u;} we need ), 2° — 3 pebbles. Thus, the
i=0

n .

total number of pebbles used to cover the vertices of the non-split dominating setis >, 2"’ — 1 <
i=0

n+l .

>, 2! — 6. By symmetry, we can prove when v, is the source vertex.

=

=
Case 2: Let the source vertex be v, 1< k < n.

Let v, be the source vertex. To cover the adjacent vertex u;, we need 2 pebbles. Now to cover the
ko k-1
remaining Vertices uy_i, Ug_o, -+ , Uy Uy, Ugs1,*+ s Up_1, U, Of D weneed ), 2"+ 3 2’ pebbles,
i=1 i=1
which is less than the total number of available pebbles.
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Case 3: Let the source vertex be uy, 1< k < n.
Let u; be the source vertex. To cover the vertex u; we need 1 pebble. Now to cover the remaining
. k+1 n—(k=2) n+l
VErtiCes Uy_1, Ug_n, - s U, Uy, Ugsts - sUp_1, U, OF D weneed D), 2'+ Y 2'4+1< 3 2-6
i=1 i=1 i=0
n+1

pebbles. Hence, ¢,(P, ®© K;) = 3. 2/ - 6.
i=0
O

Theorem 10. The NDC pebbling number for Banana tree B, is, (B, ;) = 64(n—1)(k—2)+32(n—
1) +4k—-2)+3.

Proof. Let vy be the vertex that joins all the k- star graphs. Let V(B,x) = {vo, a{, aé, cee, ai_l, aé},
where j = {1, 2, 3, 4,---, n} and E(B,x) = {voa,_,,aja’}, where j = {1, 2, 3, 4,---, n} and
1 =1{1, 2, 3, 4,---, k- 1}. Let the non-split dominating set D = {v, al, a}, -, a, ,,a},a;_},

where j = {1, 2, 3, 4,---, n}. Clearly, the induced sub-graph < V — D > is connected.

Consider the distribution of 64(n — 1)(k — 2) + 32(n — 1) + 4(k — 2) + 2 pebbles on any one of the
pendant vertices. Let it be a;. Then we could cover all the vertices of the dominating set D except
one vertex. Hence, ¥,,s(B,,x) > 64(n — 1)(k—2) +32(n — 1) + 4(k - 2) + 3.

Now consider distributing 64(n — 1)(k — 2) + 32(n — 1) + 4(k — 2) + 3 pebbles on the vertices of
(B.x)-

Case 1: Let vy be the source vertex.
There are n copies of (k—2) star graph pendant vertices at a distance of 3 from v, and n copies of
the hub vertex of the k-star at a distance of 2. Thus, using 8n(k —2) + 4n pebbles, we could cover
all the vertices of D except a;_, which requires further 2 pebbles. Hence, using 8n(k—2)+4n+2
pebbles, we can dominate the set D.

Case 2: Let any one of the hub vertex of the k- star graph be the source vertex.
Without loss of generality, let a, be the source vertex. To cover the dominating set of vertices
that are adjacent to a, we require 2(k — 1) pebbles. The rest of the vertices are at distances
of 5 and 4. There are (n — 1) copies of (k — 2) star graph of pendant vertices is at a distance
of 5 and n — 1 copies of the hub vertex of the star graph are at a distance of 4. Thus, using
32(n — 1)(k —2) + 16(n — 1) + 2(k — 1) pebbles, we can cover the non-split dominating set D.
Hence, ¥,,s(B,x) = 64(n — 1)(k=2) +32(n — 1) + 4(k - 2) + 3.

O

Theorem 11. The NDC pebbling number for F, - fire cracker tree is, Y, s(F, ) = 4(k—3)+3+16(k—
n—1 n—1
2)(2 2’) + 8(2 2’).

Proof. Let V(F,x) = {ai,bi,cijli = 1,2,---,n, j = 1,2,--- k= 2} and E(F.;) = {aai| i =
1,2,--- ,n— 1} U{ab;, bic;jli =1,2,--- ,n; j=1,2,--- ,k—2}. Consider the non-split dominating
set D ={b;,c;jli=1,2,---,n;j=1,2,---, k=2}. Clearly, < V — D > is connected.

n—-1 n—-1
Consider the distribution of placing 4(k—3)+2+ 16(k—2) ( > 2’) +8 ( > 2’) pebbles on a pendant
i=1 i=1

n-1 n—-1
vertex of the first k star graph of the (F,,x). Then, we require a minimum of 16(k—2) ( D 2’) +8 ( > 2’)

i=1 i=1
pebbles to cover vertices of the non-split dominating set in (n — 1) k-star graphs. And the vertices in
the first (k — 1) star graph are not covered. There are k — 3 vertices at a distance 2 and one vertex at
a distance one in the first kK — 1 star graph. Hence, we require further 4(k — 3) + 3 pebbles. But the

n—-1 n—=1
number of pebbles remaining is 4(k—3)+2. Thus, ¥,,s(F,x > 4(k—3)+3+16(k—-2) ( D 2’) +8 ( D 2’).
i=1 i=1
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n—-1
Now we prove the sufficient condition. Consider a configuration of 4(k—3)+3+ 16(k—2) ( > 2‘) +

i=1

n—-1
8 (Z 2’) pebbles.
i=1

Case 1:

Case 2:

Case 3:

Case 4:

Let b, or b,, be a source vertex.
Without loss of generality, consider b, be the source vertex. Let us place 4(k — 3) + 3 + 16(k —

n—-1 n—-1
2)(2 2’) + 8| X 2'| pebbles on b;. Since there are k — 2 vertices of the non-split dominating
i=1 i=1
set that are adjacent to b, we need 2(k — 2) pebbles to cover them and one more pebble needed

to cover b;. Now we are left with vertices in the (n — 1) parts of (k — 1) star graphs that

n—-1 n-1

are to be covered. To cover all those vertices we require 8(k — 2)(2 21) + 4(2 2’) pebbles.
i=1 i=1

Thus, the total number of pebbles used to cover the vertices of the non-split dominating set is

2k=2)+1+8(k—2)+ ("il 2") + 4("21 2,.) < A0k-3)+3+16(k - 2) ("il 2f) +8 ("il 2i). By
i=1 i=1 i=1 i=1

symmetry, we can prove this for the source vertex b,,.
Let by (2 < s <n— 1) be asource vertex.

n—-1 n—-1
Let us place 4(k—3)+3+ 16(k—2) ( >, 2’) +8 ( >, 2’) pebbles on b;. Since there are k —2 vertices
i=1 i=1

of the non-split dominating set that are adjacent to b, we need 2(k—2) pebbles to cover them and
one more pebble to cover b;. Now we are left with the vertices that are not covered in the n — 1

parts of (k—1) star graphs. To cover all those vertices we require 8(k—2) (HZ_:S 2’) +4 (nz_]s Zi) +8(k—
i=1 i=1
s—1 s—1
2) ( > 2’) +4 ( > 2’) pebbles. Thus, the total number of pebbles used to cover the vertices of non-
i=1 i=1

n—s n—s s—1 s—1
split dominating set is 2(k—2)+1+8(k—2)+8(k—2) (Z 2i)+4 ( D 2i)+8(k—2) (Z 2i)+4 ( D 2’) <
i=1 i=1 i=1 i=1

n—-1 n-1
4(k—3)+3+ 16(k — 2)(2 2’) + 8(2 2’).
i=1 i=1
Let a; or a, be a source vertex.
Without loss of generality, consider a; the source vertex. Let us place 4(k — 3) + 3 + 16(k —

n-1 n—-1
2) ( > 2’) + 8 (Z 2’) pebbles on a;. Since there are k — 2 vertices of the non-split dominating
i=1 i=1

set that are at distance 2 and one vertex that is adjacent to a;, we need 4(k — 2) + 2 pebbles
to cover them. Now we are left with the vertices that are not covered in the n — 1 parts of

n—1 n—1
(k — 1) star graphs. To cover all those vertices, we require 4(k — 2) ( D 2’) +2 ( > 2’) pebbles.
i=1 i=1
Thus, the total number of pebbles used to cover the vertices of the non-split dominating set is
n—-1 n—-1 n—-1 n-1
4(k—2)+2+4(k—2)+(2 2’)+2(Z 2’) <4k-3)+3+ 16(k—2)(2 2‘)+ 8(2 2‘). By
i=1 i=1 i=1 i=1

symmetry, we can prove the result for the source vertex a,.
Leta, (2 < s <n-1)be asource vertex.

n—-1 n—-1
Let us place 4(k —3) + 3 + 16(k — 2) (Z 2’) + 8 (Z 2'| pebbles on ay. Since there are k — 2
i=1 i=1

vertices of the non-split dominating set that are at distance 2 and one vertex that is adjacent
to ay, we need 4(k — 2) + 2 pebbles to cover them. Now we are left with vertices that are not
covered in the n — 1 parts of the (k — 1) star graphs. To cover all those vertices, we require

n-s n—s . s—1 s—1
4(k-2) (Z 2‘) +2 ( > 2’) +4(k-2) (Z 2‘) +2 ( > 2’) pebbles. Thus, the total number of pebbles
i=1 i=1 i=1 i=1

used to cover the vertices of non-split dominating set is 4(k—2)+2+4(k—2)+ 8(k—2) (nf Zi) +
i=1
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2 (i 2f) + 4k - 2) (sf 21‘) +2 (El 2f) < 4k —3) +3 + 16(k - 2) ("f 21‘) +38 ("f 2!‘). Hence,
i=1 i=1 i=1

i=1 i=1

Uns(Foi = 4(k — 3) + 3 + 16(k — 2) (”f 2!’) +8 ("f 21’).
i=1 i=1

4. Conclusion

In this paper, we introduced the graph invariant, namely, the ‘non-split domination cover pebbling
number’. Some basic results are discussed. Also, the NDC pebbling numbers for certain families of
graphs, such as the complete graph, wheel graph, path, cycle, friendship graph, comb graph, banana
tree, and (F,;)- fire cracker tree, are determined. Finding the NDC pebbling numbers for other
families of graphs is still open.
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