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Abstract: Let &), £, be two linear homogenous equations, each with at least three variables and
coeflicients not all the same sign. Define the 2-color off-diagonal Rado number R,(&y, &) to be the
smallest N such that for any 2-coloring of [1, N], it must admit a monochromatic solution to &y of
the first color or a monochromatic solution to &; of the second color. Mayers and Robertson gave
the exact 2-color off-diagonal Rado numbers R,(x + gy = z, x + sy = z). Xia and Yao established the
formulas for R,(3x+3y = z,3x+¢qy = z) and R,(2x+3y = z,2x+2qy = 7). In this paper, we determine
the exact numbers R,(2x + gy = 2z,2x + sy = 2z), where ¢, s are odd integers with g > s > 1.
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1. Introduction

Let [a, b] denote the set {x € Z|a < x < b}. A function A: [1,n] — [0,k — 1] is called a k-coloring
of the set [1,n]. If € is a system of equations in m variables, then we say that a solution xy, x5, ..., X,
to € is monochromatic if and only if

Axy) = Alxg) = - -+ = Alxm).

In 1916, Schur [1] proved that for every integer k > 2, there exists a least integer n = S (k) such that
for every k-coloring of the set [1, n], there exists a monochromatic solution to x + y = z, the integer
S is called Schur number. Rado [2, 3] generalized the work of Schur to arbitrary system of linear
equations and found necessary and sufficient conditions to determine if an arbitrary system of linear
equations admits a monochromatic solution for every coloring of the natural numbers with a finite
number of colors. For a given system of linear equations &, the least integer n, provided that it exists,
such that for every coloring of the set [1,n] with k colors, there exists a monochromatic solution to
&, 1s called k-color Rado number. If such an integer n does not exist, then the k-color Rado number
for the system ¢ is infinite. In recent years there has been considerable interest in finding the exact
Rado numbers for particular linear equations and in several other closely related problems, see for
example [4-12].

For positive integer k > 2 and equations g;, where i = 0, 1, ...,k — 1, the k-color off-diagonal Rado
number is the least integer N provided that it exists for which any k-coloring of [1, N] must admit
a monochromatic solution of color i to &; for some i € [0,k — 1]. Note that if &; = g; for all i, j
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(1 < i, j < k), then the k-color off-diagonal Rado number is the k-color Rado number. Robertson and
Schaal [13] gave some 2-color off-diagonal Rado numbers for particular linear equations. In [14],
Mayers and Robertson gave the exact 2-color off-diagonal Rado numbers when the two equations are
of the form x + gy = z and x + sy = z. They showed that

q+1
2

+1

Rz(x+qy=Z,x+y:Z):2q+2{
and for s > 2,
R(x+qy=z,x+sy=27=¢qgs+q+2s+1.

Motivated by Myers and Robertson’s work, Xia and Yao [15] proved the following results:
Ry(Bx + 3y =2z23x+3qy =z) =549 + 57, q=>2

and
R,(2x+ 3y =27,2x + 2qy = z) = 20q + 26, q=>2.

In this paper, we are also interested in precise values of 2-color off-diagonal Rado numbers and
let R,(&o, £1) denote it. Let blue and red be the two colors and denoted by 0 and 1, respectively. We
determine the exact numbers R,(2x+qgy = 2z,2x+ sy = 27), where g, s are odd integers and g > s > 1.
The main results of this paper can be stated as follows.

Theorem 1. For odd integers q, s and g > s > 2, we have
Ry(2x+qy =2z,2x+ sy =2z) =min{gs + g+ 2s + 1,gs + 2q + 1}.
Theorem 2. For odd integer q > 3, we have
R,2x+ gy =2z,2x+y =2z7) =2q + 4.

2. Lower Bounds

Lemma 1. For odd integers q, s and q > s > 2, we have
R2x+qy=2z,2x+sy=2z) >min{gs+ g+ 2s+ 1,gs + 2g + 1}.

Proof. Let N = min{gs + g + 2s + 1,gs + 2q + 1}, consider the 2-coloring of [1, N — 1] defined by
coloring

R={2ii=1,2,...,s}U{jlgs+qg+1<j<N-1and jis an odd integer}

red and its complement blue. Now, we show that there is no suitable red solution to 2x + sy = 2z and
no suitable blue solution to 2x + gy = 2z. Assume that (xy, yo, z0) is a red solution to 2x + sy = 2z.
Note that

gs+qg+1>s(s+2)

since g > s. If zp < gs + g + 1, then there exist integers a and b such that xo, = 2a, zo = 2b and
1 <a < b < s. Thus, syp = 4(b — a). The fact that s is an odd integer implies that 4|y, and y, > 4.
However,

_ 2x0 + 8yo S 4 +4s
2 T2
which is a contradiction and therefore zp > gs + g + 1. If yo > gs + g + 1, then

20 :2S+2,

_ 2x0+ syo >4+s(qs+q+1) S

_ N-1
% 2 - 2 :
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which is a contradiction and hence, y, € {2ili = 1,2,...,s}. If xo € {2i]i = 1,2, ..., s}, we see that

_ 2x0 + syo

20 = > <25+ 857 <qgs+q+1,

which is a contradiction and thus, xy > gs+g+1. Note that z, and x are all odd, therefore, 4|(2z0—2x),
i.e., 4|syo. Recall that s is odd, therefore, 4|y, and y, > 4. However,

2x0+ 5y . 2(gs+qg+1)+4s
=Ty 2

=qs+q+2s+1>N-1,

which is a contradiction, and there is no suitable red solution to 2x + sy = 2z.
Assume that (xo, yo, 2o) is a blue solution to 2x + gy = 2z. Note that y, must be even this is because
q is an odd integer. Therefore y, > 2s + 2 and
_ 2x0 + qyo S 2+q(2s+2)

=qgs+q+1,
20 > 2 5 qs+4q

which implies that zo must be even. If yy = 25+ 2, then 2xy = 279 —q(2s+2), thatis, xo = zo—g(s+1).
Therefore, 2|xy and xy > 2s + 2. However,

_ 2xot+qyo _ 22s+2)+q(2s +2)
Z0 = > > 3

=qs+q+2s+2>N-1,

which is a contradiction. If yy > 2s + 4, then

2xo+qyo _ 2X14+q(2s+4)
=T 2 2

=gs+2g+1>N-1,

which is a contradiction. Thus, there is no suitable blue solution to 2x + gy = 2z. The proof is
complete. m|

Lemma 2. For odd integer q > 2, we have
Ry(2x+qy=2z,2x+y=27) >2qg+4. (1)

Proof. Let {1} [3,2q] U{2q + 2} be colored blue and {2,2q + 1,2q + 3} be colored red. It is easy
to verify that there is no suitable blue solutions to 2x + gy = 2z and no suitable red solution to
2x+y =2z O

3. Proof of Theorem 1

Proof. Tt follows from Lemma 1 that
Ry(2x+ qy =2z,2x+ sy =2z) > min{gs + g + 2s + 1,qs + 2q + 1}, 2)
where ¢, s are odd integers and g > s > 3. In order to prove this theorem, it suffices to show that
Ry2x+ gy =2z,2x+ sy =2z) <min{gs + g+ 2s+ 1,gs + 2q + 1},
where ¢, s are odd integers and g > s > 3. Let A be a 2-coloring of [1, min{gs+¢g+2s+1,gs+2g+1}]
using the colors red and blue. Without loss of generality, we assume, for contradiction, that there is

no blue solution to 2x + gy = 2z and no red solution to 2x + sy = 2z. We break the argument into 4
cases;

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 119, 75-83



Jin Jing and Y.M. Mei 78

Case 1:

Case 2:

Subcase 1:

A2)=0and A(s) =0
AR2) = 0 and A(s) = O imply that A(g + s) = 1, otherwise (s,2,q + s) is a blue solution to
2x+qy = 2z. Since A(g+s) = 1, we must have A(q+s+@) =0or else (g+s,q+s, q+s+(q”)s)
is ared solution to 2x+ sy = 2z. Now, A(g+ s+ M) =0and A(2) =0,s0 AQ2q+s+ "””) =1,
(lI"'S)S 2, 2q + 5+ (q+5)s

otherwise (g + s + ~=—) is a blue solution to 2x + gy = 2z. Note that

(g+s)s

2g+ s+ <minf{gs+qg+2s+1,g5s+2g+ 1}

sinceqg—s >2. AQg+ s+ @) = 1 and A(g + s) = 1 imply that A(2¢g + s) = 0, otherwise
g+ s,s+q,2qg+ s+ @) is a red solution to 2x + sy = 2z. Since A(2g + s) = 0 and A(s) =0
we must have A(4) = 1 or else (s,4,2qg + s) is a blue solution to 2x + gy = 2z. If A(g + 3s) =1,
then (g + s,4, g + 3s) is a red solution to 2x + sy = 2z, so we may assume that A(g + 3s) = 0. If
AQ3s) = 0, then (35,2, g+35) is a blue solution to 2x+qy = 2z, so we may assume that A(3s) = 1.
Now, A(3s) = 1 and A(4) = 1, we must have A(5s) = 0 or else (35,4, 5s) is a red solution to
2x + sy = 2z. A(Ss) = 0 and A(2) = 0, imply that A(g + 5s) = 1, otherwise (5s,2,g + 5s)is a
blue solution to 2x + gy = 2z. Since A(q + 5s) = 1 and A(g + s) = 1, we must have A(8) = 0
orelse (g + 5,8,g + 5s) is a red solution to 2x + sy = 2z. If A(4q + s) = 0, then (s, 8,4q + )
is a blue solution to 2x + gy = 2z, so we may assume that A(4g + s) = 1. If Adg—s) = 1,
then (4q — s5,4,4q + s) is a red solution to 2x + sy = 2z, so we may assume that A(4g — s) =
Since A(4g — s) = 0 and A(2) = 0, we must have A(3g — s) = 1 orelse 3¢ — s5,2,4g — s)isa
blue solution to 2x + gy = 2z. A(3qg — s) = 1 and A(4) = 1 imply that A(3g + s) = 0, otherwise
(3g — s5,4,3qg + s) is a red solution to 2x + sy = 2z. Now we have A3g + s) = 0, A2) = 0
and A(2qg + 5) = 0, and then (2¢g + s,2,3¢g + s) is a blue solution to 2x + gy = 2z, which is a
contradiction.

A(2) = 0and A(s) = 1.

IfAQ2) = A@4) =--- = A(2qg + 2) = 0 and then (2,4, 2q + 2) is a blue solution to 2x + gy = 2z,
which is a contradiction. So we can assume that k (1 < k < g + 1) is the least number such that
AR)=---=ARk)=0and Ak +2) = 1.

k < min{®=DH g -2,

A2k +2) = 1 and A(s) = 1 implies that A(ks + 2s) = 0, otherwise (s, 2k + 2, ks + 2s) is a red
solution to 2x + sy = 2z. Since A(ks +2s) = 0 and A(2) = 0, we must have A(g + ks +2s) = 1 or
else (ks+2s,2,q+ks+2s)is a blue solution to 2x+qy = 2z. A(q+ks+2s) = 1 and AQk+2) =1
imply that A(g + s) = 0, otherwise (g + 5,2k + 2,q + ks + 2s) is a red solution to 2x + sy = 2z.
If AQg + 5) = 0, then (¢ + s,2,2g + s) is a blue solution to 2x + gy = 2z, SO we may assume
that A2qg + s) = 1. If A2qg + ks + 2s) = 1 then (2q + 5,2k + 2,2 + ks + 2s) is a red solution to
2x + sy = 2z, so we may assume that A(2g + ks + 2s) = 0. Note that

2g+ks+2s <min{gs +qg+2s+1,g5+2g+ 1}

since k < min{®=2* g — 2}. Since A(2q + ks + 2s) = 0 and A(ks + 25) = 0, we must have
A(4) = 1, otherwise (ks + 25,4, ks + 2s + 2q) is a blue solution to 2x + gy = 2z. A(4) = 1 and
AQ2g + s) = 1 imply that A(2g — s) = O or else (2g — 5,4, 2g + ) is a red solution to 2x + sy = 2z.
If ABg — s) = 0, then (2q — 5,2,3g — ) is a blue solution to 2x + gy = 2z, SO we may assume
that A(3qg — s) = 1. Since A(3g — s) = 1 and A(4) = 1, we must have A(3g + 5) = 0 or else
(3g — 5,4,3q + s) is a red solution to 2x + sy = 2z. If A(4g + 5) = 0, then 3qg + 5,2,4q + ) is
a blue solution to 2x + gy = 2z, so we may assume that A(4g + s) = 1. If A(4g — s) = 1, then
(4g—s,4,4q+ s) is ared solution to 2x + sy = 2z, so we may assume that A(4g—s) = 0. A(s) = 1
and A(4) = 1 imply that A(3s) = 0 or else (s,4,3s) is a red solution to 2x + sy = 2z. Since
A@3s) = 0 and A(2) = 0, we must have A(g + 3s) = 1 or else (35,2, g + 3s) is a blue solution to
2x+ qy = 2z. A(4) = 1 and A(g + 3s) = 1 imply that A(g + 5s) = 0, otherwise (¢ + 35,4, + 55)
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Subcase 2:

Case 3:

Subcase 1:

is a red solution to 2x + sy = 2z. A(g + 5s) = 0 and A(2) = 0 imply that A(5s) = 1, otherwise
(5s,2,q + 5s) is a blue solution to 2x + gy = 2z. Since A(Ss) = 1 and A(s) = 1, we must have
A(8) = O or else (s, 8,5s) is a red solution to 2x + sy = 2z. When s = 3, by the above proof, we
have A(4g + s) = A(4g + 3) = 1 and A(g + 3s) = A(g +9) = 1, then A(2g — 4) = 0, otherwise
(g +9,2g —4,4g + 3) is a red solution to 2x + 3y = 2z. A(2) = 0 implies that A(g +2) = 1
or else (2,2,q + 2) is a blue solution to 2x + gy = 2z. Since A(g +2) = 1 and A(4) = 1, we
must have A(g — 4) = 0, otherwise (¢ — 4,4, g + 2) is a red solution to 2x + 3y = 2z. Now we
have A(2qg —4) = 0, A(q —4) = 0 and A(2) = 0, and then (¢ — 4,2,2qg — 4) is a blue solution to
2x + gy = 2z, which is a contradiction. When s > 5, since A(8) = 0 and A(g + s) = 0, we must
have A(5q + s) = 1, otherwise (g + s, 8,5¢g + ) is a blue solution to 2x + gy = 2z. Note that

Sg+ s <min{gs +q+2s+1,qg5s+2q+ 1},

since s > 5. A(5g + s) = 1 and A(4) = 1 imply that A(5g — s) = O or else (5q — 5,4,5g¢ + s) is a
red solution to 2x + sy = 2z. Now we have A(5¢g — s5) = 0, A(2) = 0 and A(4q — s) = 0, and then
(4g — s5,2,5¢g — s) is a blue solution to 2z + gy = 2z, which is a contradiction.

min{%,q -2} <k<gq.

It is easy to verify that

g+ 1
q+1£2min{w,q—2}
S

and

-1 1
s+1<2s§2min{w,q—2}.

s
Thus, g+ 1 < 2kand s+ 1 < 25 < 2k, and we have A(s + 1) = A(2s) = A(g + 1) = 0. Obviously,
k > 2 and A(2) = A(4) = 0, then A(2qg + 2) = 1, otherwise (2,4,2q + 2) is a blue solution to
2x + qy = 2z. Since A(g + 1) = 0 and A(2) = 0, we must have A(1) = 1 orelse (1,2,g+ 1)is a
blue solution to 2x+qy = 2z. A(1) = 1 and A(2¢g+2) = 1 imply that A(gs + s+ 1) = 0, otherwise
(1,2g+2,gs+ s+ 1) is ared solution to 2x + sy = 2z. Now we have A(gs+s+1) =0, A(2s) =0
and A(s + 1) = 0, and then (s + 1,2s,¢gs + s + 1) is a blue solution to 2x + gy = 2z, which is a

contradiction.
A(2) =1 and A(s) = 0.

IfAQ2) = A@4) = --- = A2s + 2) = 1, then (2,4,2s5 + 2) is a red solution to 2x + sy = 2z,
which is a contradiction. So we can assume that / (1 < < s+ 1) is the least integer such that
AR)=---=AQR]) =1and AQR[+2) =0.

[<s—1.

A(2) = 1 implies that A(s + 2) = 0, otherwise (2,2, s + 2) is a red solution to 2x + sy = 2z. If
A((l+1)g+s+2) = 0, then (s+2,2[+2, (I+1)g+s+2) is a blue solution to 2x+gy = 2z, so we may
assume that A((I+1)g+s+2) = 1. If A((l+1)g+2s+2) = 1, then (([+1)g+s+2,2,([+1)g+25s+2)
is a red solution to 2x + sy = 2z, so we may assume that A(( + 1)g + 2s + 2) = 0. Note that

(l+1)g+2s+2<min{gs+qg+2s+1,g5+2g+ 1}

sincel < s—1. A((l+ 1)g + 25+ 2) = 0 and A2 + 2) = 0 imply that A(2s + 2) = 1, otherwise
2s+2,2l+2,(l+ 1)g + 2s + 2) is a blue solution to 2x + gy = 2z. Since A(2s + 2) = 1 and
A(2) = 1, we must have A(4) = O or else (2,4, 2s + 2) is a red solution to 2x + sy = 2z. A(s) =0
and A(4) = 0 imply that A(2qg + s) = 1, otherwise (s, 4, 2g + s) is a blue solution to 2x + gy = 2z.
If A2g+2s) = 1, then (2g+s,2,2¢g+2s) is a red solution to 2x+ sy = 2z, so we may assume that
AQ2qg +2s5) = 0. If A(2s) = 0, then (2s,4,2q + 2s) is a blue solution to 2x + gy = 2z, so we may
assume that A(2s) = 1. Now, A(2s) = 1 and A(2) = 1, we must have A(3s) = 0 or else (2s, 2, 35)
is a red solution to 2x + sy = 2z. If A(3s + 2¢g) = 0, then (35,4, 3s + 2¢g) is a blue solution to
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Subcase 2:

Case 4:

2x + gy = 2z, so we may assume that A(3s + 2¢g) = 1. Since A(3s +2¢q) = 1 and AQ2) = 1,
we must have A(2qg + 4s) = 0 or else (3s + 2¢q,2,4s + 2q) is a red solution to 2x + sy = 2z.
Since A(2g + 4s) = 0 and A(4) = 0, we must have A(4s) = 1, otherwise (4s,4,2g + 45) is a blue
solution to 2x + gy = 2z. A(4s) = 1 and A(2) = 1 imply that A(Ss) = 0, otherwise (4s,2,5s)
is a red solution to 2x + sy = 2z. If A(Ss + 2g) = 0, then (5s,4,5s + 2q) is a blue solution to
2x + gy = 2z, so we may assume that A(Ss + 2g) = 1. When g = 5, then s = 3, by the above
proof, we have A(2s + 2) = A(8) = 1 and A(2) = 1, then A(14) = 0, otherwise (2,8, 14) is a
red solution to 2x + 3y = 2z. Now we have A(14) = 0 and A(4) = 0, so (4,4, 14) is a blue
solution to 2x + 5y = 2z, which is a contradiction. When g > 5 and s = 3, A(4) = 0 implies that
A(2qg +4) = 1, otherwise (4,4, 2q +4) is a blue solution to 2x+ gy = 2z. Since A(2g+4) = 1 and
A(2) = 1, we must have A(2g+ 1) = O orelse (2g + 1,2,2q +4) is a red solution to 2x + 3y = 2z.
If A(4g + 1) = 0, then (2q + 1,4,4g + 1) is a blue solution to 2x + gy = 2z, SO we may assume
that A4dg +1) = 1. If Adg +4) = 1, then (4g + 1,2,4g + 4) is a red solution to 2x + 3y = 2z,
so we may assume that A(4g +4) = 0. Now we have A(8) = 0, A(4) = 0and A(4g +4) =0, so
(4,8,4g + 4) is a blue solution to 2x + gy = 2z, which is a contradiction. When g > s > 5, we
see that

max{2qg + 65,6 + s} < min{gs + g+ 2s+ 1,gs + 2q + 1}.

Since A(5s + 2g) = 1 and A(2) = 1, then A(2q + 6s) = 0 or else (2g + 5s,2,2qg + 65) is a red
solution to 2x + sy = 2z. If A(6s) = 1, then (65,4, 2g + 65) is a blue solution to 2x + gy = 2z.
Since A(6s) = 1 and A(2s) = 1, we must have A(8) = 0, otherwise (2s, 8, 65) is a red solution to
2x + sy = 2z. A(2q + s) = 1 and A(2) = 1 imply that A(2g) = O or else (2¢,2,2q + s) is a red
solution to 2x + sy = 2z. Since A(2g) = 0 and A(4) = 0, then A(4q) = 1, otherwise (2¢, 4, 4q)
is a blue solution to 2x + gy = 2z. If A(4g + s) = 1, then (4q,2,4q + s) is a red solution to
2x + sy = 2z, so we may assume that A(4g + s) = 0. If A(6g + s) = 0, then (4q + 5,4,69 + 5)
is a blue solution to 2x + gy = 2z. Since A(6g + s) = 1 and A(2) = 1, we must have A(6g) = 0,
otherwise (6g, 2, 6g + ) is a red solution to 2x + sy = 2z. Now we have A(2¢g) = 0, A(8) = 0 and
A(6g) = 0, so (2g, 8, 6¢) is a blue solution to 2x + gy = 2z, which is a contradiction.

[=s.

We have A(2) = A(4) = --- = A(2s) = 1 and A(2s + 2) = 0. Note that 2|(s + 1) and s + 1 < 2s,
thus, A(s + 1) = 1. Since A(2) = 1 and A(s + 1) = 1, we must have A(2s + 1) = 0 and A(1) =0
orelse (s+1,2,2s + 1) and (1,2, s + 1) are red solutions to 2x + sy = 2z. When 2s < ¢, since
A(2s+1) = 0and A(2s+2) = 0, then A(gs+g+2s+1) = 1, otherwise (2s+1,25+2,gs+g+2s+1)
is a blue solution to 2x+¢gy = 2z. If A(gs+q+1) = 0, then (1,25 +2,gs+qg+ 1) is a blue solution
to 2x + gy = 2z, so we may assume that A(gs + g + 1) = 1. Now we have A(gs + g+ 1) = 1,
A4) =1land A(gs +qg+2s+1)=1,thus (gs+ g+ 1,4,g5s + g + 2s + 1) is a red solution to
2x + sy = 2z, which is a contradiction. When 2s > g + 1, note that 2|(g + 1), so A(g+ 1) = 1.
IfA(g+1—-5)=1,then (g+ 1 —5,2,9+ 1) is a red solution to 2x + sy = 2z, so we may
assume that A(g+ 1 —s) = 0. Since A(g+ 1 —5) = 0 and A(2s + 2) = 0, we must have
Algs+2g+1—s)=1orelse(g+1—-s5,25+2,g5+2g+1—5)is a blue solution to 2x+ gy = 2z.
A(4) = 1 implies that A(2s + 4) = 0, otherwise (4,4,2s + 4) is a red solution to 2x + sy = 2z. If
A(gs+2q+1) =0, then (1,25+4, gs+2g+1) is a blue solution to 2x+qy = gz, SO we may assume
that A(gs+2g + 1) = 1. Now we have A(gs+2g+ 1) = 1,A2) =1l and A(gs+2g+1—-5) =1,
so(gs+2g+1—s,2,g5+ 2+ 1) is ared solution to 2x + sy = 2z, which is a contradiction.
A(2) =1 and A(s) = 1.

Since A(2) = A(s) = 1, we must have A(s+2) = 0 and A(2s) = O orelse (2,2, s+2) and (s,2,2s)
are red solutions to 2x + sy = 2z. If A(gs + s + 2) = 0, then (s + 2,2s,g5 + s + 2) is a blue
solution to 2x + qy = 2z, so we may assume that A(gs + s +2) = 1. If A(gs +2s +2) = 1,
then (gs + s + 2,2,gs + 25 + 2) is a red solution to 2x + sy = 2z, so we may assume that
A(gs + 2s +2) = 0. Since A(gs + 2s +2) = 0 and A(2s) = 0, we must have A(2s + 2) = 1,
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otherwise (2s +2,2s,gs + 2s + 2) is a blue solution to 2x + gy = 2z. A2s+2) = land AQ2) = 1
imply that A(4) = 0, otherwise (2,4, 2s+2) is a red solution to 2x+ sy = 2z. A(4) = 0 implies that
AQ2q+4) = 1, otherwise (4,4,2g +4) is a blue solution to 2x+qy = 2z. [f A(2g+4—s) = 1, then
2g+4—15,2,2g +4) is ared solution to 2x + sy = 2z, so we may assume that A(2g+4 —s) = 0.
If A(4g+4—5s) =0, then (2g +4 — 5,4,4q + 4 — s) is a blue solution to 2x + gy = 2z, SO we may
assume that A(dg +4 —s) = 1. If A(4g + 4) = 1, then (4g + 4 — 5,2,4q + 4) is a red solution to
2x + sy = 2z, so we may assume that A(4g +4) = 0. Since A(4g+4) = 0 and A(4) = 0, we must
have A(8) = 1, otherwise (4, 8,4¢q + 4) is a blue solution to 2x + gy = 2z. A(8) = 1 and A(s) = 1
imply that A(S5s) = 0 or else (s, 8,5s) is a red solution to 2x + sy = 2z. Since A(4) = 0 and
A(5s) = 0, we must have A(2g +5s) = 1 orelse (5s,4,2g + 5s) is a blue solution to 2x + gy = 2z.
Note that
min{gs + g +2s+ 1,gs +2q + 1} > 2g + 55

since s > 3and g > 5. A(2g + 5s) = 1 and A(2) = 1 imply that A(2¢g + 4s) = 0, otherwise
(2q + 4s,2,2g + 5s) is a red solution to 2x + sy = 2z. If A(4s) = 0, then (4s5,4,2q + 4s) is a
blue solution to 2x + gy = 2z, so we may assume that A(4s) = 1. If A(3s) = 1, then (35,2, 4s)
is a red solution to 2x + sy = 2z, so we may assume that A(3s) = 0. If A(2¢g + 3s) = 0, then
(3s,4,2q + 3s) is a blue solution to 2x + gy = 2z, so we may assume that A(2g + 3s) = 1. If
AQ2g + 2s) = 1, then (2¢g + 2s,2,2q + 3s) is a red solution to 2x + sy = 2z, SO we may assume
that A(2g + 2s) = 0. Now we have A(2s) = 0, A(4) = 0 and A(2g + 2s5) = 0, so (2s,4,2q + 2s) is
a blue solution to 2x + gy = 2z, which is a contradiction and the proof is complete.

4. Proof of Theorem 2

Proof. 1t follows from Lemma 2 that when ¢ > 3 is an odd integer,

R2x+qy=2z,2x+y=2z7) > 2q + 4.

In order to prove this theorem, it suffices to show that when ¢ > 3 is an odd integer,

Ry2x+qy =2z2,2x+y =27) < 2¢q + 4.

Let A be a 2-coloring of [1,2g + 4] using the colors red and blue. Without loss of generality, we
assume, for contradiction, that there is no blue solution to 2x + gy = 2z and no red solution to
2x +y = 2z. We break our proof into 3 cases.

Case 1:

Case 2:

AQR) =1.

Since A(2) = 1, then the solution (2,4, 4) to 2x +y = 2z forces A(4) = 0 and the solution (2, 2, 3)
to 2x + y = 2z forces A(3) = 0. Since A(4) = 0, then the solution (4,4,2g + 4) to 2x + qy = 2z
forces A(2q +4) = 1. Since A(2) = 1 and A(2¢g + 4) = 1, then the solution (2g + 3,2,2g +4) to
2x+y = 2z forces A(2g + 3) = 0. Now we have A(3) = A(4) = A2qg+3) =0,s0(3,4,2g +3) is
a blue solution to 2x + gy = 2z, which is a contradiction.

A(2) =0and A(4) = 1.

A(4) = 1 implies that A(6) = O or else (4,4, 6) is a red solution to 2x + y = 2z. Since A(6) = 0
and A(2) = 0, we must have A(g+6) = 1, otherwise (6, 2, g+ 6) is a blue solution to 2x+ gy = 2z.
If AQqg +4) = 1, then (4,2qg + 4, g + 6) is a red solution to 2x + y = 2z, so we may assume that
ARRg+4) =0.If A(g+4) =0, then (¢ +4,2,2¢g+4) is a blue solution to 2x + gy = 2z, sO we may
assume that A(g+4) = 1. If A(g+2) = 1, then (¢ + 2,4, g +4) is ared solution to 2x+y = 2z, so
we have A(g +2) = 0. Now we have A(2) = 0 and A(g +2) = 0, so (2,2, g + 2) is a blue solution
to 2x + gy = 2z, which is a contradiction.
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Case 3: A2) =A@) =0.

A(2) = 0 implies that A(g + 2) = 1, otherwise (2,2, g + 2) is a blue solution to 2x + gy = 2z.
If AQg +2) = 0, then (2,4,2q + 2) is a blue solution to 2x + gy = 2z, so we may assume that
AQRqg +2) = 1. Since A(g +2) = 1 and AQ2g + 2) = 1, we must have A(1) = 0, otherwise
(1,2g+2,q +2) is ared solution to 2x +y = 2z. A(1) = 0 and A(2) = 0 imply that A(g + 1) = 1,
otherwise (1,2, + 1) is a blue solution to 2x + gy = 2z. Now we have A(2¢ + 2) = 1 and
Alg+1)=1,s0(q+1,2g +2,2q + 2) is a red solution to 2x + y = 2z, which is a contradiction
and this completes the proof.
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