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Abstract: Network theory is the study of graphs such as representing equilibrium relationships or
unequal relationships between different objects. A network can be defined as a graph where nodes
and / or margins have attributes (e.g. words). Topological index of a graph is a number that helps
to understand its topology and a topological index is known as irregularity index if it is greater than
zero and topological index of graph is equal to zero if and only if graph is regular. The irregularity in-
dices are used for computational analysis of nonregular graph topological composition. In this paper,
we aim to compute topological invariants of some computer related graph networks. We computed
various irregularities indices for the graphs of OTIS swapped network OP, and Biswapped Networks
Bsw(Pa).
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1. Introduction

A topology index is a number associated with the graph network and helps to understand the
topology of concerned network [1,2]. The topological indices remain same upto graph isomorphism.
The theory of topological indices begun with Wiener, when he introduced the very first topological
index, named as Wiener index [3]. After Wiener, Milan Randic in the year 1975, introduced Randic
index [4]. Due to huge applications and various applications of Randic index many topological indices
are introduced and studied in recent years, for example, Zagreb indices [5,6], augmented Zagreb index
[7], multiplicative versions of first Zagreb index [8], hyper Zagreb index [9], harmonic index [10] and
soon [11-13].

The mainly studied classes of topological indices are distance based [14, 15] and degree based
[16,17]. Like distance based and degree based topological indices, irregularities indices are also very
important and well studied class of indices [18]. A topological index is called as irregularity index, if
its value is either greater or equal to 0 and a topological index of graph is O iff it is a regular graph.
Irregularity indices are typically used for quantitative characterization of the topological structures of
non-regular graphs. In varied issues and applications, particularly within the fields of chemistry and
material engineering, it’s helpful to bear in mind of the irregularity of a molecular structure.

Various irregularity indices for dendrimer structures were established in [18] and for Probabilis-
tic Neural Networks are established in [19]. Abdo et al. [20] presented the graphs with maximal
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irregularity and the graphs with equal irregularity indices are presented by Dimitrov and Réti [21].
Moreover, Gutman presented irregularity for the various molecular graphs in [22].

In this paper, we consider all graphs are simple, finite and undirected. Let us consider G be such a
graph, V be the set of vertices of G and E be the set of edges of G. For any vertex v, its degree is the
number of vertices that are at distance one from v and is denoted by d,. For the other notions that are
used in this paper but not defined, we refer to the readers [23,24]. The irregularities are presented in
Table 1 [25,26] below;

Table 1. Irregularity indices [25, 26]

VAR(G) = 1@ _ ()’ IRC(G) = @ _ m
ALG)= ¥ |dy—dvl IRDIF(G) = Y |%— %
uveE(G) uveE(G) v u
IRI(G) = F(G) - 2M\(G)  IRLG)= ¥ |In(d,) - In(dv)|
uveE(G)
IR2(G) = (*4 — 2m IRLUG) = 3, o=l
uveE(G) ey
IRF(G) = F(G) — 2My(G IRLF(G) = dy—dy|_
(G) = F(G) - 2Ms(G) @)= 3
_ IRF(G) _ |dy—d,|
IRFW(G) = ®H¢ IRLA(G) = wg@zdﬁd‘
IRA(G) = ( dvzl) IRDIG)= 5 In[l +Id, — dv[]
uveE(G) 5 uveE(G)

IRB(G) = (d2 dv%) IRGA(G) = In (—Gutdy
© uve%(G) ©) uve%:(c) (zm)

It can be observed from this Table 1 that all the presented irregularities are related with degree-
based topological indices.

The main applications of OTIS networks (optical transpose interconnection system) is in the new
structure design of computers and in electronic gadget [27]. In these networks, the processors are
taken as clusters and the similar clusters are connected through electronic links, whereas optical
links ar utilized for intercluster communication. The algorithms are devised for routing, selec-
tion/sorting [28, 29], bound numerical-computations [30], Fourier—remodel [31], matrix—operation
[32], and image—process [33].

The structure of associate interconnection network are often mathematically shaped as graph. In
this graph, processors are taken as vertices and the links between these processors are taken as edges.
By studying the topological index we determine the topology of these networks which inform us
about the arrangement of vertices(processors) and edges(links between processors). Furthermore,
the properties of these networks can be determined with the topological indices and one can get the
desired properties by rearranging the processors and links between the processors. The diameter of
the graph tells us the largest distance between any two nodes and the degree of any vertex is the total
links connected with a single node. If the number of links of each node is same than the network is
called as regular network(graph).

The aim of present note is to compute 16 kind of irregularities for the OTIS swaped network OP,
and biswapped networks Bsw(Pa).

2. Irregularities of OTIS swapped network Op,
The OTIS swapped networks are extensively studied due to its huge applications [34,35]. Different

kinds of OTIS swapped networks are recently introduced for betterment of mankind [36,37]. Below
is the definition of OTIS swapped network;

Definition 1 (OTIS swapped network [38]). The OTIS swapped network denoted by O¢ (can be
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deduced from any graph G) is a graph with the vertex set V(Og) = {< u,v > |u,v € V(G)} and the edge
set E(Og) = {(u,vy >, < u,v, >)|g € V(G), (vi,v2) € E(G)}U{(u,v >, < v,u >)|lu,v € V(G) and u # v}.

Here, we studied the OTIS swapped network which is generated by a path graph P,, where the
natural number a denotes the total number of vertices in P,. The graph for Op, for a + 6 is given in
Figure 1. It is easy to observe that the vertex set of Op, contain a* elements and the edge set of it

contains M elements.

Figure 1. Graph of Op, fora =6.

Theorem 1. For the graph of Op,, we have following irregularities;
1. VAR(Op,) = 242

a?
2. AL(Op,) = 6a - 10.
3(5a%-11a+4
3. IR1(0p,) = 201
2 #—%uls)
3(a=1
4. IRZ(OPa) = ( 3a(a-1) - (6; )'
5. IRF(Op,) =6a—6.
4a-4
6. IRFW(OPH) = m.
_ 3639647609281071a , 4379338332339151
7. IRA(Op,) = 3¢s797015963068 T 36028797013963968 "
8. IRB(Op ) = 2129135706960801a _ 1928047293671
: Pa 4503599627370496  562949953421312°
9. IRC(Op,) = 12 \@a—273a(:—(4; :f13)—28 \6+57.

10. IRDIF(Op,) =5a— 2.
_ 10956315058725999a _ 15669315349286639
11. IRL(OPa) T 4503599627370496 4503599627370496 *

12. IRLU(Op,) = 3a - 3.
]3 IRLF(OPH) = 4T\r3 + M

6
I4. IRLA(Op,) = 34 - 2.
15. IRDI(OP ) — 18729944304496077a _ 33807783589416821

SPAAIIORI 2130 | _138935056006923
— a
16. IRGA(OPH) ~ 72057594037927936 T 72057594037927936

Proof. The vertices of Op, consists of following three classes w.r.t the degrees of vertices;
Vi(0p) = (eV(0p):d, = 1),
Va(0p) = (veEV(Op):d, =2},
V3(Op,) = {veV(Op,):d, =3}

The edges of Op, consists of following classes w.r.t the degrees of end vertices;

E\(Op,) = {uw=e€EOp,):d,=3, and d, = 3},
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Ey(Op,) = {uw=e€EOp,):d,=2, and d, =2},
Es(Op,) = {uw=e€EOp,):d,=1, and d, = 3},
EyqOp) = {uv=e€EOp,):d,=2, and d, = 3}.

The cordialities of above edge classes are;

3a—-6 -3
Eop) = 84 ;(" ),
IEx(Op)] = 3.
E3(Op)] = 2.
|E4(Op,)| = 6a-14.

Firstly, we compute the indices that are useful in computing the irregularities for Op,.

M\(Op) = ) (dy+d)=9d"-15a+4
uveE(Op,)
274> 63
Mx0p,) = (d,xd) = 5= = == +15.
uveE(Op,)
F(Op) = ). ((d)+(d))=27d"-5Ta+24.
uveE(Op,)
3Ba-6)(a-3
RR(Op) = Jaud, = 284 2) @=3) 5 VB+ VB (6a-14)+6.
MVEE(OPG)
Now,
M;(O 2m\’
VAR(Op,) = 1(0p,) (_m)
n n
0d> —15a+4 (224D’
- a? B a?
_3a-5
-2
ALOp) =Y ld,—dvl
uveE(Op,)
= DO+ > O+ > M-+ D 12-O)
quEl(Opu) quEz(Opu) uVEE3(0Pa) uv€E4(Opa)
=6a-10.
2m
IR1(Op,) = F(Op,) — 7M1(0pa)
2(3a(a—l))
=27d*~57a+24 - ——29a - 15a+4
a
3(5a°—11a+4)
- - _
My(Op,) 2
IR2(0p,) = My(Op,) _2m
m n
a 3a 3a(a-1)
B %‘%wa_z( > )
- 3a(;—1) a2
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B \/2 (272a2 6?a 15) 3 (a B 1)
B 3a(a—-1) a
IRF(Op,) = F(Op,) — 2M>(Op,)

2
:27a2—57a+24—2(27a 63a 15)

2 2
=6a-6.
IRFW(Op,) = IRF(Or.)
"7 My (0p,)
B 6a-6
JEEEEE
=6a-6.
_ : 2
IRAOp) = > (d,fl —dv‘z)
uveE(Op,)
- -1\2 -1 -1\2
= > O+ > O+ > (WT-3)7)+ > (@7 -3)7)
uveE1(Op,) uveE>(Op,) uveE3(Op,) uveE4(Op,)
_ 3639647609281071 0 4379338332339151
~ 36028797018963968  36028797018963968
IRB(Op,) = Z (a” dv2)
uveE(Op,)
2 2
= > O+ > O+ > (-32)+ > (@-0))
quE](Opﬂ MVEEz(OpH uV€E3(0pg) MVEE4(0Pa)
_ 2729735706960801a  192804972936719
T 4503599627370496  562949953421312°
RR(O 2
IRC(Op,) = RR(Or,) _2m
m n
30696 Lo 34 V6 (6a—14)+6  2(2442)
= 3a(a-1) - )
2
_12V6a-27a+4V3-28 V6 +57
Bl 3a(a-1)
d, d,
IRDIF = u v
©Or)= ), 77
uveE(Op,)
1 3 2 3
P IICEIDWICENDWN 5 BDVNCE
uveE1(Op,) uveEy(Op,) uveEs(Op,) uveEq(Op,)
19
=5a-—.
73
IRL(Op,) = Z |In(d,) — In(dv)|
uveE(Op,)
= > O+ > O+ > n-W@G)l+ > |InQ)-InQ)
uveE1(Op,) uveE>(Op,) uveE3(Op,) uveE4(Op,)
_ 10956315058725999a  15669315349286639
T 4503599627370496  4503599627370496
d,)—(d
KLUy = Y @)
weEor) min(d,,d,)
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I(1) = (3)| 1(2) — (3)|
= ), O+ > O+ ) min(1.3) . min(2.3)

quE](Opﬂ) MVEEz(OpH uV€E3(0pg) MVEE4(0PH)
=3a-3.
|d, — d,|
IRLF(Op,) = —_—
”“’E;OPH) V(du de)
11 -3 12 - 3]
= 0) + 0) + —+ —_
MVEI;(OP,,) MVEEZZ(OPa) uvet;:OPa) '(1 X3) MV€E4Z(0Pa) ‘(2X3)
_4x/§Jr V6 (6a—14)
= - .
d, —d,
IRLA(Op,) = 2' y d'
uveE(Op,) utdy
11 -3 12 -3
= 0) + 0) + 2— + 2
2, O ), OF ), 2Ee ) 255
uveE1(Op,) uveE>(Op,) uveE3(Op,) uveE4(Op,)
_12a 18
5 5°
IRD1(Op,) = Z In[1 + |d, — dv]
uveE(Op,)
= > O+ > O+ > WI+H-G)I+ > Inll+2)-3)
quEl(Opa) quEz(Opa) MV€E3(0pa) uV€E4(0pa)

18729944304496077a  33807783589416821
4503599627370496 4503599627370496

IRGA(Op)= Y In (M)

uveE(Op,) 2 \ (d“ X dV)
1+3 2+3
= Z ) + Z ) + Z ln(—)+ Z ln(—)
MVEE](OPu) MVGEz(OPu) MVEE3(OPH) 2 (1 X 3) uVEE4(0pa) 2 (2 X 3)

_ 8824604126877213 a N 138935026006723
~ 72057594037927936  72057594037927936

3. Irregularities for Biswapped Networks Bsw(P,)

Definition 2 (Biswapped Networks [38]). The biswapped network is denoted by Bsw(G) (can be
obtained from any graph G), is a graph with the vertex set;

V(Bsw(G)) = {< 0,u,v>,< 1,u,v > |u,v € V(G)},
and the edge set;

E(Bsw(G)) ={(< 0,u,v; >, <0,u,vy >),(< L,u,vi >, < 1,u,vs >)|(vi,v2) € E(G),u € V(G)}
U{(<0,u,v><1,v,u>)\u,veVG))}

The biswapped networks Bsw(P,) studied in this paper are obtained from the path P, and the plot
of Bsw(P,) for a=5 is given in Figure 2. It can be observed from Figure 2 that Bsw(P,) has 2a°
vertices and 3a* — 2a edges [39].

Theorem 2. For the Biswapped network Bsw(P,), we have the following irregularities;
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| 2 2T 35 4 42 43 44 45 51 52 53 54 55

4 42 43 44 45 51 52 53 54 55

Figure 2. Bsw(P,).

I. VAR(BSN - 1) = 242,
2. AL(Bsw(P,)) = 8a — 8.
3. IR1(Bsw(P,)) = 20 a — 40.
4. IR2(Bsw(P,)) = 446C 4 |- T eard,
5. IRF(Bsw(P,)) = 8a— 8.
6. IRFW(Bsw(P,)) = 735 —.
_ 1213215869760357 a 1213215869760357
[ IRAGBwP)) = i~ s
8' IRB(BSW(P”)) = 1125899966842624 T 1125899906842624 °
9. IRC(Bsw(P,)) = —'8a=8 voar§ Yo-lo
10. IRDIF(Bsw(P,)) = 3¢ - 3.
_ 3652105019575333 a 3652105019575333
11. IRL(BSW(P”)) ~ T1125899906842624  1125899906842624 °
12. IRLU(Bsw(P,)) = 4a — 4.
13. IRLF(Bsw(P,)) = YoBa=8)

14. IRLA(Bsw(P,)) = 184 — 18,
_ 6243314768165359a _ 6243314768165359
15. IRDI(BSW(P”)) T 1125899906842624 1125899906842624 *

_ 2941534708959071a __ 2941534708959071
16. IRGA(BSW(P"))  18014398509481984 18014398509481984 *

Proof. The vertices of Bsw(P,) has following two classes w.r.t the degrees of vertices;

V1(Bsw(P,)) = {veV(Bsw(P,)):d, =2}
V2(Bsw(P,)) = {ve V(Bsw(P,)):d, =73}

The edges of Bsw(P, consists of following three classes;

E.(Bsw(P,)) = {uve EBsw(P,)):d,=d, =3},
E>(Bsw(P,)) = {uve E(Bsw(P,)):d,=d, =2},
E;(Bsw(P,)) = {uve EBsw(P,)):d,=2,d, =3}

The cardinalities of above mentioned classes of edges are;

|E/(Bsw(P))| = 3a*-10a+ 4,
|[E>(Bsw(P,)| = 4,
|E5(Bsw(P,))| = 8a-—8.

The indices of Bsw(P, related to our irregularities are;

M,(Bsw(P,)) = d,+d)=2a (9a-10).
uveE(Bsw(P,))
Mo(Bsw(P,)) = (d,xd))=27a*-42a+4.
uve E(Bsw(P,))
FBswP) = > ((d)*+(@d))=2a2Ta-38).
uveE(Bsw(P,))

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 117, 3—14
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RRBsw(P)) = > dd,=9a*-30a+ V6 8a-8)+20.
uveE(Bsw(P,))
Now,
2
VAR(Bsw(P,)) = w — (Z_m)
n n
_2a(9a-10) (23a*-2a)’
B 2a? 2a?
2 (a-2)
T2
AL(Bsw(P,)) = \d, — dv|

uveE(Bsw(P,))

uveE1(Bsw(Py)) uveE>(Bsw(Py)) uveE3(Bsw(P,))
=8a-8.
2m
IR1(Bsw(P,)) = F(Bsw(P,)) — — M,(Bsw(P,))
n
2(3a*-2a)

=2a (27a-38) - 7
a

2a 9a-10)
=20a — 40.

IR2(Bsw(P,)) = w/w - 27’”

) \/27a2—42a+4 2(34°-24)

3a2-2a 2 a?
_4a-6d \/ 27a2—42a+4
24 2a-3a2

IRF(Bsw(P,)) = F(Bsw(P,)) — 2M»(Bsw(P,))
=2a(27a-38)-2Q7a* -42a+4)

=8a-28.
IRF(Bsw(P,))
IRFW(Bsw(P,)) = ————— ¢~
(BswlPa) = S Bew(Po))
B 8a—-18
S 27a*-42a+4
=8a-38.
-1 _1 2
IRA(Bsw(P,)) = a7 - dvz)
uveE(Bsw(P,))
= > o+ > O+ > (@
uveE | (Bsw(P,)) uveEy(Bsw(Py)) uveE3(Bsw(Py,))
_ 1213215869760357a  1213215869760357
T 9007199254740992  9007199254740992°
2
IRB(Bsw(P,)) = d: - dv%)

uveE(Bsw(P,))

uveE 1 (Bsw(Py)) uveEy(Bsw(Py)) uveE3(Bsw(Py))

Journal of Combinatorial Mathematics and Combinatorial Computing
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IRC(Bsw(P,))

IRDIF(Bsw(P,))

IRL(Bsw(P,))

IRLU(Bsw(P,))

IRLF(Bsw(P,))

IRLA(Bsw(P,))

IRD1(Bsw(P,))

Journal of Combinatorial Mathematics and Combinatorial Computing

~909911902320267a  909911902320267

T 1125899906842624  1125899906842624
RR(Bsw(P,)) 2m

n
_9a>-30a+ V6 (8a—8)+20 2(3a* - 2a)
- 3a>-2a 2 a2
_ 18a-8V6a+8V6-16
aBa-2)
-y du _dy
uveE(Bsw(Pa)) " dy
2 3
= > O+ 0) + 5_5'
uveE (Bsw(Pa)) uveEr(Bsw(P,)) uveE3(Bsw(P,))
_20a 20
-3 3
= |In(d,) — In(dv)|
uveE(Bsw(P,))
= (0) + (0) + |In(2) — In(3)|
uveE | (Bsw(Py)) uveE>(Bsw(Py)) uveE3(Bsw(P,))
_3652105019575333a  3652105019575333
~1125899906842624 1125899906842624
uve E(Bsw(P,)) min(d”’ d")
I(2) — (3)]
S e 3 e 3 2
uveE1(Bsw(Pa)) uveEs(Bsw(Py)) wveE3(Bsw(P,)) min(2,3)

=4a-4.
|du - dv|
uveE(Bsw(P,)) V(d” X dV)

2 - 3
= > O+ > O+ Y ——=
uveE | (Bsw(P,)) uveEy(Bsw(Py)) uveE3(Bsw(Py,)) (2 X 3)
_ V6 (8a-13)
= 6 .
d,—d,
_ N
uveE(Bsw(Py)) dy +dy

12 -3
Z 22+3

uveE3(Bsw(Py,))

> o

uveE | (Bsw(P,)) uveEy(Bsw(Py))

_16a 16
55
= > In[l+ld,-av]
uveE(Bsw(P,))
= > O+ (0) +
uveE | (Bsw(P,)) uveEy(Bsw(Py)) uveE3(Bsw(Py,))

_ 6243314768165359a  6243314768165359
~1125899906842624  1125899906842624

0) +

In[1 +1(2) =3

Volume 117, 3-14
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Z ln( d,+d, )
weEBmwpyy V2 V(du X dy)

IRGA(Bsw(P,)) =

= > o+ Y O+ 2+3)

S w2
uveE 1 (Bsw(Py)) uveEy(Bsw(Py)) uveE3(Bsw(Py)) 2 (2 X 3)

~2941534708959071a  2941534708959071

~18014398509481984  18014398509481984

4. Concluding Remarks

Topological index, “the mathematical formula that can be calculated for any simple connected
graph network™ is helpful to analyze the concerned network. With the help of these indices, we can
get properties of OTIS networks and processors can be increased or decreased to get our required
properties. Furthermore we can also rearrange the links between processors to enhance the ability
of OTIS networks which help us to better design the computers and electronic tools. We can say
that with the help of topological indices, we can efficiently get our desired network with any lose
of time and expensive experiments. Topological indices also have an important role in chemistry
and physics. These indices with quantitative structure-property relationship (QSPR) and quantitative
structure-activity relationship (QSAR) give us boiling points any other properties. Irregularities are
also important to understand the topology of OTIS swapped and OTIS biswapped networks. In the
present research, we presented sixteen irregularities for these networks. Our results are very helpful
in determining the properties of concerned networks and also can be used to enhance their ability.
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