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ABSTRACT. The set of all possible intersection sizes between
two simple triple systems T'S(v, \1) and T'S(v, A2) is denoted
by Int(v,A1,A2). In this paper, for 6 < v < 14, and for all
feasible A’s, Int(v, A1, Az) is determined.

1 Introduction
A triple system of order v and index A, T'S(v, ), is a pair (X, B), where
X is a v-set and B is a collection of 3-subsets of X called triples in which
every 2-subset of X appears in precisely A triples. A triple system is simple
if B contains no repeated triples.
For (X, B,), a simple T'S(v, A1) and (X, Bz), a simple T'S(v, A2), the set
of all possible sizes of intersections of B; and B, is denoted by Int(v, A1, A2).
Kramer and Mesner[3] have indicated the importance of intersection
problems. Lindner and Rosa[5] haved obtained a complete determination
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of Int(v,1,1). (A comprehensive reference on this is [6].) But the de-
termination of Int(v, A, A2) for all positive integers v, A;, and A remains
unsolved.

It seems that in many combinatorial problems, small cases frequently
behave rather peculiarly. Thus, the intent of this paper is to obtain the
intersection numbers for triple systems of small orders (6 < v < 14).
The techniques utilized here is a combination of the application of ran-
dom permutations and the trade-off method[2]. To determine Int(14, 6, 6)
and Int(12,4, 2), we have used the method of combining ¢-designs [1], which
is essentially the contents of Lemmas 3 and 4.

2 Some auxiliary lemmas and some constructions

It is well known that a necessary and sufficient condition for the existence
of a simple T'S(v, A) is that Ay|A and A < v —2 in which A, = ged(v -2, 6).

Lemma 1. Let v, A1, and Ay be three positive integers such that )\,
A2 =0 (mod A,). If 7 € Int(v, A1, A2), then Av(v —1)/6 — r € Int(v,v
2- )‘17 A?)'

Proof: Let (X, B;) and (X, B;) be two simple triple systems of order v and
indices Ay and A,, respectively, which intersect in exactly r triples. Then
(X, P3s(X)\B,) is a simple T'S(v,v—2— ;) and clearly |P3(X)\B2NB;| =
Av(v—1)/6 —r. a

By replacing \; with v — 2 — A; in Lemma 1, we obtain the following
result.

Corollary 1. Int(v,v—2—XA;, A2) ={Av(v—1)/6—7|r € Int(v, A, A2)}. O

In view of the above corollary we need only consider the case A1, A\; <
(v —2)/2. In some cases even we can essentially reduce the problem to the
case A\; = A2 = Ay. The main idea behind this is in the following definition
and Lemma 2.

Let v, );, and ), be three positive integers such that A\; < Ay < v —2,
and A; = A = 0 (mod ),). Let 7 be a nonnegative integer. We denote
by Inti(v, A1, A2) the set of all integers k such that there exist two simple
triple systems of order v and indices A; and Ag, e.g. (X, B;)) and (X, Bg),
intersecting in exactly k triples and j mutually disjoint simple T'S(v, Ay ),
say (X,TI'1),...,(X,T;) such that

BN =8,NT;=0, fori=1,...,5.

Lemma 2. Let l, m, n, j be four positive integers such that m+n—1< j.
Ifre Intj('v, A1, A2), then

Dov(v —1)/6 + 1 € Int(v, A1 + mAy, A2 + nhy).
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Proof: Let (X,B;) and (X, B) be two simple T'S(v, 1) and T'S(v, A2),
respectively, intersecting in exactly k triples and let (X, Ty),...,(X,T;) be
7 mutually disjoint simple T'S(v, Ay) such that

BlnI‘.-=anr‘,-=0, fori=1,...,7,

and let m
C1=BU Uiz, T4),

C2 = B2U (U1 ).
Then clearly (X,C;) and (X,C;) are two simple T'S(v,A; + mA,) and
TS(v, A2 + n)y), respectively, and

m
ICNC| =1BinBy|+] | Til=r+Do(v-1)/6.
i=m-l+1

O

Utilizing above lemmas and tables one can determine Int(v, A1, Az) for
v < 13 with some gaps in the case v = 12. In the following lemma we fill
in these gaps. To prove this lemma we need the following definition. If
G is a multigraph which is I-factorable, and F = {F,...,Fg} and G =
{G1,...,G4} are two l-factorizations of G such that F;’s and Gi’s have
no repeated edges, then we say F and G intersect in exactly k edges if
Y2 |F;NGi| = k. Let J(G,1) be the set of all k’s such that there exist a
pair of l-factorizations of G having exactly k edges in common.

Lemma 3. Let | € {1,2}. If r,s € Int(7,1,1), and t,k € J(Kg,!), then
r+s+t+m e Int(12, 21, 21).

Proof: Let X = {1,---,12}, and define
X0={11'°°17}: ),1={81"';12},

Xy ={1,---,6}, Yo={7,---,12},
Xp={1,---,5}), Ya=1{6,---,12}.

Let (Xo,Bi10) , (Ya,B13) , (Xo,B20) , and (Y3, B23) be four simple triple
systems of order 7 and index ! such that |BijoNByo| = r, and |BizN Bas| = s.
For i € {1,2} let F; = {F}|1 < j < 5} and G; = {G|1 < j < 5} be two
I-factorizations of IKg on X; and Yz, respectively such that 7, and 7>
intersect in exactly ¢ edges, while G; and G, intersect in exactly m edges,
and define

By =BioUBiaU (Ui (i+7)+ F}) U (Ui + G}),
By = BagUByU (UL (i +7)* FA) U (Ui * G?).
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Here, i * F/ = {AU {i}|A € F/}. Then it is an easy exercise to check
that (X, B,) and (X, B;) are simple triple systems of index 2/, and clearly
IBiNBy|=r+s+t+m. a

Corollary 2. {27, 30,33} € Int(12,2,2).

Proof: It is an easy exercise to construct two 1-factorizations of K inter-
secting in exactly 3,6,9, or 15 edges, and by Table 2 we have {0,1,3,7} C
Int(7,1,1). Now the assertion is a straightforward consequence of Lemma
3. a

Corollary 3. {31, 34, 38,71,74,77, 78,80} € Int(12,4,4).

Proof: It is an easy exercise to construct two 2-factorizations of 2Kg
intersecting in exactly 0,3,6,26,27, or 30 edges, and by Table 2 we have
{2,5,8,14} C Int(7,2,2). Now the assertion is a straightforward conse-
quence of Lemma 3. ]

Lemma 4. If r € Int(6,2,2), s € Int(10,4,4), 0<t <4,and0<€<2,
then
b=r+ s+ 10t + 36 € Int(14,6,6).

Proof: Let X = {1,---,14}, and denote
Xo={1,---,6}, Yi={7,---,14},
Xy={1,-,5}, Yo={6,-,14},
X2 ={1,---,4}, Ys={5,--+,14}.

Let (Xo,B1g) and (Xo,B2o) be two simple TS(6,2) intersecting in exactly
r triples, let (Y3, B13) and (Y3, Bas) be two TS(10,4) intersecting in exactly
s triples, and let

F ={{i,j}l1<i<j<5 and i—j=1or —1 (mod5)},
Fp =P(Xi)\ F,

G ={{i,j}I6<i<j <14, and i—j=1,3,50r 7 (mod 9)},
G2 = Py(Y2)\ G1.

Now for 1 < j <8, and 1 < i < 4, define

H:= F, 5-t<j<8-¢, K;: = G, 3-€<iga-¢,
77| F, otherwise, =1 G2, otherwise,

and

By =BjgUBj3U (U.}i-,’t * H.'_s) U (Ug=1‘i * K‘)
By =By U B U (Ui x F) U (UM, i+ Fo) U (UL i+ G1) U (Uf_si x Ga),
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then, it is an easy exercise to show that (X, B;) and (X, Bz) are two simple
TS(14,6) intersecting in exactly b triples.

Theorem. Let 6 < v < 14, A1, A2 =0 mod(\y), A1 < A2 < (v—2)/2, and
m = M\v(v—1)/6. Then

i) Fbr'v=6,)\1 )\2—2 ’0—10 /\1—)\2—4 andv_14 Al Az—-
we have
Int(v,\1,A2) = {0,...,m}\ A(v, A1, A2),
where A(v,A\1,X) = {m —ili =1,2,3,5} U {ili=1,2,3,5}.

ii) For9<v <14,

[ {0,... ., m}\A(v,A1,22) A=Ay
Int(v, AlvA2) - { {0’ e 'm} otherwise,

where A(v,A\1,)2) = {m — ili = 1,2,3,5}, except for A(9,1,1) =
{5,7,...,11}.

iii) Int(7,1,1) = {0,1,3,7}; Int(7,1,2) = {1,4,7}; Int(7,2,2) = {2,5,8, 14}.

Proof: If 6 < v < 9, the result is given in Tables 1,2, and 3. For v = 10,
Table 4 together with Lemma 2 give rise to the result. For v = 11 or 13,
Tables 5 and 7 prove the assertion. For v = 12, Table 6 together with
Lemmas 2 and 3 establishes the statement, and finally for v = 14 the
assertion is an immediate consequence of Lemma 4. a

8 Tables of intersection numbers (6 < v < 13)

In Tables 1-6, except for Int(12,4,2), Int(v, A1, A2) is given explicitly for
6 < v <13, and for all feasible A’s.
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Tablel. v=6
Design used in Table 1.

BD(I) = {{1, 2, 3}: {lv 2)4}! {1- 3, 5}: {1) 4, 6}1 {1: 5, 6};
{2,3,6},{2,4, 5}, {2, 5,6}, {3,4, 5}, {3,4,6}}.

First Design Second Design Int(6, A1, A2)
Name | Index | Rule of Construction | Index
BD(1) 2 (354 6)BD(1) -2 0
BD(1) 2 (1 2)BD(1) 2 4
BD(1) 2 (3 5)(4 6)BD(1) 2 6
BD(1) 2 BD(1) 2 10
Table 2. v=7
Designs used in Table 2.

BD(1) = {{1,2, 3},{1,4,5},{1,6,7}, {2,4,6},{2,5, 7}, {3,4,7},{3,5,6}},
BD(2) = BD(1) + (3 4)(5 6 7)BD(1).

First Design Second Design Int(7, A1, A2)

Name [ Index | Rule of Construction | Index

BD(1) 1 (34)(567)BD(1) 1 0
BD(1) 1 (56 7)BD(1) 1 1
BD(1) 1 (67)BD(1) 1 3
BD(1) 1 BD(1) 1 7
BD(2) | 2 | (576)BD(1) 1 1
BD(2) 2 (67)BD(1) 1 4
BD(2) 2 BD(1) 1 7
BD(2) 2 (3456 )BD(2) 2 2
BD(2) 2 (567 )BD(2) 2 5
BD(2) 2 (67)BD(2) 2 8
BD(2) 2 BD(2) 2 14
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Table 3. v=9

Designs used in Table 3.

BD(1) = {{1,2, 3}, {1, 4, 7}, {1,5,9},{1,6, 8}, {2, 4, 9}, {2, 5,8},

{2,6,7},{3,4,8},{3,5,7},{3,6,9},{4,5,6},{7,8,9}}
BD(2) = BD(1)+(34)(6 8 9)BD(1)
BD(3) = (BD(2) \ {{11 2, 4}! {1! 3, 7}i {3i 4, 8}: {2i 7, 8}})

u{{1,2,7}, {1,3,4},{2,4,8},{3,7,8}}
BD(4)= BD(2)+ (35 6)(4 8 9)BD(1)
BD(5)= BD(3)+ (3 4)(6 97 8)BD(1)

BD(6)= (369478)BD(3)+(3784)(56)BD(1)

First Design Second Design Int(9, A1, A2)

Name | Index | Rule of Construction Index

BD(1) 1 (34)(689)BD(1) 1 0
BD(1) 1 (6789)BD(1) 1 1
BD(1) 1 (67)(89)BD(1) 1 2
BD(1) 1 (789)BD(1) 1 3
BD(1) 1 (5679)BD(1) 1 4
BD(1) 1 (89)BD(1) 1 6
BD(1) 1 BD(1) 1 12
BD(3) 2 (34)(6978)BD(1) 1 0
BD(3) 2 (57968)BD(1) 1 1
BD(3) 2 (6987)BD(1) 1 2
BD(3) 2 (6879)BD(1) 1 3
BD(3) 2 (798)BD(1) 1 4
BD(3) 2 (79)BD(1) 1 5
BD(3) 2 (789)BD(1) 1 6
BD(3) 2 (78)BD(1) 1 7
BD(3) 2 (689)BD(1) 1 8
BD(3) | 2 | (89)BD() 1 9
BD(3) 2 (58)BD(1) 1 10
BD(3) 2 BD(1) 1 11
BD(2) 2 BD(1) 1 12
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Table 3 (Cont.)

[ First Design Second Design Int(9, A1, A2)

Name | Index | Rule of Construction Index

BD(2) 2 [ (356)(489)BD(2) 2 0
BD(2) 2 | (3596)(487)BD(2) 2 1
BD(2) 2 | (458679)BD(2 2 2
BD(2) 2 (456789) BD(2) 2 3
BD(2) 2 |(57869)BD(2) 2 4
BD(2) 2 (6879)BD(2) 2 5
BD(2) 2 | (68)(79)BD(2) 2 6
BD(2) 2 | (6798)BD(2) 2 7
BD(2) 2 | (6789)BD(2) 2 8
BD(2) 2 | (789)BD(2) 2 9
BD(2) 2 | (67)(89)BD(2) 2 10
BD(2) 2 | (56897)BD(2) 2 11
BD(2) 2 [ (79)BD(2) 2 12
BD(2) 2 | (5689)BD(2) 2 13
BD(2) 2 | (78)BD(2) 2 14
BD(2) 2 [ (47)(58)(69)BD(?) 2 15
BD(2) 2 (89) BD(2) 2 16
BD(2) 2 (23)(47)(69)BD(2) 2 17
BD(2) 2 (58) BD(2) 2 18
BD(3) 2 (58) BD(2) 2 20
BD(2) 2 | BD(2) 2 Y\
BD(B)| 3 (354)(6798)BD() 1 0
BD(5) | 3 (35764 )BD() 1 1
BD(5) | 3 (5768)BD(1) 1 2
BD(5) | 3 (6987)BD(1) 1 3
BD(5) 3 (56789)BD(1) 1 4
BD(5) 3 (798)BDQ) 1 5
BD(5) 3 (67)BD(1) 1 6
BD(5) 3 (78)BD(1) 1 7
BD(5) 3 (789)BD(]) 1 8
BD(5) 3 (689)BD(1) 1 9
BD(5) 3 (89)BD(Q) 1 10
BD(5) | 3 | BD(1) , 1 11
BD(5) | 3 (34)(6978)BD({) 1 12
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Table 8 (Cont.)

First Design Second Design Int(9, A1, A2)

Name | Index | Rule of Construction Index

BD(4) 3 (264589 ) BD(3) 2 0
BD(4) 3 (365)(498)BD(3) 2 1
BD(4) 3 (3685)(479)BD(3) 2 2
BD(4) | 3 |(48)(576)BD(3) 2 3
BD(4) 3 (45)(69)(78)BD(3) 2 4
BD(4) 3 (6978) BD(3) 2 5
BD(4) 3 (68)(79)BD(3) 2 6
BD(4) 3 (69)(78)BD(3) 2 7
BD(4) 3 (789) BD(3) 2 8
BD(4) 3 (6789) BD(3) 2 9
BD(4) 3 (679)BD(3) 2 10
BD(4) 3 (678)BD(3) 2 11
BD(4) 3 (78) BD(3) 2 12
BD(4) 3 (79)BD(3) 2 13
BD(4) 3 (67)(89)BD(3) 2 14
BD(4) 3 (57986)BD(3) 2 15
BD(4) 3 (89)BD(3) 2 16
BD(4) 3 (67)BD(3) 2 17
BD(4) 3 (47)BD(@3) 2 18
BD(4) 3 (47)(69)BD(3) 2 19
BD(4) 3 (23)(458)(79)BD(3) 2 20
BD(4) 3 BD(3) 2 21
BD(4) 3 (26493875 ) BD(3) 2 22
BD(4) 3 (248)(3659) BD(3) 2 23
BD(4) 3 BD(2) 2 24
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Table 3 (Cont.)

First Design Second Design Int(9, A\, A2)

Name | Index | Rule of Construction Index

BD(B)| 3 |[(17)(26)(34)(59)BD(5)| 3 0
BD(6) | 3 |BD@) 3 1
BD()| 3 |(25634897)BD(5) 3 2
BD(B)| 3 |(14)(25679)(38)BD(G)| 3 3
BD(B)| 3 [(23684795)BD(5) 3 4
BD(5)| 3 |[(2376549)BD(5) 3 5
BD(5)| 3 |(3486)(597)BD() 3 6
BD(5)| 3 [(3597486)BD(5) 3 7
BD(5)| 3 [(3489756)BD(5) 3 8
BD(B)| 3 |(4579)(68)BD() 3 9
BD5B)| 3 |(456)(789)BD(5) 3 10
BD(5)| 3 |[(457896)BD(5) 3 11
BD(B)| 3 [(5768)BD() 3 12
BDB)| 3 |(4576)(89)BD(5) 3 13
BD(B)| 3 |(56879)BD(5) 3 14
BD()| 3 | (5687)BD(5) 3 15
BD(B)| 3 |(56)(789)BD(5) 3 16
BD(5)| 3 | (6879)BD(5) 3 17
BDGB)| 3 | (789)BD(5) 3 18
BD()| 3 |(6789)BD(5) 3 19
BD(B)| 3 | (68)(79)BD(5) 3 20
BD(5) | 3 | (568)BD(5) 3 21
BD(5) | 3 | (78)BD(5) 3 22
BD(5)| 3 |(689)BD(5) 3 23
BD(5)| 3 | (67)BD(5) 3 24
BDB)| 3 |(34)(689)BD(5) 3 25
BD(5) | 3 |(68)BD(5) 3 26
BDGB)| 3 |(34)(6879)BD(5) 3 27
BD() | 3 | (89)BD(5) 3 28
BD(B) | 3 | (23)(47)(59)BD(5) 3 29
BDGB)| 3 |[(37)(58)BD(5) 3 30
BD(B)| 3 |(12)(47)59)(68)BD(5)| 3 32
BD(B) [ 3 |[BD(5) 3 36
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Table 4. v=10
Designs used in Table 4.

BD(1) = {{1,2,4}, {1,2,5}, {1,3,4},{1,3,6},{1,5,7},{1,6,7},
{1,8,9},{1,8,10}, {1,9,10}, {2, 3,4}, {2, 3,8}, {2,5,9},
{2,6,9}, {2,6,10}, {2, 7,8}, {2,7,10}, {3,5,9}, {3,5,10},
{3,6,10}, {3,7,8},{3,7,9},{4,5,8}, {4,5,10}, {4,6,8},
{4,6,9}, {4,7,9},{4,7,10}, {5,6,7}, {5,6,8}, {8,9,10}}

BD(2) = BD(1) + (4 7 6 10)(5 8)BD(1)

BD(3) = (BD(2) \ {{1,2,4},{1,3,6},{2,3,7}, {4,6,7}})

u{{1,2,3},{1,4,6},{2,4,7},{3,6,7}}

First Design Second Design Int(10, A1, Az2)

Name | Index | Rule of Construction ndex

BD(1) 2 (47610)(58)BD(1) 2 0
BD(1) 2 (47)(561089) BD(1) 2 1
BD(1) 2 (45910)(68)BD(1) 2 2
BD(1) | 2 | (45679810)BD() 2 3
BD(1) 2 (45678109 )BD(1) 2 4
BD(1) 2 (45)(68)(910) BD(1) 2 5
BD(1)| 2 | (586109)BD() 2 6
BD(1) | 2 | (56)(79810)BDQ) 2 7
BD(1) 2 (6710)(89)BD(1) 2 8
BD(1) 2 (79810)BD(1) 2 9
BD(1) 2 (79)(810) BD(1) 2 10
BD(1) 2 (78910)BD(1) 2 11
BD(1) 2 (678)BD(1) 2 12
BDQ) | 2 | (789)BD(1) 2 13
BD(1) 2 (78)(910) BD(1) 2 14
BD(1) 2 (45)(67)(8910) BD(1) 2 15
BD(1) | 2 | (79)BDQ) 2 16
BD(1) 2 (567)BD() 2 17
BD() | 2 | (78)BD@) 2 18
BD(1) 2 (8910)BD(1) 2 19
BD(1) | 2 | (67)BD() 2 20
BD(1) | 2 | (5869710)BD(1) 2 21
BD(1) 2 (89) BD(1) 2 22
BD(1) 2 (567)(8910)BD() 2 23
BD(A) | 2 | (910)BDQ@) 2 24
BD(1) 2 (18)(34)(57)(910)BD(1) 2 26
BD(1) 2 BD(1) 2 30
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Table 4 (Cont.)

First Design Second Design Int(10, Ay, A2)

Name | Index | Rule of Construction Index

BD(2) 4 (3749)(56108) BD(1) 2 0
BD(2) 4 (15692)(384)(710)BD(1) 2 1
BD(2) 4 (15692)(384)(710)BD(1) 2 2
BD(2) 4 (375)(4968)BD(1) 2 3
BD(2) 4 (34610859) BD(1) 2 4
BD(2) 4 (49810756)BD(1) 2 5
BD(2) 4 (468759)BD(1) 2 6
BD(2) 4 (459)(68)BD(1) 2 7
BD(2) 4 (45697810) BD(1) 2 8
BD(2) 4 (4569810) BD(1) 2 9
BD(2) 4 (56)(71089) BD(1) 2 10
BD(2) 4 (56)(79)(810)BD(1) 2 11
BD(2) 4 (79810) BD(1) 2 12
BD(2) 4 (71089 ) BD(1) 2 13
BD(2) 4 (79)(810) BD(1) 2 14
BD(2) 4 (79108)BD(1) 2 15
BD(2) 4 (7910) BD(1) 2 16
BD(2) 4 (78910)BD(1) 2 17
BD(2) 4 (78109 ) BD(1) 2 18
BD(2) 4 (6789)BD(1) 2 19
BD(2) | 4 (789)BD(1) 2 20
BD(2) 4 (8910) BD(1) 2 21
BD(2) 4 (8109) BD(1) 2 22
BD(2) 4 (810) BD(1) 2 23
BD(2) 4 (89) BD(1) 2 24
BD(2) 4 (67)(810) BD(1) 2 25
BD(2) 4 (910) BD(1) 2 26
BD(2) 4 (47965)BD(1) 2 27
BD(2) 4 (58)(610)(79)BD() 2 28
BD(3) 4 (236857)(410) BD(1) 2 29
BD(2) 4 BD(1) 2 - 30




Table 4 (Cont.)

First Design Second Design Int(10, Ay, A2)

Name | Index | Rule of Construction Index

BD(2) 4 (15)(26)(39)(48)(710)BD(2 4 6
BD(2) 4 (15)(24)(37)(68)(910) BD(2 4 8
BD(2) 1 (15)(26)(34)(710)(89) BD(®) 4 10
BD(2) 4 (1485)(26)(39)(710) BD(?) 4 12
BD(2) | 4 12387695)(410) BD(2) r 13
BD(2) | 4 (26)(34)(710)(89) BD(2) 2 14
BD(2) 4 (2346859) BD(2) 4 15
BD(2) 1 (3749)(56108) BD(2) 4 16
BD(2) 4 (2468735109) BD(2) 4 17
BD(2) 4 (45679810) BD(2) 4 18
BD(2 4 (456 79)(810) BD(2) 4 19
BD(2 4 (4671089 ) BD(2) 4 20
BD(2) 4 (456 )(79810) BD(?) 4 31
BD(2 1 56)(79)(810) BD(2) 4 22
BD(2) 4 5679)(810) BD(2) 4 23
BD(2) 4 56710 ) 89) BD(2) 4 24
BD(2) 1 798 10 ) BD(2) 4 25
BD(2) 4 56)(710)(89) BD(2) 4 26
BD(2) 4 (67108 9) BD(2) 4 27
BD(2) 4 (710)(89) BD(2) 4 28
BD(2) 4 (679810) BD(2) 1 29
BD(2 4 (79)(810) BD(2) 4 30
BD(2 4 (78109) BD(2) 4 31
BD(2 4 (7910) BD(?) 4 32
BD(2 4 (67)(8910) BD(2) 4 33
BD(2) 4 (789 10) BD(2) [ 34
BD(3) | 4 (67108 ) BD(?) 1 35
BD(2) 4 (789) BD(2) 4 36
BD(2) 4 (8910) BD(2) 4 37
BD(2) 4 (710) BD(2) 1 38
BD(2) 4 56 10 ) BD(2) 4 39
BD(2) 4 78)( 9 10) BD(2) 4 40
BD(2) 1 (457)(69)(810) BD(®) 1 41
BD(2) 4 (89) BD(?) 4 43
BD(2) 1 (59)(610)(78) BD(2) 2 43
BD(2) | 4 | (910) BD(2) 1 7
BD(2) 4 (23)(48)(56)(910) BD(2) 1 45
BD(2) | 4 | (69) BD(2) 1 46
BD(2 4 B(26)(35)(47)(910) BD(2) 4 47
BD(2 2 | (810) BD(2) 1 ]
BD(2 4 (26)(35)(910) BD(?) 4 49
BD(2) 1 6 10 ) BD(2) 1 50
BD(2 4 28)(310)(46)(79)BD(3) 4 51
BD(2 4 38)(49) BD(?) 4 52
BD(2) 4 (23)(47)(69)(810) BD(®) 4 53
BD(2) 4 BD(3) 2 56
BD(2) 4 BD(2) 4 60
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Table 6. v =11
Designs used in Table 5.

BD(1) = {{1,2,3},{1,2,4},{1,2,5}, {1,3,4}, {1, 3,5}, {1,4,5},{1,6, 7},

{1,6,8},{1,6,9},{1,7,10}, {1,7,11}, {1,8,9}, {1,8, 10}, {1,9, 11},
{1,10,11},{2,3,4},{2,3,5},{2,4,5}, {2,6,8}, {2, 6,9}, {2, 6, 10},
{2,7,9},{2,7,10},{2,7, 11}, {2,8,9}, {2,8, 11}, {2, 10,11}, {3, 4, 5},
{3,6,9}, {3,6,10}, {3,6,11},{3,7,8}, {3,7,9}, {3,7,11}, {3,8, 10},
{3,8,11},{3,9,10},{4,6,7}, {4,6, 10}, {4,6,11}, {4,7,8}, {4, 7,9},
{4,8,10}, {4,8,11}, {4,9,10}, {4,9,11}, {5,6,7}, {5, 6,8}, {5,6,11},

{5,7,8}, {5,7,10}, {5,8,9}, {5,9, 10}, {5,9, 11}, {5, 10, 11}}
BD(2) = (BD(1)\ {{1,2,3},{1,10,11},{2,7,10}, {3,6,9}, {3,7,11},
{5.6,7},{5,9,11},{3,7,11}) U {{1,2,10},{1,3,11},{2,3,7},

{3,6,7},{7,10,11}, {3,9,11}, {5,6,9}, {5,7,11}}

First Design Second Design Int(11, M1, A2)

Name | Index | Rule of Construction Index

BD(2) 3 [(16)(28)(59)71011)BD() | 3 1
BD(1) 3 | (1118)(2795106) BD(1) 3 2
BD(1) | 3 | (1119276)(5108)BD(1) 3 3
BD(2) 3 (18)(27593104116) BD(I) 3 1
BD(1 3 (138911451076 BD() 3 5
BD(1) 3 346795 1110) BD(1) 3 5
BD(1) 3 | (46851197) BD(I) 3 7
BD(1) 3 | (46)(5711)(810) BD(I) 3 8
BD(I) | 3 | (46)(5781011)BDQ) 3 9
BD(1) | 3 (46)(57)(8910) BD(I) 3 10
BD(1) | 3 46)(57)(810) BD(1) 3 11
BD(1) 3 46)(57)(91011) BD(1) 3 12
BD(1) 3 (46)(57)(891110) BD(1) 3 13
BD(1) 3 (46)(57)(1011) BD(Q) 3 14
BD(1 3 | (56791110) BD(I) 3 15
BD(1 3 | (56)78910)BD(1 3 16
BD(1) 3 | (56)(781011) BD(I) 3 17
BD(1) 3 | (56)(8910) BD(1) 3 18
BD(1) | 3 | (56)(91011) BD(I) 3 19
BD(1 3 | (56)(810911) BD(I) 3 20
BD(1 3 (56)(911) BD(1) 3 21
BD(1) 3 [ (56)(810)(911)BD() 3 22
BD(1) | 3 | (56)(910) BD() 3 23
BD(1 3 | (56)(811)(910) BDQ) 3 24
BD(1 3 56)( 10 11 ) BD(1) 3 25
BD(1 3 57 10 ) BD(1) 3 26
BD(1 3 | (56)(710) BDQ) 3 27
BD(1) 3 | (567)(810)(911) BD() 3 28
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Table 5 (Cont.)

First Design Second Design Int(11, A1, A2)

Name | Index | Rule of Construction Index

BD(1) 3 (46)(59) BD(1) 3 29
BD(1) 3 (67981110) BD(1) 3 30
BD(1) 3 (7911810) BD(1) 3 31
BD(1) 3 (78119) BD(1) 3 32
BD(1) 3 (781011) BD( 3 33
BD(1) 3 (891011) BD(1 3 34
BD(1) 3 (78910) BD(1) 3 35
BD(1) 3 (8910) BDQ) 3 36
BD(1) 3 (7891110) BD() 3 37
BD(1) 3 (91011 ) BD(1) 3 38
BD(1) 3 8 10 ) BD(1) 3 39
BD(1) 3 78)(910 11 ) BD(1) 3 40
BD(1 3 9 11 ) BD(1) 3 41
BD(1) 3 (71011) BD(1) 3 42
BD(1) 3 (910 ) BD(1) 3 43
BD(1 3 (45)(67)(810)(911) BD(1) 3 44
BD(1 3 (89) BD(1) 3 45
BD(1) 3 (67)(810911) BD(1) 3 46
BD(1) 3 (10 11) BD(1) 3 47
BD(1) 3 (34)(67)(811)(910) BD(I) 3 48
BD(1) 3 (67)(810)911) BD(1) 3 49
BD(1) 3 (34) BD(1) 3 51
BD(1) 3 BD(1) 3 55
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Table 6. v=12
Designs used in Table 6.

BD(1) = { {1,2,3},{1,2,4}, {1,3,4}, {1,5,7}, {1,5,9}, {1,6,8}, {1,6,10},
{1,7,11}, {1,8,12},{1,9,11},{1,10,12}, {2, 3,4}, {2, 5,8},
{2,5,10}, {2, 6,7}, {2, 6,9}, {2,7, 12}, {2, 8,11}, {2,9, 12},
{2,10,11}, {3,5, 11}, {3,5, 12}, {3, 6,11}, {3, 6,12}, {3,7,9},
{3,7,10}, {3,8,9}, {3,8,10}, {4,5,11}, {4, 5,12}, {4,6,11},
{4,6,12}, {4,7, 9}, {4,7,10}, {4,8,9}, {4, 8,10}, {5,6,7},
{5.6,8}, {5,9, 10}, {6,9, 10}, {7, 8,11}, {7, 8, 12}, {9, 11,12},
{0,11,12}}

BD@) = { {1,2,5}, {1,2, 6}, {1,3,10}, {1,3,11}, {1,4,9}, {1,4,12}, {1,5, 6},
{1,7,10}, {1,7,12}, {1,8, 9}, {1, 8, 11}, {2, 3,9}, {2, 3, 12},
{2,4,10}, {2,4, 11}, {2, 5,6}, {2, 7,9}, {2, 7,11}, {2, 8, 10},
{2.8,12}, {3,4, 11}, {3, 4,12}, {3,5. 7}, {3, 5, 8}, {3, 6,7},
{3.6,8},{3,9,10}, {4, 5,7}, {4,5,8}, {4,6,7}, {4, 6,8}, {4,9, 10},
{5.9,11}, {5,9,12}, {5, 10, 11}, {5, 10,12}, {6,9, 11}, {6, 9, 12},
{6,10,11}, {6, 10,12}, {7, 8,9}{7, 8,10}, {7, 11,12}, {8, 11, 12}}

BD(3)= (5711968 12 10)BD(2)

BD(4) = (3 912 64 10 11 5)(7 8)BD(1)

BD(5) = (31197641210 8 5)BD(1)

BD(6) = (BD(1)\ {{1,2,3},{1,5,7},{1,10,12}, {2, 5,10}, {2,7, 12},
{3,5,12}, {3,7,10}}) U {{1,2,5}, {1,3,10}, {1, 7,12}, {2, 3,12},
{2,7,10}, {3,5,7}, {5,10,12}}

BD(7) = (BD()\ {{1,2,3},{1,5,7},{2,5,10}, {27, 12}, {3, 5,12},
{3,7,10}}) U {{1,2,7},{1,3,5},{2,3,10}, {2, 5,12}, {3,7,12},
5,7,10

BDE) = (BB)\ (2,5, 10}, (2,712} 5,5, 12}, (3,7, 101)
u{{2,5,12}, {2,7,10}, {3,5,10}, {3,7,12}}

BD(A) =3 ,;c4BD(j) for AC{i,...,5}

It is an easy exercise to check that {BD(3)|]1 < i < 5} is a large set of
disjoint triple systems of T'S(12,2)’s.
Hence, for every A C {1,...,5}, BD(A) is a simple T'S(12,2|A|). For
any j € A, both designs ( First and Second) in the table are disjoint from
BD(j).
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Table 6

First Design Second Design Tnt(12, A1, A2) A
BD(2) BD(1 0 13.4,5)
BD(5) BD(6 1 13,4}
BD(5) (23698511127 10 4)BD(6) 2 T4}
BD(4) (7 8)BD(6) 3 3,5
BD(3) (35)(46)(711812)BD() r 1,4
BD(5) (57119)( 68 12 10)BD(7) 5 2,4
BD(2) BD(6) 6 3,4
BD(5 5 12)( 6 11 )( 7 10 )( 8 9 )BD(6) 7 2,3
BD(4 59117 610 12 8 )BD(6) 8 2,3
BD(2 37)(48)(9 111012 )BD(6) 9 1,4
BD(4) (371054896)BD(7) 10 1,2
BD(®) (10 11)BD(6) 11 5
BD(5 (7128 9 10 11)BD(6) 12 3
BD(1) (6798)( 11 12)BD(6) 13 5
BD(1) (68)( 7109 )( 11 12 )BD(6) 14 5
BD(2) (712)(8 910 11)BD(6) 15 3
BD(2) (7 12 8 10 11 )BD(6) 16 3
BD(1) (68)( 7 11)( 9 12 )BD(6) 17 3
BD(3) 69 11 10 12 )BD(6) 18 5
BD(2) (7 12)( 8 10 11 )BD(6) 19 3
BD(2) (712 8 9 10 11 )BD(6) 20 3
BD(1) (10 12 11 )BD(6) 21 5
BD(1) (10 11)BD(6) 22 5
BD( (35)(46)( 7119 10)(812)BD(6) 23 3
BD(2 (1361084597 2)( 1112 )BD(6) 24 5
BD(?) (1361084597 2)BD(6) 25 33
BD(3) (13847 2)(912)( 10 11 )BD(6) 26 1
BD(2) (358(46)(711)812)BD(7) 28 1}
BD(2) 35)(46)(711)(812)BD(6) 29 1
BD(1) 78 )( 11 12 )BD(7) 31 5
BD(1) 7 8 )BD(6) 32 13,5}
BD(3) 3710548 96)BD(7) 34 {5}
BD(3) (37)(48)(9 1110 12)BD(6) 35 1,4}
BD(1) (11 12)BD(1) 36 4,5
BD(1) 37 2,3}

(512)(6 11 )( 710)( 8 9)BD(6)
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Table 6 (Cont.)

[ Firt Design Second Design Int(12, A1, A2) A
BD(1 BD(7) 38 {5}
BD(2 (35)(46)( 7118 12)BD(1) 20 1,4
BD(1) __| BD() i 3,3
BD(1,3 (10 11 )BD(6) 27 6
BD(2,5 “(712)( 8 9 10 11 ))BD(6) 30 3
BD(1,2 10 11 )BD(6) 33 5
BD(1,3) 57119)( 6 8 12 10 )BD(7) 39 P)
BD(1,4) BD(8 a 2
BD(1,3) BD(8 42 2

[ BD(1,5) (57 119)(6 812 10)BD()) ] 2

BD(4,5) BD(8) 2 2
BD(3,4) {10 11)BD(6) 11 5
BD(1,4) (7128 910 11)BD(6) 12 3
BD(1,3) (136108459 72)(1112)BD(6) 13 5
BD(1,4) 1361084597 2 )( 11 12)BD(6) 14 5
BD(1,4) 69 11 10 12 )BD(6) 15 5
BD(2,3 10 11 )BD(6) 16 5
BD(2,4 (10 11 )BD(6) 17 5
BD(1,2 (6911 10 12 )BD(6) 18 5
BD(2,4 (6911 10 12 )BD(6) 19 5
BD(1,2) (912)( 10 11 )BD(1) 20 5
BD(1,4) (638)(7109)( 11 12)BD(6) 21 5
BD(1,3) (6798)( 11 12)BD(6) p) 5
BD(1,3) (68)(7 10 9)( 11 12 )BD(6) 23 5}
BD(3,4) (9 12)( 10 11 )BD(D) 24 5
BD(1,3 (69 11 10 12 )BD(6) 25 5
BD(3,4 69 11 10 12 )BD(6) 26 5
BD(1,4 (10 11)BD(6) 28 5
BD(2,3) (6911 10 12 )BD(6) 29 5
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Table

7.

v=13
Designs used in Table 7.

BD(1) ={{1,2,12},{1,3,4},{1,5,6},(1,7,9},{1,8,13},{1,10,11},
{2,3,13},{2,4,9},{2,5,10},{2, 6,11}, {2, 7,8}, {3,5, 11},
{3,6,7}, {3,8,12},{3,9,10}, {4, 5,8}, {4, 6,12}, {4,7,11},
{4,10,13}, {5,7,13}, {5, 9, 12}, {6, 8, 10}, {6, 9, 13}, {7,10, 12},
{8,9,11},{11,12,13}}
BD(j) =(1234567891011Y"!BD(1) for2<j <11,

BD(12) = {{1,2,3},{1,4,5},{1,6,7},{1,8,9}, {1,10,11},

{1,12,13}, {2, 4,6}, {2,5,7},{2, 8,10}, {2,9,12}, {2, 11,13},
{3,4,8},{3,5,12}, {3,6,10}, {3, 7,11}, {3,9,13}, {4,7, 9},
{4,10,13}, {4,11,12}, {5, 6,13}, {5, 8,11}, {5,9, 10}, {6, 8,12},
{6,9,11},{(7,8,13}, {7,10,12}}

BD(A) =3 ;e4 BDG)

for Ac{l,...,11}

It is well known that {BD(i)|1 < i < 11} is a large set of disjoint triple
systems T'S(13,1)’s[4]. Hence, for every A C {1,...,11}, BD(A)is a
simple T'S(13,|A|). For any j € A, both designs (First and Second) in the
table are disjoint from BD(j).

First Design | Second Design Tnt(13, M\, A2) A
BD(1 BD(2) 0 13,4,5,6,7,8,9,10,11}
BD(2) 3871112)(410956 13 )BD(1) 1 4,5,6,7,8,9,11
D(10) 3871112)(41095 6 13 )BD(1) 2 4,5,6,7,8,9,11
BD(10) 34105136 11 7 )( 89 12 )BD(1) 3 1,2,3,5,6,7, 11
" BD(4) 347913 )(511)(610)BD(1) 4 3,5,6,7,8,9,10
BD(9) 34105136117 )89 12)BD{) 5 1,2,3,5,6,7, 11
BD(11) 2412111096 138 3 5 )BD(1) [ 3,4,5,6,7,9, 10
BD(9 397511126 )(4 1310 8 )BD(1) 7 1,3,5,7,8, 10, 11
BD(4 34105136117 )(89 12 )BD(1) 8 1,2,3,5,6,7, 11
BD(11) 347913 )(511){ 6 10)BD(Q) ] 2,5,6,7,8,9,10
BD(8 34105 13 6 11 7 )( 8 9 12 )BD(1) 10 1,2,3,5,6,7, 11
“BD(1 3412111096 138 3 5 )BD(1) 11 3,4,5,6,7,9, 10
BD(4 397511126 ) 413 10 8 )BD(1) 12 1,3,5,7,8,10, 11
BD(5) 396513 12 7 11 10 )( 4 8 )BD(1) 13 2,3,4,7,9,10, 11
[ BD(9) 41256111398 7)BD(1) 14 2,3,4,8,10, 11
BD(4,5) 4 10 )( 5 1113 78 )} 9 12)BD(1) 14 1,2,8,9,10,11
BD(3 4785 )(6 10 130 11)BD(1) 15 1,2,8,7,10, 11
BD(7 313116105129 )( 48 7)BD(1) 16 2,4,5,6,8,0, 11
—BD(6 112117106293 ) 58 13)BD(1) 17 {1,2,3,4,5,9, 11}
BD(7 (31012854 13 6 11 9 )BD(12) 18 {1,2,4,5,5,8,9}
BD(7 (3611131048 125 79 )BD(1) 19 {1,2,3,6,8,11}
BD(4,6) (410)( 5 1113 78 )( 9 12)BD(1) 19 11,32,8,9,10,11
“BD(11) 1122578131094 11 6 3)BD(1) 20 1,2,4,5,6,8,9
BD(3,11) T122578131004 1163 )BD(1) 21 1,2,4,5,6,8,9
D(3) 3871112)(41095 6 13 )BD( 22 4,5.6,7,8,9, 11
BD(1,3) 3871112410956 13)BD(1 23 4,5,6,7,8,9, 11
D(3,10) 3871112)( 41095 6 13 )BD(1 24 4,5,6,7,8,9, 11
BD(5) BD(1,5) \{{1,2,12}, {2,3,13}, ~ 25 {4,7,8,9,10, 11}
{4,12,13},{1,3,4}}) U {{1,2,3},
{1,4,12},{2,12,13},{3,4, 13}}
BD(T) BD(1) 26 {2,3,4,5,6,7,8,9,10,11}
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Table 7 (Cont.)

U{{1, 2,12}, {1,3,4}, {2, 3,13}, {4

BD(1,2,34,10)

First Design Second Design Int(13,A1, A2)
BD(1,2,3,4,5) BD(§,7,8,9,10) 0
BD(5,8,9,10,1T) | (BD(2,3,4,6,7) \{1, 2,3}, {1, 4, 12} {2 12 13}, 13,4, 13}) 1

113985 781310041163 EDl+

[ BD(1,2,3,4,7)

1122878131004 11 6 3)BD(1) +

BD(1,2,4,7,10)

1122878131094 11 6 3)BD(1) + BD|

[ BD(1,2,3,7,10)

122878131094 11 6 3 )BD(1) + BD(8,6,8,9

BD(3,6,9,10,11)

9)( 5 11)( 6 10 )( 7 12 )BD(1) + BD(2,3,5,8)

BD(5,8,9,10,11)

BD(7,8,9,10,11)

117106293 )(5 8 13)BD(1) + BD(1,2,34
11710629 3 )( 58 13 )BD(1) + BD(1,2,3,4

BD(4,5.7,9,10)

1
(11
(6 13)BD(Q) + BD(2,3,6,8)
(38

BD(1,2,6,10,11

49136751211 )BD(1) + BD(3,7,8,9)

BD(1,8,9,10,11

117 13 )( 5 12 6 8 10 9)BD(1) + BD(2,3,6,7)

BD(1,5,6,10,11

849136751211)BD() +

1
4
1
1
G
3
4
3
3

(4
1
1
1
q
4
1
1
1
1

3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

§D(§,7 8.9)
BD(1,4,8,9,11) 11713 )( 512 6 8 10 9)BD(1) + BD(2,3,6,7
BD(4,8,9,10,11) 11713 )( 5 12 6 8 10 9)BD(1) + BD(2,3,6,7
BD(1,4,8,9,10 117 13 )( 5 126 8 109 )BD(1) + BD(2,3,6,7
BD(4,5,8,9,11 11713 )( 5 126 8 10 9 )BD(1) + BD(2,3,6,7
BD(5,6,7,9,11 12117 106 293)(5 8 13)BD(D) + BD(1,2,3,3)
BD(1,3,9,10,11) 9)( 5 11 )( 6 10 )( 7 12 )BD(1) + BD(2,4,5,8
[ BD(1,7,9,10,11) 9N SBIT)(6 o 712 YBB) + BD 2,4,8,8)
BD(1,2,3,4,11) 122578131094 11 6 3 )BD(1) + BD(5,6,8,9
BD(3,2,4,10,11) 122578 13 10 9411 6 3)BD(1) + BD(5,6,89
BD(1,2,4,7,11) 122578131094 11 6 3)BD(3) + BD(5,6,89
BD(1,2,3,7,11) 122578 13109 4 11 6 3 )BD(1) + BD(5,6,8,9)
BD(1,2,7,10,11) 112257813 109 4 11 6 3)BD(1) + BD(5,6,8,9) — 25
[ BD(1,2,3,4,5) BD(5,6,7,8,9) 26
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