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ABSTRACT. This paper studies a special instance of the graph
partitioning problem motivated by an application in parallel
processing. When a parallel computation is represented by a
weighted task graph, we consider the problem of mapping each
node in the graph to a processor in a linear array. We focus on a
particular type of computation, a grid structured computation
(GSC), where the task graph is a grid of nodes. The general
task graph mapping problem is known to be intractable and
thus past research efforts have either proposed heuristics for the
general problem or optimally solved a constrained version of the
general problem. Our contributions in this paper fall into both
categories. We weaken past constraints and optimally solve a
less constrained problem than has been solved optimally before
and also present and analyze a simple greedy heuristic.
Optimal solutions have been given in the past when one
places the contiguity constraint that each partition must con-
sist of entire columns (or rows) of the GSC. We show that a
more efficient solution can be found by relaxing the constraints

JCMCC 21 (1996), pp. 3-24



on the partitions to allow parts of consecutive columns to be
mapped to a processor; we call this weaker contiguity constraint
the part-column constraint. Our first result is to show that the
problem of finding an optimal mapping satisfying the contigu-
ity constraint remains NP-complete, where the contiguity con-
straint simply requires adjacent nodes to be mapped to the same
or adjacent processors. We then design an O(M?p) algorithm
(that uses O(Mp) space) which finds the optimal part-column
partitioning of a grid of M modules to a linear array of p proces-
sors. A simple greedy O(M) heuristic part-column partitioning
algorithm is also presented which performs within a constant
factor (two) of the optimal algorithm. Our loosening of past
constraints is shown to lead to a forty percent improvement in
some cases. Other experimental results compare the proposed
heuristic with the optimal algorithm.

1 Introduction

A parallel computation is often only as efficient as the evenness with which
its workload is distributed over the processors in a parallel machine. The
time to execute the parallel program will depend on the processor that com-
pletes last — the processor with the largest load. Therefore, the general
problem of efficiently partitioning a large computation over several proces-
sors is an important problem at the core of parallel processing and has
received considerable attention in the literature. A common approach to
the mapping problem is graph-theoretic in nature: a parallel program is
modeled by a graph, the task graph G = (V, E), whose weighted nodes
V represent program modules with varying execution times and whose
weighted edges E represent communication requirements (data) between
program modules. Similarly, the target parallel architecture is represented
by a graph G, = (V,, E,;) whose nodes V, are the processors and edges
E, are communication links between processors. A mapping 7: V — V,
is a function that maps nodes in the task graph to nodes in the architec-
ture; it partitions the task graph into a set of partitions and assigns each
partition to a processor, resulting in a workload for each processor. The
number of processors |V,] is typically much smaller than the number of pro-
gram modules |V|. Based on this model, an execution time for the whole
computation can be estimated for any mapping of subtasks to processors
by adding the weights of nodes assigned to each processor and taking the
maximum among all processors. The central question addressed in this pa-
per thus arises: how to find a mapping that minimizes the execution time
for the parallel computation?



We focus on a particular type of parallel computation, a grid structured
computation (GSC), whose importance can be explained by the large num-
ber of applications that fall under the GSC label, most of them design
problems in engineering. Briefly, a GSC is a weighted task graph in which
the edges form a grid or mesh. The graph itself is often constructed from
the underlying computation in a preprocessing stage [15]. Grid structured
task graphs arise in applications exhibiting data parallelism in two dimen-
sional data domains, such as image processing, finite element methods,
signal processing, and scientific computing [4, 16, 18]. For example, many
image processing applications involve operations between neighboring pix-
els (data points) in the image. The features in the image can be distributed
unevenly [8] and thus the module weights can be non-uniform.

Since mapping GSC'’s is NP-complete in general, past work typically con-
sists of optimally solving more constrained versions of the problem as well
as developing heuristics for the general case. One constraint of practical
interest is a contiguily constraint — adjacent (communicating) task nodes
must be placed onto the same processor or onto adjacent processors — a
condition justified by the fact that communication between adjacent (di-
rectly connected) processors is significantly faster than between processors
two or more links apart.

In this paper, we study the specific problem of mapping a GSC of M =
mxm nodes onto a linear array of p < m processors, such that communicat-
ing modules are mapped to adjacent processors. To satisfy the contiguity
constraint, past work has typically required that each partition consist of
entire columns (or rows) of the GSC [4, 7, 11, 16, 18]. We develop a parti-
tioning scheme that is more efficient in its ability to evenly distribute load
than past methods by weakening the entire-column constraint to a part-
column constraint. By solving this less-constrained version optimally, we
produce more efficient mappings since the solution space is now larger and
properly includes that explored by previous algorithms [7, 16]. Unfortu-
nately, the increased efficiency comes at a cost: our optimal part-column
algorithm has complexity O(M?2p) while optimal algorithms for the entire-
column version are O(M + mp) for homogeneous processors [7] and O(Mp)
for the heterogeneous processors [16]. Nonetheless, this extra overhead is
reasonable since the mapping process usually takes much less time than the
parallel computation. Additional results include the following: the problem
remains NP-complete even with the contiguity constraint; a simple heuris-
tic that performs within a factor of two of the optimal algorithm; and
experimental results showing the improvement in mapping quality using
our part-column algorithm.

The paper is organized as follows. The next section formulates the prob-
lem and establishes the NP-completeness of the problem of finding arbitrary
partitions that satisfy the contiguity constraint. A review of relevant prior



work is given at the end of this section. Section 3 develops and presents our
algorithm to map a GSC to a linear array. An O(M) heuristic part-column
partitioning algorithm and its performance bound is also presented. Section
4 discusses the results of experiments, on partitioning some randomly gen-
erated grids, that compare the performance of the part-column partition-
ing algorithms (both the optimal and the heuristic) with that of optimally
partitioning the grid into full columns. Section 5 describes how the opti-
mal part-column algorithm may be modified to incorporate communication
times, and concluding remarks are provided in Section 6.

2 Problem Formulation and Preliminaries

A grid structured computation is represented by a weighted graph G =
(V,E) of M = m; x mz nodes, where V = {v;]1 <i<m;,1 <5<
mg2}, and each non-boundary node v; ; has four edges connecting it to the
four neighboring nodes in the grid; the set of edges incident at each node
vi,j 18 {(vi5 vit1,5), (Vig, vi-15), (Vig ¥ig41)s (V5 ¥6,5-1)}. A node in V
represents a subtask of the grid structured parallel program, where node
v;,; denotes the subtask in the i-th row and j-th column. The edges in E
represent communication between modules. For simplicity, in the remainder
of this paper we assume that m; = ma = m, although our algorithms are
easily adjusted to handle the general case where m; # ms. We will also add
‘dummy’ nodes of zero weights around the entire border of the grid task
graph so that definitions do not have to be separately written for the border
nodes in V. For any node v; ; the adjacent nodes v;_, j, vi+1,5, vi,j+1 and
v;, j—1, are called the north, south, east and west neighbors, respectively,
and we refer to the corresponding edges as the north, south, east and west
edges.

Each node v; ; in G has a weight w; ; € Z*U0 which denotes the execution
time (i.e., load or amount of computation) of the program module »; ; on a
single processor. In general, each edge can also be assigned a weight which
indicates the amount of communication between the two neighboring nodes.
For ease of understanding, in the next two sections we will assume that
there are no communication weights. In Section § we discuss how some
of the algorithms developed in this paper can be generalized to consider
communication weights.

The linear array of p processors is represented by the graph G, = (V;, E,)
where V, = {P,P,,...,P,} and E, = {(P;,,Pi41)1 < i <p-1}. A
mapping m, m: V +— V,, is a function that assigns the m? modules to
the p processors. The mapping partitions the task graph nodes into p
partitions, and each partition is mapped to a distinct processor; the set of
nodes mapped to processor P; is given by #~1(k) = {z € V|n(z) = k}.
These nodes form the “k-th partition”.



For any mapping , the computation load on processor k, is the time
T.(n~1(k)) to execute all nodes in partition k; i.e., the load or cost of
partition k. This is defined as:

Te(n~'(K)) = Z Wi .

v, j€x-1(K)

The natural objective of a mapping is to minimize the completion time of
the parallel computation by evenly balancing the load across all p proces-
sors. This time is determined by the processor that is assigned the largest
load, i.e., the partition with the largest cost. We call this quantity the cost
of the mapping: . '
C(m) = max T(r™'(9)

An optimal mapping is any mapping that achieves the minimum cost, i.e.,
any mapping 7* such that C(n*) < C() for any other mapping .

2.1 The Contiguous Mapping Problem

Since the problem of finding an optimal mapping is known to be NP-
complete we focus on adding a suitable constraint to make the problem
polynomial solvable. Such optimal solutions are often reasonable solutions
for the unconstrained problem. The constraint most often studied in the
parallel processing literature is geometric in nature: nodes adjacent to each
other in the task graph must be assigned to either the same processor or
to adjacent processors. In practice, such a condition is justified by the fact
that cost of communication between neighboring processors is significantly
lower than communication with nonadjacent processors. Therefore, to keep
communication costs small, adjacent task nodes (i.e., communicating pro-
gram modules) are mapped to the same or neighboring processors.

A mapping 7 from a GSC to a linear array, is said to be a contiguous map-
ping if it satisfies the property that for any v; ; and vk with (v; j, vk,1) € E,
we have 7(v;,;) = w(ve,) or (w(vij), 7(vk,1)) € Ep; i.e., neighboring nodes
are mapped to the same processor or to adjacent processors. The contiguous
mapping problem is to find a contiguous mapping with minimum cost. Un-
fortunately, as we now show, this constraint is alone not sufficient to make
the problem tractable. The contiguous mapping problem is easily shown to
be NP-complete by reducing the multiprocessor scheduling problem [10).

Definition 2.1 (Contiguous mapping problem): The decision version
of the contiguous mapping problem may be defined as follows:

Instance: A Grid structured task graph, or GSC, of m1 x ma nodes, linear
array of p processors, and an integer K.



Question: s there a contiguous mapping 7 of the GSC o the linear array
such that the cost of the mapping is at most K.

Theorem 2.1. The contiguous mapping problem is NP-complete even
with two processors.

Proof: It is easy to see that the problem is in NP since given any mapping
we can compute the cost in polynomial time. The multiprocessor scheduling
problem for two processors is defined as:

Instance: A finite set A of m tasks with lengths {ay,...,am} and a
deadline K.

Question: Does there exist a partition of A into A’ and A — A’ such that
max{} ;c4 i Lica—a ai} < K.

Given an instance of multiprocessor scheduling we can construct the fol-
lowing instance of the contiguous mapping problem for a m x 3 grid and
p = 2, as also shown in Figure 1. For all i, where 1 < { < m, we have
w;) = wi,3 = 0, and w; » = a;; the weights of nodes in the first two columns
are zero and the nodes in the second column have non-zero weights. Note
that any partition of this grid will satisfy the contiguity constraint, and any

partition of the GSC corresponds to a partition of the set A. a
a
o——0—0
a;
Q O- @)
am-1
O O O
am
O O O

Figure 1. Problem instance



2.2 The Part-Column Constraint

Since Theorem 2.1 demonstrates that the contiguity constraint alone does
not make the mapping problem tractable, we now examine a somewhat
stronger contiguity constraint, the part-column constraint. Under this con-
straint, each partition consists of modules from successive columns with
the flexibility that modules from parts of two successive columns can be
assigned to a partition. More formally,

Definition 2.2 (Part-column constraint): The part-column constraint
placed on a mapping w, from a GSC io a linear array, can be stated as:

1. if w(v;) = Pr then w(vij41) = Pz or w(vj41) = Pzya, for any
1<i<m,1<j<m;

2. if w(viy) = Pz then w(viy1,5) = Pz or m(vi41,5) = Pz, for any
1<i<m,1<j<m,

3. ifw(viy) = w(vky) = Pz, for somet, j, k, | where j <1, then
(a) for all i > i, w(vir,;) = Pr;
(b) for all j' where j < j' <land alli’,1 < i < m, w(vy j) = Ps;
(c) for all¥ < k, w(viry) = Pr.

The first two conditions merely state the contiguity constraint and the

third condition defines the part-column condition in the following sense. If
one were to number the task graph nodes such that the nodes in the first col-

umn are numbered 1,...,m, the nodes in the second column are numbered
m+1,...,2m, and so on, until the nodes in the last column are numbered
m(m — 1)+ 1,...,m2. Then, if any two nodes are assigned to the same

processor, so are all nodes in-between with the above numbering (which we
will call the unidimensional labeling). From the definitions above, it can be
seen that the mapping implicitly binds the assignment of a partition to a
processor in the architecture. Consequently, we use the terms partitioning,
mapping and assignment interchangeably in this paper. We note that the
Jull-column constraint, where a partition is a collection of entire columns,
can be defined by restating condition (iii) above as: if 7(v; ;) = P for some
zand 1<14,j <m,then w(vg ;) =P forall1 <k <m.

The problem of finding optimal full-column partitions has been studied
implicitly as a problem of mapping a linear array (chain) of nodes to a chain
of processors [4, 7, 16]. An entire column of nodes in the GSC is aggregated
to form a node of a linear array, as in [18]. Figure 2(a) illustrates a part-
column partitioning, and Figure 2(b) shows a full-column partitioning of
a GSC with p = 4. From the figure, it can be observed that part-column
partitioning provides greater flexibility in the type of partitions and can



thus lead to more efficient mappings. Note that an immediate consequence
of the part-column and full-column constraints is the condition that p < m.
This is a justifiable assumption since in practice the number of processors
is typically much smaller than the granularity of the problem.

P, Py Py Pa Py Py Py ()

W0) &)
Figure 2. Part-Column and Full-Column Partitioning

A mapping that satisfies the part-column constraint will be called feasible.
Next, if the modules v; ; and v, are the first and last modules in the
unidimensional numbering assigned to a processor, we will use the notation
< %;,j, Uk, > to represent the set of nodes in the partition and compute its
load (or cost) as:

Te(vi,jy 'vk.l) = Z Wg i+ Z: Wzy + Z Wz @ (1)
i<z<m 1Sz<m 1<z<k
i<p<t

We now make some observations about prior work on our problem of
interest. As mentioned earlier, the full-colon constraint has been studied [4,
7,16,18]. In addition, it also been addressed under the topic of embedding a
task graph to an architecture graph [6, 12}, and mapping finite element grids
[2, 18] While efficient embeddings have been constructed, the underlying
model of a task graph is an unweighed graph thereby implying that all
modules and edges have equal weights. The algorithm in [2] does not satisfy
the contiguity constraint or consider edge weights. We next study the

problem of finding the best part-column mapping.

3 Partitioning Algorithms

To design an algorithm to find the optimal part-column partitioning, we
first define an assignment graph G* for the problem. We shall then show
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that paths in G* correspond to feasible mappings; an optimal mapping is
an optimal bottleneck path. Based on this concept, we present an O(M?p)
algorithm using a dynamic programming approach.

As described earlier, in the unidimensional labeling of task graph nodes,
a node v; j is relabeled u; where k = i + (j — 1)m; thus, a relabeled node
uy, denotes module v; ; where i = ((k —1) mod m)+1 and j = [k/m].
With this relabeling scheme, a partition referred to as < ¢,7 > is really
the partition < vy, ,j,%ia,52 >3 Te(Vi; .15 Vig,5,) 18 Now referred to as T.(¢, 5)
where § = i; + (j; —1)m, j = 12+ (i2 — 1)m. As noted earlier, to satisfy the
part-column constraint each processor Py, 2 < k < p— 1, must be assigned
at least m task nodes. The end processors (partitions) P, and P, can be
assigned any number of nodes.

8.1 The Assignment Graph

The assignment graph G* = (V*, E*), for mapping GSCs to linear arrays,
is an edge weighted graph where:

V= {uO)ul:"'tumz}
E*=FE, UEUE;

and the edge sets F;, E; and E3 are defined as:
* E1 = {(uo,w1)|1 <i <m?}
o By = {(us,uma)[1 <§ <m2 -1}
o BEy={(ui,u)ll Si<m?—mi+m<j<m?}

Note that V* consists of all nodes in the GSC along with one new vertex
ug. The weight w(u;,u;) of an edge (us, u;) is defined to be the time (load)
Te(i + 1,7) of partition <i+1,7 >:

o w(uy,u;) =T(i+1,5).

The assignment graph is constructed such that an edge (u;, u;) represents
a partition < i+1, j > and the weight of the edge denotes the load (or cost)
T(i +1,7) of that partition. For example, consider an edge (v;,v;) in Eg;
this edge denotes a partition of the form < i+1,5 > where j—(i+1) > m
thereby satisfying the part-column constraint. Edges in E; (E;) denote the
possible partitions we could assign to the first (last) processor. Figure 3
illustrates part of an assignment graph for a 3 x 3 GSC, and the relabeling
of nodes is also shown in the figure. For clarity, only all edges originating
from u; are shown in the figure while some edges from other nodes are not
shown.
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Figure 3. Assignment Graph G*

The following theorem proves that a path of length p, i.e., using exactly
P edges, from ug to umma in G* corresponds to a feasible mapping. Also, any
feasible mapping = defines a path of p edges from ug to u,,a.

Theorem 38.1. « is a feasible mapping if and only if there exists a path in
G* from ug to un,2 using exactly p edges.

Proof: We first prove the if part, i.e., if there exists a path P = (e, ez, ... ., &)
using exactly p edges from ug to u,,a2 then there exists a feasible mapping
n. Note that e; = (ug, ;) for some | > 1 and e, = (ui,up,3) for some
1 < k < m?. Given a path P we define the corresponding mapping m as
follows:

o If (u;,u;) is the k-th edge ex, for some 1 < k < p, in the path then
the nodes in partition < i+ 1,7 > are mapped to processor Px.

It follows that « is a mapping since it maps all nodes in V*. We now
show that it satisfies the part-column constraint. Consider a partition of
the form < i+1,j > corresponding to edge ex, for any 1 < k < p. The edge

12



goes from vertex u; to vertex u; and is in edge set E3 (in E*). Therefore
j —1 2 m, from the definition of E3, and at least m nodes are mapped to
the processor Pi. From the unidimensional relabeling procedure it follows
that nodes in partition < ¢+1,j > comprise a partition satisfying the part-
column constraint. The partitions mapped to the first (last) processors
comprise any number of nodes from successive columns and thus satisfy
the contiguity constraint. Therefore 7 is a feasible mapping.

Now consider any feasible mapping =, i.e., one that satisfies the contiguity
constraint. We can define a corresponding path in G*. The set of edges in
the path are:

o If partition < 4,7 > is mapped to processor Pi then edge (u;-1,u;)
is the k-th edge on the path P.

From the above construction it can be seen that the path P has p edges.
Also, since the mapping satisfies the part-column constraint, for every par-
tition of the form < 1,5 >, where i > 1, j —i > m is an edge (u;—1,%;) in
E*. Since a mapping must assign all nodes to processors, node u; is in the
partition < 1,u; >, for some 1, and therefore ug is the first vertex in the
path. Similarly, it follows that u,,2 is the last vertex in the path. Therefore
P is a path from ug to u,,2 using exactly p edges. a

Having seen the equivalence between paths in G* and mappings, we now
consider the cost of a mapping. The cost of the mapping is the maximum
among all partition loads. Therefore, it follows that the cost of the mapping
is the bottleneck cost (i.e., cost of the heaviest edge in the path). More
precisely, if C(P) is the cost of the path P = (ey,. .., ep) then:

C(P) = maxw(e:).

Finding a mapping which minimizes the maximum load can be accom-
plished by finding a path with the minimum bottleneck cost, called the
bottleneck path. This path can be determined using dynamic program-
ming.

Let D*(0,1) denote the cost of the optimal bottleneck path in G* from
node ug to node u; using exactly k edges. It is useful to note that D'(j,1) =
w(j,1), the cost of edge (uj,u;), which is infinite if there is no edge. Any
path P using exactly k edges, from ug to u;, consists of a path P’ using
exactly k — 1 edges from up to some intermediate vertex u;, and an edge
from u; to u;. If P is the optimal path, then the path P’ must be the
optimal path using k —1 edges from uo to uj. Therefore, from the principal
of optimality we have the following relation for D*(0, 1):

‘Dk(ov 1') = I;l<.il'l {max{Dk-l(O:j)s Dl(jt ’)}} . (2)
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The cost of the optimal mapping is D¥(0,m?). By storing the value of j
at which the minimum occurred, for each D¥(0, {), the optimal assignment
can be recovered.

The relation in equation 2 shows that an optimal mapping, satisfying
the part-column constraint, can be determined in polynomial time using a
simple dynamic programming approach. Assuming that the graph G* has
been prevxously constructed, a direct unplementatlon of equation 2 results
in a O(M?p) algorithm (where M = m? is the total number of task graph
nodes and hence the input size). However, computing the weight of an
edge in a direct manner may take O(M) time (for example, we may have to
compute the sum of O(M) node weights) and thus construction of the graph
itself may take O(M3) time. As we shall show in the ensuing discussion, by
exploiting the relationship between edge weights and providing an O(M)
startup procedure, we can develop an algorithm that takes O(M?2p) time.

The O(M) startup procedure allows edge weights, i.e., the variable Dl(j, i)
in equation 2, to be computed on the fly, inside each iteration of j, in
constant time and itself takes O(M) time and O(M) space. Reca.ll that
D'(4,i) = 'w(u,,u,), the cost of edge (uj,u;), for 0 € § < i < m?, and
that the edge cost is defined to be the load T.(j + 1,1) of the partltlon
< j+1,i>. Thus, D!(j,1) can be expressed as:

DI(J:‘)=TG(.7+1:')= E w = E Wy — Z: wy

J+1<i<i 1<k<i 1<I<5
= Te(1,1) — Te(1,5) = D¥(0,4) — D'(0, 5)

If we first compute D' (0, M) then successive (decreasing ;) values of D(0, 5),
for 1 < 5 < M —1, can be computed in one step using the relation:
DY(0,5) = D'(0,5 + 1) — wj41. Precomputing D!(0, M) takes O(M) and,
since there are O(M) values of D'(0, 7), for 1 < j < M — 1, recomputing
all D1(0, ) takes an additional O(M) steps. Note that these recomputed
quantities can be stored in some M-element array, and thus D'(j, 1), when
needed, can be computed in constant time. With this concept we outline
an algorithm based on equation 2.

Algorithm Part-Column Mapping
Input: a GSC G(V, E) with unidimensionally relabeled nodes
Output: the optimal assignment D?(0, M)
1. Compute array of execution weights D!(0,i) for 1 <i < M
2. fork:=2top-1do
3. fori:=(k—1)m+1to M do
{ iterate over all feasible values of j }
4. for j:=(k—-2)ym+1toi-mdo
5. D(j,3) = D'(0,) - D*(0, 5)
6 D*(0, %) := min{D*(0, i), max[D*~1(0, 7), D*(4,1)]}

14



7. endfor

8. endfor

9. endfor

10. forj:=(p—-2m+1toM —1do

11.  D'(j,M) = D'(0,M) - D*(0,5)

12.  DP(0, M) := min{DP(0, M), max[DP~(0, j), D' (5, M)]}
13. endfor

Now consider the complexity of the algorithm. The recomputation takes
O(M) time and requires O(M) space. To conclude the bounds on the num-
ber of iterations for i, observe that except for the first (and last) processor
all other processors must be assigned at least m modules. Therefore when
using k, for k < p, processors at least 1+ (k—1)m modules must be mapped
to the k processors. The bound j < i—m follows from the condition that at
least m modules must be mapped to each processor; implying that at most
i —m modules are mapped to the first k — 1 processors. The last processor
can be assigned any number. Finally, each iteration of j takes constant
time. Since there are a total of O(M(M — m)p) iterations, the algorithm
has complexity O(M?2p). The only values to be stored after each iteration
of k are D*1(0,1) for all M values of i, thus requiring O(M) space to
determine the optimal cost, although O(Mp) space is required to obtain
the solution. The correctness of the algorithm is established by Theorem
3.1.

3.2 A Fast Heuristic

We now discuss a simple O(M) greedy heuristic, and derive a worst-case
performance bound on the heuristic. Experiments presented later indicate
that the heuristic performs significantly better than this worst-case bound.

Algorithm Heuristic Part-Column Mapping
Input: a GSC G(V, E) with relabeled nodes
Output: an assignment H of nodes to processors
Compute Average cost Cavg = (1/p) Z;':l w;
load :=0;1:=1
while i < m?
if load < Cayvy then
Assign 1 to Processor k
load := load +w;
i:=1i+ 1 { place next node into processor }
else {if current load if more than Coyg}
k := k + 1 { start assigning to next processor }
Assign m nodes from § to i +m to proc. k

SN N

e
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11. Update load := Y137 w;

12. ti=14+m
13. endif

14. endwhile

end

For any unconstrained mapping, i.e., regardless of whether it satisfies the
part-column constraint, a lower bound on its cost can be defined as =
max{Cavg, Cmax}, Where Cavg = (1/p) ir | w; and Cmax = max;<i<ma{wi}-
(Cavg denotes the average load/weight across p processors, and Cpax de-
notes the maximum among all node weights.) The greedy heuristic works
by attempting to assign to each processor a load as close to average as
possible. It uses the unidimensional labeling for the nodes in the GSC.
Except for the first (and last) processor, starting with some node v; it first
assigns the next m nodes to the partition k (to satisfy the part-column
constraint) with a resulting load for the partition (i.e., load on processor
k). If this load is less than the average Cyvg, it keeps assigning consecutive
nodes to this partition (i.e., processor) until the load exceeds the average
after assigning some node u;. It then starts assigning to the next processor
k+1, starting from node u;. The algorithm terminates when all M modules
have been assigned. This process is formally shown below. The complexity
is O(m?) = O(M) which is the number of iterations of the “while” state-
ment. We now derive a worst-case performance bound for the mapping H
generated by the above heuristic.

Theorem 3.2. Let C(H) denote the cost of the mapping generated by

the heuristic, and let C, denote the cost of the optimal mapping. Then
C(H)/C, £2.

Proof: For the mapping produced by the heuristic, let (u;,u;) (in uni-
dimensional labeling) denote any partition with the cost C(H). In other
words, nodes i through j are placed into one partition and their sum is
C(H). We consider two cases for i — j: (1) j—i>mor (2)j—i=m.
In case (1), it follows that placing nodes i to 5 — 1 will have cost less than
Cavg and after placing node j, with weight w; < Chax, the current value
of load exceeds Cyvg. Therefore we have C(H) < Cavg + Ciax. But since
C. 2 Q, and max{Cavg, Cmax} = 2, we have C(H)/C. < 2.

Now consider case (2). This case implies that exactly m nodes have been
placed in the partition to satisfy the part-column constraint. From the con-
ditions of the part-column constraint, in the optimal part-column mapping
these m successive nodes can be divided across at most two processors.
Thus, the worst of these processors cannot get a load less than C(H)/2
and therefore C, > C(H)/2. a
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To see that the performance bound is asymptotically tight, consider the
instance in Figure 4 for a 3 x 3 grid and for 3 processors, and let w >> e.
The average cost is 3w + €. The optimal part-column mapping has a cost
of 3w + 2¢. The heuristic assigns the entire second column to a processor
with resulting cost 6w + ¢, and thus the ratio is seen to be C(H)/C, =
6w + ¢/(3w + 2¢). For ¢ << w we have C(H)/C, — 2.

w 2w 3‘-
O O ?

2w — ¢ w .
Q O O3

2¢ 3Jw+e €
o G ok

Figure 4: Worst-case example for heuristic

4 An Experimental Comparison

The last two sections presented algorithms that allow part-column parti-
tioning of a GSC. As discussed earlier, the part-column method attempts
to find an efficient mapping by searching a larger solution space than that
searched by full-column partitioning [4, 7,16,18]. While theoretically better,
it is useful to experimentally evaluate the part-column algorithm.

We tested the three partitioning schemes, full-column, part-column and
heuristic using randomly generated workloads designed to resemble typ-
ical grid computations. Four such workloads are shown in figures 5 to
8. Each workload was obtained as follows. First, points were generated
non-uniformly in a box according to each specified shape (for example, the
L-shape figure had most of its points inside the L-shaped region shown
in Figure 8). Following this, the box was divided evenly with grid lines,
creating small square regions each containing different numbers of points.
The corresponding weighted task graph was then obtained by associated
a vertex with each small square region and taking the number of points
in the square region as the weight of the vertex. This node weight is di-
rectly proportional to the workload since, in the applications of interest,
the computation usually consists of processing each of these grid points in
an identical manner. Experiments were performed for M = 32 x 32 task
graphs and different numbers of processors in the range 2 to 16. The ex-
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periments determined the cost of the optimal part-column mapping, the
heuristic part-column mapping, and the optimal full-column mapping for
each of the GSC’s shown in the figures.

mak(d

. '

gt

Figure 7: Small box Figure 8: L-shape

Table 1 shows the cost of the mapping produced by each algorithm for
a 32 x 32 grid using 16 processors. Cp, Cp and Cy respectively denote
the costs of the part-column, full-column and heuristic mappings. Ra-
tios of costs and percentage improvements are also provided; app is the
percentage improvement of part-column over full-column; similarly ayp
is the percentage improvement obtained in using the heuristic over the
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full-column algorithm. The results demonstrate that significant improve-
ment (about forty percent) can result from using the optimal part-column
method. They also show that much improvement is not always the case,
as the results for the L-shape make clear. Next, the heuristic results in
costs usual between those produced by the the part- and full-column meth-
ods. However, as Table 3 shows, the heuristic runs much faster than the
other algorithms (the measured execution times for the six-stripe figure are
tabulated as a percentage of the part-column algorithm, the slowest of the
three) and, since it performs at least as well as the full-column method,
may prove to be very useful in applications. Results for larger grid sizes
are shown in Table 2.

[[ Figure Cp  Cr Cm Cp/CH apF Cu/Cp__on.r
6 stripes | 1739 2006 2615 058  42% 0.87 150  13%
2 stripes | 1644 2048 2565 0.55  44% 0.87 .79  13%
Box 397 443 418 0.89 11% 0.94 1.05 6%

L-shape | 2948 2998 3060 0.98 2% 1.02 1.04 -2%

Table 1: Mapping costs of the three methods

Figure Grid size | Cp Cr Cyg apr agr
6stripes | 64 x 64 | 579 776 611 25% 21% |
128 x 128 | 371 399 372 7% 6.8%
2 stripes | 64 x 64 427 756 573 43% 24%
128 x 128 | 332 351 333 54% 5.1%
Box 64 x 64 321 367 323 12% 12%
128 x 128 | 313 328 313 4.5% 4.5%
L-shape | 64 x 64 809 1109 914 18% 17%
128 x 128 | 456 478 459 4.6% 3.9%

Table 2: Costs with larger grid sizes

Method Measured
execution

time

Part-column 100
Full-column 14
Heuristic 0.449

Table 3: Typical execution times of the three methods
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Number of

processors Cp Cr Cy apr ayr
2 10611 11469 10604 7% 4
4 5340 5933 5344 10% 10%
6 3544 4625 3592 23% 22%
8 2687 2996 2718 10% 9.2%
10 2281 2996 2526 24% 16%
12 1909 2996 2234 36% 25%
14 1795 2996 2770 40% 7.5%
16 1739 2996 2615 42% 13%
32 1739 2996 2709 42% 9.5%

Table 4: Performance for increasing numbers of processors

The superior performance of the part-column method in some instances
can be explained by the contours of grid weights in those cases. The L-shape
figure cannot be exploited by the part-column method since load balancing
will ultimately cause the part-column algorithm to select partitions with
approximately the same weight as in one column of the full-column method.
Table 4 shows costs produced for various numbers of processors when the
six-stripe shape is used. As we might expect, the difference between the
part- and full-column methods first increases as the number of processors
increases and later decreases as the marginal benefit of adding additional
processors decreases.

5 Communication Costs

In this section we briefly explain how the optimal algorithm may be gener-
alized to partition edge weighted task graphs. The problem formulation in
Section 2 defined the weight of each node to reflect the amount of computa-
tion required by that program module. In a similar manner, each edge can
be assigned a weight denoting the amount of communication on the edge
if the two modules are mapped to adjacent processors. We assume that
the communication cost between modules mapped to the same processor
is negligible. Thus, the weights of the four edges from node v;; can be
denoted as: cf; — the weight of the north edge (vij,vi—14); ¢f; — the
weight of the south edge (vij,vi+1,); ¢f; — the weight of the east edge
(vi,5,%i,5+1); and c’; — the weight of the west edge (v j,vi j-1).

The time taken by a processor, under a mapping, is a function of the
execution (computation) and communication times. As defined before, the
execution time is the sum of the weights of the nodes in the partition. The
communication time is in general a function of the amount of communica-
tion and the distance which a message travels. If we place the condition
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that communicating/adjacent nodes are mapped onto adjacent processors,
then this time can be modeled as the sum of the edge weights that fall across
the adjacent processors. The time taken by a processor will depend also on
the the communication model. In this paper, we assume that a processor
cannot overlap computation and communication, and furthermore all com-
munication must be synchronized, i.e., we assume a blocking send-receive
model of communication. Under this architectural model the time taken by
a processor is simply the sum of the execution and communication times.
Under the blocking send-receive model, if an edge with weight ¢ ; in the
task graph is mapped to adjacent processors then the cost sage is incurred
by both processors. Now consider the set of exposed edges in the partition
< v; 4, Uk, >. Firstly, we observe that any partition < v; j, vk, > mapped to
P, where 1 < z < p, will expose a total of 2m+ 2 edges. This is illustrated
in Figure 9. The exposed edges consist of six different sets (some of these
sets could be empty if v; j or vk is a boundary node in the GSC). Each
of the nodes v;,; and vi; has one exposed edge in their column, namely
the edges (v;,j, vi—1,5) and (vig, Vk41,) respectively. Now consider the “left
exposed” column, i.e., the edges on the left boundary of the partition.

Figure 9: Exposed Edges in a Part-Column Partition

These edges fall into two sets: edges in Ly = {(vzj,vz5+1)|]1 £ z < i}
and the edges in Lg = {(vrj,vz,j-1)li £ £ < m}. We have a similar
situation for the “right exposed” column which consists of edges in the set
Ry = {(v2,1,vz441)I1 < z < k} and Ry = {(vz4, vz4—1)|k < I < m}. The
communication time T.(vs j, vk,1) on the processor is the sum of all these
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edge weights, and so

Tc(vij»vkl) ‘J+Cal+z czj+ Z z.j+ z zl+ Z czl

1<z<i i<z<m 1<z<k k<z<m

The time, or load, T'(v; j,vk1) on a processor assigned the partition of
modules < vy 4, vk, > is the sum of the execution and communication times,
and thus

T(vi, 5, ve1) = Te(i g, Vi) + Te(vi 5, vi,t)

The above definition of the load can be used to define the weight of the
edges in the assignment graph; thus, weight of the edge (u;, u;) is the load
T(ui41,u;). Now consider the computation of the edge weights by the
algorithm. We can use the technique, used earlier, of “precomputing” some
values.

To compute T(i,j), the communication cost of partition < 1,7 >, we
can recompute an array of values. Let C;, for 1 < i < m, be an m element
array, and let C;[j], for 1 < {, j < m, denote the sum of the northernmost
j east edges in column { (i.e., the j northernmost edges between modules
in column ¢ and column ¢ + 1). This is defined as:

Cilil= Y o
1<IS5

For any i and j, Ci[j] = Ci[j + 1] — ¢f ;4. This relation can be used to
compute, for any i, all O(m) values of C[j), for 1 < j < m, in O(m) time
(by first computing C;[m]). Computing the set of m arrays C;, for each i,
1 < i < m, takes O(M) time. These arrays can be used to compute the
sum of the edges between row k to row ! (between column ¢ and column
i+ 1) in constant time, since this is equal to Gi[l] — C;i[k — 1.

Let modules v;, j, and v, j, correspond to the relabeled nodes u; and u;
respectively; i.e., To(3, ) = Tc(vi, 1, Via,5a)- Using the recomputed values
in the arrays Ci[l], each of the four summation terms in equation 3, for
Te(iy 51+ Via,ja)» CaN be rewritten as:

i 215(«, cf,jl =Cjli—1]

* Yi<icm by = (Ci1lm] — Cj i - 1))
® 3 i<i<i; gy = Ciali2]

* Tircicm @y = (Cia—1[m] — Cjp1[iz = 1))

All four summation terms can be computed in constant time using the
above equations. Therefore the value of T¢(,5) can be computed in con-
stant time, as can the value of T.(f,5). Consequently, D'(i, j) T.(6 +

1,7)+Tc(i+1,5) can be computed in constant time forall1 <i<j < M
and the algorithm still takes O(M2p) time.
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6 Conclusions

This paper discussed the problem of partitioning and mapping a grid of
nodes onto a linear array. We showed that finding an optimal mapping
which satisfies the contiguity constraint is NP-complete, thereby suggesting
that more constraints (on the type of partitions allowed) are required to
make the problem tractable. Subsequently we presented a new scheme,
part-column partitioning, for partitioning and mapping a grid of M nodes
to a linear array of p processors, and developed an O(M?p) algorithm that
finds an optimal mapping satisfying this constraint. We then provided
an O(M) heuristic with a worst-case performance bound of 2, but then
demonstrated in our experiments that the heuristic performs better than
its worst-case bound. The performance of our partitioning scheme was
experimentally compared to the previous method of partitioning the grid
along entire columns, the full-column partitioning scheme. Experiments
revealed that our partitioning scheme can provide up to 40% improvements
in decreased partitioning cost. Future endeavors include more general task
and processor graphs.
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