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ABSTRACT. In this paper we show that the complete graph K13
is not decomposable into three factors of diameter two, thus
resolving a longstanding open problem. This result completes
the solution of decomposition of a complete graph into three
factors one of which has diameter two and the other factors
have finite diameters.

1 Introduction

A general decomposition (factorization) problem for a graph consists of de-
ciding, whether or not it can be decomposed into factors with prescribed
properties. In this paper we focus our attention on the problem of decom-
position of the complete graph K2 into 3 factors of diameter 2, mentioned
by B. Bollobis in [1].

The decomposition problem for complete graphs into factors with given
diameters was originally introduced by J. Bosik, A. Rosa and S. Zném
in [2], where they completely solved this problem for decomposition into
two factors. Moreover, the decomposition of a complete graph into three
factors, where the first has diameter two and the diameters of the remaining
factors are finite, has been solved in [2], except for the case in which all three
factors are required to have diameter two. This last problem is mentioned
here as the problem of three airway companies.

Another formulation of the problem can be found in [8]. Authors of
[10] and [3] deal with the problem of decomposition of a complete graph
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into factors with diameter 2. The problem of decomposition of a complete
graph into m factors of diameter d is also studied in [9]. Decomposition of
a complete graph into three factors with diameter d for every sufficiently
large integer d is given in [13]. Finally, Bfezina [4] presented an attempt to
fill up the existing gap in factorization of K2 into 3 factors of diameter 2,
but his attempt was unsuccessful.

By using a combination of exact mathematical methods and a compu-
tational approach we show, that a factorization of Kjo into 3 factors of
diameter 2 does not exist.

The paper is organized as follows: the next section introduces the basic
notation, definitions and some known important results. In Section 3 we
deal with the search for all factors of a possible decomposition of the com-
plete graph Kj2. Finally, the last section is concerned with the composition
of the found factors.

2 Notation, definitions and known results

In this paper, all graphs are finite without loops and multiple edges in the
sense of [6]. Let G = (Vg, Eg) be a graph where Vg and Eg denote the
vertex-set and edge-set of G. If G and G’ are graphs, then G’ is called a
subgraph of G iff Vor C Vg and Egr C Eg. In addition, if Vgr=Vg then
G’ is called a factor of G. For a subset U C Vg we call G = (U, Eg N
{(u,v); (w,v) € U x U} the subgraph induced by U. A graph G = (Vg, Eg)
is complete iff for all u,v € Vg, (u,v) € Eg. Complete graph on n vertices
is denoted by K,,. The degree-sequence of G is a sequence if degrees of all
vertices in G, sorted in nonincreasing order. The distance between the two
vertices u,v € V¢ is defined as the length of the shortest path between
them and denoted by p(u,v). If no path between the vertices u and v
exists, then p(u,v) = co. The diameter of a graph G is defined as d(G) =
maXy,vevg{p(u,v)}. Decomposition (or factorization) of a graph G into m
factors is a system S = {F, 3, ..., Fi } of factors such that

m
|J Er. = Ec and Ep, N Ep,; =0, for i # ;.

i=1

An arbitrary factor of G which fulfils certain prescribed requirements will
be called a configuration of G. For the sake of clarity we will often introduce
configurations graphically. Let G = (Vg, Eg) be a graph on n vertices and
let vy,...,vx € Vg, where k < n. Graph G’ derived by vy,...,v; is the
factor of G such that Eqr = EgN{(u,v); u € {v1,...vx} Vv € {vy,...,vx}}.
Let d be a natural number. Let fx(d) denote the smallest natural number
n such that the complete graph K,, can be decomposed into k factors with
diameter d. The following theorem shows the significance of fs(d).
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Theorem 1. If K,, is decomposable into 3 factors of diameter d, then for
all m > n, K,, is also decomposable into 3 factors of diameter d.

Proof of a more general assertion is presented in [2].

Our paper deals with determining the exact value of f3(2). The esti-
mation 11 < f3(2) < 13 is known from [2]. To show whether or not the
factorization of K2 into 3 factors of diameter 2 exists, we based our ap-
proach on the following two steps:

Step 1. Find all factors which can lead to a decomposition of Kjg;

Step 2. Compose the found factors in such a way that one can verify
whether or not the factorization of K, exists.

Exhaustive search for all possible factors is based on the following results
[4].

Lemma 1. If there is a decomposition of K,,, n > 2, into 3 factors of
diameter 2, then each of the factors contain only vertices of degree > 2 and
<n-6.

Note that for n = 12 from the above lemma follows that the degrees of
vertices can be only 3, 4 and 5.

Lemma 2. There are only 3 possible ways of decomposition of K3 into 3
factors Fy, F5 and F3 of diameter 2:

1. |Ep| =21, |Ep,| =21, |Ep| = 24;
2. IEF1| =21, IEFal =22, IEFal = 23;
3. IEF'll = IEle = IEpal = 22.

Graph G has property (®) iff |Vg| = 12, |E¢g| = 21, d(G) = 2 and it does
not contain vertices of degree < 3 and > 5. Similarly, G has property (¥)
iff |Vg| = 12, |Eg| = 22, d(G) = 2 and it does not contain vertices of degree
<3 and > 5.

3 Exhaustive search for factors

According to Lemma 1 and Lemma 2 we see that it is sufficient to find all
graphs with property (®) and (¥).

3.1 Factors with 21 edges

Lemma 3. Every graph satisfying (®) contains at least one pair of adjacent
vertices, both of degree 3.
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Proof: It is easy to see that each graph satisfying ($) must have one of
the following degree-sequences:

(a) 5553 3333 3333, (b) 5544 3333 3333, (c) 5444 4333 3333, (d) 4444 4433 3333.

Let us investigate the case (d). Assume the contrary. Then all vertices of
degree 3 are adjacent only to vertices of degree 4. Vertices of degree 3 are
incident with 18 edges. Then 3 edges must be incident only with vertices of
degree 4. The case when a vertex of degree 4 is adjacent only to vertices of
degree 3 cannot occur. In order to guarantee the distance 2 from a vertex
of degree 3 to other vertices, no vertex of degree 3 can be adjacent to two
neighbouring vertices of degree 4. Therefore each vertex of degree 3 must
be adjacent exactly to one vertex of the three pairs of vertices with degree 4.
Let z; be an arbitrary vertex of degree 3 then the following configuration
(see Figure 1) must exist so that the distance of the vertex z; to other
vertices is 2.

I T2 I3 T4 Ts Te

Y Y2 Y3 Ya Ys Ys
Figure 1

Vertices z1,Z2,...,%¢ are of degree 3 and ¥,¥2,...,ys are of degree
4. The following edges must exist: zoys, Taye, Z3Ys, Ta¥e, TsY4, T6Y4-
Consider an edge incident to the vertex y;:

(1) The edge z3y; exists.

The remaining edges can be incident only with the vertex y2 but then the
distance from zg to z3 is greater than 2, which is a contradiction. The
following cases can be handled similarly:

(2) The edge z4y; exists;
(3) The edge zsy; exists;
(4) The edge zgy; exists.

Consequently, no other edge can be incedent with y; and therefore at least
one pair of vertices with degree 3 must be adjacent.
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The remaining cases (a)-(c) are similar to (d). We assume the contrary, so
all vertices of degree 3 are adjacent to vertices of different degrees. Then one
can verify that such an assumption leads in each case to a contradiction. O

Theorem 2. There are precisely three graphs satisfying (®); these are the
graphs Gl, Gq and G3 in Figure 2

Gy G: Gs
2

Figure 2

Remark 1: The graphs G; and G2 were found by Bfezina [4] who was
not searching for them systematically, but only by modifying the Petersen
graph. He also proved [4] that G cannot be a factor of a decomposition of
K.

Proof: (Theorem 2) Similarly to what we have done in Lemma 3, the
proof is divided according to degree-sequences (a)-(d). As the idea of the
proof is analogous for all 4 parts, we show again only the proof of part (d).
Since the diameter of our graph is 2 and moreover there exist at least two
neighbouring vertices of degree 3, then each graph which is determined by
the degree-sequence (d) and fulfils () contains the following configuration:

va vb vc ’l)d
® L ] L [ ® L ]
U1 U2 U3 V4 Us Vg
Figure 3
Note that vg,...,vq must be of degree 4, otherwise the distance between

unlabeled vertices of degree 3 and at least one of the vertices vy,...,vs
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would be > 2. Let vertex v, be adjacent to vertices vy, vo, v3. Consider the
following configurations in such a way that the distance 2 from unlabeled
vertices to the remaining vertices is always guaranteed. We distinguish the
following four cases:

Case 1. Vertices v, and v, share 3 common neighbours as shown in Figure
4. In this case the contradiction comes immediately from the fact that
p(vs,vc) > 2 and p(vq,v4) > 2.

Figure 4

Case 2. Vertices v, and v, share 2 common neighbours (see Figure 5).
In order to keep the distance less than 3 between vertices v; and v4, and
further between vertices vo,v3 and vs, vg, the edges vivg, vovs, v3vg and
vsvg must exist. By adding these adges we obtain a graph with property
(®). Note that by any other partition of the above mentioned edges we
obtain the same graph.

Figure 5

Case 3. Vertices v, and v, share 1 common neighbour. Then vertices v,
and vg share 2 common neighbours and we obtain Case 2.

Case 4. Vertices v, and v, have disjoint neighbours. Then vertices v, and
vq must share 3 common neighbours and this case is equivalent to Case 1.
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Hence, there is only 1 graph for degree-sequence (d) satisfying (®).

A similar analysis of graphs with degree-sequences (a), (b) and (c) reveal
that there is only 1 graph for degree-sequence (a), denoted by G in Figure
2, and another 1 graph for degreee-sequence (c), denoted G, in Figure 2.
This completes the proof. O

3.2 Factors with 22 edges
To find all graphs satisfying (¥), we use first a mathematical reduction of
this problem and then we apply a computer search.

Lemma 4. If a graph G satisfies (¥) then G does not contain a vertex of
degree 3 adjacent to three vertices of degree 3.

Proof: Let G be a graph satisfying (¥). As G is determined by one of the
following degree-sequences

(a) 5555 3333 3333, (b) 5554 4333 3333, (c) 5544 4433 3333,
(d) 5444 4443 3333, () 4444 4444 3333,

at least 4 vertices of degree 3 must exist in G. Now assume the contrary.
Let vy, v2, vs and v4 be vertices of G, all of degree 3 and let v; be adjacent
to v9, v3 and v4 as shown in Figure 6.

0
(2)) V3 Vg4
[ ] ) ° ] ] . °
Vs Vs . . e Vi2
Figure 6

Vertices vg, vs and v4 can be adjacent with at most 6 vertices at the lower
level, so the distance from v, to at least 2 vertices is greater than 2, which
is a contradiction. a
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Corollary 1. Graph G satisfying (¥) contains a vertex of degree 3 which
can be adjacent only to vertices with following degrees:

(3,3,5); (3,4,4); (3,4,5); (3,5, 5);
(4,4,4); (4,4,5); (4,5,5) and (5,5,5).

Proof: Follows immediately from the proof of Lemma 4. a

Let us consider a graph G satisfying (¥). Let v, be an arbitrary vertex of
degree 3 in G and let vertices vo, va and v4 are adjacent to v;. Graph derived
by vi,...,vs under the condition that p(vy,u) <2, for allu € Vg — {v;1} is
called a static configuration (SC) of G.

Lemma 5. There exist exactly 45 different (SC)s.

Proof: Assume that G satisfies (¥). Then G is determined by one of the
degree-sequenses denoted (a)-(e) in the proof of Lemma 4. We distinguish
five cases according to these degree-sequences. Because of similarity of the
proof for all cases, we prove only the part (e).

It is clear that if G is determined by (e) then G does not contain a vertex
of degree 5. Let v; € Vg be a vertex of degree 3. From the Corollary 1
follows that v; can be adjacent only to vertices of degree (3,4,4) and (4,4,4).
Figure 7 shows 2 examples of (SC)s of G.

() (5]

1] U3 V4 (%] U3 V4

Vs Vg . . . ... V12 Vs Vg . . . ... V12

Figure 7

As the distance < 2 between v; and the remaining vertices of G must be
guaranteed, it is not difficult to see that this are the only possible (SC)s
of G for case (e). By a similar systematic construction of (SC)s for the
remaining cases (a)-(d), one can easily verify that there exist another 43
(SC)s and so we get the total number of (SC)s = 45. O

Remark 2: A graph satisfying (¥) can contain more than one (SC). There
are also graphs satisfying (¥) which are determined by different degree-
sequences and share the same (SC). For more details see [11].
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Theorem 3. There exist exactly 40 graphs satisfying (¥).

Proof: Let G be a graph satisfying (¥). It is clear that Lemma 5 gives
a necessary condition for construction of G. In other words, each graph
satisfying (¥) must contain at least one of the above mentioned (SC)s. To
illustrate the idea of the proof, let us consider the following (SC):

v

V2 U3 [

Vs V¢ . . . S 5 5
Figure 8

Vertex v is adjacent to vertices ve, vs, v4 with degree 4, 5, and 5, re-
spectively. Thirteen edges are fixed. Let G’ be a subgraph of G induced
by vs,...,v12. |Vor| = 8 and |Eg/| = 9. G’ can have only the following
degree-sequences:

(a1) 4222 2222, (b;) 3322 2222, (c1) 4322 2221, (d;) 3332 2221.

The degrees of vs,...,v12 are not fixed. In order to construct G, we have
to consider all possible mappings of degrees to vg, ..., v;2, except the cases
when a vertex has degree < 3 or > 5. This idea can be used in the following
way:

Algorithm 1.

Step 1. Construct the incidence matrix of (SC);

Step 2. Search systematically for placing the remaining edges between
Vs, ...,v12 according to their degrees by using branch and bound
method;

Step 3. Combine the (SC) and the generated graph on vs,...,v;2;
Step 4. Check the diameter of the resulting graph.
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The computer generated 81 426 648 graphs from which 4377 had the re-
quired diameter two. Isomorphic graphs were eliminated by applying mod-
ified method of [5, 7]. More details concerning Algorithm 1 are presented
in [11, 12].

Consequently, we have 40 non-isomorphic graphs satisfying (¥), whlch
can occur as factors of a decomposition of K.

Corollary 2. Let the degree-sequences for a graph satisfying (¥) be de-
noted as in the proof of Lemma 4. Then there are

1. exactly 1 graph satisfying (¥) for degree-sequence (a);
2. exactly 8 graphs satisfying (V) for degree-sequence (b);
3. exactly 10 graphs satisfying (¥) for degree-sequence (c);
4. exactly 15 graphs satisfying (¥) for degree-sequence (d);
5. exactly 6 graphs satisfying (V) for degree-sequence (e);

Proof: Follows from the proof of Theorem 3 as a consequence of Algorithm
1. a

Remark 3: If in the example used in the proof of Theorem 3 when gen-
erating the induced subgraph G’ we use e.g. the degree-sequence (d;),
then degree 1 is directly mapped to vg and all resulting graphs will have
degree-sequence (c).

4 Combining the factors

It follows from the facts mentioned in Section 3 that it is sufficient to find
only those factors of K2, which satisfy () and (¥). The remaining factors,
having 23 and 24 edges (in the Case 1 and 2 of Lemma 2), can be obtained
by “subtraction” of the combined first two factors from the incidence matrix
of the complete graph Kja.

Suppose we have all factors with 21 and 22 edges of a possible factoriza-
tion of K12 = (Vik,,, Ek,,). Our approach is based on the idea that factor
F, is fixed and factor F3 is mapped in all ways onto 1. When F; has been
placed disjointly from F; we obtain the graph Grur, = (Vor,ur,) Ecrur,)
where Eg,, .., = ER, U Ep, such that Ep, N Ep, = 0. Then the remaining
factor Fg = (Vp,, Ep,), where Ep, = Ek,, — Egy, ,z,- We can express such
approach as follows:

Algorithm 2.

Step 1. Consider factors F; and F,. For each vertex v; € Vg, i =
1,...,12, create the set ¥; containing all vertices u € Vg, onto which
v; can be mapped according to its degree;
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Step 2. Using branch and bound method, map vertex v; € V, onto vertex
ued;fori=1,...,12;

Step 8. Make sure that no two vertices v;,v; € Vg, § # j, are mapped
onto the same vertex u € Vr, and that the neighbours correspond;

Step 4. Check the obtained factor F3 for satisfying d(F3) = 2.

Remark 4: Testing if the neighbours correspond in step 3 of Algorithm 2 is
necessary. Let v € Vp, and u € Vi,. The set S, = {vy,...,vx} contains all
vertices that are neighbours of v and Sy = {uy,...,u;} contains all vertices
that are neighbours of u. If v is mapped onto u then no vertex from S, can
be mapped onto any vertex of S.

Let us investigate now the fact, which factors is it possible to combine. In
Case 1 of Lemma 2 there are 3 possibilities. Case 2 of Lemma 2 involves
80 possibilities. To check all possibilities for the last case of Lemma 2 we
should perform (4.?) + 40 = 820 compositions, but this is not necessary, as
it follows from the following lemma.

Lemma 6. Let the degree-sequences for a graph satisfying (¥) be denoted
as in the proof of Lemma 4. To check Case 3 of Lemma 2 it is sufficient to
perform only 403 compositions of Fi and F,, which are determined by:

(a) — (a); (b) — (B); (%) — ()i (€) — ()i (d) — (d); (d) — (e) and (e) — (e).

Proof: It is clear that each vertex of Ki2 has degree 11. If v € Vg,
is mapped onto u € Vp, then only the following combinations of degrees
for (v,u) are possible: (3,3); (4,3); (5,3); (3,4); (4,4) and (3,5). Assume
the contrary. Let there exist a composition of F; and F> determined by
e.g. (a) - (c) and not included in assertion of the lemma. Consider the
vertices of F5. Two vertices of degree 5 are mapped onto two arbitrary
vertices of degree 3 in F;. Four vertices of degree 4 are mapped onto four
of six remaining vertices of degree 3 in Fj. Since four vertices of degree 3
are mapped onto vertices of degree 5 in Fj, the remaining two vertices of
degree 3 have determined a mapping. Now it is not difficult to see that if the
factorization of K2 exists then F3 must be determined by (c). But thisis a
contradiction, since this case is equivalent to case (c) - (c) and it is included
in assertion of the lemma. By a similar analysis for all remaining cases one
can easily verify that it is sufficient to check only the above mentioned
compositions.

According to Corollary 2, the number of compositions of factors for each
particular case is 1, 36, 80, 55, 120, 80 and 21 which gives a total number
of 403 compositions. 0

157



Remark 5: The existence of Gr,uF, is necessary for a factorization of
Ki2. An interesting fact is that the number of ways in which F and F;
can construct Grur, varies from 0 to 65 104.

As we have performed all compositions of selected factors and we did not
find any factor Fj satisfying d(F3) = 2, we can state the following theorem.

Theorem 4. f3(2) =13.

Proof: The proof is a direct consequence of Theorem 2, Theorem 3 and
Algorithm 2. O
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