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ABSTRACT. A 1-factor of a graph G is a 1-regular spanning
subgraph of G. A graph G has exactly ¢ 1-factors if the maxi-
mum set of edge-disjoint 1-factors is ¢t. For given non-negative
integers d, ¢ and even e, let G(2n;d, e,t) be the class of simple
connected graphs on 2n vertices, (2n—1) of which have degree d
and one has degree d+ e, having exactly ¢ 1-factors. The prob-
lem that arises is that of determining when G(2n;d, e, t) # 9?
Recently, we resolved the case t = 0. In this paper we will
consider the case ¢t = 1.

1 Imtroduction

All graphs considered in this paper are undirected, finite, loopless and have
no multiple edges. For the most part, our notation and terminology follows
that of Bondy and Murty [2]. Thus G is a graph with vertex set V(G),
edge set E(G), v(G) vertices and €(G) edges. However, we denote the
complement of G by G. K, denotes the complete graph on n vertices,
K. n the complete bipartite graph with bipartitioning sets of order m and
n, Cy the cycle of length n, and for even nd R(n,d) denotes a d-regular
graph on 7 vertices. The join GV H of disjoint graphs G and H is the graph
obtained from union G + H by joining each vertex of G to each vertex of
H.

A 1-factor of a graph G is a 1-regular spanning subgraph of G. A 1-
Jactorization of G is a set of (pairwise) edge-disjoint 1-factors which between
them contain each edge of G. It is very well known that K3, and K, » have
1-factorizations for all n. The question of which graphs contain 1-factors is
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one that has attracted considerable attention. For a comprehensive review
we refer to the survey papers of: Akiyama and Kano [1]; Mendelsohn and
Rosa [7]; and Wallis [9].

Willis [8] studied regular graphs with no 1-factors. In particular, he
proved the following theorem :
Theorem 1.1. Let G be a d-regular graph with no 1-factor and no odd
component. Then

3d+7, ifdisodd,d>3
V(G)>(3d+4, ifdiseven,d> 6
22, ifd=4.

Further, no such graphs exists for d =1 or 2. ]

Pila [6] considered the same problem with a connectivity condition added.

The question concerning the existence of regular graphs with a prescribed
number of 1-factors was first considered in Caccetta and Mardiyono [3] in
the context of “premature sets” of 1-factors. We say a graph G has ezactly
t 1-factors if the maximum set of edge-disjoint 1-factors is ¢. In [3] the
minimum order of a regular graph with exactly one 1-factor was determined.
The more general problem has been considered recently by Caccetta and
Vijayan [5].

Wallis [9] posed the question regarding the existence of almost-regular-
graphs without a 1-factor. More precisely, let G(2n;d, e, t) denote the class
of graphs on 2n vertices, (2n — 1) of which have degree d and one has
degree d + e having exactly ¢ 1-factors. Wallis asked for what values of n
is G(2n;d,e,0) # 07 We answered this question in [4]. In particular, we
proved:

Theorem 1.2. For d 2 2, G(2n;d,e,0) # ¢ if and only if 2n > Ny(d, e),
where

(i) No(2,e) =€e+6, for e > 4,
(ii) for odd d > 3

e+d+1, ife>2d
No(d,e) = < 3d + 3, ifd+1<e<2d-2
3d +5, otherwise.
(iii) for evend > 4

e+d+2 ife>3d+4
No(d,e)=<e+d+4, if2d<e<3d+2
3d+4, otherwise. o
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In this paper, we consider the class G(2n;d, e,1). We prove that G(2n;d, e,
1) # ¢ if and only if 2n > Ny(d, e), where :

(i) Ni(2,e) =e+4, N1(3,2)=10
(ii) N1(3,e)=e+6, for e > 4,
(iii) for evend > 4

e+d+2, ife>2d+4
Ni(d,e) = {3d+4, otherwise.

(iv) foroddd > 5

e+d+1, ife>3d+1
e+d+3, if2d-2<e<3d-1
3d+3, ifd+1<e<2d-4
2d+e+2, otherwise.

Nl(d, c) =

2 Lower Bounds

In this section, we will determine a lower bound on the order of a graph
G € G(2n;d,e,1). That is, we determine a lower bound for the value of the
function

Ni(d,e) = min{2n: G(2n;d, e, 1) # ¢}.

We make use of the well known theorem of Tutte. Letting o(H) denote the
number of odd components of a graph H, Tutte’s theorem is:

Theorem 2.1. A nontrivial graph G has a 1-factor if and only if
o(G—-S)<|S|, foreverySCV(G).
a

For later reference, it is convenient to state the following
Lemma 2.1. Let H be an odd component of G — S, S C V(G). If every
vertex of H has degree d in G and v(H) < d—1, then the number of edges
Jjoining V(H) to S is at least
(d-v(H)+ 1)(v(H)).
a
We make use of the following lemma in the proof of our main results.

Lemma 2.2. Let G € G(3d + 4;d,e,0) with even d > 4, e < 2d — 2 and
dg(u) = d+e. Then G — u consists of 3 odd components G1, G2 and Gs
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each of order d+ 1. Further, G; & Kg1-2:, V (Kae, \ M), i = 1,2, 3, where
M is a perfect matching, Z?=1 2;=d+ecand 1 <t < -g-.

Proof: Since G has no 1-factor, Theorem 2.1 implies the existence of a set
S C V(G) with o(G — S) > |S| + 2. We classify the odd components of
G — S into three groups according to order. Let

a; : the number of components of G — S of order 1.

as : the number of odd components of G — S of order
between 3 and d — 1.

az3=0(G—-S)—a; —az.

Then
ay+az+as>|S|+2 (2.1)
and
V(G)=3d+42|S|+a;+3az+(d+1)as (2.2)
Noting Lemma 2.1 we can conclude that there are at least
daj +2(d — 1)az + 2a3
edges joining V(G — S) and S. Consequently

dlS| +e, fuesS

d|s|, otherwise. (23)

dal+2(d—l)az+2&33{

We need to prove that ag = 3 and a; = ap = 0. In view of (2.2) all we
need to prove is that ag = 3. Suppose this is not the case. Then we may
assume that as < 2 since otherwise

v(G) > |S|+4(d+1) > 3d+4
a contradiction. If ag = 0, then (2.1) and (2.3) together yield:

d|S|+e, fuesS

d(|S|+2) < d d-—-2 <
(18] + 2) < d(a; + az) + ( )az_{dlsl, otherwise,

which is not possibleas d > 4 and e < 2d—2. So a3z > 1, and hence az =1
or 2.

If u ¢ S, then from (2.1) and (2.3) we have
d(|S| + 2 — a3) + 2a3 < d(ay + a2) + (d — 2)az + 2a3 < d|S|,
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a contradiction. Hence v € S. Now counting edges between V(G — S) and
S — u and noting that a; + ag > |S| + 2 — ag we get

(IS1+2 - as)(d - 1) < d(|S] - 1).

2d-1, ifaz=1
S| > .
| I_{d, ifag=2

Now by (2.1) and (2.2) we have

Hence

5d, ifag=1

G) > 2|S| + 2+ dag >
YG) 2 25| +2+ 8'{4d+2, if ag =2

which is not possible. Thus we can conclude that a3 = 3 as required.
Consequently G — S consists of 3 odd components, each of order d+ 1 and
|S] = 1. Clearly S = {u}. The structure of G follows immediately. This
completes the proof of the lemma. a

For our next two lemmas, it is convenient to define the following classes
of graphs:

H(n1,n2;dy,dz): class of simple graphs on n; + na vertices having n; ver-
tices of degree d;, 1 = 1,2, where n; + n2 > max(d;,dz) + 1 and

Y2 | nid; even.

Lemma 2.3. Let G € G(3d+3;d,¢e,0) withoddd 25,d+1<e<2d-2
and dg(u) = d+e. Then G — u consists of 3 odd components G, G, and
G3 with G1,G, 2 K4 and G3 € 'H(e—d,2d+2—e;d— l,d).

Proof: Since G has no 1-factor, Theorem 2.1 implies the existence of a set
S C V(G) with o(G — S) > |S| + 2. We classify the odd components of
G — S into three groups according to order. Let

B4 : the number of components of G — S of order between
land d-2.
P2 : the number of odd components of G — S of order d.

B3 =0(G - S) - pr — Pa.
Then
Bi+P2+Bs2|S|+2 (24)

and

v(G)=3d+3 > S|+ +dBa+(d+2)Bs (2.5)
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Noting Lemma 2.1 we can conclude that there are at least d{8; + 82) + B3
edges joining V(G — S) and S. Consequently,

d|S|+e, ifues

.6
d|Ss|, otherwise. (26)

d(B1 4+ B2) + s < {

Since ¥(G) = 3d + 3, B35 < 2. In fact, it is easy to establish that fs < 1.
We will prove that 83 = 1. Suppose this is not the case and f3 = 0. Then
Bi1+ B2 > |S| + 2 and hence, by (2.6)

d|S|+e, fuesS

d(|S|+2) £
151+2) < {dlSl, otherwise.

This is not possible as d > 5 and d+1 < e £ 2d — 2. Thus 5 = 1 and
hence, by (2.5) B2 < 2. We now prove that S, = 2. Suppose this is not the
case and B, < 1. Then 8; > |S| and |S| > d.

Observe that if u ¢ S, then (2.6) implies that 8; + 82 < |S|, contradicting
(2.4). Hence u € S. We now count the number of edges between S —u and
G — S. Note that, by Lemma 2.1, each f;-type component contributes at
least d — 1 to this count. Consequently

(@-1)B1 < d(JS| -1). (2.7)
Now using the fact that 5 + B2 > |S| + 1, we get

2d, iff=0
<
ﬂl"{d, if By =1.

Since ¥(G) = 3d+ 3, B2 # 1. So the only possibility is 82 = 0 and
B1 2 |S| + 1. But then (2.7) implies that |S| > 2d — 1, contradicting (2.5).
This contradiction establishes that 8, = 2.

Now clearly »(G) = 3d + 3 only if S = {u} and G — S consists of 3
components, two of order d one of order d + 2. The structure of G follows
immediately. This completes the proof of the lemma. O

Lemma 2.4. Let G € G(3d + 5;d,e,0) with odd d > 5, e < d—1 and
dg(u) = d+e. Then G—u consists of 3 odd components Gy, G5 and G3 with
G122 Kg, G2 € H(ty,d—t1+2;d—1,d) and G3 € H(tz,d—t2 +2;d-1,d)
with t; +t2 = e, and t; and t3 odd integers.

Proof: In this proof we make use of (2.4), (2.5) and (2.6) as stated in the
proof of Lemma 2.3. We need to prove that 5 =2, 2 =1 and 8; = 0.
Clearly f3 < 2. By (24) B1 + B2 2 |S|+2 - Bs. If u € S, then (2.4) and
(2.6) yield :

e=Fs

7

IS|+2-B<B+B<|S|+
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Consequently

and hence

2d—e
B > 1" (2.7)

Now f3 > 2, as otherwise (2.7) implies that e > d + 1, a contradiction. So
we have B3 = 2. Since ¥(G) = 3d+ 5 and o(G — S) 2 |S| + 2 2> 3, the only
possibility is for S = {u}, iy = 0 and B2 = 1. Hence G — u consists of 3
odd components, one of order d and two of order d + 2. The structure of
G follows immediately. This completes the proof of the lemma. a

The next lemma we note that §(d) is 0 or 1 according to whether d is
odd or even.

Lemma 2.5. Let G € H(1 +6(d),d+1—25(d); d - 1,d) UH(3 + 6(d),d —
1-26(d);d—1,d), d > 4. Then for any pair of vertices v and w in G, there
exist perfect matchings M, and M, in G — v and G — w, respectively, such
that M\iN Mz =0.

Proof: Since d > 4, we have d — 1 > 5#@ = -"—(Z—G)- So by Dirac’s
Theorem (see [2] p.54) G is hamiltonian. Hence for any vertex v in G, there
exists a perfect matching, M, say, in G — v. Further §(G\ {M1}) =d - 2.
Again, by Dirac’s Theorem G\ {M} is hamiltonian whenever

5 d+2-8d)

d-2 2

that is
d > 6 —§(d).

Consequently, for any vertex w in G\ {M, } there exists a perfect matching,
M, say, in G\ {M,; } —w whenever d > 6. Thus we need to show the existence
of My and M; for d = 4 and 5. This can be done by a straight forward case
analysis. This completes the proof of the lemma. a

Lemma 2.6. Let G’ € G(2n;d,e,0) withd >4,e<2d-2,3d+3<2n <
3d+5,and G has a 1-factor F. Then G = G'U F has 2 disjoint 1-factors.

Proof: For even d > 4, 2n = 3d+4 and for odd d > 5, 2n = 3d + 3 or
3d+ 5. Since G’ has no 1-factor then Theorem 2.1 implies the existence of
an S C V(G’) with o(G’ — S) > |S|+ 2. Let dg/(u) = d+e. Then Lemmas
(2.2), (2.3) and (2.4) imply that G’ — u consists of 3 odd components,
G; say, i = 1,2,3, with d < v(G;) < d+ 2 for each i. Clearly each
G; € H(ny,na;d — 1,d). We show that for any pair of vertices » and w in
G; there exist matchings M; and Mz in G; — v and G; — w, respectively,
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such that M; N Mz = 0. As this is trivially true when G; = K4, we need
only to consider the cases v(G;) = d +1 for even d and d + 2 for odd d. It
is easy to show, using Dirac’s Theorem, that for any pair of vertices v and
w in G; there exist perfect matchings M; and Mz in G; — v and G; — w,
respectively, such that M1 N Mz = @, whenever d > 6. So, we need only to
show the existence of M; and M in G; for d = 4 and 5.

For d = 4, we have 2n = 3d + 4 and e < 6. By Lemma 2.2 we have
Gi 2 Ks_a, V (K2, \ M), M is a perfect matching, 2?21 2t; < 10 and
2t; =2 or 4. Thus G; € H(2,3;3,4) UH(1,4;4,3). Hence, by Lemma 2.5,
any v and w in G;, there exist perfect matchings M; and M; in G; —v and
G; —w, respectively, such that M; N Mz = 0.

For d = 5, we have, by Theorem 1.2, 2n = 3d+ 5 for e = 2,4 and 2n =
3d+ 3 for e = 6,8. If e = 2,4, then, by Lemma 2.4, we have G; = K3 and
G2,G3 € H(t1,7—t1;4,5)UH(t2, 7—t2;4,5) with ¢; +t2 = e and ¢;, 2 odd
integers. Thus G2, G3 € H(1, 6;4,5)UH(3,4;4,5). Now, if e = 6,8 then, by
Lemma 2.3, we have Gy, G2 = K and G3 € H(1, 6;4,5)UH(3,4;4,5). Thus
again, by Lemma 2.5, for any v and w in G;, there exist perfect matchings
M, and M; in G; — v and G; — w, respectively, such that M; N My = 0.

Now let

M3}, Mj; : two disjoint perfect matchings on G; —uj,u; € V(G1),5 =1,2
M2, M3 : two disjoint perfect matchings on Ga — vj,v; € V(G2)
M3, M3 : two disjoint perfect matchings on G3 — wj, w; € V(G3).

We consider 2 cases according to whether G—u is connected or disconnected.,
Case 1. G — u is connected.

Suppose, without loss of generality, that ujvy,vowe € E(G) with u; €
V(G1), v1,v2 € V(G2) and wp € V(G3). Note that ¥; could be the same
as v. Then we can select 2 disjoint 1-factors F; and F3, in G, as follows :

F = Mll UM?UM?-{-‘ul'lu + wu
and
F= le UM22U M.f‘ + vaws + ugy,

a contradiction.
Case 2. G — u is disconnected.

Clearly G’ — u is disconnected and so has at least one odd component.
If d > 4 is even, then each G; contains an odd number of vertices of degree
d. Further, G’ has at least 5 vertices of degree d which are not joined to
u, because d + ¢ < 3d — 2 and ¥(G’ — u) = 3d + 3. Hence each G; has
either 1 or 3 vertices of degree d. Suppose G, is the only one which has 3
vertices of degree d. Then there must be at least 3 edges of F between G;
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and another odd component of G’ —u, G say. Now we can select 2 disjoint
1-factors, Ty and T3 say, as follows:

Ty = {M} UM} + w01} U {M} + vy}
and
Tp = {M} U M} + ugv2} U {M3 + uwp}.

If d > 5 is odd, then G’ has at least 4 vertices of degree d which are
not joined to u, because e < 2d — 2 and ¥(G' — u) > 3d + 2. Further, for
G; # K4, each G; has an even number of vertices of degree d which are
not joined to u. It follows from Lemmas 2.3 and 2.4, that one of G; is a
complete graph on d vertices, say G3. Then there must be d edges of F
between G3 and another odd component of G’ — u. Then the 2 disjoint
1-factors are either Ry, R or S}, S2 according to the locations of e; and ez,
where :

Ry = {M} UM UM{}U {v1w;,u1u}
Ry = {M} U M3 U M3} U {vawg, uzu}

and
Sy = {M} UM} U M3}U {uywy, v1u}
Sy = {M3 UMZ U M3} U {ugws, vou}.
This contradiction completes the proof of the Lemma. a

Our first main result concerns d even.
Theorem 2.2. Let G € G(2n;d, e,1). Then for even d > 4

2n >

d+e+2, fore>2d+4
3d+14, otherwise,

For d=2, 2n > e+4.

Proof: Since d even then 2n > d+ e + 2. So we have nothing to prove for
e >2d+4 or d =2. Then we may assume that e < 2d+2,d > 4. Let F
be a 1-factor in G and consider the graph G’ = G\ F. The graph G’ must
be connected since otherwise G’ will consist of at least 2 odd components
having odd degree, which is impossible. Thus G’ € G(2n;d — 1,¢,0) with
odd d —1 > 3. Then by Theorem 1.2 (ii) 2n > 3(d — 1) + 3 whenever
(d—1)+1 < e < 2(d—1)—-2 and 2n > 3(d—1)+5 whenever 2 < e < (d—1)-1.
So suppose 2n < 3d+ 4 then 2n = 3d or 3d 4 2. But then by Theorem 1.2
(iii), it is not possible. a

Our next result concerns the case d = 3.
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Lemma 2.7. Let G € G(2n;3,¢,1). Then

on < e+6, ife>4
- |10, otherwise.

Proof: Let F be a 1-factor in G and G’ = G\ F. For e > 4, we may assume
that G’ is disconnected, since otherwise by Theorem 1.2 (i) 2n > e+ 6 as
required. Thus G’ consists of, at least, 2 odd components, say G; and Gs.
Let dg(u) = 3+e. Suppose 2n < e+ 6 then 2n = e +4. Clearly the vertex
u must be joined to every vertex of G. This implies that G — u consists of
cycles. Further, there must be exactly one odd cycle in G — u, as otherwise
G has no 1-factor. Consequently, for r > 1 and ¢ > 1, the only possibility
for G is the graph shown in Figure 2.1.

c2r +1 CZI CZa cZn
1 t

But then clearly G has two 1-factors, a contradiction. Now consider e = 2.
Suppose 2n < 10. It is easy to show that 2n # 6, and hence 2n = 8. Then
G, using Theorem 1.2, consists of 2 odd components, K3 and H(4, 1;2, 4).
The only possibility of G is the graph shown in Figure 2.2. Clearly, G is
hamiltonian, and so has more than one 1-factor, a contradiction. Note that
the solid lines indicate a Hamilton cycle in G.

Figure 2.2

This completes the proof of the theorem. O
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Theorem 2.3. Let G € G(2n;d,e, 1) for odd d > 5. Then

e+d+1, ife>3d+1
e+d+3, if2d-2<e<3d-1
3d+3, ifd+1<e<2d-4
2d+e+2, otherwise.

2n >

Proof: Let F be a 1-factor in G and consider the graph G’ = G\ F. We
consider two cases according to whether or not G’ is connected.
Case 1. G’ disconnected.

Then clearly 2n > 2d+e and hence we have nothing to prove for e > d+3.
So we may assume that e < d+1. Further, we may assume that G’ consists
of 2 odd components G; and G3 with ¥(G;) = d+e and v(G2) = d. Clearly
G2 K, VR(2d,d—2) and Gs & K.

Let dg, (u) = d+e—1. Then G1—u = R(2d,d—2). Since d isodd, G1 —u
contains a perfect matching M;. Suppose uv € F, so that v € V(G2). Now
since G —v 2 K4_, it has a 1-factorization. Let M, be a perfect matching
in G2 —v. Then

F' = M; U M, U {uv}

is a 1-factor in G. Consider the graph G” = G\ F'. Clearly G” contains
an edge zy € F with z € V(G,) and y € V(G2). But then

F'" = (F\ {zy,uw}) U {uz, vy}

is a 1-factor in G”, a contradiction. Thus G’ can not be disconnected.
Case 2. G’ connected.

Then G’ € G(2n;d — 1, e,0) and thus, by Theorem 1.2 (iii), the only case
we need to consider is d+ 1 < e £ 2d — 4. Suppose 2n = 3(d - 1) + 4.
Then Lemma 2.6 guarantees that G = G’ U F has 2 disjoint 1-factors, a
contradiction. This completes the proof of the theorem. a

3 Constructions

In this section we establish the existence of graphs G € G(2n; d, ¢, 1) for ev-
ery positive integer 2n > Ny (d, e). The method of construction is analogous
to that used in Caccetta and Mardiyono [4], to construct G € G(2n;d, e, 0).
We consider the class of graphs H(n1,n2; d— 1, d) as defined earlier as well
as the following class of graphs:

‘H(ny,n2,n3;d —2,d — 1,d) : class graphs on ELI n; vertices
having n; vertices of degree d +{ — 3 with Ef‘:l n; >d+1 and
2?:1 nid; even.
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It was shown in [4], using a simple argument, that H(n;, ne; d—1, d) exists
for all ny, ny and d satisfying the conditions: ny +no > d+1, n;(d—1) even
and nzd even. For example, when n; is even simply delete a matching of
size -—n1 from R(n; +ng, d) and when n, is odd delete n; + 3 zn2 edges from
R(m + na,d +1). Our constructions for even d make use of the class of
graphs H(1,ny,n3;d—2,d—1,d) which exists for odd ny when n; +ny > d
(simply modify R(n; + n2 +1,d)).

We begin by describing the construction for the case of even d > 2. Let

2n = Ni(d, e) + 2z, z2>0

For d = 2, the graph G displayed in Figure 2.3 belongs to the class
G(2n;2,¢,1).

€
2x + 3 2 2

u
Figure 2.3

Observe that the edges m;,my,...,m./2 must be in F since otherwise
we can not have a 1-factor F. Clea.rly G’ € G(2n;1,¢,0). For even d > 4,
let G = U}_,G; consisting 3 odd components, V(G‘) 2> d+1 for each i,
v(G}) = 2n—1, d+e—2 of which have degree d—1, 2 of which have degree
d — 2 and the remaining vertices have degree d. The required graph G is
obtained by adding a vertex u, joining two vertices of G§ of degree d — 2,
v; and v say, which are not in the same odd component, and joining u to
d + e vertices of Gy having degree less than d. The particular choices of
G!s are given in Table 1. We use notation that §(§) is 0 or 1 according to
whether or not ie is odd or even.

Note that, in each case, the resulting graph G € G(2n;d,e,1) and has
exactly one 1-factor, because the edge vyv2 must be in F, and so G’ €
G(2n;d — 1,¢,0). Figure 2.4 displays the graphs. Note that we partition
the vertices of each G; into two sets according to degree. The label in
each set indicates the number of vertices in the set. This establishes that
for every even d > 4 there exists a graph G € G(2n;d, e, 1) for every even
positive 2n > Ni(d, e).
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case 2n [ G;
T| H(,dd-2,d-1)
e>2d+4 |d+e+2+2z | 2| H(,did-2,d-1)
3| Hle—d-2,1+2z;d—1,d)
1 7“(1,-’-—6(5),d—§+6(-§);d—2,d-l,d)
2<e<2d+2 | 3d+4+2¢ | 2| H(Q,5+85)d-6(F)id-2,d-1,d)
3 | H(d,1+2z;d-1,d)
Table 1
Case: e > 2d + 4.
G‘l GZ Gl

degree d iIn Gl

v, e \ / * V> / 0 \ degree d-2 in G‘

degree d-1 in G‘

Case: 2<e<2d+2.

d-g*&(%) d-g-&(%) 1+2x degree d in G|

( Vie \ o2 S ( 0 X degree d-2 in G,

degree d-1 in Gl
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We next consider the case d odd. Again, we let
2n = Ny(d, e) + 2z, z>0

For d = 3 and e > 4 the graph G displayed in Figure 2.5 belongs to the
class G(2n;3,¢,1), 2n > e + 6.

u

Figure 2.5

Observe that e; must be in F, since otherwise we can not have the 1-
factor F. Thus G’ € G(2n;2,¢,0). For d = 3 and e = 2, the graph
G € G(2n;3,2,1), 2n > 10 is shown in Figure 2.6. Clearly e; € F and so
G’ € G(2n;2,2,0).

0 e 0
|

Figure 2.6

Now for odd d > 5, we consider 3 cases according to the value of e.
Case 1. e > 3d+ 1.
We let

Go € (2H(2,d—2;d-2,d-1)UH(d, 2z; d—1, d)UH(d—3, e—3d+2; d—2, d-1))
consisting of 4 odd components and has d + e — 1 + 2z vertices, d — 1 of

which have degree d — 2, e of which have degree d — 1 and the remaining
2z vertices have degree d. We can form the required graph G by adding 2
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vertices u and v, joining any 2 vertices of Gy of degree d —2, w; and w; say,
which are not on the same odd component. Then join v to every vertex of
Gy having degree d — 2, except w; and wsy. Finally, join u to every vertex
of Go having degree less than d.

Note that the resulting graph G € G(2n;d, e, 1) has d+e+1 42z vertices
and has exactly one 1-factor. As (wjwz) must bein F, G\ F —u —v has
4 odd components. Hence G’ € G(2n;d — 1, ¢,0).

Case 2. d+1<e<3d-1.

Let G; = G2 = K4 and H(e—d+2,2d—e+2z;d-1,d). Then the required
graph is obtained by joining 2 vertices of degree d — 1, say v; € V(G1) and
vz € V(G3), and then joining u to the d + e vertices of G —u having degree
d — 1. We need to distinguish the construction of G into 2 different groups
according to the value of e, d+1 <e<2d—-4and2d-2<e<3d-1las
shown in Table 2.

Case e 2n i G;

1 Ky

2a 2d-2<e<3d-1| d+e+3+2z | 2 K3
3 H(e — d+2,2z;d — 1,d)
1 K4

% | d+1<e<2d-4 3d4+3+22 | 2 Ka
3 | M(e—d+2,2d — e42z;d - 1,d)
1 (T, d+1+2z;d - 1,d)

3 2<e<d—-1 2d+e+2+2z
2 H(1,d+e — 1;d+e —1,d)

Table 2

Case 3. 2<e<d-1.

The required graph is obtained by taking the union of G; € H(1,d+1+
2z;d-1,d) and G, € H(1, d+e—1;d—1, d) and then joining the two vertices
of degree d — 1. The particular choices of G;’s for the cases 2 and 3 are
given in Table 2. Figure 2.7 illustrates the structure of graphs G. Again, we
partition the vertices of each G; into two sets according to degree. The label
in each set indicates the number of vertices in the set. This establishes that
for every odd d > 3 there exists an almost-regular-graph G on 2n vertices,
having 1 vertex of degree d + ¢, 2n — 1 vertices of degree d and containing
exactly one 1-factor for every even positive 2n > Ni(d, €).
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Case 2a: 2d-2<e<3d-1.

G,

1 2 degree d in Gl
2\

degree d-1 in G .

Case 2b: d+1<e<2d—-4.

G,

Gl Gz degree d in G
2d-e+2x '

degree d-1 in G‘

e-d+2

G

u
Case 3: 2<e<d-1.
H(1,d+142x;d~1,d) H(1,d+e-1;d+e-1,d)
u
G
Figure 2.7.
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