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ABSTRACT. A directed triple system of order v and index A,
denoted DTS, (v), is said to be reverse if it admits an auto-
morphism consisting of v/2 transpositions when v is even, or a
fixed point and (v—1)/2 transpositions when v is odd. We give
necessary and sufficient conditions for the existence of a reverse
DTS (v) forall A> 1.

1 Introduction

A directed triple system of order v and index A, denoted DTSy (v), is a
v-element set X, of points, together with a set B, of ordered triples of
elements of X, called blocks, such that any ordered pair of points of X
occurs in exactly A blocks of B. The notation [z,y, 2] will be used for
the block containing the ordered pairs (z,y), (z, z), and (y,z). Hung and
Mendelsohn [6] introduced directed triple systems as a generalization of
Steiner triple systems and showed that a DT'S;(v) exists if and only if
v = 0 or 1 (mod 3). Seberry and Skillicorn [8] proved that a DT'S,(v)
exists if and only if Av(v ~ 1) =0 (mod 3), v # 2.

An automorphism of a DTS, (v) is a permutation of X which fixes B.
The orbit of a block under an automorphism = is the image of the block
under the powers of #. A collection of blocks 8 is said to be a collection
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of base blocks for a DT S)(v) under the permutation # if the orbits of the
blocks of 8 produce the DT'S)(v).

Several types of automorphisms have been explored in connection with
the problem of determining the values v for which there are certain types
of block designs of order v admitting the automorphism. In particular,
a cyclic DTS, (v) admits an automorphism consisting of a single cycle of
length v and exists if and only if [2, 4]:

1. A=0(mod 6) and v # 2, or

2. A=1lorb5 (mod 6) andv=1, 4 or 7 (mod 12), or
3. A=2o0r 4 (mod 6) and v=1 (mod 3), or

4. A= 3 (mod 6) and » =0, 1 or 3 (mod 4).

A DTS (v) which admits an automorphism consisting of a fixed point
and k cycles of length (v — 1)/k is said to be k-rotational. A k-rotational
DTS, (v) exists if and only if kv = 0 (mod 3) and v =1 (mod k) [1]. A
1-rotational DTS (v) exists if and only if Av = 0 (mod 3) and v > 3 [3].
These two results, along with the observation that Akv = 0 (mod 3) is a
necessary condition for the existence of a k-rotational DTS (v), yield:

Corollary 1.1. A k-rotational DTS»(v) exists if and only if Akv .= 0
(mod 3), v=1 (mod k) and v > 3.

Steiner triple systems, denoted ST'S, have been extensively explored in
connection with these types of questions. In particular, a reverse ST'S(v)
admits an automorphism consisting of a fixed point and (v — 1)/2 transpo-
sitions. A reverse ST'S(v) exists if and only if v =1, 3, 9 or 19 (mod 24) [5,
7, 9, 10]. With this result as motivation, we define a reverse DTSy (v) to be
one admitting an automorphism consisting of a fixed point and (v — 1)/2
transpositions if v is odd, or v/2 transpositions if v is even. The purpose
of this paper is to use the above mentioned results along with some new
constructions to give necessary and sufficient conditions for the existence
of a reverse DTS, (v) for all A > 1. We will take advantage of the fact
that if there exists a DT'S,,(v) and a DTS, (v) both of which admit =
as an automorphism, then there exists a DTS, 42,(v) admitting 7 as an
automorphism.

2 Reverse Directed Triple Systems With A =1

In this section and the next section we will deal with reverse DT'S (v) on the
set X = {a,b} x Z,/7 admitting the automorphism 7 = (ao, bo)(a1,b1)---
(@y/2-1,by/2-1). We represent the ordered pair (z,y) as zy.

180



Lemma 2.1. If a reverse DT'S\(v) exists where v is even, then Av(v—4) =
0 (mod 24).

Proof: Each block of such a DT'S»(v) must be of one of the following
forms:

1. [as, a5, ax] or [b;, bj, bx] where i, 7, k are distinct,
2. [as, b5, bi] or [bi,aj,ax] where j # k,

3. [as, b4, ax] or [bi, aj,bi] where i # k, or

4. [ay, a5, bx] or [b;, bj, ax] where i # j.

Let r be the number of blocks of type 1, s the number of type 2, ¢ the
number of type 3, and u the number of type 4. Notice that r, s, ¢t and
u are all even. The number of blocks in a DTS, (v) is Av(v — 1)/3 so
r+8+t+u = dv(v—1)/3. In this DT'S»(v) there is a total of Av(v —2)/2
pairs of the form (a;, a;) where a € {a,b}, i # j. Blocks of the first type
each contain 3 such pairs, blocks of the second, third and fourth types each
contain 1 such pair. So 3r + s+t +u = Av(v — 2)/2. So r = dv(v — 4)/12
where r is even. O
The conditions for the existence of a DT'S;(v) along with Lemma 2.1 imply
that the necessary conditions for the existence of a reverse DT'S;(v) are
v=0,1,3,4,7,or 9 (mod 12). We now show that these necessary conditions
are sufficient.

Theorem 2.1. A reverse DT'S)(v) exists if and only if v=0,1,3,4,7, or
9 (mod 12).

Proof: For sufficiency, we present five cases.

Case 1. Suppose that v = 1 or 3 (mod 6). Then there exists a (v —
1)/2—rotational DT'S;(v) by Corollary 1.1. This DT'S;(v) is clearly also
reverse.

Case 2. Suppose that v = 4 (mod 12). Then there exists a cyclic DT'S;(v)
admitting an automorphism a which consists of a single cycle of length ».
The automorphism a¥/2 consists of v/2 transpositions and therefore this
DTS, (v) is also reverse.

Case 3a. Suppose that v = 24. Let a be the permutation (ag, a1, - - - , ag, bo,
b1,---, bg) (a10, @11, b10, b11). Consider the blocks:

[o? (a10), &¥(a11), 07 (b11)] for § =0,1,2,3, and

[aj(alo)! aj(a'l)’ QJ(a‘O ]) [aJ(aQ)v a’(ao), aJ(GIO)] [aj(al)a aj(010)1 aj(bB)];
[o?(as), @¥(a10), & (Bs)], [o? (a0), @*(a1), & (as)], [0 (a0), @? (a2), o7 (bs5)],
t[_Or’ (a0), :’l(as),ar’ (b2)), [a? (a0), & (as), & (ba)], [a¥(a0), o7 (as), o (b1)]
or j =
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These blocks form a collection of base blocks for a reverse DT'S;(24) under
™

Case 3b. Suppose that v = 0 (mod 24), v # 24. Let v = 24¢, ¢ > 2, and let
a be the permutation (ag,ay,- - - ,@12¢-3,b0, b1, + , b12¢-3)(@12¢—2, 1261,
byge—2, b12e—1). Consider the blocks:

[0 (a12¢-2), & (812¢-1), & (b12¢—1)] for j = 0,1,2,3,

[ (a12:-2), @7 (a1), &7 (a0)] and [o (a2), & (a0), @ (a12¢-2)]
for j =0,1,...,24t — 5,

[a’(al), a’(a12g_2),ai(b12g_4)] for J = 0, 1, cney 24t - 5,
[aj(as), aj(amg_z), &i(blzg_s)] for _1 = 0, 1, ceey 24t - 5,

[a?(a0), o7 (a1), @¥ (a106-2)] and [oF (ao), o’ (ass—3), o (bat—s)]
for =0,1,...,24t -5,

[aj(a()): aj(a4t—3)) aj(b4t—4)] for j = ol 1‘) ceey 24t — 5,

[o:j(ao), aj(asg_q._z.'), aj(bm_'y_;)] for ¢ = 0, 1, ene ,4t -3
and j =0,1,...,24¢ — 5,

[Ot’(ao), aj(a&-—s-m), aj(b“_s_g)] fori=0,1,...,2t -2
and §=0,1,...,24¢t - 5,

[o?(a0), &7 (age—s5-2:), & (b2t—4—s)] for i =0,1,... ,2¢t —4 and
i=0,1,...,24t —5.

These blocks form a collection of base blocks for a reverse DT'S;(v) under
™

Case 4. Suppose that v = 12 (mod 48). Let v = 48t 4 12. Consider the
blocks:

[, age1244s G166+4+4) and [316¢44+44, 9Bet246: 03] for i =0,1,...,8t +1,
[a;, Q10¢+2+4) a14g+2+{] fori=0,1,...,24t+5 (omit ift=0),

[a;, Q6t—2j+4r 06¢+2+2j+i] for t = 0, 1, ves ,24t + 5 and j = 0, 1, eyt — 1
(omit if t = 0),

[ai, 10t—2j+4» 010¢+4+2j+;'] fori=0,1,...,24t+5and 5=0,1,...,t -2
(omit if ¢ = 0),

[a.,;, al4g+4+2j+¢,a14g_gj+.'] fori=0,1,...,24t+5and =0,1,...,t -1
(omit if t = 0),

[a.-, G18¢+6+25+i» a18¢+4_2j+¢] fori=0,1,...,24t+5and 7 =0,1,...,t-1
(omit if ¢ = 0),
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[a..-, b6t+1—j+ia bsg+2+j+g] fori=0,1,...,24¢t+5and 7=0,1,...,6t+1,
[@s, b18e+5+5+is bls¢+4_j+.-] fors=0,1,...,24t+5and 5 =0,1,...,6¢.

These blocks form a collection of base blocks for a reverse DT'S1(v) under
.

Case 5. Suppose that v = 36 (mod 48). Let v = 48t + 36. Consider the
blocks:

[ai, ase+6+is G16¢+12+¢) and [@16¢412+44, G8es6+44,a5) for i =0,1,...,8t+5,

[ai, ase+5+i)a10e48+4) for i =0,1,... ,24¢ +17, |

[ai, @6e+3—j+i) G6e+6+5+i) for i =0,1,...,24t+17and j =0,1,...,2t -1
(omit if ¢t = 0),

[63, 6106475+ G10¢49454) for i =0,1,...,24t + 17 and j =0,1,... ,2t,

[a4, b12e+ 844, bises 1244] for § =0, 1,... ,24¢ 417,

[ais b22t+15+i: b22¢+16+i] for i = 0’ 1’ ey 24t + 171
[as, bsg+4+j+{,bsg+3_j+,'] fori=0,1,...,24t+17and 5=0,1,... ,6¢{+3,

[a;, b18¢+13+j+;, b13¢+11__-,'+g] fori=0,1,...,24t+17andj =0,1,... ,4¢t+
1,

[ai, D226+ 174544, braeso—j4) for ¢ =0,1,...,24¢+17 and j =0,1,... ,2¢.

These blocks form a collection of base blocks for a reverse DT'S(v) under
m. O

3 Reverse Directed Triple Systems With A > 1

Finally, we give necessary and sufficient conditions for the existence of a
reverse DTS, (v) where A > 1.

Theorem 3.1. A reverse DTSx\(v), where v is odd, exists if and only if
Mv(v —1) = 0 (mod 3). A reverse DT'S\(v), where v is even, exists if and
only if Av(v — 1) =0 (mod 3) and Av(v — 4) =0 (mod 24), v # 2.

Proof: The necessary conditions follow from the conditions for the exis-
tence of a DT'Sx(v) along with Lemma 2.1. We show sufficiency in the
following cases.

Case 1. Suppose that v = 0,1, 3,4,7, or 9 (mod 12). Then there exists a
reverse DT'S;(v) by Theorem 2.1. Therefore there exists a reverse DT'Sx(v)
forall A >1.
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Case 2. Suppose that v = 2 (mod 12). Then it is necessary that A = 0
(mod 6). In this case, there is a DT'S)(v) admitting a cyclic automorphism
a. The automorphism o*/2 consists of v/2 transpositions and therefore this
DTS (v) is also reverse.

Case 3. Suppose that v = 5 (mod 6). Then there exists a (v—1)/2—rotational
DTS (v) by Corollary 1.1. This DT'Sx(v) is clearly reverse.

Case 4a. Suppose that v = 6. Consider the blocks:

[00’ bl) 02], [alv b2l aO]) [a'2) b01 al]s [ali ao, bO]y [aQ: ai, bl]v
[02, ao, b2]s [bli ao, 61], [62) ay, 02]: [bO, az, aO]’ and [00) ai, CI2]-

These blocks form a collection of base blocks for a reverse DT'S3(6). There-
fore there exists a reverse DT'S(6) for all A =0 (mod 2).

Case 4b. Suppose that v = 6 (mod 24), v # 6, say v = 24t +6, ¢t > 1.
Consider the blocks:

[a,-,ast_j+g,as¢+1+j+g] fori=0,1,... y1224+2and 5=0,1,... ,t -1,

[a;,asg.j+.-,a7t+3+j.,.¢] for i = 0,1,... ,l2t + 2 and ] = 0, 1,... =2
(omit if t = 1),

(34, 0242544, G100434544] for i =0,1,... ,12% +2and 5 =0,1,...,2t — 2,
(@i, 67¢ 1244, @7e4144) for i =0,1,...,12¢ 42,

[ai, Gae 4144, a8e4244) and [0y, G824, Gaey144) for i=0,1,...,8t 41,

[ai, b1oe+3+j+i) Gt +at2i+¢) fori=0,1,...,12t+2and j =0,1,... ,4t—1,
(84, Batt 10jir Garros2g4) Tor i =0,1,...,12+2and 5 =0,1,... , 2t —1,
(04, Bats 145442 B4 342544) for i = 0,1,...,12%+2and j = 0,1,... ,2t 1,
(@i, be+2+5+i) G242443) for i=0,1,...,12t+2and §=0,1,...,2t — 1,
[04, Boet 345441 Baera2j44) for i = 0,1,... ,12+2and j = 0,1,... ,2t 1,
[a:, b10¢4+3 i) b2ets) for i =0,1,... ,12t + 2,

[@i, bac+1+44, bee24i) for i=0,1,...,12¢t + 2, and

la:, b8e+2+4) bee+144] for i=0,1,...,12¢ + 2.

These blocks form a collection of base blocks for a reverse DT'S3(v). There-
fore there exists a reverse DT'Sy(v) for all A = 0 (mod 2).

Case 5. Suppose that v = 8 (mod 12). Then it is necessary that )\ =
0 (mod 3). Under these conditions, there is a cyclic DT'Sx(v) and this
DTS\ (v) is also reverse by the argument of Case 2.
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Case 6. Suppose that v = 10 (mod 12). Then it is necessary that A =
0 (mod 2). Under these conditions, there is a cyclic DT'Sy(v) and this
DT'S»x(v) is also reverse by the argument of Case 2.

Case 7a. Suppose that v = 18. Consider the blocks:

[as, a5+, a6+] and [a;, ag44, az4] for £ =0,1,2,3,4,5, along with

[air Q7+i, a'8+i] 1 [aiy bit b1+l'] ’ [ai’ bl-H’ b3+i]a [d.;', bz-H', bs-i-i]) [ai: b3+i: bB+i];
(@i, b5+-4, ba-i), [ai, b844, beti), [@i, B, Bats], [@i, bsqs, brys], and
[as, boyiy brgs] for i =0,1,...,8.

These blocks form a collection of base blocks for a reverse DT'S2(18). There-
fore there exists a reverse DT'S,(18) for all A = 0 (mod 2).

Case 7b. Suppose that » = 18 (mod 24), v # 18, say v = 24t + 18, ¢t > 1.
Consider the blocks:

[ai, Q6t+3—j+1» aﬁt+5+j+i] fori=0,1,...,12%+8and j=0,1,...,t -1,

[@s, a5¢+3— 544 a?t;-7+j+(] fori=0,1,...,12¢+8and § = 0,1,...,t -2
(omit if t = 1),

[84, 106464 106494544 for i =0,1,... , 12t+8and j = 0,1,... ,2t—1,
[ai, a7e45+i,a7e4644) for i=0,1,...,12¢ + 8,

[2:, G6t+4+i, @10e48+i) for i =10,1,... ,12t + 8,

[as, @4t4344, a8 1644]) and [ai, Gger644r aryai) for i=0,1,...,8t+5,

[35, Broerss+ir Baerssaji] fori=0,1,...,12t+8andj =0,1,... ,4t+1,
[@, b2t 2+5+ir Gaerar244i) for i=0,1,...,12t + 8 and j =0,1,... ,2¢,
@, bar+3+5+ir a8t 742544] for i=0,1,...,12t + 8 and j =0,1,... ,2¢,
[a4, b6t 454544, @242543) for i=0,1,...,12t+8and j =0,1,...,2¢,

(@i, bge 745441 Gaer542544) for i=0,1,...,12¢t + 8 and j =0,1,...,2¢,
[as, broe+8+is b2e144) for i =0,1,...,12t + 8,

(34, Be 644, beesas] for i=0,1,... , 12 + 8, and

[ai, bag+3+i, bees544) for i =0,1,... ,12¢ + 8.

These blocks form a collection of base blocks for a reverse DT'So(v). There-
fore there exists a reverse DT'S)(v) for all A =0 (mod 2). O

Theorem 3.1 gives a complete classification of reverse directed triple sys-
tems.
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