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ABSTRACT. Let (G,.) be a group with identity element e and
with a unique element A of order 2. In connection with an
investigation into the admissibility of linear groups, one of the
present authors was recently asked if, for every cyclic group G
of even order greater than 6, there exists a bijection ¥ from
G\{e, h} to itself such that the mapping §: g — g.7(g) is again
a bijection from G\{e, h} to itself. In the present paper, we
answer the above question in the affirmative and we prove the
more general result that every abelian group which has a cyclic
Sylow 2-subgroup of order greater than 6 has such a partial
bijection.

1 Introduction

Let (G, .) be a group with identity element e and with a unique element A
of order 2.

In connection with an investigation into the admissibility of linear groups,
one of the present authors was recently asked ([1], [2]) if, for every cyclic
group G of even order greater than 6, there exists a bijection v from
G\{e, h} to itself such that the mapping 6: g — g.y(g) is again a bijec-
tion from G\{e, h} to itself.

The question is equivalent to asking whether there exists a near ortho-
morphism of G of the form § = [eh](...)(...)...(...). We shall call such
a mapping & a special near orthomorphism.
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For example, for the cyclic group (Zg, +), the mapping § = [04](17)(2365)
is a special near orthomorphism since, in Zg\{0,4}, we have

_(1 23567 .. (123567
T=16 135 7 2 =\7 36 25 1)°

In the present paper, we answer the above question in the affirmative
and we prove the more general result that every abelian group which has
a cyclic Sylow 2-subgroup of order greater than 6 possesses a special near
orthomorphism. (We note here that it is easy to check that the cyclic
groups Z,4 and Zg do not possess special near orthomorphisms.)

" 2 Near orthomorphisms in cyclic groups
We start with two definitions:

Definition 1: A finite group (G, .) is said to be admissible if there exists
a bijection ¢ from G to itself such that the mapping ¢: g — g.6(g), for all
g € G, is again a bijection from G to itself. The mapping @ is called a
complete mapping and the mapping ¢ is called an orthomorphism of G. If
0(e) = e, the mapping is said to be in canonical form.

Definition 2: A finite group (G, .) is said to have a near complete mapping
@ (in canonical form) [3] if 8 maps G\{h} one-to-one onto G\{e}, where A
is some fixed element of G, in such a way that the mapping ¢: g — ¢.6(g),
for all g € G, is another one-to-one mapping from G\{k} to G\{e}. The
mapping ¢ is called a near orthomorphism of G.

We can represent such a near orthomorphism ¢ in the form

¢ = [eg203. .. hl(911912 .. . 91, ) (921922 - . - G2k,) - . - (Go10a2 - - - Gk, ) ¢
that is, as the product of a single non-cyclic sequence and s cyclic sequences,
s§20.
To reconcile definition (2) with the remarks made in the introduction, we

note that ¢ = [ek](...)(...)...(...) is a near orthomorphism which maps
e to h, so the near complete mapping @ also maps e to h.

Lemma 1. If m = 4k + 1 or m = 4k, (Z2y,+) has a special near ortho-
morphism which comprises a single cyclic sequence (of length 2m — 2).

Proof: When m = 4k + 1, we list all the elements in Z2,,\{0,4k + 1} as
follows:

4k,1,4k —1,2,4k — 2,3,...,...,4k — (k — 1), k, 4k + k, —(k + 1),

—4k 4+ (k+1),~(k+2),...,...,—4k + (2k — 2), —(2k — 1), 4k + (2k — 1),

— 2k, -4k, -1, -4k +1,-2, -4k +2,-3,...,..., -4k + (k — 1), =k,
dk—k,k+1,4k— (k+1),k+2,...,...4k — (2k — 2), 2k — 1,4k — (2k — 1), 2k.

188



Let §(z) be the successor-of z in the above list (read cyclically) so that §
is an 8k-cycle. Then the elements v(z) = §(z) — z for z € Z,,,\{0,4k + 1}
are

—4k+1,4k:—2, -4k + 3,4k — 4,-4k + 5,4k —6,...,...,2k+2,-2k -1,

—4k,2Kk—1, -2k + 2,2k - 3,-2k +4,...,...,—4,3-2,1,-2k,4k - 1,
—4k+2,4k - 3,4k +4,...,...,-2k— 2,2k + 1,4k, -2k + 1,2k — 2,
—-2k+3,2k-4,...,...,4,-3,2,-1,2k.

These are again all the elements of Z2,,\{0,4k + 1} and so § is a special
near orthomorphism.

When m = 4k, we list all the elements in Z,,,\{0, 4k} as follows:

4k —1,1,4k - 2,2,4k — 3,3,...,...,4k — k, k, 4k + (k+ 1), —(k + 1),
—dk+ (k+2),—(k+2),...,...,—4k + (2k — 1), —(2k — 1), —4k + 2k,
— (dk —1),-1,—(4k = 2),~2,...,..., —(dki— k), —k, 4k — (k + 1),
k+1,4k—(k+2),k+2,...,...,4k — (2k — 1),2k — 1,4k — 2k.

Let 6(z) be the successor of z in the above list (when read cyclically)
so that § is an (8k — 2)-cycle. As in the previous case, it is easy to check
that y(z) = 6(z) — z for = € Zy,,\{0,4k}, comprises all the elements of
Z>m\{0,4k}.

Lemma 2. If m =4k -1 and k > 1, (Zy,,,+) has a special near ortho-
morphism.

Proof: We can define a special near orthomorphism § as follows:

6(3) = 2i, fori=1,2,...,2k -1,
5(2k) = -2,

52k +1)=1, .
62k +i) =4k +2i -2, fort=2,3,...,2k -2,
8(4k) = -1,

6(4k + 1) = 4k,

5(4k + 2% — 2) = 4i — 3, fori=23,...,k,
6(4k + 2i — 1) = 4i — 5, fori=2,3,...,k,

§(6k+i—1)=4k+2 -1, fori=1,2,...,2k~2.

To verify that the mapping § and the corresponding mapping v(z) =
6(z) — z are bijections from Z3,,\{0,4k — 1} to itself is routine and prolix.
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Lemma 8. If m = 2k and k > 1, (Z2m, +) has a special near orthomor-
phism which comprises two cyclic sequences, one of length 3 and the other
of length 4k — 5.

Proof: We define 6 as follows:

§=[02k}(k—1k ~k+1)(2k-112k-222k~-33... ... 2k — (k — 3)
k—32k—(k—-2)k—-22k—(k—1) —2k+k —(k—2) -2k+(k-1)
—(k-3) —2k+(k-2) ... ... -2 —-2k+3 -1 -2k+2 -2k+1)

As in the previous two lemmas, it is a routine matter to check that § is
indeed a near orthomorphism of the required special type.

Theorem 1. Every cyclic group of even order, except Z4 and Zg, has a
special near orthomorphism.

Proof: We suppose that the cyclic group has order 2m. Lemma 3 covers
the case m = 4k + 2 for k > 0, Lemma 2 the case m =4k —1 for k > 1,
and Lemma 1 the remaining cases. (The case m = 4k is covered both by
Lemma 1 and by Lemma 3.)

Remark 1: For m =7, (Zy,,+) has the following special near orthomor-
phism: § = [07](1241298131136105), which suggests the conjecture
that every cyclic group, except Z4 and Zg, has a special near orthomor-
phism consisting of a single cyclic sequence. (cf. Lemma 1.)

3 Abelian groups with a unique element of order 2

Lemma 4. If G is an abelian group with a unique element h of order 2
which has a special near orthomorphism 8, then the direct sum G @ Zz41
has a special near orthomorphism for all integers k > 1.

Proof: For any fixed element g in G, we write (g, Z2k+1) to denote the set
of all ordered pairs (g, 2) as z varies through Zzx1. Then H = (0, Zgg4+1)VU
(hy Zok41) is a subgroup of G @ Zak4y Which is isomorphic to Zy @ Zog4y =
Z4)42. Since k > 1, H has a special near orthomorphism ¥ by Lemma 3.

For each element (g, 2) € (G®Zzx+1)\H, we define a mapping §: (g,z) —
(6(g),22). Evidently, &' is a bijection from (G®Zzx+1)\H to itself. With the
aid of the mapping &', we define a bijection §* from (G®Z2x+1)\{(0, 0), (k,0)}
to itself as follows:

6%(9,2)=¥(g,2) if(g,2) € H;
6*(g,2) =6'(g,z)  otherwise.

When (g,2) € H, §*(g,2) — (g,2) is a permutation of H\{(0,0), (k,0)}
by definition of ¥ and, when (g,2) ¢ H, 6*(g,2) — (g9,2) = (6(9) — g,2) is

190



a permutation of (G @ Zak+1)\H by definition of §. It follows that §* is a
special near orthomorphism of G @ Zgg 4.

Remark 2: We may ask the question whether Lemma 4 is still valid for
k=1.

Lemma 5. Z¢ © Z3 has a special near orthomorphism.

Proof: We define a mapping 6 as follows. We list the elements of Zg & Zg
in horizontal lines and below each element z we write its image &(z).
z: (00 (01) (02) (1L0) (L) (12) (20) 1) (22) (39)
6(z): none (0,2) (1,2) (4,2) (0,1) (50) (3,2) (4,00 (1,0) none

z:  (31) (32) (40) (41) (42) (50) (51) (52)
é=): (51) (21) (22) (52) (41) (11) (31) (20

Lemma 6. If G is an abelian group with a unique element h of order 2
which has a special near orthomorphism 8, then the direct sum G®Z3 ®Z3
has a special near orthomorphism.

Proof: For any fixed element g in G, we write (g,Z3,Z3) to denote the
set of all ordered triples (g, 21, 22), where 2;, 22 € Z3. It is easy to see that
H = (0,Z3,Z3) U (h,Z3,Z3) is a subgroup of G @ Z3 @ Z3 and that H is
isomorphic to Zg @ Z3. So, by Lemma 5, H has a special near orthomor-
phism V. For each element (g, 21, 22) in (G® Z3® Z3)\ H, define a mapping
&: (9, z1, z2) — (6(g),221,222). The rest of the proof is exactly similar to
that of Lemma 4.

Theorem 2. If G is an abelian group which has a cyclic Sylow 2-subgroup
of order greater than 6, then G has a special near orthomorphism.

Proof: Let H be the Sylow 2-subgroup of G. By Theorem 1, H has
a special near orthomorphism. By the fundamental theorem of abelian
groups, G = H @ (Z3)" @ L, where L is the direct sum of cyclic groups
each of which is of odd order greater than three. Suppose firstly that r
is odd, r = 2k + 1 say. Then, since H @ Z3 is isomorphic to a cyclic
group of even order at least as large as 24, H ® Z3 has a special near
orthomorphism by Theorem 1. Hence, using Lemma 6 repeatedly, it follows
that (H ® Z3) @ (Z3 ® Z3)* has a special near orthomorphism. Similarly,
when r is even, r = 2k, H & (Z3 ® Z3)* has a special near orthomorphism.
Now the result follows by repeatedly using Lemma 4.
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