A Permutation Associated With GF(2")

Theresa P. Vaughan

Department of Mathematics
University of North Carolina at Greensboro
Greensboro, NC 27412

ABSTRACT. If « is a primitive root of the finite field GF(2"),
we define a function 7, on the set E, = {1,2,...,2" — 2} by

(i) =jifa’ =1+,

Then 7, is a permutation of E,, of order 2. The path-length
of 7, denoted PL(7), is the sum of all the quantities |7 (i) — i|,
and the rank of w is the number of pairs i,5 with { < j and
m(i) > 7(5). We show that PL(r) = 2(2" ~1)(2"~1-1)/3, and
the rank of 7 is (2"~! — 1)2.

If ged(k,2™ — 1) = 1, then Mi(z) = kx(mod 2" — 1) is a
permutation of E,. We show that a necessary condition for
the function fi(z) =1+ +--- + z* to be a permutation of
GF(2"), is that the function gk(r) = #(Mk41(r)) — 7(r) be a
permutation of E, such that exactly half the members r of E,
satisfy gr(r) < r and the other half satisfy gi(r) > r.

Introduction

The permutation of the title is closely related to the Jacobi logarithm on
the finite field GF(2"). A general discussion of this well-known function
may be found in e.g. [2]; in this paper we are primarily concerned with the
behavior of a related permutation.

In Section 1, we give some definitions and preliminary results about per-
mutations. Then, in Section 2, for a a primitive root of GF(2"), we define
a function 7, on the set E, = {1,2,...,2" — 2} by

Wa(ii =jifat=1+d.
We show that 7, is a permutation of E,, of order 2, and derive some of

its elementary properties. For example, 7, obeys some “addition formulas”
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(Lemma 2.4), and if 3 is also a primitive root of GF(2"), say 8 = a* where
ged(k,2" — 1) = 1, then mg = M, 'ma My, where My (i) = ki(mod 2™ — 1)
is a permutation of E,, (Lemma 2.3).

The path-length of a permutation o on a set {1,2,...,N}, denoted
PL(0o), is the sum of all the quantities |o(i) —i|. The main results of Section
3 are that the path-length and the rank of # = 7, are independent of the
choice of the primitive root a. Indeed, if we put @, = (2" —1)(2"~! -1)/3
(rn=1,2,...), then for n > 2,

PL(m) = 2Q, (Theorem 3.5)
rank(m) = Qp, + 2Qn—; = (2"~! = 1)2 (Theorem 3.10)

Some easy examples show that for fields of odd characteristic, the rank of
an analogous function 7, may depend on the choice of the primitive root.
We have not been able to show that this holds for all finite fields of odd
characteristic.

In Section 4, we give some applications. For example, each pair (i, 7(2))
corresponds to a trinomial 1'+ z* + =™ which has a as a root, and we
state some of the obvious connections. Secondly, for the functions f;(x)
defined by fi(z) =14 z+ 22+ --- + z¢, we have a few results about their
values, for example Theorem 4.3(e) states that for # = n, and for each r,
1<r<2®-2,andfort=1,2,...,n—1, if we let K(t) =2¢ —1 and if for
some integer j, r = (j + 1) (r)(mod 2™ — 1), then

fi(@KO™ ) = fi(a™ ) (t=1,2,...,n=1).

Finally, we give a necessary condition for f;(z) to be a permutation of
GF(2"), based on the fact that fi(a") = o™(+IN-7() If fi(z) is a
permutation on GF(2"), then ¢ must be odd (else f;(0) = f;(1) = 1), and
the integers 7((¢+1)r) —n(r) must be distinct and non-zero (modulo 2" —-1).
That is, the function g;(r) = #((i + 1)) — 7(r) must be a permutation of
E, (where (i + 1)r is reduced to its least positive residue modulo 2™ — 1).
Theorem 4.4 states that if g;(r) is a permutation, then exactly half of these
numbers satisfy 7((i + 1)r) > n(r), and the other half satisfy #((i + i)r) <
w(r). This is by no means a “usual” property of permutations. It would be
most interesting to know if this condition is also sufficient for g;(r) to be a
permutation of E,,.

In Section 5, we list some unanswered questions and conjectures.
1 Preliminaries

The concepts of the rank and inversion number of a permutation of {1, 2, ...,
N} are standard; for a full discussion see [1]. In [3], we introduced some
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ideas which are very useful here, and we use some of the results of [3] to
prove Theorem 1.2.

Definition 1.1. Let N be any positive integer, and let o be a permutation
on {1,2,...,N}. For each z, 1 < z < N, the o-path of x is the directed
interval from z to o(z); P(z, o) is the length of this interval, i.e. P(z,0) =
|z—o(z)|. The path-length of o, PL(o), is the sum of all the values P(z, o).
An inversion of o is a 2-set {4, j} with i < j and o(z) > o(j). A containment
of o is a 2-set {4, 5} such that

either i < j < o(j) <o(d) or o(j) < o(3) <i < j.

The containment number of o, denoted C(o), is the number of containment
pairs of 0. For example, if o = (1,2)(2,3) then PL(c) = 4 and C(c) = 0;
if o = (1,2)(2,3)(1, 2) then PL(c) = 4 and C(o) = 1; if o is the identity,
then PL(c) = C(0) = 0; if o'= (1, 5,2, 8, 3)(4, 7)(6), then PL(c) = 26 and
C(o) =4.

Remark. The original motivation for the containment number, and Theo-
rem 1.2, was the consideration of the o-paths as directed intervals. Since a
fixed point of & has a path of length 0, we originally had a special “number”
to account for fixed points. As it turns out, however, it suffices to assign
a fixed conventional direction (here, left-to-right) to the paths of the fixed
points, and then the contributions of the fixed points can be included in
Definition 1.1.

An adjacent transposition on {1,2,..., N} is a transposition of the form
(3,4 +1) with 1 < ¢ < N — 1. Every permutation on {1,2,...,N} can be
written (in many ways) as a product of adjacent transpositions; the smallest
number of adjacent transpositions required for such a product is the rank
of o [1].

It is well-known (see {1]) that for a permutation o on a set {1,2,...,N},
the rank of o is the number of inversions of o. Theorem 1.2 characterizes
the rank of ¢ in terms of PL(c) and the number C(o) of containment pairs
of 0. We denote the rank of o by rank{c).

Theorem 1.2. For any permutation o on {1,2,...,N},

rank(o) = C(o) + PL(0)/2.

Proof: It is proved in [3, Corollary 2.11] that rank(c) > C(c) + PL(0)/2.
We derive the reverse inequality by induction on N; it is very easy to see
that the theorem is true if NV = 2 or 3, so suppose that for all permutations
pon{l,..., K} where K < N, rank(u) = C(p) + PL(u)/2.

If o(N) = N we are done, so suppose o(r) = N with1 <r < N -1,
Then if r +1 < s < n we have o(s) < o(r), and so all the pairs {r, s} with
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r+ 1< 8 £ N are inversion pairs of ¢. It is easy to check that if we put
p=o(rr+1)(r+1,r+2)(r+2,7+3)...... (N-1,N),

then rank(y) = rank(o) — (N —r), and u(N) = N. Also, for k < r,
pu(k) =o(k), and for r < k < N -1, u(k) = o(k +1).
Let

L={i|r+1<i< N ando(i) <i},
and
R={i|r+1<i< N ando(i) >i};

evidently N € L. Then |[L|+|R|= N —r. If i € L, then P(i — 1,u) =
P(i,0) — 1, and if i € R, then P(i — 1,u) = P(3,0) +1.
For k < r, P(k,0) = P(k, u), and so we have

PL(u) = PL(o) — (N —r) — |L| +|R|.

Now we count containment pairs. Let {7, j} be a containment pair of o.
Suppose first that i < j < o(j) < o(3). If 7 < r, then {7, 7} is a containment
pair of u, and conversely; if i > then {i — 1,7 — 1} is a containment pair
of 41 and conversely. If i <r < 7, then {i,j — 1} is a containment pair of u
and conversely. Finally, if i = r, then j = N and {3, 7} is not a containment
pair of u. A similar argument applies to the case o (i) < 0(5) < j < 1 (and
in this case, ¢ # r). By definition, |R| is the number of containment pairs
of o of the form {r,j}, and so C(u) = C(0) — |R|.

By the induction hypothesis, rank(y) = C(x) + PL(x)/2. Then we have

rank(u) =rank(e) — (N — ) = C(p) + PL(u)/2

rank(o) = C(u) + PL(p)/2+ (N — )
=C(o) - |R|+ (PL(o) = (N =7) = |L| +|R])/2+ (N —7)
=C(0)+PL(0)/2+ (N —r — |R]) + (IR| - |L| — (N ~1))/2
=C(0)+ PL(0)/2

since N — r = |R| + |L|. This completes the proof.

2 The permutation 7,

Let n be a fixed positive integer. It is well-known that the multiplicative
group of a finite field GF(p™) is cyclic; a generator for this cyclic group is
called a primitive root of the field [2]. In this paper, we consider only finite
fields GF(2") of characteristic 2.
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Lemma 2.1. Let E, = {1,2,...,2" — 2}, and let a be a primitive root of
GF(2™). Define a function m, on E,, as follows:

ifl1<i<2™-2andifa’=1+a, put m,(i) = j. (2.2)

Then 74 is a permutation of the set E, = {1,2,...,2" -2}, m, is a product
of disjoint 2-cycles and 7, has no fixed points.

Proof: Since a is a primitive root of GF(2"), thenif 1 <i < 2" —2 we
have o' # 0,1. Then o +1 # 0,1 and s0 a* + 1 = o’ for a unique j # i,
where 0 < § < 2" — 2, and (since the characteristic is 2) af = o7 +1. Since
ol # 0,1 then in fact we must have 1 < j < 2™ — 2. Since « is a primitive
root, the least positive integer k such that o* = 1, is k = 2" — 1, and
o' +1=a’ 41 if and only if i = j(mod 2" — 1). The result follows.

To avoid complicated notation, we shall use the arithmetic of the least
non-negative remainders modulo 2" — 1 in discussing the behavior of the
permutation 7,. For example, mo(—1) should be interpreted as 74 (2" — 2);
i+ j = 0 means that ¢ + j is a multiple of 2" — 1; 7,(2j) is 7, (t) where
1<t <2" —2and 2j = t(mod 2® — 1), and so on.

Notation. Let R, be the subset of E,, consisting of all integers between 1
and 2" — 2 which are relatively prime to 2" — 1. For k € R,,, the function
My: E, — E, is defined by My(z) = kz(mod 2™ —1). It is well known that
M, is a permutation on E,,, and that Mx(R,) = R,. The inverse function
of My on R, is denoted by M 1

Obviously the permutation 7, depends on the primitive root . If a
different primitive root 8 were used, giving a permutation g, then 7 and
g turn out to be closely related; they are conjugates via a particularly
simple permutation, as the next Lemma shows, and in Section 3, we will
see that m, and wg have the same rank and path-length.

Lemma 2.3. Suppose that the primitive root a defines the permutation
7o &S above, and a different primitive root, say f3, defines an analogous
permutation mg. Since a and B are both primitive roots, there is some
integer k, 1 < k < 2" — 1 such that ged(k,2™ —1) =1 and 8 = o*. Then
g =M, L M.
Proof: Suppose that mg(i) = j. Then fi = 7 +1, and so o = ¥ +1,
that is, ma (ki) = kj (where of course ki and kj are interpreted as their
least positive remainders modulo 2™ — 1). Since ged(k, 2™ — 1) = 1, then
M, is a permutation of {1,2,...,2" — 2} and we have 75 = M 17, Mj.
The next Lemma gives some elementary properties of = which we will
need in discussing its rank and path-length.

Lemma 2.4. Let # = w,, where a is a fixed primitive root of GF(2").
Then « satisfies the following relations, for all 1 < i,7 < 2" — 2.
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(a) If (i) =7, then m(27i) = 2"j forallr = 0,1,2,....

(b) #(3) — i =mw(—i)

(¢) m(i —w(3)) = —n(3) and w(w(i) — i) = —i

(d) If 4,5,i+j # 0, then w(i + j) = (i) + n(i — n(3) + =(5)).

Proof:

(a) Suppose that «(i) = j, that is, o = 1+ a/. Put k¥ = 2". Then
(a)* = (1+a?)%, and so a® = 1+ . Then n(ki) = kj (i.e. if
2"i = z(mod 2" — 1) and 2"j = y(mod 2" — 1), then n(z) =y).

(b) Suppose 7(i) = j; o =1+ a’. Then 1 =a~t 4+ o—*
(c) From (b), w(w(3) — i) = n(w(—i)) = —i, and since = has order 2, we
then have #(i — 7(3)) = —n(z).
(d) Suppose that i,3,i+ 7 # 0. Then
atVtat+ai+1=ati 41
a'(od +1) +af +1 = o™ Hd)
O JI O )
Q)76 1] = orl+ ()

and (d) follows.

3 The rank of n,

Let n be a fixed positive integer, n > 2, and « a fixed primitive root for
GF(2"), with the corresponding permutation 7 = m,. In this section we
find the path-length and the rank of «; these are independent of the choice
of the primitive root . To be precise, if we put Q, = (2" —1)(2"~! —1)/3,
then PL(w) = 2Q,, and rank(n) = Q, +2Q,_;.

In this section, the arguments of = are always reduced modulo 2" — 1,
but otherwise we use ordinary arithmetic.
Definition 8.1. Let M = 2""! — 1, and for i = 1,2,..., M, define the
integers a;, b; as follows.

b =m(a;) (1=1,2,...,M)
a; < b
a; <aiy1 (i=1,2,...,M).
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Let A={a;|i=1,2,...,M}and B={b; |i=1,2,...,M}.

Thus, 7 is the product of the disjoint 2-cycles (a;, b;) and {A,B} is a
partition of {1, 2, ...,2" —2}. We begin with some characteristic properties
of m; it should be emphasized that most of these properties are not generally
true for all permutations of order 2.

Lemma 3.2.

(a) For each i = 1,2,...,2" -2, if i € A, then 2" — 1 —i € B and
conversely.

(b) For each i € {1,2,..., M}, there exists a unique j € {1,2,...,M}
such that b; — a; = a;.

(c) Suppose that b; — a; = a;. If 2" —1 # O(mod 3), then a; # a;. If
2" — 1 = 0(mod 3), then b; — a; = q; if and only if a; = (2" —1)/3.

Proof:

(a) Suppose that i € A. Then ¢ < w(¢). Then 1 < (i) —¢ < 2" -2, and
(i) — i =m(2" —1—4i) < 2" =1 —i. The rest is trivial.

(b) We have b; —a; = 7(a;) —a; = 7(2" —1~a;). By (a), 2, —1—a; = b;
for some (unique) j, and then w(b;) = a; = b; — a;.

(c) If b — a; = ai, then b; = 2a;, and w(b;) = 27(a;), and so a; =
2b;(mod 2™ — 1) also. Then a; = 4a;(mod 2" — 1). Since a; # 0, this
implies that 2" — 1 is a multiple of 3, and since a; < b;, the only
possible value for q; is (2" — 1)/3.

Theorem 3.3. The number of containment pairs of  is

C(r)=C=202"""!-1)2"2-1)/3.

Proof: Let S = {{ai,a;} | ai,a; € A and a; # a;}. Define an assignment
f by f({ai, a;}) = {w(~a:),m(—a;)}. Since 7(—a;) = b;—a; € A, and since
« is a permutation, then f is a function from S to S.

We first show that f3 is the identity function, and for every p in S,
p# f(p) Let p = {at';aj} € A, f(p) = {araaa}) and fz(P) = {amav};

where

a,.=bi—ai,a,=bj—a_,-,b,=2“—1—ag,b,,=2”—1-aj (34)
Gu=2" —1—b;, ay=2"—1—b;,by=2" —1—a,,b,=2" -1 —aq,
(3.5)
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Then f3(p) = f({au, a0}) = {m(—au),7(=0aw)} = {@;,a;}. Now suppose
that p € S and p = f(p). If a; = a, and a; = a,, then necessarily from
Lemma 3.2(c), 2" — 1 is a multiple of 3, and ¢; = a; = (2™ — 1)/3, while if
e; = a, and a; = a,, then we have a; = b; — a; and aj = b; — a;, and then
a; + a; = b; = b;. In either case we get a; = a;, a contradiction.

Since f3 is the identity, and p # f(p) for every p in S, then the three
pairs p, f(p), f?(p) are distinct.

Next we show that for every p in S, precisely one of the pairs p, f(p),
f(p) is an inversion pair (IP) of 7. Let p = {a;, a;}, f(p) = {ar,a,}, and
F2(p) = {au,ay}, so that (3.4) and (3.5) hold.

Suppose first that p is an IP, and that a; < aj. Then since p is an IP,
we have a; < a; < bj < b;, and s0 @, = b; — a; < @, = b; — a;. Since
a; < aj, then from (3.4), b, < b,. This shows {a,,a,} is not an IP. Since
b; > bj, then from (3.5), ay < ay, and since a, < a, then b, < b,, and so
{au,av} is also not an IP.

It now suffices to show that if p and f(p) are not IP’s, then f2(p) is an
IP. So suppose that p and f(p) are not IP’s, and that ¢; < a;. Then also
b; < bj since p is not an IP. Since a; < a;, then from (3.4), we have b, < b,..
Since {e,, a,} is not an IP by assumption, then necessarily a, < a,. From
b; < b; and (3.5), we get a, < ay, and from a, < a, and (3.5), we get
by < by. Then {ay,a,} is an IP.

Since the orbits of f partition S into disjoint 3-sets, and since each of
these 3-sets contains just ong inversion pair, then the number of inversion
pairs in S is |S|/3 = (2"~2 —1)(2"~! — 1)/3. Since {b;, b;} is an inversion
pair if and only {a;,a;} is also, then the number of inversion pairs of the
form {b;, b;} is also |S|/3.

Finally, since 7 is the product of the disjoint 2-cycles (a;, b;) with a; < b;,
and since 7 has no fixed points, then if z,y € {1,2,...,2" — 2} and if z,y
is a containment pair, then either z,y € A or z,y € B. That is, the
containment pairs are precisely the inversion pairs of the form {a;,a;} or
{b:,b;}. So the containment number is

C(r)=C=2|S|/3=2(2"2-1)(2~ ' -1)/3

Theorem 3.6. PL(w) =2(2" —1)(2"~! —1)/3.
Proof: Let S(A) = glai and S(B) = M 1 bi. Since 7 is a product

of the disjoint transpositions (a;, b;), then P(;,w) = P(b;,7) = b; — a;,
and PL(xw) = 22,.’21(5.. — a;). On the other hand, by Lemma 3.2(b), each

b; — a; is equal to a unique a;, and so we have

M
PL(m) =2 (b — a;) = 25(A).

i=1
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Then 2S(B) = 4S(A), or S(B) = 25(A), and 3S(A) = S(A) + S(B) =
(2» — 2)(2" — 1)/2. Then PL(x) = 25(A) = 2(2"! —1)(2" —1)/3, as
required.

It should be noted that not only PL(~), but also S(A) and S(B) are inde-
pendent of the choice of a. The fact that 2S(A) = S(B) is not characteristic
of a general permutation of order 2; for example, if o = (1,6)(2,5)(3,4),
then S(A) = 6 and S(B) = 15.

Theorem 3.7. The rank of o is (2*~! —1)2.
Proof: By Theorem 1.2, Theorem 3.3 and Theorem 3.6

rank(r) = C + PL(x)/2 =2(2""' - 1)(2*2 -1)/3+ (2" - 1)(2""!1 -1)/3
= (2"_1 _ 1)2.

Example 38.8. If n = 3, then there are just two possible permutations
m and mp, namely (1,3)(2,6)(4,5) and (1,5)(2,3),(4,6). It is not difficult to
check that any permutation on {1, 2, 3,4, 5,6} which is a product of disjoint
2-cycles with no fixed points, and having rank (22 — 1)2 = 9, must be one
of these two.

4 Applications

Let « be a fixed primitive root of GF(2"), and m = m, the corresponding
permutation. The sets A and B are defined as in Section 3.

Theorem 4.1. Suppose that a is a root of a trinomial 1+ ™ + z°, and
r =i(mod 2" -1), s = j(mod 2" —1), and i < j. Theni € A, j =n(i) € B,
and j —i € A. Conversely, if i € A, j = w(i), r = i(mod 2" — 1), and
s = j(mod 2" — 1), then « is a root of the trinomial 1+ z" + z°.

Proof: Forevery k, 1 < k < 2*—2, ais a oot of the trinomial 1+z*+z7(¥),
The rest follows easily from Lemma 3.2.

Corollary 4.2. For every integer k, 1 < k < n—1, there exists an integer 1
such that 1 < k < i+k < 2" —2 and « is a root of the trinomial 14z 4z*t%,

Proof: Since « is a primitive root for GF'(2"), then a is not a root of any
polynomial of degree less than n. Hence, if 1 < k <n —1, then (k) > k
andso w(k) =i+ kwherel1 <k <i+k<2" -2

Define the polynomials f;(z) by

filx)=14z+22+....+2° = (= +1)/(z +1).

Then for each non-zero element a” of GF(2"), fi(a™) = a™((+1)1)-7(r); the
behavior of these polynomials is closely related to the behavior of . We
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give first some simple results, and then a necessary condition for f;(z) to
be a permutation of GF(2").

Theorem 4.8. Let 1 < k < n. Put K = 2 —1. Then for all r =
1,2,...,2" -2,

(8) fr+1(e®") = fr1(2¥™®); 7((K + 2)K7) - w(KT) = 7((K+2)
Kn(r)) — w(Kn(r))

(b) fr-1(@”) = fx-1(@™); 7(Kr) — n(r) = n(Kn(r)) - 1

(c) fx(e™) = aX™™); n((K + 1)r) — w(r) = Kn(r)

(@) fi(e™) = o™ and fa(a™) = fo(a™M)) = om(r+nir)),

() Fixr,1<r<2*-2,andfort=1,2,...,n—1let K(t) =2t 1. If
for some integer j, r = (j + 1)w(r)(mod 2™ — 1), then

fj(aK(t)n(r)) = fj(a"(")) t=12,...,n-1).

Proof: Statement (c) follows from the fact that, since K + 1 = 2, then
7((K +1)r) = (K + 1)x(r) for all r, by Lemma 2.4(a). For (b), observe
that

(@) + fx(@ ) =1 +a")X + (1 + a™M)K
=1+a")+ (@)X = fx—1(a")
=@ )X + 1 +a™)K = fre_1 (™)

For (), fies1(@X) = 1+ aKn(@K=Kn) and fic\1(a®™) = 1+
aK=(r) aKw(K';r(r)))_ From (b), fK—l(ar) = o (Kr)—=(r) — fK_l(a'tr(r)) =
a™X7()=r that is (since a is a primitive root and all the arithmetic is
being done mod 2" —1), we have 7(Kr)—n(r) = w(Kn(r)) —r for all values
of . Then K(r + n(Kr)) = K(w(r) + w(K=(r)) and (a) follows.

Since fi(z) =1+ z, and fo(z) = 1 + 4+ 22 = fo(1 + z)(mod 2), then
(d) follows.

For (e), fix ¢ and write K = K (t). Then, using (b),

#(G + DEn(r))—n(Kn(r)) = n(Kr) — n(Kn(r))
='n(r) = r = m((G + D(r) — nlm(r)).

This completes the proof.

If fi(z) is a permutation on GF(2"), then i must be odd (else f;(0) =
fi(1) = 1), and the integers 7((i+ 1)r) —w(r) must be distinct and non-zero
(modulo 2™ —1). That is, the function g;(r) = x((:+1)r) —m(r)(mod 2™ —1)
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must be a permutation of E,. The next theorem shows that exactly half
of these numbers satisfy #((i + 1)r) > =(r), and the other half satisfy
w((¢+1)r) < w(r). This is by no means a “usual” property of permutations.
It would be most interesting to know if this condition is also sufficient for
gi(r) to be a permutation of E,.

For any positive integer N, and any permutation o on {1,2,..., N} define
the right-path-length of o, denoted RPL(0), and the left-path-length of o,
denoted LPL(c), as follows:

RPL(o)= Y (i—o(3)); LPL(e) = ) (a(i)0i).

i>o(i) i<o(i)

The path-length of o, PL(c), is the sum of these two quantities. In [3]
it is proved that RPL(c) = LPL(o). We use this to derive a necessary
condition for the function g;(r) = #((i + 1)r) — w(r)(mod 2" — 1) to be a
permutation of E,,. In what follows, arguments for the permutation n are
always reduced to their least positive residues modulo 2® — 1.

Theorem 4.4. Fix k, 1 < k < 2" — 3, and suppose that both k and k+1
are relatively prime to 2" — 1. Define the function gx on E, by

gx(r) = m((k + 1)r) — w(r)(mod 2™ — 1)

If g is a permutation of E,:, then there are exactly 2"~! — 1 values of r
such that w(r) > w((k + 1)r) and exactly 2"~! — 1 values of r such that
w(r) < w((k + 1)r).
Proof: Since both k and k + 1 are relatively prime to 2" — 1, then the
function o defined by o(n(r)) = w({(k + 1)r) is a permutation of E, with
no fixed points. (If 4 = My, then o = mpur).

For each r, 1 < r < 2" — 2, define the quantities u(r) and v(r) as follows:

if w(r) < w((k + 1)r), then v(r) = 0 and u(r) = w((k + 1)) — = (r),
if w(r) > w((k + 1)r) then u(r) = 0 and v(r) = w(r) — w((k + 1)r).

If w(r) < w((k + 1)r) then gi(r) = u(r); if x(r) > w((k + 1)r) then gx(r) =
2" —1 —v(r). Evidently the sum of the u(r) is LPL(c) and the sum of the
v(r) is RPL(0).

If g is a permutation of E,, then it must be the case that LPL(gx) =
RPL(gi), which implies that the sum over r = 1,2,...,2" — 2 of the quan-
tities gx(r) — r must be zero. That is, if N is the number of values of r
such that #(r) > w((k + 1)r), and M the number of values of r such that
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w(r) < w((k + 1)r), then
0= (g(r) — 7))
= Z u(r) —r+ Z Q" -1-v(r)-7r)

w(r)<n((k+1)r) w(r)>n((k+1)r)
=Y u) -+ X+ Y @ -)
r r r n(r)>~((k+1)r)
= LPL(r) — RPL(x) — (2" - 2)(2" —= 1)/2+ N(2" - 1)
=0+ (2" -1)(N -2~ -1)).

Then N = (2"~! — 1), and since N + M = 2" — 2, then N = M. This
completes the proof.

5 Questions and conjectures

1. (a) Suppose that N is an arbitrary positive integer, and that o is a
permutation of {1,2,..., N}. Define a function 7 by
(r) = o(r) —r ff a(r)>r
o(r)—r+N+1 ifo(r)<r
Find necessary and sufficient conditions for 7 to be a permu-
tation of {1,2,...,N}. (An example of such a o is given by:
o(r) = (k + 1)r(mod (N + 1)) where both k and k + 1 are rela-
tively prime to N +1.) An obvious necessary condition for 7 to

be a permutation of {1,2,..., N} is that o should have no fixed
points.

(b) Supposing that the 7 above is a permutation, what general re-
lation (if any) obtains between the cycle structures of o and of
77

(c) If o is a product of 2-cycles and has no fixed points, then a
necessary condition for 7 to be a permutation is that the 2-
cycles of o should all have different lengths (where the length of
the cycle (a,b) is Ja — b]). Is this condition also sufficient? How
many such o are there, in S$,?

(d) If o1 and o2 both have the property described above (the re-
lated 7; are permutations), what are necessary and/or sufficient
conditions for the composition 02 also to have the property?

2. Is the condition of Theorem 4.4 also sufficient? For “general permu-
tations”, the answer is no.
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3. Find a proof of Theorem 4.4 in terms of properties of GF(2") (rather
than of permutations).

4. Over fields of odd characteristic, it is also possible to define Jacobi
logarithms, and corresponding permutations of some set of integers,
based on the different primitive roots of the field. Over GF(27), these
do not all have the same rank. It is not hard to show that if two
primitive roots are reciprocals, then the corresponding =-functions
will have the same rank, but otherwise the whole question of rank
is open: possible values, bounds, relations between primitive roots
yielding permutations of the same rank, and so on.
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