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Abstract. In this paper we present some results on the existence of
balanced arrays (B-arrays) with two symbols and of strength four by
using some inequalities involving the statistical concepts of skewness and
kurtosis. We demonstrate also through an illustrative example that, in
certain situations, the results given here lead to sharper upper bounds on

the number of constraints for B-arrays.

1. Introduction and Preliminaries.

A matrix T of size (m x N) with entries from a set S with s elements
(say; 0, 1, 2, ..., s-1) is called an array T with m rows (constraints), N
columns (runs, treatment-combinations) and s symbols (levels).

Remark. The symbols w(a), P(a@), and A(g, T) will denote
respectively the weight of & (the weight of ¢ is the number of non-zero
elements in it), the vector obtained by permuting the elements of @, and
the frequency of @ appearing in T. It is quite obvious that for s=2 (i.e.
T having two elements 0 and 1), we have w(a) = the number of 1’s in &
= w{P(@)}. We obtain different kinds of arrays by imposing different

combinatorial structures on T —one such structure leads us to the
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following definition.
Definition 1.1. An array T(m x N) with s symbols is called a balanced
array (B-array) of strength t (t < m) if in every (t x N) submatrix T of
T, we have

’\(.C_Y,To) = MP(a, To)},
where @ (t x 1) is a column vector of T},

In this paper we are primarily concerned with B-arrays having two
symbols (say, 0 and 1) and strength t=4. For this case T is a B-array of
strength four if in every (4 x N) submatrix Tjj of T, each (4x 1) vector
of weight i (0 <i<4) occurs with the same frequency (say) #;- The
vector u'= (g B1 ..‘.1,;44) is called the index set of T. Given g/, it is
quite clear that N = Z (‘11) K

B-arrays for different values of t, under certain conditions, have been
extensively used to construct balanced fractional factorial designs of
various resolutions, with rows and columns of T corresponding to factors
and treatment-combinations respectively while the symbols in each row
to the levels of the corresponding factor. Orthogonal arrays (O-arrays)
and the incidence matrices of incomplete block designs as well as those of
BIB designs are special cases of B-arrays. In order to learn more about
the applications of these arrays to design of experiments and
combinatorics, the interested reader may consult the list of references at
the end of this paper, and also further references given there in.

The problem to construct B-arrays for a given g’ and m is very
nontrivial for m > t. Also the problem to derive an upper bound on m
for a given g’ is of great importance in combinatorics and factorial
designs. Such problems for O-arrays and B-arrays have been
investigated, among others, by Bose and Bush [1], Seiden and Zemach
(13], Rafter and Seiden [10], Saha and Mukerjee and Kageyama [12],
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Chopra [1985], Chopra and Dioé [5, 6], etc.

2. Necessary Existence Conditions and Their Discussion.

The following results are easy to establish.
Lemma 2.1. A B-array T with t=4 and a given index set y’ always
exists for m=t =4.
Lemma 2.2. A B-array T (m, N, t=4, u'=(ug, £, to, K3, 1q)) is also
of strength k where 0§k <t (=4). The index set §' of T, considered as

t-k
an array of strength k, is (64,87, 89, ., 61) where § .= t—- s
0“1 “2 k i, Higy

- i
j=0,1, ..., k with the assumption that (* T¥) =1 ifi =t~k = 0.
Remark: With t=4 the index sets &' for k=3,2, and 1 are, using lemma
2.2, seen to be {oy=p+p; o 1 1=0,1,2,3}, {B; = py+2p; 4 1+ py 49
i=0,1,2}, and {y;=p;+ 3p; 4. 1 + 34; 4 o + H4; 4 3 5 i=0,1} respectively.
Definition. Two columns of a B-array T (m, N, g) are said to have
i(0 < i< m) coincidences if the symbols appearing in the corresponding i
positions are identical.
Lemma 2.3. Consider a B-array T (m, N, t=4, g’). If [ is the number of

1’s in some column of T, then the following results are true:

m

i=0
> x; =D (2.2)
332 x;=2Dy + D; (2.3)
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>_i*x; = 24D, + 36D3 + 14D, + D, (2.5)

where x 5 denotes the number of columns other than the first having
exactly j coincidences with the first column, and D.s are defined as

follows:

1 2
D, = .ZO(I)(I—I ) (vi=1), Dzi;)(g)(?:il) B;-1),

1=

3 4
D3 = .Zo(i) (52) (1) and D4izo(il )& (i),

S =
Next we state, without proofs, some results on skewness and

kurtosis — concepts which are extensively used in statistics to measure

”symmetry” aud ”Peakedness of dlstrlbutlons Let Yp y2, ey ¥p be
reals such that Z y; = 0, and 1 z y = 1. Set ¢, = Ey'.n, the
1

values @5 and i=1 i=

¢4 are measures of skewness and kurtosis respectively. Now we state the
desired results from Chakrabarti (2] and Lakshmarramurti [7].

Result I: The following inequalities on @5 and ¢4 hold good:
a <=2
) b3S oy

b) ¢4 Sn—2+’n%f

2
°)¢42¢3+1

Theorem 2.1. Consider a B-array T (mxN) with index set
(H0s B1 91 143, Bg)- Then the following is true
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VN =2 [(N—1)? (6Dg+6Dy+D;) - 3(N 1) D;(2Dy+D;) + 2D‘I] <
(N-3) [(N—1)(2Dy + D;) - Df 13/2 (2.6)

m
Proof: Here 3 X

=N-1,x j being the frequency of the occurrence of
i=0

vectors of weight j(0 <j <m) in T. We set N_l:T 3 x; = j, and l_\I—ll_l
G —5)2 x; = s2. It is quite

m -] m -\
obvious that ), (_s_) X j=0 and ), (_s.—) b'q j=N —1, and that the
ji=0 ji=0

role of y ; is being played by 173 It can be easily verified that
7 S

G-9%x; 5 [ZG-D2xgl?
¢3 = N-l-l > 3 . where s (N_1)3;2

=T 56-9°x
(SG-52 =

WoTZG6-0%x  y_s
<
(SG-D2xg? T VN2

Thus ¢ = . According to Result I(a) we have,

After some simplification, it reduces to

N=2 [(N_1)22j3 x;=3(N = 1) )%, i x; +2 (T Xj)s] <
(N-3) [(N ) Ei%k;— (5 x]-)2] 3/2

Next substituting the values of Ejkxj(k=1,2, and 3) from (2.1) —(2.5),
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we obtain the required inequality.

Theorem 2.2. Consider a B-array T(m x N) with t=4 and index set y'.
Then we have

(N —2) [(N-1)%(24D, + 36D3 + 14Dy + D;) —4(N —1)2D,(6Dg+
6Dy+D))+6(N —1) D (2D2 +D;)-3 D4] < (N2 —5N+7)
[(N-1)(2Dy+D;) —D ]2 (2.7)

3t (-1 TGE-)tx
Proof: Here ¢4 = by D5) x;= [ZG-9)%x2 J

Next, we make use of Result I (b) to obtain

(N-1) G-D*x;
[ZG-5)%x,1?

(N-1) (N-2) TG-D)*x; < (N2 -5N +7) [ G -5)% x )% where

< (N-3) + iy ie

L.H.S = (N-1)(N-2)[j* xj_4z;j3 x;§+ 62552 X; —453%; x;

+(N=1)jY=DN=2_N-1)3Tj%x, —4(N--1)2 50 %, i Xix;+

-1 )2 |
6(N—1) i x (i x;) - 3(Tix)Y

(N2~ 5N +7)

RES. = (N =5N +7) [Li%; - (N- 12 = N_1)2

(N-1)
itk = (Tix) 4

Using these, we get

(N=2)[(N -1} Tjtx; - 4N - )2 5%, T x4+ 6(N - 1) Tix;
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(5 x)%-3(Tix) S (NP-5N +7) [(N-1) Tix;— (Tj x>

Now, using (2.1) —(2.5), we obtain the desired result.

Theorem 2.3. For a B-array T with m constraints, N runs, and index set

L'=(lq, k11 Hos 43, [4q) to exist, we must have
[(N—1)3(24D 4+ 36Dg + 14Dy + D;) — 4(N — 1)2D; (6D5+ 6Dg+ D;) +

N—1) DX2D, + D;) -3 D] [(N = 1)(2Dy+D,) —D? >
6(")1( 9+Dy)- 1[(")( 2+1)—1]_

3.2
[(N = 1)? (6Dg+ 6Dg+ D;) —3(N = 1)D; (2D4+D;) + 2D]]" +
2.3

[(N - 1)(2Dy+Dy) - D] ] (2.8)

Proof: Here we use Result I (c), and obtain

(N-D BG-Dx;  W-DIEGE-) x
[(Z6-D%x 2 T (Z6-DExfP

After expanding (j—j)lc (k=2,3, and 4), using (2.1) —(2.5) and some

simplification, we obtain the needed result.

Next, we give an illustration to show that upper bounds obtained by
using the reults of this paper, in certain situations, are sharper as
compared to those obtained by using other inequalities.

Example. Consider an array T with g’ = (3,2,3,3,3) for which N=44.
That such an array exists for m=7 can be seen by writing all the distinct
7-vectors of the following weights: 4, 1, together with two vectors-each of

weight seven. In Chopra and Dio$ [6] it is shown that m < 16. If we use
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the results of Yamamoto et. al. [16}, we obtain m < -20 for the symbol o,
and m < 24 for the symbol 1. Thus no upper bound on m is obtained. If
we use (2.8) of this paper, we obtain a contradiction when m=9, because
then L.HS = 5322949 x1010 while R.H.S=5.61851x10!0, thus
L.H.S > R.H.S is contradicted. Therefore m < 8.

Note: A computer program can be easily prepared to check (2.6) — (2.8)
for given values of g, and taking various values of I and m. If any of
these inequalities is contradicted for m= m*+1, then an upper bound for
m is m* i.e. m <m* Thus these results are quite useful in discussing
the non-existence of the B-arrays, and also to obtain an upper bound on

m for the given array.
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