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ABSTRACT. Methods of computations of fixed points can be
regarded as the culmination of many years of mathematical re-
search starting with Brouwers nonconstructive fixed point the-
orem in 1910. The breakthrough came in 1967 when Scarf
succeeded in giving the first constructive proof of Brouwer’s
fixed point theorem. There are now a number of algorithms
for computing fixed points using triangulation or primitive sets
concept of Scarf and complementary pivoting techniques. All
these algorithms give a constructive proof of Sperner’s Lemma
for triangulation or a version of Sperner’s Lemma for primitive
sets. It is shown that they have a common combinational struc-
ture which can be described for instance, in terms of maximal
chains with respect to a binary relations. This can be the basis
for construction of new algorithms of similar type.

1 Introduction

Fixed point algorithms together with the capabilities of computers have
become powerful tools for finding solutions to general systems of nonlinear
equations [12], computation of economic equilibria [14], Nash equilibrium
points in an n-person noncooperative game (7], finding solutions for a class
of nonlinear optimization problems that can be cast as fixed point prob-
lems. There are now a number of algorithms for computing fixed points
using triangulation or primitive sets concepts of Scarf and complementary
pivoting techniques (see [3], [4], [9], [10], [11], [13]).

The basis for these algorithms is Cohen’s proof [2] of Sperner’s Lemma
[16] on existence of complete simplices (with respect to a labeling function)
in triangulation of an n-dimensional simplex and the earlier fact shown
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in [8] that existence of fixed points of a continuous mapping of an a n-
simplex into itself can be reduced to the existence of complete simplices in
a sufficiently fine triangulation of the simplex. All these algorithms give a
constructive proof of Sperner’s Lemma in the case of integer labeling and
produce an approximation of Brouwer fixed point [1]. In the case of vector
labeling, they produce an approximation of Kakutani fixed point [3] for
upper-semicontinuous point-to-set mappings.

It can be shown that all the algorithms mentioned here have a common
combinational structure, which can be described for instance in terms of
paths in a family of (n + 1)-sets [5].

In this paper we generalize the results from [5] for the case where instead
of replacing operations similar to those for n-simplices of triangulation we
consider a binary relation on a set of objects of our interest and an algorithm
is understood as a maximal chain with respect to the relation. The fact
that we do not need to restrict our relation to be a replacement could be
the basis for the development of different kinds of algorithms for solving
fixed point problems. In section 2 we present our main result. In section 3
we show how to obtain the result in [5] from the theorem in section 2. In
section 4 we describe two algorithms: one based on the concept of primitive
sets of Scarf [13], and one based on the concept of triangulation [9]. We
then show how these two algorithms can be viewed as special cases of a
more general set-up.

2 Algorithms as maximal chains with respect to a binary relation

Consider a finite set P. Let R be a binary relation on P. For each x € P
define the set R(z) C P as R(z) = {y € P\ {z}: zRy}. By a chain
in P we will understand a sequence of elements (zo, z3,...,Zs) such that
z; € R{z;—1) for i = 1,...,k. We say that the chain (zo,z1,...,2x) is
maximal if there is no y € P such that (zo,zy,...,2k,y) would form a
chain. Let WR = {z € P: # R(z) is odd}. Let V be any subset of P.
Now we are ready to formulate the theorem.

Theorem 2.1. If #(V N WR) is odd then there exists a maximal chain
(z0,z1,...,zk) in P such that .

1) o€ VAWR
2) z;eVori=1,...,k—1
3) zxeP-V

Proof: Realize that (P, R) is a graph. Let us restrict our consideration
to undirected graphs for the time being. As will be seen later extension to
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directed graphs is rather straightforward. Consider a subgraph G = (V, R)
of G induced by V', where

V =V UUzev{y: zRy}.

Consider all simple paths (zo, z3,...,Z,) in G! such that zo € VN WRE,
A path is said to be simple if it does not include the same edge twice. If the
path (zo, z1, . . ., z,) contains any other vertex than xo, say z; (i = 1,...,7)
such that z; € VNWZ then remove all the edges from the path (zo, ..., z;).

A subgraph G!! = (V, R!) obtained in this way will have a component
which is an Euler path (zo,z),...,zx) With the property zo € WF and
zx € V. This path is a maximal chain with the properties 1) -3) formulated
in theorem. In case of a directed graph the above construction will give
us a component of G!! which is the path (zq,z1,...,Zx) such that the
incoming degree of z is 0, the outgoing degree of z is 1, incoming degree
of z is 1, outgoing degree of z; is zero, and the incoming degree of any
other vertex z; (i = 1,...,k — 1) is equal to its outgoing degree (and is
even) which means that (zo,z,...,Zx) is an eulerian path. This is also a
maximal chain with the properties 1) -3) of theorem.

8 Algorithms as chains of (n+ 1)-sets

We consider a finite family P of (n+1)-element sets and a labeling function
L which maps UP into the set N = {0,1,...,n}. We are looking for a
complete set in P, i.e. a set Z such that L(Z) = N. P can be understood
as the family of primitive sets in Scarf’s algorithm or as a family of n-
simplices in a triangulation of an n-simplex.

Let us write Z(b/b1) = (Z\ {8}) U {b1}.

If Z € P and Z(b/by) € P and b # by then we say that b is replaceable
in Z by b;. If for every b € Z there exists at most one b! # b such
that Z(b/b') € P then we say that the replacement in Z is unique. The
replacement in a subfamily of P is unique, if it is unique in every set in this
subfamily.

Every element b from Z such that the set {}! € Z: L(b) = L(b')} has
more than one element is called multiple in Z.

Let us define Vi = {Z € P: L(Z) =N - {i}} for i =0,...,n and W;
as a subfamily of V; with the property that in every set in W; exactly one
multiple element is replaceable.

The following has been proved in [5]. Here we will prove this theorem
using the results of section 2.

Theorem 8.1. If there is an i € N such that number of sets in W; is odd
and if the replacement of multiple elements in V; is unique, then there exists
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in the family P an L-complete set and this L-complete set can reached by
a sequence (Zy, Z,,...,2Z) of sets from P such that

1) ZjeV;forj=0,...,k—-1

2) ZpeW;

3) Zy is an L-complete set

4) Zj_1# Zj4 1 forj=1,..., k-1

5) Z; = Z;_1(b/b?) for j=1,...,k, b is multiple in Z;_,.

Proof: Denote by R the replacement relation defined in the family P of
(n+ 1)-element sets restricted to replacement of multiple elements only, i.e.
ZRZ'if Z' = Z(b/b') and b is multiple in Z.

From the definition of W* and from the assumption about uniqueness
of replacement operation in V; it follows that #R(Z) = 1 for every Z €
W;. This implies that W; satisfies the assumption of Theorem 2.1 where
V = V; and WR = W,. This guarantees the existence of the sequence
(Zo, Z4,. .., Z};) satisfying the conditions 1), 2) and the condition that Z; ¢
Vi, ie. L(Zy) # N - {i}.

Since the replacement relation was restricted to multiple elements only
it implies that if ZRZ! then L(Z) C L(Z'). It guarantees that L(Z;_;) C
L(Zk). On the other hand L(Zx_1) = N — {3} and L(Z;) # N — {i}. This
implies the condition 3). Condition 5) states simply that (Zy, 23, ..., Zx)
is the chain in the sense defined in Chapter 2. Condition 4) is an obvious
restriction put on the sequence to minimize its length and restricting to one
appearance of each set in the sequence. Symmetry of replacement operation
in V; allows for more than one appearance of sets in the sequence.

4 Scarf’s Algorithm, Triangulation Algorithms

In this section, we will describe Scarf’s algorithm and a triangulation algo-
rithm. One can see that these algorithms can be viewed as special cases of
the results presented in Section 3. In case of Scarf’s algorithm, the family
P is the family of primitive sets; in the case of triangulation algorithm, the
family P should be understood as a family of n-simplices in a triangulation
of an n-simplex. Scarf’s algorithm is based on the concept of primitive
sets [13]. Scarf considers a set X composed of all facets of an n-simplex S,
together with a finite number of interior points of S. Let N = {0,...n}.
The ith facet (i € N) is represented by the vector, z; = (z},zi,...,z}),

where, for j =0,...,n,
g fo =i
ITAM, G A
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The numbers M; and i € N are real numbers such that My > M; > -.- >
M, >1.

Every interior point of the simplex S in the set X is represented by
its barycentric coordinates. The set X is nondegenerate if for all pairs of
elements z* and z™, in X we have z} # z, where j =0,...,n.

Let B € 2X be a set with (n + 1)-elements. B is primitive if there
does not exist x € X such that z > minB. A function L: X — N is
called a labeling function. A set B € 2X is completely labeled w.r.t.L if ¥
z,y € B: [z #y — L(z) # L(y)].

In the following, we write L-complete or simply complete for such a set
B, the labeling function L being clear from the context. Scarf’s result can
now be stated as follows: Let X be a set as defined above. Suppose X
is nondegenerate (this assumption guarantees uniqueness of replacement
operation). Let L: X — N be a labeling function such that L is one-to-one
on. facets. Then there exists an L-complete primitive subset B € 2X. It is
not difficult to see that an L-complete primitive set is an approximation of
a fixed point of a continuous function f: S — S, if we define the labeling
L as: L(z) =1, if z; — fi(z) > 0. L-completeness implies z; — fi(z) > 0 for
all 1 € N. Furthermore, both z and f(z) are in S, thus:

D xzi=1and Zf-'(-’") =1, and ) (= — fi(z)) =0.

iEN iEN iEN

Hence, for all i € N, fi(z) = z;, i.e,, f(z) ==z, i.e., z is a fixed point of f.

The constructive proof of Scarf’s Theorem incorporates the algorithm for
finding a completely labeled primitive set. The starting point is a primitive
set that contains n facets of the simplex S. Each step in the algorithm con-
sists of replacing one element of the current set with some element from the
set X (following certain rules). The nondegenerate assumption guarantees
that the replacement operation for primitive sets is well defined, and that
it will produce a sequence of sets that ends with a complete primitive set.

Triangulation algorithms

All triangulation algorithms have similar concepts. We present the main
idea using the algorithm of Kuhn [9]. The labeling function on an n-simplex
S with vertices €%,¢el,...,e" is defined in the same way as in Sperner’s
Lemma [16), i.e., L(¢*) =ifori =0,...,n, and L(z) € {L(e),...,L(e**)}
(for some k < n+1), where (e'1, .. ., €'*) is the face of the smallest dimension
of S on which z lies. Let f: S — S be continuous. Define the labeling L as

L(z) = min{j | z; — f;(z) > 0}.
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Then L satisfies the condition of Sperner’s Lemma, and therefore any com-
plete simplex in a triangulation of S is an approximation of a fixed point
of f.

A systematic search for a complete simplex starts with an almost com-
plete simplex on the boundary of an enlargement of the original simplex
(together with such an extension of the labeling that there is a unique
starting simplex). The search continues by producing a sequence of adja-
cent simplices by replacing an identically labeled vertex. The search ends
with a complete simplex.

It is worth to note that in the constructions presented in both Section 3
and Section 4 the replacement operation played an important role while the
results presented in Section 2 do not require any specific properties from
the relation considered.
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