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1 Introduction

The ratio for an approximation algorithm for a maximization problem is
the smallest ratio of the size of a solution to the size of an optimal solution.
In this article, we will present an approximation algorithm for independent
set with worst ratio 1/2 for graphs embedded in the surface of genus g. The
time complexity for our algorithm is O(2%m), where m is the number of
the edges of input.

A polynomial time approximation algorithm for independent set of which
the worst ratio tends to 1 as the size of input increases is known by [8] for
planar graphs and by [6] for graphs embedded in the surface of fixed genus.
On the other hand, for planar graphs, a polynomial time approximation
algorithm for independent set with the worst ratio 1/2 is presented by [4],
see also [10]. Later, an algorithm with the worst ratio k/(k+1) is proposed
by (1] and [2]. However, no approximation algorithm with constant worst
ratio is known for the graphs embedded in the surface of fixed genus.

Let G be a graph with the vertex set V(G) and the edge set E(G).
An embeddingof G in an oriented surface F' can be represented by giving
a cyclic permutation p(v) of the edges containing v for each vertex v in
V(G). We call the pair (G, p) an oriented graph [11]. If each face of G C F
is a 2-cell, we say that G C F is a 2-cell embedding. An oriented graph
determines uniquely a 2-cell embedding of the graph in an oriented surface.
Our data structure for (G, p) will represent each cyclic permutation p(v)
by a doubly linked list, and each edge (u,v) in E will have pointers to the
occurrence of (u,v) in p(u) and p(v). Let H be a subgraph of G. For each
vertex v of H, py(v) is defined to be the cyclic permutation obtained by
deleting all edges not in E(H) from p(v). Then we call the pair (H,py)
an oriented subgraph of (G, p). The oriented subgraph (H, pg) is denoted

simply by (H, p).
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A set C of faces of G C F is a face cover, if it covers all vertices of G. A
graph D(G) is the dual of G C F, if there is a one-to-one correspondence
between the face set of G C F and the vertex set of D(G) and a one-to-
one correspondence between the edge set of G and the edge set of D(G)
such that two faces f and g have an edge e in common, if and only if the
corresponding edge D(e) joins the corresponding vertices D(f) and D(g).
For a set A, we denote the order of A by |A|. For additional terminology,
we refer the reader to (3], [7] or [9].

2 Face cover and independent set

Suppose that a connected graph G is embedded in the surface F of genus
g. Let C be a face cover of G C F, c and m the order of C and E(G),
respectively. In this section we will show that a maximum independent set
of G can be found by O(29+2¢=2m) algorithm INDEP.

Before presenting INDEP, we will prove that there is a vertex set S of G
such that G — S is outer planar and |S| < 4g +2c— 2. The boundary 6f of
a face f is represented as a sequence of vertices and directed edges, namely
a closed directed walk. A face cover C = {f,..., [} is said to be simple,
if each 8f; is a cycle and 6f3, ..., 5 f. are mutually disjoint.

First, we will deform G C F into G’ C F to have a simple face cover
of the same order as C by an algorithm which will be called the splitting
algorithm. The algorithm takes as input an embedding G C F and a face
cover C of G C F and, produces as output G’ C F and simple face cover
C'of G'CF.

In the splitting algorithm, we will visit all vertices of G and add new
vertices and edges, if necessary. Let C = {fi,..., fc}. We start at the first
vertex of 6 f; and visit the second vertex following the first edge of §f;. Let
z € 6f; be the current vertex. Suppose that z is not the last vertex of §f;.
If the next vertex y to « in 6f;. is unvisited or (z,y) is the last edge of
6f:, we visit y. Otherwise, let z be the next vertex to y in §f;. We add a
new vertex ¥’ and new edges (y,%"), (z,%') and (¥',2) (See Figure 1). We
replace y, (z,y) and (y,2) in 6f; by ¥/, (z,%’) and (3, z). Then we follow
the new edge (z,y’) to visit 3’ and set z the next vertex.

Suppose that z is the last vertex of §f; and i # c. If the first vertex y of
8 fi+1 is unvisited, we visit y. If y is visited, we add a new vertex and new
edges by the same way as in the above case. We stop when we eventually
visit the last vertex of 6 f. following the last edge of 6 f.

We denote the resulting graph by G'. For 1 < i < clet f; be the face
of G’ C F corresponding to f;. We return G’ C F and C’' = {fi,..., f¢}
as output of the splitting algorithm. Since each edge can be involved in at
most 4 splittings, we can see that |E(G")| is O(m).
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visited

Figure 1

Second, we will show that there is a linear algorithm to find a required set
S. Since the face cover C' = {f], ..., f¢} of G’ is simple, F—U{f]: 1<i <
c} is topological equivalent to the surface of genus g with ¢ boundaries, that
is, a disk with 2g+c— 1 strips attached to its boundary [9]. Using this fact,
we can find a set S’ of vertices of G’, such that G’ — §’ is outerplanar and
|S’| <49 +2c — 2, as follows. Let D* be the graph obtained from the dual
D(G') of G’ C F by deleting all vertices corresponding to the faces in C.
We denote a spanning tree of D* by T and the set {u,v € V(G"): (u,v) €
E(G")} is the edge corresponding to an edge in E(D*)—E(T)} by S’. Then,
from the construction of S’, we can see G’ — S’ is outerplanar. Since the
cycle rank of D* is 2g + ¢ — 1, we have |[S’| < 4g + 2¢c — 2. Since the dual
can be constructed in linear time, there is a linear algorithm to find S’. Let
S =V(G)NS'. Then, since G- S is a subgraph of G’ — &, § is a required
set.

Now, we will present the algorithm INDEP to find a maximum indepen-
dent set of G in O(249+2¢—2m) time.

Algorithm INDEP(G,C);

Step 1. Apply the above algorithm to G C F and C to find the set S such
that G — S is outerplanar and |S| < 49 + 2¢c - 2.

Step 2. Find all independent sets of the subgraph G[S] of G induced by
S. Denote the family of the independent sets of G[S] by J.

Step 3. For each independent set I in J, let G(I) be the graph obtained
by deleting all vertices adjacent to the vertices of I from G — S.
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Step 4. Find a maximum independent set I’ of G(I) by an appropriate
linear algorithm to find a maximum independent set of outer planar-
graphs, see [5] or [1, 2]. Then the union of I and I’ is an independent
set of G.

Step 5. Return the largest set among independent sets of G' obtained in
Step 4.

The correctness can be proved as follows. Let Ip be 8 maximum indepen-
dent set of G. Then I” = IpN S is a set in J and I — S is an independent
set of G(I"), where G(I") is the subgraph of G defined in Step 3. Hence
the order of the output of INDEP(G,C) is at least |Io|.

The step 1 requires O(m) time. We can check in linear time whether
a vertex set is independent or not. Hence the steps 2, 3 and 4 require
O(|J|m) time. Since |S| < 49 + 2c — 2, we have |J| < 2%9+2¢=2, Thus the
time complexity of the algorithm is O(2%9+2¢=2m).

8 Decomposition of an embedded graph

Let G C F be an embedding of a connected graph in the connected surface.
We denote the oriented graph representing G C F by (G, p). In this section,
we will describe an algorithm to find a set {(H; C F;,C;): 1 < i < k} of
embedding with face covers having the following properties:

(1) Hy, ..., Hy are mutually disjoint induced subgraphs of G and V(G) =
U{V(H;):1<i<k}.

(2) g(F) = Z{g(F;) + (i) —n(3): 1 < i < k}, where c(i) and n(3) are the
order of C; and the number of connected components of F;, respec-
tively.

We will decompose the vertex set V(G) into disjoint subsets L, ..., Lk.
For this purpose, we take a point p in the interior of a face and call the
face containing p by the exterior face. Let Gy = G. The vertices in the
boundary cycles of the exterior face R; of Gy C F is denoted by L;. The
subgraph G — L is written by G2. We define G;, R; and L, recursively,
to be the subgraph Gi_; — L;—1, the exterior face of G; C F and the set of
vertices in the boundary of R;. We suppose that Ly # ¢ and Liy; = ¢

Denote the induced subgraph G[L;] by H;. Let H; C F; be the 2-cell
embedding which is determined by the oriented subgraph (Hj, p) of (G, p).
Since the oriented subgraph (G, p) represents the embedding G; C F, each
cycle of the boundary of R; is the boundary of a face of H; C F; (See
Figure 2). Hence the set C; of these faces is a face cover of H; C F;.
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Figure 2

Obviously, Hj,..., Hy satisfy the condition (1). Hence the rest of this
section is devoted to showing that H; C F; and C; satisfy the condition (2).

By A, denote the set of simple closed curves in the interior of R; forming
the boundary of R;, 1 < ¢ < k. Let F/ be the subspace of F between A; and
Ai41,1 <4 < k-1, Fj C F the disk bounded by A; and F}, the subspace
of F bounded by Ag. Then, since L; is the vertex set of the boundary of
R;, each F{ contains H; = G[L;], for 1 < i < k. We cut F into the disjoint
union of F{, 0 <i < k.

Ai+1

Figure 3

We paste disks along the boundary of F} and obtain the surface F}’
without boundary. We can see the oriented subgraph (H;,p) of (G, p)
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represents the embedding H; C F{'. Let n”(i) be the number of connected
components of F’. Since g(F;) < g(F{) = g(F{’) and n(i) > n"(¢), to show
the correctness of our algorithm, it suffices to prove the following lemma,
which will be shown by using the Euler characteristic.

The Euler characteristic e(K) of a 2-complex K is the alternating sum
of the numbers of the 0-simplices, the 1-simplices and the 2-simplices of K.
It is known that e(F) of the surface F is 2np — cp — 2g(F), where np and

cr are the numbers of the connected components and the boundary cycles
of F.

Lemma.
9(F) =Y _{9(F{") + (i) —n"(i): 1 <i < k}.

Proof: We will compute (F) of F. Since

e(F)=) {e(F)):0<i <k}, e(Fp) =1, (1) =1,
e(Fy) = 2n" (i) — 29(F{") — c(i) — c(i+1),1 < i< k-1,
and
e(Fy) = 2n" (k) — 2g(Fy) — c(k),
we have

9(F) =1-1/2e(F) =) {9(F}) + (i) —n"(i): 1 <i <k}

4 Algorithm for an independent set

In this section, we will describe an approximation algorithm to find an
independent set I of G with |I| > 1/2¢(G), where +(G) is the independence
number of G.

Step 1. Construct a set {(H; C F;,C;): 1 < i <} of embedding with face
covers from G C F, using the algorithm in section 3.

Step 2. Find a maximum independent set I; of H; in F; for 1 <{ < k by
INDEP.

Step 3. Let Ioqa =U{l;: 1 <i< k,iisodd} and Ioven, =U{l;: 1 <i <k,
i is even}. Then both I,44 and Ieven are independent sets for G. Let
I be the larger set.

Now we will prove the correctness of this algorithm. If we denote the
subgraph U{H;:1 < i < k and i is odd} and U{H;:1 <i < kand i
is even} by Hoqq and Heyen, respectively, Ioqq and I.ve, are independent
sets for Hoaq and Heven. Hence |Iodd| + |leven| = I(G). This implies that
171 = 1/2I(G).
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In our algorithm, Step 1 runs in linear time. To find a maximum inde-
pendent set of the graph H; in F; with the face cover Cj, the algorithm
needs O(249(F)+2¢()—2n()| E(H;)|) time. Hence Step 2 runs in O(2%m)
time for the worst case.
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