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ABSTRACT. Motivated by questions about semilattices of or-
dered compactifications, we study the structure of the lattice
Q(Y) of all closed quasiorders on a (compact) Hausdorff space
Y. For example, we show that the meets of coatoms are pre-
cisely those quasiorders which make the underlying space to-
tally order-disconnected. We describe the covering relation of
such lattices and characterize “modular” and “semimodular”
elements. In particular, we show that the closed equivalence
relations on Y are precisely those upper semimodular elements
of Q(Y) which are not coatoms, and for |Y| > 3, they are
just the joins of bi-semimodular elements. As a consequence
of these results, two compact spaces are homeomorphic if and
only if their lattices of closed quasiorders are isomorphic.

1 Introduction

The lattice £(Y) of all closed equivalence relations on a topological space
Y = (Y,7) has been investigated intensively by some authors (see, for
example, Firby [3], [4]). Apparently, less attention has been paid to the
lattice Q(Y) of closed quasiorders on Y (i.e. reflexive and transitive re-
lations on Y which are closed subsets of the product space Y2). This is
a bit surprising because (quasi-)ordered topological spaces play a central
role in various modern mathematical disciplines. It was L. Nachbin [9] who
wrote the pioneering monograph on that topic and furnished the pattern
for many fruitful developments at the borderline between topological and
order-theoretical structures.

Our primary interest in lattices of the form Q(Y) arose from our obser-
vation that the complete meet-semilattice K, (X) of all ordered compactifi-
cations of a completely regular ordered space X (see [7], [8], [10]) is dually
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isomorphic to a certain convex cone in the lattice Q(8X), where X is the
Stone-Cech compactification of X. Moreover, it turned out that if X,(X)
happens to have not only a greatest but also a least element, then it is even
dually isomorphic to an interval in Q(8X). Conversely, we succeeded in
showing that any interval in the lattice of all closed quasiorders on a com-
pact space is isomorphic to some lattice X,(X) for a suitable completely
regular ordered space X. This and related representation theorems are pre-
sented in a separate note [2], which uses several of the results derived in
the subsequent sections. However, we suppose that these facts are also of
interest in their own right, and that they will have other applications in the
theory of ordered topological spaces as well.

It will be convenient to assume throughout this note that Y be Haus-
dorff, although in some situations this hypothesis may be dropped or at
least weakened. After having collected the necessary background material,
we establish several fundamental properties of the lattices Q(Y) and the
corresponding closure operators. Then we determine the covering relation
on Q(Y) by simple conditions on the involved quasiorders and investigate
the atomistic and coatomistic structure of Q(Y). While Q(Y) is easily
seen to be atomistic, it turns out that, in contrast to the discrete case
where Q(Y) is always coatomistic and algebraic, these two properties are
rather rare for lattices of closed quasiorders. In fact, we show that an ele-
ment p of Q(Y) is a meet of coatoms if and only if the quasiordered space
(Y, p) is totally order-disconnected. In the non-discrete case, Q(Y) is never
algebraic, because certain atoms fail to be compact.

In the third section, we characterize the ezchange elements (alias upper
semimodular elements) of Q(Y); they are either coatoms or equivalence
relations. Then we determine those elements which are both upper and
lower semimodular: for |Y| > 2, they are the closed block relations, i.e.,
the closed equivalence relations with at most one non-singleton class (the
“bounding elements” of Firby’s [3]). Assuming compactness or discreteness
of Y, we can show that every closed block relation is even lower modular.
These results provide us with purely lattice-theoretical descriptions of the
~ symmetrization of any closed quasiorder on Y. Using a theorem due to
Firby [4], it is then easy to conclude that two compact spaces Y and Y’ are
homeomorphic if and only if the lattices Q(Y) and Q(Y’) are isomorphic.

2 The Complete Lattice of Closed Quasiorders on a Topological
Space

Given a topological space Y = (Y,7), we denote the closure system of

all closed quasiorders on Y by Q(Y), and that of all closed equivalence

relations on Y by £(Y). Clearly, Q(Y) is a complete lattice with set

inclusion as order relation, and £(Y) is a complete sublattice of Q(Y). By
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the Hausdorff assumption on Y, the least element of Q(Y) (and of £(Y))
is the identity relation (or diagonal) A = Ay. The greatest element of
Q(Y) (and of £(Y)) is the all relation V = Y2. Notice that the lattices
Q(Y) and E(Y) of all quasiorders, respectively, equivalence relations on the
underlying set Y are obtained as special instances of the general topological
notions, by taking the discrete topology on Y, which, however, fails to be
compact if Y is infinite.
Let p and o be relations on Y. The following notations will be convenient:

zpy &> (z,y) € p

ap={z€Y |apz} (a€Y)

pp={z€Y |zpb} (beY)

Ap=U{ap|lac A} (ACY)

pB=}{pb|be B} (BCY)

p* = {(y,2) | zpy} (the dual relation)
p=pnp* (the symmetrization of p)
po = {(z,z) € Y? | zpy and yoz

for somey € Y} (the relation product)

If p is a quasiorder then pb is the principal ideal generated by b, and ap
is the principal filter or principal dual ideal generated by a; sets of the form
pB are referred to as lower sets or decreasing sets, and sets of the form Ap
as upper sets or increasing sets. In case of an ordered set P = (P, <), we
write P(b] or (b] for the principal ideal <b = {z € P | z < b}, Pla) or
[a) for the principal dual ideal a< = {z € P | a < z}, and P[a, ] or [a, }]
for the interval [a) N (] = {z € P | a < =z < b}. Note the associative laws
A(po) = (Ap)o, (po)B = p(o B) etc., which allow to omit the parentheses.

The following facts are well-known (see, for example, Johnstone [6,VII-1]
and Herrlich [5,7.4.16]):

Lemma 2.1. Let p be a quasiorder on a compact space Y. Then the
following three statements are equivalent:

(a) p is closed.

(b) For any pair (z,y) € Y2\ p, there are disjoint open neighbourhoods
U of z and V of y such that U is increasing and V is decreasing.

(c) For any closed subset A of Y, the increasing set Ap and the decreasing
set pA are closed.

Each of these conditions implies the following mutually equivalent state-
ments on the symmetrization p:

(@) 7 is closed.
(:5) Y/ 7 is a (compact) Hausdorff space.

43



(¢) The “saturation” pA of any closed set A is closed.
(d) The quotient map Y — Y/;; is closed (perfect).

If one of these conditions is satisfied then m~ induces an isomorphism

between the lattice of all “saturated” closed subsets gA of Y and the
lattice of all closed subsets of Y/b—.

Given a relation p and an equivalence relation € on Y with € C p, we

write p/e for the relation {(ez,ey) | zpy}. Thus p/¢ is a quasiorder on Y/¢
whenever p is a quasiorder on Y. The following “Isomorphism Theorem”
is now easily verified:
Theorem 2.2. For any compact or discrete space Y and any € € £(Y),
the quotient map we : Y — Y/¢, z — ez induces an isomorphism between
the intervals Q(Y)[e) and Q(Y /¢), as well as an isomorphism between the
intervals £(Y)[e) and (Y /¢). In particular, Y /¢ is a Hausdorff space, too
(because the diagonal €/¢ is closed).

Notice also that for p € Q(Y), the symmetrization g = {(z,¥) | zpy and
ypz} is a member of £(Y), and consequently, the relation p/ 7 is a closed
order. Therefore, we often may suppose that p is already an order in its
own right (passing from Y to Y/; if necessary).

As demonstrated in [3] and (4], the following type of equivalence relations
play an important role in the abstract characterization of the lattices £(Y):
for Z C Y, the block relation

nz = Ay U Z?

is an equivalence relation with at most one non-singleton block Z. Clearly,
nz belongs to £(Y) if and only if Z is a closed subset of Y. We denote the
corresponding subspace by Z. Then the following observation is evident:

Proposition 2.8. For any closed subset Z of Y, the principal ideal
Q(Y)(nz)] (respectively, £(Y)(nz]) is isomorphic to the lattice Q(Z) (re-
spectively, £(Z)).

In fact, the maps
@ : Q(Y)(nz] = Q(Z), p— plz =pN(Z x 2)
and
¥:Q(Z) - QY)(nz] ' p'UAY
are mutually inverse isomorphisms. a
Combining this proposition with 2.2, we arrive at

Corollary 2.4. If Z is a closed subspace of a compact or discrete space Y
and X is a quotient of Z modulo a closed equivalence relation then Q(X)
is isomorphic to an interval of Q(Y).
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38 Closure Operators Associated with Q(Y) and £(Y)

The closure operator of a topological (T2-)space Y is denoted by dl or, if
necessary, by cly. For any relation p on Y, we denote by tr(p) the transitive-
reflezive closure of p, that is, the smallest quasiorder on Y containing p.
Notice that, in general, neither ¢r(cl(p)) nor cl(tr(p)) will be members of
Q(Y). However, the smallest closed quasiorder containing a given relation
p may be obtained by a transfinitely iterated application of the operators
cl and tr, as follows.

Let On denote the class of all ordinal numbers. For any map f on a
power set P(X), the iterated maps f™ (n € On) are defined recursively by

2= Apxy,s
f* = fo f™if nis a successor ordinal m + 1,

f*(A4) = | J{f™(4) | m < n} if n is & limit ordinal.

Provided f is isotone (inclusion-preserving) and expansive (i.e., A C f(A)
whenever A C X), cardinality arguments show that for each A C X, there
is a smallest n € On with f*(A4) = f**t1(A), called the rank of A (with
respect to f) and denoted by r(f, A). For the ordinal

n=Jir(£,4) | AC X},

the map f™ is then a closure operator.
We apply this general remark to the isotone and expansive operators

c=cy =dotr:P(Y?) - P(Y?)

and
cs=csy =cotros:P(Y2) = P(Y?),

where
s(p)=pUp’

is the smallest symmetric relation including p. By definition, p is a closed
quasiorder on Y if and only if p = ¢(p), and p s a closed equivalence relation
on Y if and only if p = es(p). Notice also that ¢r o s(p) is the smallest
equivalence relation containing p, while s o tr(p) need not be transitive.
Using a sequence of lemmas on ordinal numbers, we shall show that, in
general, a large number n is required in order to produce the smallest
closed quasiorder ¢”(p) and the smallest closed equivalence relation cs™(p)
containing p. More precisely:

Theorem 3.1. For each ordinal n, there exists a compact space Y and a
relation p on Y such that n = r(cy, p) = r(csy, p).
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Recall that the natural well-ordering < on On is set inclusion, that z < y
means z € y for x,y € On, and that z < y is equivalent to the existence of
a unique ordinal d (denoted by y —z) withz +d=y.

Define recursively a transfinite sequence (I)necon Of limit ordinals as
follows:

lo=uw,
lp = L, - w if n is a successor ordinal m + 1,
ln= U{l,,. | m < n} if n is a limit ordinal.

Furthermore, for any ordinal k, denote by

<& the restriction of the order < to k,
=< the corresponding covering relation,
7, the interval topology on k,

k the ordinal space (k, 7x).

By definition, z <x ¥y ©@ z+1 =y < k. As < is a closed order on k
containing <, it is clear that for the operator ¢ = ¢y the inclusion p C <,
implies c*(p) C <k for all n € On, and in particular, ¢*(<x) C <k .

For the relations

pi(n) = {(z,y) € <kly—z <n},
we can now prove
Lemma 3.2. For all ordinals k and n,

(1) tr(pe(ln + 1)) = pi(ln+1),
(2) cpr(ln)) = pr(ln +1) = {(z,9) € <k |y —z < ln}-

Proof: (1) Clearly, pi(ln + 1) is contained in p = px(ln+1), and by the
nature of the ordinals I, 1, the relation p is transitive: if (z,y) and (y, 2)
are membersof ptheny—z <l =l-wand 2—y < l,-w, hence z—z =
(y — z) + (2 = %) < la41, by well-known rules for the ordinal multiplication
and the trivial fact that sums of finite ordinals are finite. Thus (z,z) € p.
On the other hand, the quasiorder ¢r(pix(ln + 1)) must also contain the
relation p. Indeed, for (z,y) € p, thereisaleast m € w withz <y < k
and y —z < I, - m. Setting z; =z + 1, - 1 for i <m and z,, = y, we obtain
(zi,Zi4+1) € pr(ln+1), and consequently, (z,y) = (Zo, Zm) € tr(px(ln +1))-
In all, we see that p agrees with tr(px(ls + 1)).

(2) px(ln +1) is a closed subset of <j (hence of k x k) containing px(ln),
since each pair (z,y) € <i with y — z > [, has the open neighbourhood

46



(z] X [« + o + 1), which is disjoint from px(ln + 1). On the other hand,
each member of p(l, + 1) is an adherence point of px(l,) since I, is always
a limit ordinal, hence the join of smaller ordinals. a

Lemma 3.3. For all ordinals k and n,

(1) tr(c*(<x)) = px(ln),
(2) H(<k) = pr(ln +1).

Proof: If n = 0 then obviously tr(c®(<x)) = tr(<x) = pr(w) = px(lo)-

If n is a successor ordinal m + 1 then by induction hypothesis (2), ¢*(<x)
= ;(’kglm + 1), and consequently, tr(c*(<)) = tr(pe(lm + 1)) = pr(ln) by
3.2(1).

If n is a limit ordinal, then tr(c"(<x)) = tr({c™(<k) | m < n}) =
U{tr(e™(<x)) | m < 1} = U{on(lm) | m < n} = pa(k,), Where tr com-
mutes with the union because the involved relations ¢™(<x) form a chain
under inclusion.

In all three cases 3.2(2) applies to obtain ¢**1(<x) = d o tr(c*(<x)) =
pi(ln +1). O

Lemma 3.4. For all ordinals k and n, the relation s(pi(l,)) is an equiva-
lence relation.

Proof: It suffices to show that s(p) is transitive for the transitive relation
p = pi(ln).

Suppose (z,y) € s(p) and (y,2) € s(p). If zpypz or zpypz, then zpz or
zpz, and we are done. Thus we may assume that zpy and zpy. If z < 2
then z < y < z+ 1, yields zpz, and if 2 < z then z < y < z+ [, yields
zpz; in any case (z, 2) € s(p). O

Lemma 3.5. For all ordinals k and n > 1,

es™ (<) = s(c™(=k))-

Proof: If n is a successor ordinal m + 1 then by 3.3, p := tr(c™(<x)) =

Px(lm), and by 3.4, s(p) = tr o 3(¢™(<x)). Now, by induction hypothesis,

it follows that cs™(<x) = es(s(c™(<kx))) = clotro s(c™(<x)) = dos(p) =

s ocl(p) = s(c™(=k)).

If n is a limit ordinal then es™(<x) = J{cs™(<k) | m <n} =

U{s(c™(=k)) | m < n} = s(U{c™ (=) | m < n}) = s(c™(<x)). o
Summarizing the previous results, we arrive at

Lemma 3.6. For all ordinals m and k=1, +1,

m+ 1 = r(cx, <k) = r(csx, <x).
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This proves Theorem 3.1 for all successor ordinals n = m + 1, taking
k for Y and <; for p. In case of limit ordinals, we need a “horizontal”
instead of a “vertical” sum construction. The following auxiliary lemma on
the composition of compact spaces is easily verified:

Lemma 8.7. Let X = (X, 7) be a compact space, I the set of its isolated
points, and (Y;)icr & family of pairwise disjoint compact spaces that are
also disjoint from X \ I. For i € I and y € Y;, let U, be a neighbourhood
basis of y in Y;, and for each z € X \ I, let Uz be a neighbourhood
basis of z in X. Then a compact space Y containing each Y; as a clopen
subspace is obtained by taking the disjoint union (X \ I)U U{Y; | i € I}
as underlying set, U, as a neighbourhood basis for y € Wi | i€ I}, and

= {(U\I)UU{Y: | i € U} | U € U;} as a neighbourhood basis for
zeX\1I

Roughly speaking, Y is obtained from X by replacing each isolated point
1 with the compact space Y;.

Now, we prove Theorem 3.1 for the case of a limit ordinal n. Notice that
in contrast to the space n, the ordinal space X = n+ 1 is compact. The
set I of isolated points of n + 1 consists of 0 and the successor ordinals less
than n. Replacing each i € I with the space Y;, where ¥; = (4 +1) x {i}
is endowed with the product topology (thus Y; 2 1;+1), we get a compact
space Y according to Lemma 3.7. The operators cy, will be denoted by c;.
We define relations

pi={( @) |z <uny} (el
p=0yuJleiliel},

and show by transfinite induction that

#(p) = Ar U Ja*(m) lie I}

for every ordinal number k.

This is obvious for k = 0 and for limit ordinals, using the induction hy-
pothesis for smaller ordinals. Hence it suffices to consider successor ordinals
k = m+1. By disjointness of the spaces Y; and the inclusion ¢;™(p;) C Y2,
the induction hypothesis yields tr(c™(p)) = Ay U U{tr(:™(m:)) | ¢ € I}.
For (z,y) € c*(p)\Ay, there exists a net (z;, y;)jes in tr(c™(p)) converging
to (z,y). Passing to a suitable subnet, we may assume that z; # y; for
each j € J, and then there exist i; € I with (zj,;) € tr(c;™(p;,)), in
particular z;,y; € Y;;. If z were a limit ordinal then z; — z in Y would
imply i; — z in n+ 1, and consequently y; — z in Y, contradicting the
T, axiom (since z # y). Hence z and y cannot be limit ordinals, and we
may choose an i € I with z € Y;. As Y; is a neighbourhood of z in Y, we
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may assume z; € Y; and y; € Y; for all j € J. But then (z;,y;)jes is a net
in tr(c;™(p:)), and it follows that (z,y) € ¢;*(p;). Hence

(p) € Ay U (et (m) i e I},

and the converse inclusion is straightforward since each Y is a subspace of
Y.

A similar reasoning gives the equation
es*(p) = Ay U H{esi*(os) | i € 1.
Finally, using Lemma 3.6, we obtain

r(e.p)=lr(ep) lie I} = JG+1) =n:
sel
and
r(cs,p) =n.

0

In many specific cases, the smallest closed quasiorder including a given
relation p is obtained already in a finite number of steps. In particular, the
join of two members of Q(Y) is sometimes obtained by a finitary process,
as shown in the lemmas below.

Notice that for any p € Q(Y) and a,b € Y, the sets pa and bp are closed,
and consequently, each of the following relations is a member of Q(Y):

pU(paxY), pU(Y x bp), and pU (pa x bp) = tr(pU {(a,b)}).

This remark will be of particular use in the study of the lattices Q(Y). For
compact or discrete spaces, one can say more.

Lemma 3.8. For any two relations p,oc on a compact space Y, the
closure cl(po) is contained in cl(p)cl(o). In particular, the product of
closed (=compact) relations is closed again. Thus, if p,0 € Q(Y) sat-
isfy (op)® = (op)™*! for some n € w, then this is their join in Q(Y).

Proof: If (z;,2;)jes is & net in po converging to some pair (z,z) € Y2
then we find a net (y;)jes such that zjpyjoz; for all j € J. Passing to a
suitable subnet, we may assume that y; converges to some y € Y (because
Y is compact), and then (z,y) € cl(p), (v, 2) € cl(0), (=, 2) € cl(p)ci(o). O

For an example of two closed relations (on a non-compact T% space) whose
product is not closed, see 5.6.

By the Hausdorff assumption on Y, we know that finite subsets and,
more generally, compact subsets are closed. Therefore, the situation often
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becomes much easier if certain subsets are assumed to be finite or at least
compact. As a first result in this context, we show that for sufficiently small
closed quasiorders, the joins in Q(Y) coincide with those in Q(Y).

Lemma 3.9. p € Q(Y) implies tr(pUc) € Q(Y) for each finite relation o
onY.

Proof: Proceeding by induction, it is enough to consider the case o =
{(a,b)}. But then tr(pU o) = pU (pa x bp) is closed. a

Moreover, using the following lemma, we see that if Y is compact, then
tr(pUa) € Q(Y) holds whenever o is a finite union of cartesian products
X; x Z; of closed (=compact) sets X;,Z; C Y.

Lemma 38.10. Let X,Z be nonempty subsets of a compact or discrete
space Y. Then the relation o0 = Ay U (X x Z) is a quasiorder with

tr(pUa) = pop=pU (pX x Zp) for each p € Q(Y),
and the following conditions are equivalent:
(2) X and Z are closed.
(b) o € Q(Y).
(c) For each p € Q(Y), the join of p and o in Q(Y) is pop.
(d) tr(pU o) € Q(Y) for all p € Q(Y).

Proof: Obviously tr(p U o) contains po p, which in turn contains p U
(pX x Zp), by definition of the reflexive relation . On the other hand,
pU (pX x Zp) is a quasiorder because p is one, and o is contained in this
quasiorder, by reflexivity of p. The special case p = Ay gives o = tr(o) €
o(Y).

() = (d): If X and Z are closed and p is a closed quasiorder then
the sets pX and Zp are closed in Y (here we need the compactness or
discreteness assumption on Y; see Lemma 2.1). Consequently, the relation
tr(pU o) = pU (pX x Zp) is a closed quasiorder, too.

The implications (d) = (¢) = (b) = (a) are clear. a

There is a further extension of Lemma 3.9 which includes a theorem on
closed equivalence relations due to Firby [3,1.2.8].

Lemma 8.11. Let o be a relation on Y such that tr(c) is closed and
has only a finite number of non-singleton principal ideals, and these are
compact. Then p € Q(Y) implies tr(pU o) = pV tr(o) € Q(Y).
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Proof: On account of the equation tr(pUc) = tr(pUtr(c)), we may assume
that o is a quasiorder, i.e. o = tr(o). As oz = oy implies 2o = y7, the
quasiorders

oy)=AyU(oy xy3) (yeY)

depend on the principal ideals oy but not on the chosen representatives
y. Obviously, o is the join of the finitely many quasiorders o(y). Hence,
proceeding by induction, it suffices to show that each of the relations tr(pU
o(y)) is closed. An easy computation yields the equation

tr(pUa(y)) = pU (poy x yop)

and the latter relation is closed because p is closed and the sets oy and
yo = oy N yo are compact (the second one by closedness of yo), so that
poy and yGp are closed (cf. [7,VII-1]). (]

In Lemma 3.11, compactness of the principal ideals of ¢r(c) may be
replaced with the hypothesis that for closed A, the sets Ap and pA are
again closed. Both conditions are automatically fulfilled in compact spaces
(cf. 2.1).

4 The Covering Relation in Q(Y)

Generalizing the well-known covering relation in ordered sets, we say an
element b covers an element a (or is a cover of a) and pa x pb is a covering
in a quasiordered set (Y, p), written ap"b, if

(i) a # b and apb,
{ii) apzpb implies zpa or bpz, i.e. apN pb C pa U bp.

If, on the other hand, (a,b) € Y2\ p and paUbp C apU pb, then we call
pa X pb a railing and write ap*d. If p is an order then ap'b means that o
is a minimal element not dominated by b, and b is a maximal element not
dominating a (in other words, p! is the “double arrow relation” ./ used in
formal concept analysis).

The covering relation in lattices of the form Q(Y) is now easily deter-
mined:

Lemma 4.1. For any two relations o,p C Y?, the following three state-
ments are equivalent:

(a) o covers p in Q(Y).
(b) o,p € QY) and p = \(pa x pb) for some (a,b) € oV.
(c) p€ Q(Y) and o = pU (pa x pb) for some (a,b) € p*.
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Proof: (a) = (c): Choose any pair (a,b) € o'\p. Then p' = pU(pa x bp) €
Q(Y) and p C ¢/ C o, hence p’ = o by the hypothesis that p covers o
in Q(Y). Thus, for any pair (z,y) € o\ p, we get zpa and bpy, but also
apz and ypb, so that (z,y) € pa x pb. Furthermore, z € pa\ ap implies
(2,b) € 0 = pU (pa x pb), hence z € pb (since z ¢ pa). Dually, one proves
the inclusion bp\ pb C ap.

(c) = (b): pa\ap C pband bp\ pb C ap imply o = pU (pa x pb) =
pU (pa x bp) € Q(Y). Assuming (z,y) € p N (pa x pb), we would get
apzpypb, hence (a,b) € p. Thus we have p = o\ (pa x 5b). If aczob then
(apz or zpb) and (zpb or zpa), and as (a, b) ¢ p, we get zpa or b,

a fortiori zoa or boz. Hence b covers a with respect to o.

(b) = (a): Suppose p C p’ C o for some p’' € Q(Y). If p’ is disjoint from
pa x pb then p’ = p. If, on the other hand, (z,y) € p' N (pa x pb) then
apzp'ypb, whence pa x pb C p' and o C pU (pa x pb) C p'. This shows that
o covers p in Q(Y). a

Roughly speaking, one could say that the upper covers of a closed qua-
siorder are obtained by opening a railing, and the lower covers are obtained
by deleting a covering.

Corollary 4.2. If p is a closed order on Y then o € Q(Y) covers p
if and only if p = o\ {(a,b)} for some pair (a,b) € oV, or equivalently,
o = pU {(a,b)} for some pair (a,b) € p.

In the lattices £(Y) of all closed equivalence relations on Y, the covering
relation is still easier to describe: 7 covers € in £(Y) if and only if 5 is
obtained from e by amalgamating two blocks, or equivalently, ¢ is obtained
from n by splitting one block into two blocks.

Corollary 4.3. If o covers p in Q(Y) then & covers or equals p in E(Y).

Now we call an element o of Q(Y) a splitting cover of p in Q(Y) if
o = pU (pa x pb) for some (a,b) € 7\ p; by 4.1, this means that o covers
p and the block ga = b splits into two blocks of 5, namely pa and gb.
We can describe splitting covers in abstract lattice-theoretical terms: o is
a splitting cover of p if o covers p and p 2 8 < o for some bi-semimodular
non-atom S (see 5.9).

Proposition 4.4. Let Y be a compact or discrete space and o¢ a splitting
cover of py in Q(Y). Then the map p— pV gy induces a bijection between
the covers of pg distinct from oo and the covers of o¢. In other words,
passing to splitting covers decreases the cover degree by 1.

Proof: By Theorem 2.2, we may assume that pg is an order. Thus we find
a pair (a, b) € op with o9 = po U {(a,b)}, goa = apb = {a, b}.

(1) If p= po U {(c,d)} # a0 is a cover of pg then o = o9 U (dgc X dod) =
pV og i3 a cover of og.
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This follows from 4.1, observing that cpy’d implies coo'd; indeed, og =
po U {(a,b)} # p implies (c,d) ¢ oo. Furthermore, we have ooc\ {a} C
poc C cpo U pod C cog U ood, and if a € ogc\ poc then b = ¢, whence
a € 9oc C cop C cog U opd. Similarly, we get dog C cop U ood.

(2) For covers p; = po U {(ai,b:)} of po (i = 1,2), p1 Voo = p2V o
implies py = pa.

By (1), we have p; Voo = 0o U (doa; X 9ob;), and therefore gga; x oob; =
Toaz X oobs, i.e. a1o0as and byogbs. If Gpay # opa # oob; then a; = a2 and
b1 = b, as desired. Since ga; = gga = ogb, implies p; Vog = p2 Vay = oy,
hence p; = 0p = p, it suffices to consider the case oga; = dpa # Toby,
which amounts to {a;,a2} C {a,b} and b; = b,. Assuming p; # ps, say
a1 =a and a2 = b, leads t0 p; = po U {(a, 1)}, p2 = po U {(b, b1)}; but this
together with (b, a) € po gives p; = p2, a contradiction.

(3) For each cover o = g9 U (Goc x 0od) of go, there is a cover p of po
such that pV o9 = 0.

We will choose ¢’ € opc and d’ € ood and verify that zpod # z im-
plies zpod’ (and d’poy # d’ implies ¢/ poy), thereby ensuring transitivity of
p=poU{(c,d")}. Notice that zpoc’ entails zod’.

Case 1. ¢, d ¢ {a,b} = 0pga = 0gb. Set ¢ = c and d’ = d. Then
o =0aoU{(c,d)} = po U {(a,b),(c,d)}, and so zpod (since zod, z £ =¢
and d # b).

Case 2. c € {a,b}. Set ¢ = b and &’ = d. Then z # a (otherwise apgb),
and o = go U (goa x 5pd) = po U {(a,b), (a,d), (b, d)}, so that zad’ together
with a # z # ¢ = b yields zpod'.

Case 3. d € {a,}}. Set ¢ = cand &’ = a. Then o = pyU{(a,b), (c,a), (c, b)},
so that zod’ together with z # ¢ = c and d’ = a # b yields zpod'. o

The atoms of an ordered set with least element 0 are those elements which
cover 0, and dually, the coatoms of an ordered set with greatest element 1
are the elements covered by 1. A complete lattice is said to be atomistic if
each of its elements is a join of atoms, and coatomistic if each of its elements
is a meet of coatoms.

The lattices Q(Y) and £(Y) are always atomistic. The T; assumption
on Y facilitates the description of the atoms in Q(Y) and in £(Y): the
atoms of Q(Y) are the quasiorders

A(z) y) =Ay U {(I, y)} (z’y €Y,z # y)’

while the atoms of £(Y) are the equivalence relations
e(xy) =2y U{(z.9),(12)} (zyeY,z#y)

However, in contrast to the classical discrete situation, the lattices Q(Y)
and £€(Y) rarely happen to be algebraic: in fact, Q(Y) and £(Y) are
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algebraic if and only if Y is discrete. To see this, consider any Z C Y
such that there exists a point z € cl(Z)\ Z. Then, for y € Z, the atom
A(z,y) fails to be compact in the lattice-theoretical sense (though being
topologically compact if so is the space Y). Indeed, for A = {A(w,2) |
w,z € Z}, we get A(z,3) € VA = cl(U4) = Ay Ud(Z)?, but Az, ) €
V F for any finite F C A. :

This shows that Q(Y) cannot be algebraic unless Y is discrete, and an
analogous argument holds for £(Y).

Like the atoms of the lattices Q(Y) and £(Y), the coatoms of these
lattices have a very simple structure. It is well-known that the relations of
the form

vz = Z2U((Y\Z)xY)={(z,y) eY? |z € Z impliesyc Z} @C ZCY)

are precisely the coatoms of Q(Y’), while their symmetrizations (i.e. the
equivalence relations with exactly two blocks) are the coatoms of £(Y). A
similar result holds for the topological case.

Lemma 4.5. The coatoms of Q(Y) are precisely those relations vz for
which both Z and Y\Z are nonempty closed subsets of Y, and the coatoms
of E(Y) are the symmetrizations vz .

Proof: If Z is a nonempty proper clopen subset of Y then, by definition,
vz is a closed quasiorder on Y and a coatom of Q(Y), hence also a coatom
of Q(Y).

Conversely, if vz is a coatom of Q(Y) then neither Z nor Y\ Z can be
empty; choosing elements z € Z and y € Y\Z, we see that the sets zyz = Z
and yzy = Y\Z must be closed. Hence it remains to show that any coatom
v of Q(Y) is of the form ~z. For this, choose a pair (z,z) € Y2\ and
confirm that the relations yU(Y x zv) and yU(yz xY') are closed quasiorders
distinct from Y2. Hence both Y x zy and yz x Y must be contained in +;
in other words, we have zyyyz for each y € Y. Now, putting Z = 2y, we
conclude that Y x Z C vy and (Y\Z) x Y C v (since w € Y\ Z excludes
(z,w) € v, and then the same argument for w instead of z yields wyy for
all y € Y). In all, we have proved the inclusion vz C v C Y?, and it follows
that vy = v3z. a

With the help of this lemma, it is now easier to decide whether the lattice
Q(Y) is coatomistic.

Theorem 4.6. A quasiorder p € Q(Y) is a meet of coatoms if and only
if the quasiordered space (Y, p) is totally order-disconnected, i.e., for any
pair (z,y) € Y2\p, there exists a clopen increasing set Z containing
but not y. Hence Q(Y) is coatomistic if and only if each ordered space
(Y, p) with p € Q(Y) is totally order-disconnected (in particular, Y must
be totally disconnected).
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Proof: If for each (z,y) € Y2\p there exists such a Z as described above
then vz is a coatom of Q(Y) containing p but excluding (z,y), so that
p is an intersection of coatoms. Conversely, if this is the case then for
(z,y) € Y?\p, we find a coatom vz with p C vz and (z,y) ¢ vz. Hence Z
is a clopen increasing set in (Y, p) containing z but not y. O

5 Semimodularity and Modularity

It is well known that the “partition lattices” £(Y") are upper semimodular
but not lower semimodular if |Y| > 3. For similar results on £(Y), see
Firby [3]. Here we shall derive some related facts concerning the lattices
Q(Y). While Q(Y) fails to be upper or lower semimodular for |Y| > 3,
single “semimodular” elements occur frequently, as we shall see below.

By an ezchange element of a lattice L we mean an element ¢ such that
for each element b and each atom a with b £ cbut b < a Ve, it follows that
a < bVe. It is easy to see that this is the case if and only if a V ¢ covers
or equals ¢ for each atom a. Furthermore, in an atomistic lattice, c is an
exchange element if and only if it is upper semimodular, meaning that if a
covers d then a V ¢ covers or equals dV c. Lower semimodular elements are
defined dually. A lattice is upper (lower) semimodular if and only if so is
each of its elements. By a bi-semimodular element we mean one which is
both upper and lower semimodular.

An abstract lattice-theoretical characterization of the equivalence rela-
tions within the lattice Q(Y) is given by the following

Proposition 5.1. A closed quasiorder on Y is an (upper semimodular)
exchange element of Q(Y) if and only if it is either a coatom of Q(Y) or
symmetric (i.e., an equivalence relation).

Proof: Clearly, every coatom is an exchange element. Consider an equiv-
alence relation y € £(Y) € Q(Y) and an atom a = A(y, z) € Q(Y) with
a £ +. Suppose v C p C aV for some p € Q(Y), and choose (w, z) € p\7.
Then (w, z) € yyx 27, and consequently (y, z) € ywxzy C YVA(w,z) C p,
whence p = aV+. This shows that aV+ covers v and that v is an exchange
element, hence upper semimodular (because Q(Y) is atomistic).

Conversely, assume v € Q(Y)\E(Y). Then we find a pair (z,y) € ¥ with
(v,z) €.

Case 1: There is some z € Y with (z,2) ¢ 7. Then, putting a = A(y, z)
and 8 = vV A(z, 2), we obtain o, € Q(Y)andyC B, but B C aVy
(since A(z,2) C A(z,y) VA(y,2) CyVa)and a € B = BV v (otherwise
(y,2) € vV A(z, 2), hence (y, z) € v or (y,z) € ; but the first alternative
together with (z,y) € 4 contradicts the hypothesis (z,2z) ¢ 7, and the
second is excluded a priori). Thus 4 cannot be an exchange element.
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Case 2: {z} x Y C 4. Then the set
Z={zeY |{z}xY €}

is a nonempty proper subset of Y, and (Y'\ Z) x Y is contained in «. If
we can prove the inclusion Z2 C « then 7 must be the coatom vz (being
distinct from Y?2). Assume, on the contrary, (u,z) € Z2\~. By definition
of Z, there is some w with (z,w) ¢ v, and as (z,w) € 4, it follows that
(2,z) ¢ . Thus we have (z,2) € v, (2,z) € v, and (u, 2) ¢ -, so that we
may proceed as in Case 1 (working with 4* instead of ¥ and observing that
~* is an exchange element if and only if so is ).

In all, we see that every non-symmetric exchange element of Q(Y) must
be a coatom. Finally, observe that, by 4.5, an equivalence relation never
can be a coatom of Q(Y). a

Corollary 5.2. In Q(Y), joins of exchange elements are upper semimod-
ular.

Notice that in arbitrary lattices, finite joins of upper semimodular el-
ements are upper semimodular. However, there are atomistic complete
lattices in which certain joins of (infinitely many) upper semimodular ele-
ments are no longer upper semimodular. An example is the closure system

{F, FU {w,w+ 1} | F finite subset of w} U {{w+ 1},w,w + 1,w + 2}.

Here each finite F' C w is upper semimodular, while the join w of these sets
is not.

We have seen that in Q(Y), the join of y€ Q(Y) and an atom A(y, 2)
is given by v U (yy x z7v). Similarly, the join of v € £(Y) and an atom
e(y, z) in £(Y) is the relation 4 U (yy x 27) U (vz X yv). Using this fact,
a slight modification of the above proof shows that £(Y) is always upper
semimodular (cf. Firby [3]).

In Proposition 5.5, we shall see that the coatoms of Q(Y) are not lower
semimodular unless Y has at most two elements. However, coatoms of
Q(Y) may be dual exchange elements very well. Indeed, an elementary but
somewhat technical distinction of cases shows that vz is a dual exchange
element of Q(Y) if and only if @,Y, Z and Y\ Z are the only clopen subsets
of Y. From this it is clear that in Q(Y") (discrete case), the coatoms are
not dual exchange elements unless |Y| < 2.

Next, let us call an element c of a lattice L lower moduler if
(avb)Ac=aV(bAc) forall a,be L witha <c.
Upper modular elements are defined dually. The following facts are obvious:

o A lattice is modular if and only if each of its elements is lower (upper)
modular.
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e Every atom is lower modular, and every coatom is upper modular.
e Every lower (upper) modular element is lower (upper) semimodular.

In fact, an easy computation shows that lower semimodularity of an
element ¢ may be characterized by the following weak modular law:

aV(bAc)=(aVb)Acfor all a <cand all b covered by aV b.

Examples 5.3: The following three lattices are intervals of Q(3) (see the
figure at the end of this note):
(1) In a pentagon, that coatom which is not an atom
is upper modular but not lower modular, while the
other coatom is both upper and lower modular.

(2) In the upper semimodular lattice Sy, the “mid-
dle” coatom is lower modular, while the other
coatoms are not even lower semimodular.

(3) In the dual lattice S7°?, every element is lower
semimodular, but only the non-coatoms are lower
modular.

An easy induction shows that finite joins of upper modular elements are
again upper modular, and dually. All upper modular elements of Q(Y) and
of £(Y), respectively, are easily detected:

Proposition 5.4. The upper modular elements of Q(Y) are:
(1) the bottom element A,
(2) the top element V,
(3) the coatoms vz of Q(Y),
(4) the coatoms vz of £(Y).

With exception of (3), these are also the upper modular elements of
E(Y).
Proof: Clearly, top and bottom elements are upper modular, and so are
coatoms. Hence, on account of 5.1, it remains to show that
(i) the coatoms 4z = nz U ny\z of £(Y) are upper modular elements of
Q(Y), and

(ii) no element « of £(Y) distinct from A, V and the coatoms 7z is upper
modular in £(Y).
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Let v = 4z be a coatom of £(Y) and a, 8 arbitrary members of Q(Y)
with v € a. The equation

(m) an(BVy)=(aAB)Vy

is certainly fulfilled if @ = 4 or « = V. Hence we may assume, without loss
of generality, that o = «yz covers 4. By the inequality

7<(aAf)Vy<aA(fVY)<a
the equation (m) could be violated only if
aABLy<a<fBVy=V

(because the assumption @ = 8V v would entail 8 = aA S < v and
a =8V y=+v <a, a contradiction).
But if 8V = V then there would exist y € Y\Z and z € Z with (y,2) € 8
(otherwise AV v < yy\z < V), and then (y, 2) € (a A )\, contradicting
a A B < «. This proves (i).

Concerning (ii), consider a closed equivalence relation y € £(Y) with at
least three blocks vz, vy, vz, and assume one of them is not a singleton,
say w € yz\{z}. Then

a=7Unquy: and  B=¢e(z,2) Ue(y,w)
are members of £(Y) with
aAf=A<y<a<fBVy.

Indeed, (a,b) € a\v implies, say, ayy and byz, whence ayyPfuryzBzvb and
so (a,b) € BV +. Hence (aAB)Vy =9 < a= aA(BV+), disproving upper
modularity of +. a

The next proposition shows that for compact or discrete spaces Y, the
lattices Q(Y) (respectively, £(Y)), though being non-modular for |Y| > 2
(respectively, |Y| > 3), possess many lower modular elements. Recall that
the block relation

nz = Ay U A

is a member of Q(Y) (respectively, of £(Y)) if and only if Z is a closed
subset of Y.

Proposition 5.5. (1) An element of Q(Y) is lower semimodular if and
only if it is an atom or a closed block relation.

(2) If Y is compact or discrete then all lower semimodular elements of
Q(Y) are lower modular.

Proof: (1) As mentioned earlier, all atoms are lower (semi-)modular. Let
Z C Y be closed and let 8 be a cover of a in Q(Y). We want to show that
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BN nz covers or equals a N 7z, thereby ensuring lower semimodularity of
nz. By Lemma 4.1, there is a pair (a,b) in of such that 8 = aU (&a x ab).
Then BNnz = (aNnz)U((@a x ab)Nnz),so that aaNZ =PoradbNZ =9
implies N nz = aNnz. Therefore, we may assume the existence of
elements ¢’ € @aaNZ and b’ € abN Z. From (a,b) ¢ a we know that
(a',b') ¢ aNnz. Furthermore, we have (aNnz)a’ = ad’'NZ = aanNZ
C (aaUab)NZ = (daVab’)N Z = d’'(aNnz) U (annz)b’ and similarly
b(aNnz) C a'(annz) U (annz)b’. Hence (¢, ) € (aNnz)! and (da x
ab) Nnz = (@Nnz)a’ x (@Nnz)b’, so that, by Lemma 4.1, 8N 1z covers
afNnz.

Conversely, we have to prove that an arbitrary lower semimodular ele-
ment v of Q(Y) is either an atom or of the form 5z.

Assume there would exist two distinct pairs (z,y) € v\ A and (w,2) €

7\ A with (z,w) ¢ ¥ or (¥, z) ¢ ¥. Without loss of generality, we consider
the case (¥, z) ¢ v, which implies y # w.
If £ 3 z then a = A(z,y) and 8 = A Ue(z,w) U ¢(y, z) are members
of Q(Y) such that a Vv 8 covers 3, whereas a V (8 A v) is distinct from
(aV B) Av. Indeed, the pair (w, z) belongs to Baf A~y C (aV ) A+, but not
to aV(BAY) = (BAY)U((BA)zxy(BAY)) (cf. 3.9): the case (w, 2) € Ay is
excluded by = # z and w # y, while (w, 2) € (BAvy)z x y(8A~) would entail
(v, 2) € 9. If, on the other hand, z = z then, by transitivity, (w,y) € Y\ A,
and we may proceed as before, working with (w, y) instead of (z,y). In any
case, we arrive at a contradiction to the lower semimodularity of +.

Hence, for any two pairs (z,y), (w,2) € v\ A, we must have zyw and
y¥z. If 4 is not an atom of Q(Y), we may assume (considering one of two
cases) that for each pair (z,y) € 7\A, there exists a pair (w, z) € Y\A with
z # w, and then (z,y) € 7\ A together with (z,w) € ¥\ A implies 3w, so
that z, y, w, z belong to the same equivalence class of 4. But then « is the
block relation 5z, where Z = (y\A)Y.

(2) For o, 8 € Q(Y) with a C 7z, we must prove the inclusion
(avB)AnzC aV(BAnz).
To this aim, we introduce the auxiliary quasiorder
p=(aV(BAnz))Anz € QYY)

and claim that Sp8 is a closed quasiorder containing a U 8. Having this
established, we may conclude that aV 8 C BpB, and then (aV 8)Anz C
(BAnz)p(BAnz) CaV(BAnz).

The inclusion a U 8 C PBpB is clear since a is contained in 5z. By Lemma
3.8, closedness of Bpp follows from that of p and 8. Concerning transitivity

of Bpp, observe that zfBpByLpBz and BB = B entail xPy1pz1Pz2py2Pz for
suitable y;,2; with s =z or z; € Z (i = 1,2). If y3 = 21 or y2 = 22, We
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get zfBpPz by transitivity of 8, and if 2y, z2 € Z then (21,22) € BNnz C p,

so that zB8y, py2f2 by transitivity of p; in any case, z8pfz. a
Without the compactness hypothesis on Y, the second statement in 5.5

becomes false, as the following example shows:

Example 5.6: Form the product of the ordinal spacesw+1 = ({0, 1, ..., w},

Tw+1) and 4 = ({0,1,2, 3}, 74), and consider the subspace Y of the product

(w+1) x 4 with underlying set

Y =(w+1) x 4\{(1,w), (2,w)}.
The subset
Z = {(m,n) I mé€ {1:2}’7‘ € “’} U {(0,w),(3,w)}

is closed (but not compact!), since the only non-isolated points in Y are
(0,w) and (3,w). The relations

a={((1,n),(2,n)) |[n€w}U Ay
and
B={((0,7),(1,n)) | n € w}U{((2,n),(3,n)) | n€w}U Ay

are easily seen to be closed but non-compact orders on Y.

Now, ((0,n), (3,n)) € faf C aV B implies ((0,w), (3,w)) €(aV B) Anz,
whereas ((0,w),(3,w)) ¢ aV (B8 A nz) = a. Hence, nz fails to be lower
modular in Q(Y). Note also that, while Sa and af are closed but not
transitive relations, their product faf = faaf is a quasiorder but not
closed.

If Y has isolated points then we may detect some non-trivial lower mod-
ular elements of Q(Y) even in the non-compact case:

Proposition 5.7. If Z =Y \{a} is a closed subset of Y then nz is lower
modular in Q(Y).

Proof: First, we prove the following auxiliary result on the operator ¢ =
clotr (see Section 3) and an arbitrary relation pon Y:

(1) (z,a) € c(p) and (a,y) € c(p) imply (z,y) € c(p).

Indeed, if U and V are neighbourhoods of z and y, respectively, then
U x {a} is a neighbourhood of (z,e) and {a} x V is a neighbourhood of
(a,7). Hence, the relation o = tr(p) intersects both U x {a} and {a} x V
(because (z,a) and (a,y) are members of c(p) = cl(s)), so that by tran-
sitivity, (U x V) No # 0. Thus o meets every neighbourhood of (z,y),
i.e. (z,y) € (o) = c(p).

Using (1), the following equation is now straightforward:
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(2) tr(c(p)) Nz = tr(c(p) N 1z).

The next equation holds for every reflexive relation pon Y:

(3) d(p) Nnz = c(pNnz).

Again, it suffices to ensure that any neighbourhood W of (z,y) € cl(p) N
nz\A intersects the relation pNnz. Since Z =Y \{a} isopen, Zx Z C 5z
is a neighbourhood of (z,y). Thus (z,y) € cl(p) implies pNnz N W # 0.

Now, a transfinite induction, using the equations (2) and (3), yields

(4) *MauB)nNnz = c*(aVU (BN nz)) for arbitrary o, 8 € Q(Y) with
aC nz.

The case n = 0 is clear.
For n = 1, we have c(aUB)Nnz = d(tr(aUB))Nnz @ d(tr(aUB)Nnz) =
c(aU(fNnz)) because 1z is lower modular in Q(Y') (see Proposition 5.5).
If n = m + 1 for some successor ordinal m = k + 1 then *(aUB)Nnz =
cotr(c™(aUB))Nnz Q@ c(tr(c™(aUB))Nnz) @ dotr(c®*(aUB)Nnz) =

c(c™(aU (BN 1nz))) = c*(aU (BN nz)).

If n is a limit ordinal then we calculate ¢*(a U 8) Nnz = J{c™(a U B) |
m < n}Nnz =J{c*(aUB)Nnz | m < n} = J{c™(aU(BNnz))| m < n}
= c*(aU (8N nz)).

If n = m+1 for some limit ordinal m then ¢™(p) is transitive since ¢™(p) =

U{c*(p) | k < m} C Uftr(¥(p) | k < m} C U{* (o) | k < m} = c™(p).
Therefore, we get ¢*(aUf)Nnz = c(c™(@UB))Nnz = c(c™(aUB))Nnz £
d(c™(aV B)Nnz) = d(c™(aU (BNnz))) = *(aU (BN1nz)).
For n sufficiently large, (4) amounts to the desired equation
(@vB)nnz =aV(Bnnz).

a
Combining the previous results, we get the following corollaries:

Corollary 5.8. If Y has at least 3 points then the only bi-modular,
i.e. upper and lower modular elements of Q(Y) are:

(1) the bottom element A,
(2) the top element V,

(3) the equivalence relations ny\ (4} for isolated points a.
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Indeed, a block relation that is a coatom of £(Y) must be of the form
Ty\{a}- Clearly, if |Y| < 2 then every element of Q(Y') is upper and lower
modular, since Q(Y) is a Boolean lattice with at most four elements.

Corollary 5.9. If Y has at least 3 points then the following statements
on a closed quasiorder vy on Y are equivalent:

(a) v is a block relation nz.
(b) « is a bi-semimodular element of Q(Y).

(c) v is a lower semimodular non-atom of Q(Y).

If, in addition, Y is compact or discrete then in (c) lower semimodularity
may be replaced by lower modularity.

Corollary 5.10. If Y has at least 3 points then the symmetrization p
of any p € Q(Y) is the join of all bi-semimodular elements contained in
p. In particular, p is a closed order on Y if and only if Ay is the only
bi-semimodular element below p, while p is a closed equivalence relation
on Y if and only if p is a join of bi-semimodular elements of Q(Y) or,
equivalently, if p is an upper semimodular element but not a coatom of

Q(Y).

Using this abstract characterization of the equivalence relations among
the members of Q(Y), we can extend immediately Firby’s result [4,3.3.1],
stating that compact spaces with isomorphic lattices of closed equivalence
relations must be homeomorphic, to the setting of quasiorders:

Theorem 5.11. Two compact spaces are homeomorphic if and only if
their lattices of closed quasiorders are isomorphic.

Indeed, by Firby’s Theorem and 5.1, we have the following equivalences
for compact spaces Y and Y’:

Y=Y & Q(Y)2Q(Y) & E(Y) 2 E(Y).
Moreover, one can show that the category of compact spaces is dually

equivalent to a certain category of complete lattices, via the functor Q.
This theme will be discussed in a forthcoming note.
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Summary

Given an arbitrary complete lattice L, let us denote the set of all
atoms by A(L),
coatoms by C(L),
upper semimodular elements by US(L),
lower semimodular elements by LS(L),

bi-semimodular elements by BS(L),

upper modular elements by UM(L),
lower modular elements by LM(L),
bi-modular elements by BM(L).

Then the previous results on a Hausdorff space Y, the lattice Q(Y) of
closed quasiorders, the lattice £(Y) of closed equivalence relations, and the
lattice B(Y) of closed block relations on Y, may be summarized as follows:

US(Q(Y)) = E(Y)UC((Y))
is closed under arbitrary joins and filtered meets in Q(Y),
LS(Q(Y)) = B(Y) U A(Q(Y)) (= LM(Q(Y)) if Y is compact)
is closed under arbitrary meets in Q(Y),
UM(QY)) = {A, VIUC(Q(Y)) UC(E(Y))

is closed under arbitrary joins in Q(Y).
If Y has at least 3 points then

BS(Q(Y)) =B(Y)
is closed under directed joins and arbitrary meets in Q(Y), and the lattice
BM(Q(Y))={A, V}U{nz € B(Y) | [Y\Z|=1}={A, VIU(B(Y)NC(E(Y)))
is isomorphic to the modular lattice M; obtained by completing the an-
tichain I of all isolated points of Y by a bottom and a top element.
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