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ABSTRACT. A k-URD(wv, g,r) is a resolvable design on v points
with block sizes g and k. Each parallel class contains only one
block size, and there axe r parallel classes with blocks of size g,

this implies there are ﬂ;—:-(lf;ll parallel classes of size k.

We show that for sufficiently large v the necessary conditions
are sufficient for the following range of values of r. Let €k, =1

if g = 0 mod k and k otherwise, and let u = ge:,'

If k =2 for all g, or kK = 3 with g odd then there exists a
k-URD(v, g,r) for the following values of r:

o If u is an odd prime power then for all 1 < r < 25(u—1),
except possibly for the case where k = 3 and u is congruent
to 5 mod 6.

o If u is not prime then forall1 <r < %, where p is the
smallest proper factor of u.

1 Introduction

A Pairwise Balanced Design PBD(v, K, A) is a pair (X, B) where [X| = v
and B is a collection of subsets of X, called blocks. Each subset has size
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k € K and each pair of points of X occurs exactly A times in the blocks. If
there is only one block size, k, then it is called a balanced incomplete block
design and we write BIBD(v, &, N).

If the blocks can be partitioned into parallel classes such that each parallel
class contains each member of X exactly once the design is called resolvable
and we write RPBD(v, K, \), or if K = {k}, RBIBD(v,k,A). A parallel
class is called uniform if it contains blocks of only one size, if all the parallel
classes are uniform the design is called uniformly resolvable. Thus we have
the following definition:

Definition 1.1 A Uniformly Resolvable Design URD(v, K, A) is a resolv-
able pairwise balanced design with parameter A and block sizes k € K such
that if a resolution class contains a block of size k then all members of that
resolution class are of size k.

Uniformly Resolvable Designs where introduced by Rees in [9] where he
solved the existence problem for a URD(v, {2,3},1).

It is sometimes useful to write the number of resolution classes in which
blocks of each size appear, in this case we write URD(v, K, A, R) where
|R| = |K| and to each k; there corresponds an r, € R such that there are
i, Tesolution classes of size k;. Note that R is not strictly speaking a set
but rather a multiset as an element may occur a number of times.

Often we wish to identify one block size, k, in this case we write k-
URD(v,G, A\, S) where K = GU {k}, R = SUry. In particular if K =
{g,k} and R = {ry,7x} we write k-URD(v, g, A,7) where r = r; and hence
Tk = 1(”—_1);'11-—)— Since we will be dealing only with the case A =1 we
will abbrewate this to k-URD(v, g,7). With this notation we adopt the

convention that r = 0 refers to a RBIBD(», &, 1).

Theorem 1.1 The necessary conditions for the existence of a URD(v, K, 1,
R) are:

o v = 0mod k; for each k; € K such that r, > 0;
o v—1 =Z‘I‘k‘(k¢ - 1)
In addition we have that 7y, > 1 =>v > k2.

Proof: The first condition is necessary for resolvability, whereas the second
comes from counting the number of times each point appears in the design.

To show the last part let 7, > 1, v = nk;. Place the first parallel class of
size k;, Bj,  =1,... ,n, say. We may label the points X = {z;|z; € B;}.
Now if z;z; occurs in another block of size k; we must have [ # j, but we
need k; points in a block so if n < k; we can proceed no further. a
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In the case of two block sizes, K = {k, g}, uniformly resolvable designs,
k-URD(v, g,7), are related to many well known resolvable designs. If there
are no blocks of size g (r = 0, or more precisely K = {k}) or no blocks
of size k, (r = =1) then they are resolvable balanced incomplete block
designs. If v = £}c_q and r = 1 or r = k they are equivalent to resolvable
transversal designs while for arbitrary » with r = 1, they are equivalent to
resolvable group divisible designs as in [11]. Since, at least for k = 2 and 3,
the spectrum of these designs is well known we use them as building blocks
to create uniformly resolvable designs with other values of r.

In the rest of this section we state known results for these basic build-
ing blocks; resolvable designs, resolvable transversal designs and resolvable
group divisible designs. In section 2 we give the basic constructions which
we will use. In section 3 we present asymptotic results for the cases where
one block size is either 2 or 3. In the final section we briefly discuss some
remaining open problems.

If K = {3} then the corresponding Uniformly Resolvable Design is a
resolvable design with block size three, better known as a Kirkman triple
sysiem, we write KTS(v). Ray-Chaudhuri and Wilson [3] have shown the
following.

Theorem 1.2 There exists a KTS(v) if and only if v =3 mod 6

We also note that if K = {2} then the corresponding Uniformly Resolv-
able Design is just a one factorization of the complete graph K, which is
well known to exist for all v even, see for example [7].

Theorem 1.3 There ezists a RBIBD(v,2,1) if and only if v is even.

If v = gk and » = 1 then a k-URD(v,g,r) is equivalent to a resolv-
able transversal design RT(k,g), whereas if v = gk and r = k then a
k-URD(v, g, 7) is equivalent to a resolvable transversal design RT(g, k).

We use the standard notation in which n MOLS(g) stands for » mutually
orthogonal latin squares of side g and a RT(k, g) is a resolvable transversal
design with block size k and group size g, see for example [1].

We shall use the following well known results, see for example [1]:
Lemma 1.1 A RT(k,g) is equivalent to the existence of k — 1 MOLS(g).

Lemma 1.2 (Chowla Erdos Strauss [2]) For each fired k there is an
ng such that for all g > ny there are k — 1 MOLS(g).

Note that n; ~ k148 (See [1]) for all but finitely many k. Together these
give us the following.
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Theorem 1.4 For fized k there is an ny such that for all g > ny there is
a RT(k,g).

Also we have the following results:
Theorem 1.5 .‘If q is a prime power with q > k then there exists a RT(k, q).
Theorem 1.8 For all g there is a RT(2,g).
Theorem 1.7 For all g # 2 or 6 there is a RT(3, g).

A k-URD(w, g,1) is equivalent to the resolvable group divisible designs
of Rees and Stinson [11). The following definition and Theorem 1.9 are due
to Rees and Stinson, though we state them in the notation of uniformly
resolvable designs.

Definition 1.2 A resolvable group divisible design k-RGDD(v,g) or k-
URD(v,g,1) with group size g, is a group divisible design which is also
resolvable in the sense that the blocks form resolution classes.

We will denote by G(k,g) the set of n such that there exists a k-
URD(ng, g,1).
We state existence results for k =2 and k = 3.

Theorem 1.8 The necessary conditions for the existence of a 2-URD(ng, g,
1) are that if g is odd then n is even, whereas if g s even there are no con-
gruential conditions onn. Further these necessary conditions are sufficient.

For a proof of the existence of these designs see [12].

Theorem 1.9 The following are necessary conditions for the existence of
a 3-URD(ng,g,1):

e ifg=1 or 5mod 6, then n =3 mod 6;

e ifg=3mod6, thenn=1mod 2;

¢ ifg=2 or4mod 6, then n =0 mod 3;

e if g = 0mod 6, then there are no congruential conditions on n.

Purther these necessary conditions are sufficient with the exceptions of a
3-URD(12,2,1) (g =2, n=6) and a $-URD(18,6,1) (g =6, n=3).

The proof of the above result is given in [11], except for a few cases when

g =2 or 4mod 6 and n = 6. These outstanding cases were cleared up in
[10].
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2 Constructions

In this section we give the basic constructions which we shall use in the
rest of the paper. We denote by I, the set {0,... ,n — 1}, elements of the
set I, X I, will be denoted by z;, x € I, i € I,. z;y; will denote the pair
{zs,y5}-

In some of these constructions we require that a k-URD(v, g, r) has at
least one parallel class of size k, thus we make the following definition.

Definition 2.1 A k-URD(v, g,r) is called k-free if it contains no parallel
classes of size k and it is called k-essential if it contains at least one parallel
class of size k.

It is evident that a k-URD(v, g,r) is k-free if and only ifv—1—7r(9—1) = 0.

Theorem 2.1 If there exists an RBIBD(g,k,1) and there exists a k-
URD(v,g,7) then there exists a k-URD(v,g,7') for all ' < r.

Proof: Replace the blocks of as many parallel classes of size g as desired
with copies of the RBIBD(g, k,1). 0

Theorem 2.2 If there ezists a k-URD(v, g,71) and a k-URD(g, g', 72 ) then
there exists a k-URD(v, g',r172).

Proof: Replace each block of size g in the k-URD(v,g,7;) with a k-
URD(Q: glx 7’2)- O

The following Harrisson type construction is useful for increasing » while
keeping r constant.

Theorem 2.3 If there erists a k-URD(v, g,r) and a RT(k, %) then there
ezists a k-URD(nv,g,r) for alln € G(k,g).

Proof: Start with a k-RGDD(ng,g,1) which exists since n € G(k,g).
Expand each point in this design 7 times. Place the k-URD(v, g,7) on
each of the expanded groups of size g, this gives us r parallel classes of size
g. Place a RT(k, %) on each of the expanded blocks of size k in such a way
that the groups of the RT(k, £) are the expansion of each point. This gives
us a Uniformly Resolvable D%sign on nv points with r parallel classes of
size g. a

The following theorem and its corollaries Theorem 2.5 and Theorem 2.6
are the main constructions used in section 3.
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Theorem 2.4 If there erists a k-URD(nk, g,73), a RT(k,n) and there ez-
ists a k-essential k-URD(v,g,7;) and a k-URD(ng, {n, g},1,{1,72}) (i.c.
an RGDD with groups of size n and blocks sizes k and g) then there exists
a k-URD(nw, g,r172 + 13).

Proof: Expand each point of the k-URD(v, g, 1) n times. On the expanded
blocks of size g place copies of the k-URD(ng, {n, g},1,{1,72}) (which is
equivalent to a {k,g}-RGDD(ng,n,1)) such that the expansion of each
point is the parallel class of size n. Remove these blocks creating holes
and so avoid duplication of edges. This gives ryro parallel classes of size g.
On one parallel class of size k place a k-URD(nk, g, 73), since the original
design is k-essential there is at least one parallel class of size k, this gives
73 more parallel classes of size g. On the rest of the parallel classes of size
k place a RT(k,n) with the groups of size n being the expansion of each
poiat. O

Of particular interest is the case where r3 = 0 and r = n, then the k-
URD(nk, g, rs) is an RBIBD(nk, k, 1) and the k-URD(ng, {n,g},1, {1,72})
is a RT(g,n). Thus we have the following theorem.

Theorem 2.5 If there exists an RBIBD(nk,k,1), a RT(k,n), a« RT(g,n)
and there exists a k-essential k-URD(v,g,v) then there erists a k-
URD(nwv, g,nr).

We note that if k = 2 then the first two conditions of this theorem are
satisfied for all n, whereas for k = 3 the first two conditions of this theorem
are satisfied for all n odd.

Theorem 2.8 If for each uy,us,... ,un there exists a RBIBD(u;k,k,1)
and for each u; there exists a RT(g,%), g > k, then there ezils a k-
URD(nujuy ... ung, g, 412 . .. U ) for alln € G(k, g) .

Proof: Since n € G(k, g) there is a k-URD(ng, g,1). Apply Theorem 2.5
with each u; in turn, starting with the URD(ng, g, 1) to get the result.

We note that if for each ¢ either u; > g are prime powers or u; > ng, ny
as in Theorem 1.4 then there exists a RT(g, u;).

The following construction is based on the construction of Ray-Chaudhuri
and Wilson in (8], see also [1] p. 356.

This theorem uses the idea of a (v, k, 1) difference family which we define
as follows.

Definition 2.2 Given an additive abelian group G of order v a (v,k,\)

difference family over G is a collection of subsets or blocks of G, S =
{A1,...,A,}, with |A;| = k and with the property that given any nonzero

70



element g € G, there are exactly A ordered pairs of elements a},a? € A;

such that g = a} — a2.

Theorem 2.7 If q is an odd prime power, ¢ > g and there is a (g,k,1)
difference family S = {Ay,...,As} (s = Fg&; ) in GF(q) such that the
base blocks A; are mutually disjoint then there is an RBIBD(qg, {k,g},1)

with ks = {'_'—i uniform parallel classes of size g and q parallel classes with
gs blocks of size k and q — ks blocks of size g.

Further if there exists an RBIBD(g, k, 1) then there is a k-URD(qg, g, -,qc:—i ).

Proof: Let A be the point set given by A = (J;_, 4;, note that |A| =
%}i— = ks. We may assume without loss of generality that 0 ¢ A. Let

the difference sets A; = {al,...,aF}. We will construct the design on
GF(q) x I,. Let up = 1,u,,...,uy—1 be g distinct non zero elements of
GF(q). Form the blocks:

By = {(0,0),(0,1),...,(0,g - 1)}
Dij = 'U.,'ng = ’ugAj b {‘I.} = {(uga},i), e ,(u.-a;?, 1.)}, 1€ Ig, ji=1,...,s

Cz = {(zuo,0), (zuy,1),... ,(zug—1,9 — 1)} z € GF(q)\ {0}

Where all multiplication is i GF(q).

We note that these blocks between them contain all the pure and mixed
differences. Thus the blocks By, D;;, C; form a difference family and may
be expanded mod(gq, —) to give a design. It remains to show that this design
is resolvable.

Develop each of the blocks Cz, z € A, mod(g, —) to give |A| uniform
parallel classes of size g.

Form the resolution class

Po=ByU{Dyliel, j=1,...,s}U{C; |z & A, = # 0}

Let o(z)(y,%) = (y + z,1) be a transformation on GF(g) x I,. The
sets P, = o(z)Pp are also parallel classes. In general for each i the D;;
contribute to the resolution class all elements of the form (u; A, i), whereas
the C; contribute those elements not of the form (u;A, i).

Each of these parallel classes has gs blocks of size k and ¢ —1— |A|+1 =
g — ks blocks of size g. This completes the proof of the first part of the
theorem.

Further if there exists an RBIBD(g, k, 1) then we may break up the blocks
of size g in the parallel class P, as follows (see figure 2). Break up each of
the blocks C; and By in Py into blocks of size k& by using the RBIBD. Let
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Si(B), i=1,..., i%i— be the it* parallel class of the RBIBD on the block
B. Let

To={S1(B)| B=Bo,Cz; z ¢ A, #0}U{D;j|i€ly, j=1,...,s}

To gives a parallel class on gq points with blocks of size k since it contains
exactly the points of Py. Also T = o(z)To, z € GF(q) are parallel classes,
this gives ¢ uniform parallel ¢lasses of size k.

Figure 1: Break up of P,

S1(Bo) Si(Ba) (# 1)
R \_ =
O 0
-4
&
I 4 —_—
+

}Cz) (i#£1)

For each of the remaining Sy(B) i = 2,...£=} we note that for each i
they are sets of g elements in GF(q) x I, containing each j € I, exactly
once. Thus the sets

Qi(B) = {0(z)Si(B) |z € GF(q)} B=Bo,Cz; x¢ A, z#0

are parallel classes of size k. There are g — ks blocks of size g in Py each of
which gives rise to i:—? uniform parallel classes of size k. Thus altogether

there are ¢ + S%z%ﬂl uniform parallel classes of size k and ks uniform
parallel classes of size g in the new design. a
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If g and k satisfy the conditions of Theorem 2.7 we may use the resulting
design as a seed for the recursive construction Theorem 2.5, we then get a
slightly better result than Theorem 2.6.

Theorem 2.8 Let q be an odd prime power, q > g such that there is a
(9, k, 1) difference family S = {A1,... ,As} (8= ;&"7117) in GF(q) such that
the base blocks A; are mutually disjoint and there exists an RBIBD(g,k,1).
Let uy,us, ... ,um be such that there erists an RBIBD(uik,k,1) and for
each u; there erists a RT(g,u;) then there exists a k-URD(quius ... um,g,

Z:—llulug .o Um)

Proof: By the conditions on q and Theorem 2.7 there exists a k-URD(qg, g,
2=1). Apply Theorem 2.5 with each of the u;’s in turn to get the result. O

The following construction ‘is valid only in certain special cases, however
in these cases it gives a better result than Theorems 2.5 and 2.7. This
construction is based on using a resolvable transversal to create a Uniformly
Resolvable Design. For the purposes of this theorem we will need the idea
of a k-uniform generalized Room square, see [13].

Definition 2.3 A k-uniform generalized Room square (of the second kind)
of side r, GRS(r), consists of a set X, with |X| =r(k—1)+1, and an
T X v array such that:

1. each cell of the array is either empty or contains a k-subset of X ;
2. every 2-subset of X appears ezactly once in the array;

8. each element of X appears ezactly once in each row and each column
of the array.

A GRS, (r) exists trivially. The existence of a GRS2(r) (this is the usual
definition of a Room square) has been shown for all r odd, see [5]. For
higher values of & only limited results are available, see [13].

Theorem 2.9 Let p = (k — 1)g + 1, if there exists an RBIBD(g,k,1),
a GRSk_1(g) and a RT(g,p) then there exists a k-URD(pg, g,p).

Proof: We start with a RT(g,p) design with point set X, we will build
the Uniformly Resolvable Design on X. Let P, i = 1,...,p be the p
resolution classes of the RT(g,p) and G,  =1,..., g be the groups. Take
the resolution classes P;...P,_; to be the first p — 1 resolution classes
of the Uniformly Resolvable Design. This leaves the groups of size p and
one resolution class of size g, Py, left over from the resolvable transversal
design. Denote the blocks in this resolution class by B;, i=1,...,p. The
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idea is to construct one more resolution class of size g by taking part of
the groups and some of the blocks of the resolution class P,. We then use
the resolvable design with block size k and the GRSk_1(g) to cover the
remaining edges with blocks of size k.

To get another resolution class of size g split up each of the groups,
G;, j =1,...,g, into two parts, one of size g, X; say, and one of size
p—g = (k—2)g+1 which we shall call Y;. We will denote points in X; by
zj,z=1,...,9z € X and pointsin Y; by y;, y = 1,...p— g. We take the
X to be the blocks of the new design. We form another resolution class of

size g.
] 9
R=|JBu |JX;
i=1 i=1
This arrangement is shown in figure 2.

Figure 2: The resolution class Py
By
99 : Do
: By

(o]

p_

X1 ... X

We will cover the remaining edges with blocks of size k. These edges are
those covered by the B;, i =p—g+1,...,p and those edges contained in
Y;, 7=1,...,9, these edges are shown in figure 3. We also have edges of
the form z;y;, z; € X;,y; € Y5, 5 =1,...,g, there are (p — g)g edges of
this form for each j.

For each of the remaining blocks B;, i =p—g+1,...,p, we place a copy
of the RBIBD(g, k, 1) with point set B;. Let S;(B;), 5 =1,..., -,Z:—i be the
resolution classes of these designs.

For each group G, = 1,...,g construct a GRS,_,(g) with point set
Y;. Let Ry(Y;), i,€ = 1,...,g be the cells of this array. Each row and
column contains exactly £=4 nonempty cells and i%} empty cells. To each
of the nonempty cells we adjoin a unique point from X; in such a way as
to get disjoint blocks of size k. In order to do this we arbitrarily label the
points of X; from 1 to g. We form the blocks

Hjl = R,Q(Y;) Uejs isj1e= lw' -2 9
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Figure 3: Edges left from the RT(g, p)

i ... Y,

Bp-g+1
9y P
By

where ¢; is the ¢** point of X;. Thus each non empty cell of the £** column
of the GRSy—1(g) gets the £** point of X; adjoined to it. The Fj;¢ are blocks
of size k that between them cover each edge in Y; and all the (p — g)g edges
of the form z;y;, € X;, y € Y;.

The collection of blocks

, 9
Fi= | Fe
=1
are a partial resolution of the whole set X, since the members of a column
of the array are disjoint. Each of these partial resolutions miss exactly
i:—} points of each X;, these are exactly those points in X; labeled with a
number which corresponds to an empty cell in the row i of the GRS,_1(g).
We denote these points by N;. We complete these partial parallel classes
by adding a resolution classes from the RBIBD(g, k,1) on the block B;.

Thus, we let

Ai=FU ] 5i(B:), i=1,....9
ZEN;
where B, denotes the block {z,...,Zg} from the resolvable transversal
design and we take j to be the index of the next unused parallel class of
the RBIBD(g, k,1) on B;.
The collection of blocks A; form g resolution classes of size k¥ and cover
every remaining edge of X. O

We note that if & = 2 then the first two conditions of this theorem are
met for all even g. If £ = 3 then the first two conditions of this theorem
are met for all g = 3 mod 6. Thus we have the following corollary.

Corollary 2.1 If k = 2 or 8, and g is even or 8 mod 6 respectively
and there exists a RT(g,p), where p = (k — 1)g + 1 then there is a k-

URD(pg,g,p).
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By using this result we get a slightly better result than Theorem 2.5.

Corollary 2.2 If k = 2 or 3, and g is even or 3 mod 6 respectively and
there erists a RT(g,p), where p = (k — 1)g + 1, then for all n such that
there exists a RT(g,n) there is a k-URD(npg, g,np).

This in turn gives us a slightly better result than Theorems 2.6 and 2.8.

Theorem 2.10 Let g = 3 mod 6 and p = (k—1)g+1 and suppose there ez-
ists a RT(g,p). Suppose uy,us,... ,un are such that for each u; there ezists
an

RBIBD(u;k,k,1) and a RT(g,u;) then there exists a k-
URD(puus . . . um, g, pu1up - »- U ).

The following example shows how Theorem 2.9 works in practice. The
authors would like to thank Rolf Rees for pointing out this example, which
led to the development of this theorem.

Example 2.1 There ezists a 2-URD(20,4,5).

In this case g =4 and k =2, thus p =5. k — 1 =1 so the GRSx_;(g) is
trivial. We take a resolvable transversal constructed on Iy x GF(5). Let

Pl = {(0' 0)(1’4)(2v 3)(31 2)} mod (‘15)

Py = {(0,0)(1,1)(2,2)(3,3)} mod (-, 5)

Ps = {(0,0)(1,2)(2,4)(3,1)} mod (-, 5)

Py = {(0,0)(1, 3)(2,1)(3,4)} mod (-, 5)

Ps = {(0,0)(1,0)(2,0)(3,0)} mod (-, 5)
P, to P4 form four resolution classes of size 4.

Consider the array:

i\ » Y3 Y

By = (01 2) (1’ 2) (2’ 2) (3: 2)
B3= (0,3) (1,3) (2,3) (3,3)
X1 X2 X35 Xy

The rows are the blocks of Ps and the columns are the groups of the
resolvable transversal design. The blocks X; are the columns of the array
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without the first row. Yj is the first row of each column. Take Bo together
with the X; to get our fifth parallel class of size g.

We now take a one-factorization on four points with resolution classes

given by
S1({abed}) = {ab}{cd}
S({abcd}) = {ac}{bd}
S3({abed}) = {ad}{bc}
SO

Sl(Bi) = {(0, i)(l: ")}{(21 1)(33 7')}
Sa(B;) = {(0,9)(2, HH(L9)E,9)} i=1,...4.
The F; are given by
{(z: 0)("» 1)} F,= {(" 0)(z 2)} =0,. 3
Fs ={(,0(,3)} Fu={G0G4} * a
The points missed by the F; are given by

= Uiof(6,2)(, 3)(G,4)}
N2 = UiLo{(, 1)G, )G, 4)}
Ns = Uz-—o{(‘r 1)(4,2)(4,4)}
Ny = USo{(1)(5,2)(5, 3)}

This gives
Ai=FRU - U Sl(Bz) U Sl(Bs) U 31(34)
Az=FU S1(B))U - U Sy(Bs)U Sy(By)
Az=F3 U Sz(Bl) U 52(32) U - U S3(B4)

Ay=F4U 5'3(31) U S3(Bz) U 33(33) U

3 Results

In this section we give asymptotic results for the existence of a k-URD(v, g, 7)
in the cases where k = 2 and k = 3. Throughout this section n, is the n;
of Theorem 1.4 with g in the role of the k of that Theorem.

Let

. = 1 ifg=0modk
k9 = 1 k otherwise

When k is understood we will abreviate this to ¢,.
In general these results are valid when v > ge,,,gngem in the cases where
e k=2, all g;
e k=3, g odd.
We first present the case where k = 2 and then deal with the case k = 3.
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3.1 Block Size 2

In this section we discuss the case in which one block size is 2.

Theorem 8.1 The necessary conditions for a 2-essential 2-URD(v,g,T)
withr > 0 are:

e v =0mod g if g is even;
e v = 0mod 2g if g is odd.

We also have that if r > 1 then v > g2.

Proof:
This follows directly from the necessary conditions Theorem 1.1. a

Theorem 3.2 If v satisfies the necessary conditions for g and v = gegnuy
... Um 13 any factorization of v such that for eachi=1,... ,m there exisis a
RT(geg,ui) and n > 1, then there is a 2-URD(v,g,7) forallt <wuy...um.

Proof: We first deal with the case where g is even. In this case n > 1 guar-
antees that n € G(2, g), further, by Theorem 1.3 there is a RBIBD(2v;,2,1)
for each i. Thus by Theorem 2.6 there is a 2-URD(v, g,%; ... uy,). Since g
is even there is a RBIBD(g, 2,1) and Theorem 2.1 gives the result.

In the case where g is odd 2g is even, by the previous argument there
is a 22URD(v,2g,7) for all 7 < u;...un,. By Theorem 1.8 there is a 2-
URD(2g,g,1), apply Theorem 2.2 to get the result. a

We note that the conditions of this theorem are met if for each 7 either
u; is a prime power and u; > geg, or u; > Nge,- Thus the above theorem
shows that for all permissible v with a large enough factor, u, there is a
2-URD(v, g,r) for all » < u.

In order to deal with the case where ;’70 is prime we will need the following
lemma.

Lemma 3.1 If ¢ = 2t + 1 is a prime power then there is a disjoint 2
difference family (q,2,1), namely (z*,z*%%), i =0,... ,t — 1 wherez is a
generator of GF(q).

Proof: Consider the differences zt** —z* = z¥(z* — 1). These are t distinct
elements of GF(g). If the result is not true we may assume that z*(zt~1) =
—2i(zt - 1) > o' = -2 = ztzxd = 2T =zt soi—j =t + 2nt, but
i, <t. a
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Theorem 8.8 There is a 2-URD(eyqg, g,7) for all odd prime powersq > g
and allTr < qg-1.

Proof: If g is even then by Theorem 1.3 there exists a RBIBD(g,2,1). Ap-
ply Theorem 2.7 with the above difference family to get a 2-URD(qg, 9,9 —
1), apply Theorem 2.1 to get the result.

Now let g be odd. As 2g is even, there is a 2-URD(2qg, 2g,7) for the
required r by the above argument. Since, by Theorem 1.8 there is a 2-
URD(2g, g,1), we may apply Theorem 2.2 to get a 2-URD(2¢gg,g,7). O

Theorem 3.4 Ifv is suﬁiczently large (v > gegn c ), = 7, not prime and v
satisfies the necessary conditions for g, then there is a 2—URD(’U, g,v) for

allT < p 5 where p is the smallest proper factor of

Proof: By assumption ;—— is not prime, write v = e,pug where p is the

smallest proper factor of e Smoe £ > 'nge = u 2> nge, and so v fits

the conditions of Theorem 3.2. a

We have shown that if ﬁ is not prime then there is a 2-URD(», g,7) for
all

e v>gnl,r< Lifgiseven
. 'v22gn§g,r5—2—;;ifgisodd

where p is the smallest factor of 3‘6’—9-

In addition we have shown that if %‘ is an odd prime power then there

is a URD(v, g,7) for all r < gT -1.

3.2 Block Size 3

In this section we consider the case in which one block size is 3 and g is
odd. Throughout this sectlon a URD(v, g,7) refers to a 3URD(v, g,1,7).

Recall
S ifg=0mod 3
= 3y 3 otherwise

We first obtain the necessary conditions for a URD(v, g, 7).

Theorem 3.5 The following are the necessary conditions for the existence
of a 3-essential URD(v,g,r) with r > 0:

e if g=0mod 6, then v=0mod g and r is odd;
e ifg=1 or 5mod 6, then v = 3g mod 6g;
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e ifg=2 or4dmod 6, then v =0mod 3g and r i3 odd;
¢ if g =3 mod 6, then v = g mod 2g;

in addition we have that r > 1=>v > g2,

Proof: By Theorem 1.1 the basic equations are
ev—1=r(g—1)mod2
e y=0mod3
ev=0modg

Note that if g is even then v has the opposite parity to r, but v is a
multiple of g and hence even. Thus g even < r odd and v even, so g even
= v = 0 mod 6.

Similarly if g is odd then g — 1 is even and v is odd, thus g odd = v =
3 mod 6. The results follow from these observations.

The last statement comes directly from the necessary conditions, Theo-
rem 1.1.

Theorem 3.6 Suppose g is odd and v satisfies the necessary conditions for
g- Let v =¢gnu, ... umg be any factorization of v such that n > 1 and for
each i = 1,...,m there exists a RT(gey,u;) then there is a URD(v, g,7)
Jorallr <ujp...un,.

Proof: Note that the necessary conditions imply that if g is odd then v is
odd, thus n and u; are odd, so by Theorem 1.9 ¢gn € G(3, g). Since the u;
are odd, by Theorem 1.2 there is a KTS(3u;) for each i = 4,... ,m. So by
Theorem 2.6 there is a URD(v, g, 21 ... um).

If g = 3 mod 6 then there exists a KTS(g) and Theorem 2.1 gives the
result. If g =1 or 5 mod 6 then 3g = 3 mod 6 and so by the above argument
there is a URD(v,3g,7) for all 7 < u,...u,,. By Theorem 1.9 there is a
URD(3g,g,1), apply Theorem 2.2 to get the result. O

This theorem shows that for g odd, if » has a large enough factor then
there is a Uniformly Resolvable Design for all values of r less than that
factor.

We note that the conditions of Theorem 3.6 are met if for each ¢ either
u; > geg are prime pOWers, O u; > Nge,.
These theorems show that.the difficult cases are when g— is prime. In

order to deal with these cases we will use the following well known result,
see for example [1).
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Lemma 3.2 If q i3 a prime power, ¢ = p® where p is prime and either

=1mod 6, or p = 5mod 6 and a is even, then the collection of triples
gwen by (zf, 2+, g4+ where i = 0,...,t — 1 and z is a generator of
GF(q), is a dzsjomt difference family.

Theorem 3.7 If g is odd and q = 6t + 1 is a prime power, q > gey then
there is a URD(eyqg, g,7) for all r < 9—

Proof: If g = 3 mod 6 then there is a.KTS(g) and'by the above Lemma
there is a disjoint difference family (g, 3;1). Thus by Theorem 2.7 there is
a URD(qg, g, '1) Apply Theorem 2.1 to get the result.

If g = 1 or 5mod 6 then 3g = 3 mod.6, so by the previous argument
there is a URD(3qg,3g,7) for all r < -‘15— By Theorem 1.9 there is a
URD(3g,9,1), apply Theorem 2.2 to get the result. a

Theorem 3.8 Let g be odd. If 'u satisfies the neceasary conditions for g
and is sufficiently large (v > ge_q,nge ) and moreover g— i3 not prime, then
there erists a URD(v g,7) forall r < -2 ge e where p is the smallest prime
factor of

Proof: We deal first with the case where g = 3 mod 6. The necessary
conditions for g = 3 mod 6 imply that v is odd and by assumption not
prime. Write v = npg, where n and p are odd and p > 1 is the~ smallest
factor of ¥, thus by Theorem 1.9, p € G(3,g). Since v > gn =>n 2> ng
and the rwult follows from Theorem 3.6.

If g =1 or 5 mod 6 then 3g = 3 mod 6, so by the argument above there
exists a URD(»,3g,7) for all r < -%5 Apply Theorem 2.2 to get the
result. a

For g odd this deals with every case except when -2 is a prime congruent

to 5 mod 6. The following theorem shows that for g = 1 or 5mod 6,
ge = 5mod 6 prime there is a Uniformly Resolvable Design for at least

some value of r.

Theorem 3.9 If g = 1 or 5mod 6 then for all permissible v sufficiently
large (v > 3gn,) there exists a URD(v, g, % ).

Proof: Note that the necessary conditions for g = 1 or 5 mod 6 imply that
v = 3g mod 6g, let v = 3ng, where n is odd. v > 3gn, => n > n, so there
exists a RT(g, n). By Theorem 1.9 there is a URD(3g, g, 1), so by Theorem
2.5 there is a URD(3¢n, g, n). O
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4 Conclusion

In this section we briefly discuss the open problems relating to uniformly
resolvable designs.

Probably the most important unresolved case for asymtotic existence is
when k= 3, g = 3 mod 6 and %ESmodGisprime.

The theoretical maximum for r is r < [;{:—i]. We have shown, for k =
2and k = 3 with g odd tha.t there exists a k-URD(v, g,7) for all 7 <
k-l(e., i < m where p is the
smallest factor of v othermse The question remains as to whether the
theoretical maximum is attainable. We note that it is easy to show that if
k =2 or 3 and g = k? then there is a URD(g"”, g, ), for all permissible r.
Proceed as follows, it is well known that if g is a prime power there exists
a RBIBD(g", g,1) (see [1]), or equivalently a URD(g" A 2=1) now since
g = k® there exists a RBIBD(g, k, 1), use Theorem 2.1 to obta.m the result.
Can the spectrum be completed for other values of g7

If k = 3 and g is even the situation is worse. It is possible to show using
techniques similar to those in section 3 that uniformly resolvable designs
exist for particular values of r, which are related to factors of v as above (see
[4]). However in the absence of a RBIBD(g, 3,1) we may not use Theorem
2.1, and so these remain isolated values. Thus the question remains as to
whether this spectrum can be filled in?

We can also ask about the case where k = 4, the problem here is that the
spectrum of G(4, g) is not known, though some values are given in [6] and
[12]. If we had this spectrum the constructions of section 2 would apply.

We may also ask about the case of more than two block sizes, in this
case the necessary conditions become more complex. Again many of the
constructions of section 2 would apply.

Lastly the question of existence for other values of A remains open, though
the theorems of section 2 may readily be generalized, see [4].
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